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Abstract

What is the minimum number of triangles in a graph of given order and size? Motivated by earlier
results of Mantel and Turdn, Rademacher solved the first nontrivial case of this problem in 1941.
The problem was revived by ErdSs in 1955; it is now known as the Erd6s—Rademacher problem.
After attracting much attention, it was solved asymptotically in a major breakthrough by Razborov
in 2008. In this paper, we provide an exact solution for all large graphs whose edge density is
bounded away from 1, which in this range confirms a conjecture of Lovasz and Simonovits from
1975. Furthermore, we give a description of the extremal graphs.

2010 Mathematics Subject Classification: 05C35

1. Introduction

The celebrated theorem of Turan [42] (with the case r = 3 proved earlier by
Mantel [27]) states that, among all K,-free graphs with n > r vertices, the Turdn
graph T,_,(n), the complete balanced (r — 1)-partite graph, is the unique graph
maximizing the number of edges. Here, the r-cligue K, is the complete graph
with r vertices (and (}) edges).

Let t,(n) := e(T,(n)) denote the number of edges in 7,(n) and let an (n, e)-
graph mean a graph with n vertices and e edges. Thus the above result implies
that every (n, t,(n) 4+ 1)-graph H contains at least one triangle. Rademacher in
1941 (unpublished; see [6]) showed that H must have at least |n/2] triangles.
This naturally leads to the following general question that first appeared in
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print in a paper of Erdés [6] and is now called the Erdds—Rademacher problem:
determine

¢ (n, e) = min{K,(H) : (n, e)-graph H}, n,e €N, e < <Z)
where K,(H) denotes the number of K,-subgraphs in a graph H and N := {1,
2, ...} consists of natural numbers.

Before discussing the history of this problem in some detail, let us present the
general upper bound #*(n, €) on g3(n, e), which, as far as the authors know, may
actually equal g3(n, e) for all pairs (n, e). In fact, one of the main results of this
paper (stated in a stronger form in Theorem 1.6) is that g;(n, e) = h*(n, e) if
n is large and e/ (;) is bounded away from 1. In order to define 4*, we need to
introduce some auxiliary parameters.

DEFINITION 1 (Parameters k, m* and h*, vector a* and graph H*). Letn,e € N
satisfy e < (;) Define

k=k(n,e) :=min{s e N:e <t,(n)}, (1.1)

that is, k is the unique positive integer with t;,_;(n) < e < t(n).
Next, let a* = a*(n, e) be the unique integer vector (aj, ..., a;) such that

e g :=minfa e N:a(n —a)+t_1(n —a) > e};
eaf+---+a;_ =n—aiandal > - 2a;_, 2 af — 1.

Further, define

* * . %k
m* = m*(n,e) .= E a;a; —e, (1.2)
1<i<j<k
k-2
* . * ok %k * *
h*(n,e) = E aa;a; —m E a’.
I<h<i<j<k i=1

k-partite graph with part sizes aj, ..., a;, by removing m* edges between the
last two parts (say, for definiteness, all incident to a vertex in the last part).

Let us rephrase the above definitions and also argue that H* is well defined.
We look for an upper bound on g;(n, e), where we take a complete partite graph,
say with parts A}, ..., A7, and remove a star incident to a vertex of Aj. First, we
choose the smallest k for which such an (n, e)-graph exists and then the smallest
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possible size a; of A}. Then we let the first kK — 1 parts form the Turdn graph
Ti—1(n — a;), that is, their sizes are af, ..., a;_,. Since T;_; (n — a;) has at least
as many edges as any other (k — 1)-partite graph of order n — af, it holds that
m* :=e(K 51* o) — € is nonnegative. Furthermore, we have that

0<m*" <a;_,—a; (1.3)
because, if the upper bound fails, then

e(Kc]z{]*,...,a‘*viz,aL'+1,a;‘71) = e(KZ;’( ..... i)~ (@ —ag+1) >e,
contradicting the minimality of a; (or the minimality of k if @] = 1). In particular,
we have m* < af_,, so H* is well defined. Thus H* is an (n, e)-graph and

h*(na e) = K%(H*) > g3(7’l, e)

is indeed an upper bound on g;(n, e).

For example, if e < 1,(n), then H*(n, e) is bipartite and h*(n, ¢) = 0 (here
k =2). Also, H*(n,t,(n)) = T,(n). If 1 < £ < [n/r7], then H*(n, t,(n) + £) is
obtained from the Turdn graph 7, (n) by adding the ¢-star K , into a largest part
(here, k =r 4+ 1and g = 1) and so on.

Let us return to the history of the triangle-minimization problem. The problem
was revived by Erd6s [6] in 1955, who in particular conjectured that for 1 < £ <
n/2], it holds that g5(n, t,(n) +£) = £|n/2]. This is exactly the ~A*-bound; also,
note that if n is even and ¢ = n/2, then h*(n, t,(n) + £) is strictly smaller than
£n/2 (here, k = 3 and aj = 2). So the Erd8s conjecture cannot be extended here.
In the same paper, Erdds [6] proved the conjecture when ¢ < 3; the same result
also appears in Nikiforov [31]. Erd8s in [7] was able to prove his conjecture
when £ < yn for some positive constant y. The conjecture was eventually proved
in totality for large n by Lovasz and Simonovits [25] in 1975, with the proof of
the conjecture also announced by Nikiforov and Khadzhiivanov [32].

Moon and Moser [28, page 285] and, independently, Nordhaus and
Stewart [33, Equation (5)] proved that

e(de —n?)
gn,e) 2 ————, (1.4)
3n

with equality achieved if and only if e = #,(n) with k dividing n. The bound
in (1.4) can be derived by using the triangle counting method from an earlier

paper by Goodman [13] and is often referred to as the Goodman bound.
In order to state some of the following results, it will be convenient to define
the asymptotic version of the problem. Namely, given A € [0, 1], take any integer-
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valued function 0 < e(n) < (3) with e(n)/(}) — 4 as n — oo and define

gr(n, e(n))

()
It is easy to see from basic principles that the limit exists and does not depend
on the choice of the function e(n).

The upper bound on the function g;(X) given by the graphs H* from
Definition 1 is as follows. Let n — oo and e = An?/2 + o(n?). It always holds
that, for example, m* < n and aj — a;_, < 1. So these have negligible effect on
the limit and one can consider only complete partite graphs with all parts equal,
except at most one part of smaller size. Therefore, for A € [0, 1), let us define

g-(A) := lim

k(X)) :=minfk e N: A <1 - 1/k}. (1.5)

Thus if A € (0, 1), then k(1) is the unique integer k > 2 satisfying 1 — k+] <
A< 1 — %, while k(0) = 1. Let k = k(A) and let ¢ = c(X) be the unique root

with ¢ > 1/k of the quadratic equation
k—1
( 5 )62+(1—c’)c’:k/2, (1.6)

where ¢’ := 1 — (k — 1)c. The above equation is the limit version of the desired
equality e(K!, ., ..) = A(}) + o(n?). Explicitly,

c(/\):%<1+ 1—]:—1-,\>, Ae,1), whilec)=1. (1.7)

Thus

* k—1 3 k—1 2
gz(A) < h*(A) := 3! 3 c + ) cc), Arel0,1). (1.8)

(For A =1, we justlet h*(1) :=1.)
The upper bound in (1.8) coincides with the lower bound on g;(X) given
by (1.4) when A = 1 — 1/k for all integers k > 1. Thus

(k=D —=2)

&l —1/k) = 2 k € N. (1.9)

Some of the early results on g;(A) concentrated on finding good convex lower

bounds. McKay (unpublished; see [33, page 35]) showed that g;(A) > A — %
Nordhaus and Stewart [33] conjectured that g3(1) > 3(A — 1) and presented
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some partial results in this direction. This conjecture was proved by Bollobés [1],
who in fact established the best possible convex lower bound on g3, namely, the
piecewise linear function that coincides with g; at all values in (1.9).

However, the upper bound 4*(1) is a strictly concave function between any
two consecutive values in (1.9) for A > 1/2. This is one of the reasons why the
triangle-minimization problem is so difficult.

After Bollobdés [1], the first improvement ‘visible in the limit’ was achieved
by Fisher [10], who showed that g;(A) = h*()) for all 1/2 < A < 2/3. (There
was a hole in Fisher’s proof, which can be fixed using the results of Goldwurm
and Santini [12]; see [4, Remark 3.3].) Then Razborov used his newly developed
theory of flag algebras first to give a different proof of Fisher’s result in [36] and
then to determine the whole function g3(2) in [37] (see Figure 1 for a plot of the
function).

THEOREM 1.1 [37]. Forall A € [0, 1], we have that g3(A) = h*(L).

Nikiforov [30] presented a new proof of Razborov’s result and also determined
g4(1) for all A € [0, 1]. More recently, Reiher [38] determined g,(X) for all
A € [0, 1] and r > 5 (also reproving the case r € {3, 4}).

Another property that makes this problem difficult is that in general there
are many asymptotically extremal (n,e)-graphs, as the following family
demonstrates.

DEFINITION 2 (Family H*(n, €)). Given n,e € N with e < (;), let k = k(n,
e), a* = (af,...,a;}) and m* be as in Definition 1. The family H*(n, e) :=
U,~2=0 H;(n, e) is defined as the union of the following three families. Let T' :=
K[A7, ..., A}] be the complete partite graph with part sizes af > --- > aj,
respectively.

Hi(n,e): If m* = 0, then take all graphs obtained from T by replacing, for
some i € [k — 1], T[A; U A}] with an arbitrary triangle-free graph with
a‘a; edges. If m* > 0, take all graphs obtained from T by replacing
T[A;_, U A;] with an arbitrary triangle-free graph with a;_,a; — m*
edges.

Hi(n, e): Take the family Hj(n, e) and, if af = 1, add all graphs obtained from
“..at_ar_+1 Dy adding a triangle-free graph with a; | — m* edges
such that each added edge lies inside some part of size a;_, + 1.

H;(n, e): Take those graphs in Hj(n,e) that are k-partite, along with the
following family. Take disjoint sets Ay,..., Ay of sizes af,...,a;,
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Figure 1. The green function is g3(1), as determined by Theorem 1.1. The
red curve is Goodman’s bound (1.4). The blue curve A*? is asymptotically the
maximum triangle density in a graph of edge density A. This follows easily from
the Kruskal-Katona theorem [20, 23].

respectively, and let m := m*. If m* = 0 and af > a; + 2, then we
also allow (JA;l,...,|A:) = (@5,...,a;_,,a] — 1l,af + 1) and let
m := aj — a; — 1. Take all graphs obtained from K[A, ..., A;] by
removing m edges, each connecting B; to A; for some i € I, where
I:={i €[k —1]:|A;] = |A,_1]} and (B;);c; are some disjoint subsets
of Ak.

One can check by the definition that every graph in *(n, ¢) has e edges and
h*(n, e) triangles. Also, the graph H*(n, e) belongs to H(n, e) for each i € {0,
1, 2}. Proposition 1.5 and Conjecture 1.8, to be stated shortly, will motivate the
above definitions.
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Note that every graph in Hjj(n, €) \ H;(n, ) has at most a;_; — m* < =
more edges than the Turan graph 7;_,(n). In other words,

Ho(n,e) =Hi(n,e), for t_i(n)+ ﬁ < e < K(n). (1.10)

In general, H*(n, e) contains many nonisomorphic graphs. Nonetheless, a
‘stability’ result was established by Pikhurko and Razborov [34], who showed
that every almost extremal (7, )-graph is within edit distance o(n?) from Hi(n,
e) (or, equivalently, from H*(n, ¢)).

THEOREM 1.2 [34]. For every € > 0, there are 8, ng > 0 such that, for every
(n, e)-graph G with n > ng vertices and at most g;(n, e) + 8(2) triangles, there
exists H € Hi(n, e) such that |[E(G) A E(H)| < 8(;)

Although Theorems 1.1 and 1.2 deal only with the asymptotic values, they can
also be used to derive some exact results. Namely, if n = (k — 1)a + b, where
k.a,b € Nwitha > band e = (*}")a® + (k — D)ab = (K, ). then

gi(n,e) = K3(Ki )= (k ; 1>a3 + <k ; 1)a2b. (1.11)

Indeed, if some (n, ¢)-graph H violates the lower bound, then the uniform blow-
ups of H violate Theorem 1.1; furthermore, every extremal (7, e)-graph contains
the complete (k—1)-partite graph K fjiw +» @S a spanning subgraph, as otherwise
its blow-ups violate Theorem 1.2.

The above blow-up trick also shows that g3 (n, e) > (n*/6) g3(2e/n?) for every
(n, e). Although, for e > t,(n), one can show that this bound is tight only when
the pair (n, e) is as in (1.11), it gives a rather good approximation to gs(n, e).
Namely, calculations based on the explicit formula for g;(A) = h*()1) (see, for
example, [30, Theorem 1.3]) give that

n’ 2e n’ n
O<g3(n,e)—€g3<ﬁ) <M’ n,eeN, e< (2) (1.12)

In a long and difficult paper, Lovasz and Simonovits [26] established the exact
result for a large range of parameters. In order to state their main result, we have
to define some graph families (which will also appear in our results and proofs).

DEFINITION 3 (Families H,, H1, H, and H). Given positive integers e, n with
e < (;) let k = k(n, e) be as in (1.1) and define the following families.

Ho(n, e): the family of (n, e)-graphs H obtained from adding a triangle-free
graph J to a complete (k — 1)-partite graph on n vertices.
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Hi(n, e): the family of (n, e¢)-graphs H with a partition V(H) = A, U --- U
Ak—Z U B such that |A|| > s 2 |Ak_2|; H[A] U---u Ak_g] is the
complete partite graph K[A,, ..., Ay_»]; H[B, V(H) \ B]is complete;
and H[B] is a triangle-free graph.

Hy(n, e): the family of k-partite (n, e)-graphs H with a partition Ay, ..., A; of
V(H) suchthat |[A|| > --- > |Ail; HIA,U---U A, ]=KI[Ay,...,
Aj_1], and for every vertex x € A, there is at most one j € [k — 1] such
that x is not complete to A ;.

Also, let H(n, e) := H,(n, e) U H,(n, e) and define

h(n,e) :=min{K3(H) : H € H(n, e)}. (1.13)

Note that H;(n, ¢) € Hy(n, e); this inclusion is in general strict as the added
edges in the definition of H(n, €) can lie inside different parts.

The main result proved by Lovdsz and Simonovits [26] (first announced in
their 1975 paper [25]) is the following.

THEOREM 1.3 [25, 26]. For all integers k > 3 and r > 3, there exist « = a(r,
k) > 0 and ng = ny(r, k) > 0 such that, for all positive integers (n, e) with
n>ngand ti_;(n) < e < ty_1(n) + an?, we have that

gm,e)=h.(n,e) :=min{K,(H) : H € H(n,e)}.

If r = 3, then every extremal graph lies in Hy(n, e) U H,(n, e), and there is at
least one extremal graph in H(n, e). If r = 4, then every extremal graph lies in

Hl(n7 e) ) HZ(”! 6).

Although the proof of Theorem 1.3 does not use the regularity lemma,
the constant «(r, k) given by it is nonetheless so small that Lovadsz and
Simonovits [26, page 465] write that they ‘did not even dare to estimate’ « (3, 3).
In the same papers [25, 26], the following bold conjecture was stated.

CONJECTURE 1.4 [25, 26]. For all integers r > 3, there exists no = ny(r) > 0
such that g,(n, e) = h,(n, e) for all positive integers n > ny and e < (;)

Of course, the triangle-minimization problem for such a restricted class as any
of H;(n, e) is much easier than the unrestricted function g3(n, e). In fact, we can
solve it exactly.
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PROPOSITION 1.5. Fori € {0,1,2}and alln, e € Nwithe < (;), we have that
min{K3(H) : H € H;(n,e)} = h*(n, e) and H}(n,e) is the set of graphs in
H;(n, e) that attain this bound.
In particular, we have that h(n, e) = h*(n, e).

An interesting consequence of Proposition 1.5 that has not been observed
before is that, for r = 3, if Conjecture 1.4 is true, then its conclusion is in fact
true for all n > 1; see Lemma 10.1.

Apart from some cases when e is very close to (;), to the best of the authors’
knowledge, all established cases of the conjecture are confined to the direct
consequences of Theorem 1.1 via the blow-up trick and to Theorem 1.3 (the
latter superseding, as n — oo, all remaining exact results that we mentioned).
The main contribution of this paper is to prove the conjecture when r = 3 and
e/ (;) is bounded away from 1, and to characterize the extremal graphs in this
range.

THEOREM 1.6. For all ¢ > 0, there exists ny > 0 such that for all positive
integersn > nyand e < (;) —e&n?, we have that g;(n, e) = h(n, e). Furthermore,
the family of extremal (n, e)-graphs is precisely H(n, e) U H}(n, e).

By Theorem 1.3 and Proposition 1.5, it is enough to prove Theorem 1.6 when
e > t,_1(n) + £2(n?), where k = k(n, e). This is done in the next theorem. (Note
that H, is irrelevant in this range by (1.10).)

THEOREM 1.7. For all ¢, > 0 and every integer 3 < k < 1/, there exists
no > 0 such that the following holds. For all integers n,e with n > ny and
ti_1(n) +an? < e < t(n), we have g3(n, e) = h(n, e) and every extremal graph

lies in H(n, e) = Hi(n, e) U H,(n, e).

We believe that the following strengthening of the case r = 3 of Conjecture 1.4
holds where, additionally, the exact structure of all extremal graphs is described.

CONJECTURE 1.8. For all positive integers n and e < (;), an (n, e)-graph G
satisfies K5(G) = gs(n, e) if and only if G € H(n, e) U H}(n, e).

1.1. Organization of the paper. We collect some frequently used notation in
Section 2 (and there is a symbolic glossary at the end of the paper). Theorem 1.6
is formally derived from Theorem 1.7 in Section 5.1. Since the proof of
Theorem 1.7 is very involved and long, we provide a sketch in Section 3 and
also try to provide all details in calculations. In Section 4, we investigate the
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function A (n, ¢) and provide some preliminary tools that will be used later on;
in particular, we prove Proposition 1.5. The proof of Theorem 1.7 begins in
Section 5. Sections 6—8 continue the proof in the ‘intermediate’ case, which,
roughly speaking, is when e is bounded away from any Turén density. The
remaining ‘boundary’ case is dealt with in Section 9. Some concluding remarks
can be found in Section 10.

2. Notation

Givenaset X and k € N, let (f) denote the set of k-subsets of X. Also, [k] :=
{1,..., k}. We may abbreviate {a, b} toab. Wewritex = yteif y —e < x <
y+e.

We use standard graph theoretic notation. Given a graph G and A € V(G),
we write A := V(G) \ A for the complement of A in G and G for the graph
with vertex set V (G) and edge set (") \ E(G), which we call the complement
of G. Further, we write G[A] for the graph induced by G on A. Given disjoint
A, B € V(G), we write G[A, B] for the graph with vertex set A U B and edge
set {abe E(G) :a€ A,be B}.Forx € V(G) and A C V(G), we set Ng(x,
A):={yeA:xye E(G)}andds(x, A) := |Ng(x, A)|. Additionally, we write
Ng(x) := Ng(x, V(G)) and dg(x) := |Ng(x)|. Given pairwise-disjoint vertex

sets Ay, ..., Ay, we write K[A(, ..., A;] for the complete partite graph with
parts Ay, ..., A,. When ay, ..., a, are integers, we write Kﬁly'_m (or Kyy...a)
for the complete £-partite graph with parts of sizes ay, . .., a,.

A partition of V(H) witnessing that H € H;(n, ) in Definition 3 will be
called H;-canonical (or just canonical).
Given x € V(G), we write K;(x, G) for the number of triangles in G that
contain x. That is,
K;(x, G) := e(G[Ng(x)]).

Given A, A, C V(G)\ {x}, we write K5(x, G; A}, A,) for the number of triples
{x, a;, ay} that span a triangle in G, where a; € A; for i € [2]. (Note that we do
not double count when both a;, a, liein A; N A, )If A; = A, = A, we let K5(x,
G; A) .= K5(x, G; A, A). Similarly, given {x, y} € (V(zc)), let P3(xy, G) be the
number of 3-vertex paths with endpoints x and y; that is,

P3(xy, G) := |Ng(x) N Ng(y)I.

Let Ps(xy, G; A) := |Ng(x, A) N Ng(y, A)|. Given a graph G with vertex
partition Ay, ..., A, a cross-edge is any edge that lies between parts. Given
two graphs G, H on the same vertex set V and U C V, we say that G and H
only differ at U if E(G) A E(H) € (3).
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Given a family G(n, e) of (n, e)-graphs, we write G™"(n, e) € G(n, e) for the
subfamily consisting of all graphs with the minimum number of triangles.

Since we are interested in the case r = 3, we will say that a pair (n, ¢) is valid
if n, e € N are such that L%J <e< (’;) (that is, there exist graphs with n vertices
and e edges, and every such graph contains at least one triangle).

Given £ € Nand «y, ..., a, € R, for convenience, we write
¢ o ¢ —
e(KD(1 ..... w) = E o;o;  and K3(K0t1 ,,,,, ai) = E R0
ije(%) nije(Y)

in analogy with the number of edges and triangles in the complete £-partite graph
Kt n,» Which is defined when the n;’s are positive integers.

The edit distance between two graphs G and H on the same vertex set is
|E(G) A E(H)|, and these graphs are said to be d-close if |[E(G) A E(H)| < d.

3. Sketch of the proof of Theorem 1.7

The asymptotic results of Fisher [10], Razborov [37], Nikiforov [30],
Pikhurko-Razborov [34] and Reiher [38] all use spectral or analytic methods.
Such techniques do not seem to be helpful for the exact problem, and indeed our
proof of Theorem 1.7 uses purely combinatorial methods. At its heart, our proof
uses the well-known stability method: Theorem 1.2 implies that any extremal
graph G is structurally close to some H in H*(n, ¢) and hence some graph in
H,(n, ). Then the goal would be to analyse G and show that it cannot contain
any imperfections and must in fact lie in {(n, €). The stability approach stems
from the work of Erdds [8] and Simonovits [40] and has been used to solve
many major problems in extremal combinatorics.

However, a major obstacle here is the fact that there is a large family of
conjectured extremal graphs. Given any H € H,(n, e) with canonical partition
Ay, ..., Ar_s, B as in the definition, one can obtain a different H' € H,(n, e)
such that K3(H') = K5(H) simply by replacing H[B] with another triangle-free
graph containing the same number of edges. In general, there are many choices
for this triangle-free graph.

An additional difficulty is that H, (n, ¢) does not in fact contain every extremal
graph, as in Theorem 1.3. So our goal as stated above must be modified.

Let us present a brief outline of the proof of Theorem 1.7. Suppose that
Theorem 1.7 is false. Let k be the minimum integer for which there is an
arbitrarily large integer n and some e with #,_1(n) < e < f;(n) such that H(n, ¢)
does not contain every extremal graph. Choose a fixed large n and then e as
above such that g;(n, ¢) — h(n, ¢) < 0is minimal, and let G ¢ H(n, €) be an (n,
e)-graph with K3(G) = g3(n, ). We call such a G a worst counterexample. One
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consequence of the choice of G is, for example, that no edge can lie in too many
triangles, and the endpoints of every nonedge have many common neighbours.

I: The intermediate case 7, (n) — e = 2 (n?).
1. Approximate structure (Section 6)

Theorem 1.2 implies that G is close in edit distance to some graph H € H*(n, e).
Note that H € H,(n, ¢’) for some ¢’, which is close to e. The first step is to show
that actually G is close to the specific graph H*(n, ¢) (namely, the edit distance
is 0(n?); see Lemma 6.4). The ith part of H*(n, e) has size a?, which is roughly
cn for all i € [k — 1] (Lemma 4.16). Since e is bounded away from #(n), it is
not hard to see that n — (k — 1)cn < cn — £2(n). So G is close to a complete
partite graph with one small part and the other parts equally sized. In fact, we
can show (Lemma 6.1) that every max-cut partition Ay, ..., A; of G is such that
[|A;] — cn| = o(n) fori € [k — 1] (and ||Ay| — (n — (k — 1)cn)| = o(n)) and
m + h = o(n?), where

m:= Y e(G[A, A;]) and h:=) e(GIA]).

ije(%) ielk]

Following [26], we say that any pair of vertices in different parts that does not
span an edge is a missing edge, and any edge inside a part is bad. As usual, we
now identify some vertices that are atypical in the sense that they are incident
to many missing edges. Let Z be the set of vertices incident with £2(n) missing
edges. Thus

|Z| = O(m/n) = o(n). 3.1

It turns out that every bad edge is incident to a vertex in Z. Thus, if Z = (4, then
G is k-partite and it is not hard to show (see Corollary 4.4(i)) that every extremal
k-partite (n, e)-graph lies in H,(n, ), a contradiction.

2. Transformations (Section 7)

Now we would like to make a series of local changes to G to obtain a new
n-vertex e-edge graph G’ such that K3(G') — K53(G) = 0, but the structure of
G’ is much simpler. Here, ‘simpler’ means ‘no bad edges’, so G’ would be k-
partite, and we would obtain our desired contradiction. From the property of Z
above, these local changes would then only have to be made at Z. Unfortunately,
this is too ambitious as we do not have fine enough control on the structure of
the graph. Therefore we reduce our expectations and aim to find G’ such that
K3(G'") — K3(G) is small (Lemma 7.1). That is, we simplify the structure (and
thus it is easier to count triangles) at the expense of a few additional triangles. To
be more precise, small means o(m?/n). Although the transformations themselves
are easy to describe, this is the longest and most technical part of the proof.
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e Transformation 1 (Figure 3, Lemmas 7.3 and 7.4): Removing bad edges in the
large parts Ay, ..., Aj_1.

e Transformation 2 (Figure 4, Lemmas 7.5 and 7.6): Reassigning those vertices
in Z N Ay incident to many missing edges to a large part.

e Transformations 3-6 (Figures 5-7, Lemmas 7.7-7.10 and the proof of
Lemma 7.1): Dealing with those vertices in Z N A, incident to few missing
edges.

3. Finishing the proof in this case (Section 8)

i. Suppose that m > Cn for some large constant C (Section 8.1). Write A7, ...,
A for the parts of G'. Keeping track of the transformation G — G’ allows us to
use G’ to obtain additional structural information about G. To do this, we apply
Lemma 4.19, which measures the difference in the numbers of triangles between
a k-partite (n, e)-graph (such as G’) and an ‘ideal’ k-partite graph (which is
essentially H*(n, ¢)). Because the same is true in G in the intermediate case, the
difference in size between the smallest part of G’ and the other parts is £2(n). In
Lemma 8.2, this fact and K3(G') — K3(H*(n, €)) < K3(G') — K3(G) = o(m?*/n)
imply via Lemma 4.19 that e(@[A;/, Al]) = §2(m) for exactly one i € [k — 1],
and the other A satisfy [|A”]| — cn| = o(m/n) and |Z N A/| = o(m/n) (which
is much stronger than (3.1)).

Since we had fine control on the transformation G — G’, similar statements
hold in G (Lemma 8.4): e(G[A;, Ac]) = 2(m) for exactly one i € [k — 1],
and the other A; satisfy ||A;| — cn| = o(m/n) and |Z N A;| = o(m/n). This
new information about G is substantial enough to show that most of the local
changes we did earlier actually decrease the number of triangles. This applies,
for example, to Transformation 1, and we conclude that Z N A; = ¢ for all
j € [k — 1]\ {i}. So A; contains no bad edges (Lemma 8.6). This analysis
requires tight ‘step-by-step’ control on the effect of the transformations, which
is what makes the proofs more technical than they would otherwise have to be.
Then a final global change (see Figure 8) brings us to a graph H € H;(n, e),
which, if Z # @, satisfies K3(H) — K3(G) < 0, a contradiction.

ii. Suppose that m < Cn (Section 8.2). This case is different as the errors
stemming from G’ are too large to allow us to glean any extra information.
Instead, we show directly that most of the transformations we did earlier do
not increase the number of triangles. This is possible since we now know that,
for example, Z has constant size (see (3.1)).

This case has a different flavour because we may enter the situation where, for
example, after performing Transformation 1 to obtain G, we have K3(G,) =
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K3(G) and G| € H(n, e). Then we have to argue that in fact this must imply
G € H(n, e), a contradiction. This is the only part of the proof where we are not
able to obtain a contradiction by strictly decreasing the number of triangles, and
must actually analyse the extremal family H (n, e) (Section 8.2.1).

II: The boundary case ,(n) — e = r, where r = o(n?) (Section 9).

The proof in this case turns out to be much shorter than the intermediate case. We
now have that cn = n/k+ O(+/r). A different argument is required to determine
the approximate structure of G as we need better bounds in terms of r: we use
an averaging argument (Lemma 9.2), which is very similar to [26, Theorem 2].
Thus we obtain a rather strong structure property (Lemma 9.1): every max-cut
partition Ay, ..., Ay of G is such that ||A;| —n/k| = O(/r) foralli € [k], and
S e(GlAL AD) + X e(GIAD) = O ().

Again, we let Z be the set of vertices with §2(n) missing edges, and show
that |Z] = o(n) and every bad edge is incident to a vertex in Z. In the
intermediate case, the most troublesome vertices were those in Z N A, dealt
with in Transformations 3—6. Now, Ay is not substantially smaller than the other
parts, so this is no longer the case and some difficulties from the intermediate
case disappear.

We show that, for every i € [k], the set A; \ Z is ‘significantly smaller’ than cn.
This then implies that G[A| \ Z, ..., A; \ Z] is complete partite (Lemma 9.9).
Finally, we show that Z = {J, completing the proof as before. For these final
steps, we again build up a repository of structural information by performing
(much simpler) transformations that strictly decrease the number of triangles
unless a desired property holds.

4. Extremal families and preliminary tools

One of the main results of this section is to prove Proposition 1.5 that for all
i =0,1,2, we have H™"(n, e) = H}(n, e), and h(n, e) = h*(n, e) for all valid
pairs (n, e). In order to do this, we present some auxiliary definitions and results
first.

4.1. Extremal k(n, e)-partite graphs. The main conclusion of this section
will be Corollary 4.4, which states that all extremal k(n, e)-partite (n, e)-graphs
lie in H,(n, e) and at least one such graph is in H,(n, €).

In order to prove it, we need to define a somewhat related family H,(n, e).
Given a valid pair (n, ), let k := k(n, ). Define H),(n, e) to be the family of
k-partite (n, e)-graphs H with parts Ay, ..., A; of sizes |A;| > - -+ > |A| such
that
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(1) for all i € [k] and x € A;, there is at most one j € [k] \ {i} such that
dﬁ(-xa A]) > 0’
(2) if |A;| +|A;| > |Ag—1| + |Axl, then H[A;, A;] is complete.
We say that A,, ..., A; is an H)-canonical partition. The above definition is
motivated by the following easy lemma.

LEMMA 4.1. Let (n, e) be valid and let k = k(n, e). Let G(n, e) be the set of
k-partite (n, €)-graphs. Then G™"(n, e) C H)(n, e).

Proof. Let G € G™"(n, e). Let Ay, ..., A; be the partiof G, where a; := |A;|
foralli € [klanda; > --- > a;. Letm 1= Zije(llél) e(G[A;, Aj]).
We have that m < a;_,ay, for otherwise

e < e(Kal,...,ak_g,ak_|+ak) g tk—l(n)

and so k(n,e) < k — 1, a contradiction. Consider G* := K[A4, ..., A;] \ E¥,
where E* consists of some m edges of K[A;_;, A.]. Clearly, G* € G(n, e). Thus,
by the minimality of G € G(n, e), we have K3(G*) > K3(G) . On the other hand,
since each pair of E* is in exactly a; + - - - + a,_, triangles of K[Ay, ..., A;]
and no such triangle is counted more than once, we have

K3(G*) — K3(G) = (K3(K[Ay, ..., A — K5(G))
—(K3(K[Ay, ..., A) — K3(G™))

< Z e(E[AiaAj])( Z 61h> —|E*|(a1 + -+ + ax—2)
ije(“;]) helk\{i,j}

= Z e(E[AisAj])( Z ah_(al+"'+ak2)>
ije () helk\li. j}

= Y e(GlAi, AjD (@1 + @) — (@ +a))) < 0, (4.1)
ije ()

so we have equality throughout. The sharpness of the first (respectively, second)
inequality in (4.1) implies the first (respectively, second) property from the
definition of H)(n, ). Thus G € H)(n, e), as required. O

We also need the following result concerning extremal graphs in H) (%, e).
LEMMA 4.2. Let (n, e) be valid with k = k(n, e). Let H € (H5)™"(n, e) with an

‘H),-canonical partiti% Ay, ..., A, having part sizes a, = - - - = a, respectively.
Letm = Zije([’;]) e(H[A;, A;]). Then the following statements hold.
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(1) There exists G € Hi(n, e) N H,(n, e) N Ha(n, e) with K5(G) = K3(H).

@) Ifar_, = ay_y, thenm < aj_1 —ay + 1.

Proof. If m > a;_,qy, then e < t;_;(n), a contradiction. Thus there exists G :=
K[Aq, ..., A;)\E*, where E* C K[A;_1, Ai] and |E*| = m. Clearly, G € H,(n,
e) N Hy(n, e) N Ha(n, e). Also, the calculation as in (4.1) shows that K5(G) <
K;(H). This is equality by the minimality of H, proving the first part of the
lemma.

Now, let us show (ii). Let a := a;_, = a;_;. Suppose on the contrary that
s:=m—a+a,— lisatleast 1. Then (a + 1)(a; — 1) — (agy —m) =s > 1. If
s > a(a; — 1), then

e = e(Kal ..... ak) —m = e(Kal,...,ak,3,a+l,a,ak71) —5 < e(Kal,...,ak,3.a+l,a+ak71)
< fr-1(n),

a contradiction to the definition of k. Thus there is an (n, ¢)-graph J obtained
from the complete k-partite graph K, 4 s.a+1.4.04—1 Dy removing s edges
between the last two classes (that have sizes a and a; —1). Note that J € H)(n, e).
But then we have

K3(H) — K3(J) > (@®ax — (s +a — ax + Da) — (ala + D(ax — 1) — s(a + 1))
=s5>0.

This contradiction completes the proof of the second part. O

LEMMA 4.3. Let (n, e) be valid with k = k(n, e). Then (Hy)™(n, ) = HY™(n,
e). Moreover, for all graphs in this family, an H)-canonical partition is an H,-
canonical partition up to relabelling parts, and vice versa.

Proof. Throughout this proof, we omit (n, ¢) for brevity.

We first show that (H5)™" € HJ". Take any H € (H,)™" with an H)-
canonical partition Ay, ..., A;. We claim that H € H,, and some ordering of
{Aq, ..., A} is an H,-canonical partition. Assume that |A; | = |Ar_1| = |Ai]
for otherwise e(H[A;, A;]) > Oonly if k € {i, j} in which case H € H,, as
desired. Lemma 4.2(ii) gives that

Y e(HIA, AjD) < [Aea| — Al +1=1.

ije (%)

Thus H has at most one missing edge, which (if exists) is incident to some
part A; with |A;| = |Ai|. In any case, H € H, with the same canonical
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partition, up to relabelling, as claimed. If H is not in H5™, then any H' € Hy™
has fewer triangles than H. However, by Lemma 4.1 there is G € H, with
K3(G) < K3(H') < K5(H), contradicting the extremality of H. In particular,
writing h; := K3(F) and ), := K3(F’), where F € H™ and F' € (H,)™", we
see that h, = h).

We now show the other direction, that is, (”;‘-l/z)min D) Hgﬁ“. Let G(n, e) be
the set of k-partite (n, e)-graphs. By definition, H, € G. As G™" C H), due
to Lemma 4.1 and h, = h), we have that HY™ C g™ C (H,)™" as desired.
Furthermore, if Ay, ..., Ay is an H,-canonical partition of G € g‘i“, some
ordering of it is an H)-canonical partition. O

For ease of reference, let us summarize some facts that we will need later.

COROLLARY 4.4. Let (n, e) be valid with k = k(n, e). Then the following
statements hold.

(i) Every extremal k-partite (n, e)-graph lies in H,(n, e).
(ii) At least one extremal k-partite (n, e)-graph lies in H(n, e).

(iii) Let H € HY"(n, e) \ Hi(n, e) with an H,-canonical partition A*, ..., A}
Then
D e(HIA], A5 < IAL | — |Afl+ 1 <n.

ije (')

Proof. Part (i) (respectively, (ii)) is a direct consequence of Lemma 4.1 when
combined with Lemma 4.3 (respectively, with Lemma 4.2(i)). To see (iii), let H
and A7, ..., A be as stated. We claim that |A;_,| = |A;_,|. Indeed, if |A}_,| >
|A7_;| + 1, then all the missing edges in H should lie in [A}_,, A}] as otherwise
moving all missing edges to [A;_,, A;] would result in a graph still in H»(n, e)
having strictly fewer triangles than H, contradicting the choice of H. But then if

all missing edges lie in [A}_,, A;], we have H € H,(n, ¢), a contradiction. This
together with Lemma 4.2(ii) and Lemma 4.3 implies (iii). O

For future reference, let us state here the following auxiliary lemma, which
implies that if the condition on a that defines a; in Definition 1 fails for some
a < n/k, then it fails for all smaller values of a € N.

LEMMA 4.5. For any integersa > 1, k > 2 and n > ak, we have

am—a)+ti_in—a)>@—1Dmn—a+1)+t(_1(n—a+1).
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Proof. Leta; > --- > a;_, be the part sizes of T;_;(n — a). If we increase its
order by 1, then the part sizes of the new Turan graph, up to a reordering, can
be obtained by increasing a;_; by 1. Thus we need to estimate the following

difference:

e(Kal,...,akfl,a) _e(Kal,...,akfz.ak,]+],a—]) = ar—1a— (ak—] + 1)(a_ 1) = k- —Cl+1,
4.2)

which is positive since a;_; > | (n — a)/(k — 1)] is at least a by our assumption

a < |n/k]. O

4.2. Proof of Proposition 1.5. First, we describe a transformation that
converts an arbitrary H(n, e)-extremal graph G into another extremal graph
H' of a rather simple structure. Then, we argue in Lemma 4.6 that H’ is in
fact isomorphic to the special graph H*(n, e) from Definition 1. Since H*(n,
e) € Hi(n,e) € Ho(n, e), this determines the minimum number of triangles
for graphs in these two families. From here, it is relatively easy to derive all
remaining claims of Proposition 1.5.

Let (n, e) be valid and set k = k(n, ¢). Take an arbitrary graph G € Hg‘in (n,e)
with a vertex partition By, ..., B;_; such that G consists of the union of K[B;,
..., Bx_1] and an edge-disjoint triangle-free graph J. We say that a part B;, j €
[k — 11, is partially full (in G) if 0 < e(G[B,]) < t:(b;), where b; := |B;|.
Since we can move edges in both directions between such parts (keeping the
parts triangle-free and thus staying within the family Ho(n, €)), we have by the
minimality of G that

b; =b;, foralli,j € [k — 1] such that B; and B; are partially full.  (4.3)

We construct another graph H' = H'(G) in H{™(n, €) using the following
steps.

Step 1 For each partially full part B;, replace G[B;] by a balanced bipartite
graph of the same size (which is possible by Mantel’s theorem).

Step 2 Move edges between partially full parts (keeping them balanced
bipartite), until at most one remains. By (4.3), the current graph
(denote it by G) is still in H{™(n, e).

Step 3 If there is a part B; which is partially full in G, then let B := B;;
otherwise, let B := B; for some i € [k — 1] with e(G[B;]) = t(b;)
(such i exists since e(G) = e > t,_1(n)).

Step 4 As V(G)\ B induces a complete partite graph in Gy, let Ay, ..., A;_» be
its parts of sizes a; > - - - > a,_,, respectively. Thus each part B; of G is
equal to either B, or some A, or the union of some two parts A; U A,.
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Step 5 Choose integers a,_; > a, > 1 such that @, | + @, = |B| and (a,_; +
)(a, — 1) < e(G([B]) < a,_1a,, which is possible since G|[B] is
bipartite. Let A;_, A, be a partition of B with |A;| =a; fori € {t —1, t}.
If e(G,[B]) = %;,(|B]), then we additionally require that the parts A,_;
and A, are given by the bipartition of G,[B] = T,(| B|).

Step 6 Let H' be obtained from K[Ay, ..., A,] by removing a star centred at A,

with m’ leaves all of which lie in A,_;, where m’ := Zije([g) aa;—e=

a;_1a; — e(G[B]). This is possible because, like in (1.3), we have

o<m' <a,_, —a,. (4.4)

LEMMA 4.6. For every valid (n, e) and G € HJ™(n, e), the graph H' produced
by Steps 1-6 above is isomorphic to H*(n, e).

Proof. We will use the notation defined in Steps 1-6 (such as the sets B;
and A; and so on). As H’ is obtained from G, € H{™(n, e) by replacing a
bipartite graph on B with another bipartite graph of the same size (while B is
complete to the rest in both graphs), we have that K3(H') = K3(G,) and thus
H' € H™(n, e).

CLAIM4.7. Ifm' =0, then e(H'[A,UA; UA;]) > t(|Ay| +|Ai| +|A;]) for all
hij € ([;]). Ifm’ > O, then the stated inequality holds for every triple {h,t — 1, t}
with h € [t — 2].

Proof of Claim. Let W := A, U A; U A;. Suppose on the contrary that
e(H'[W]) < ©,(|W]). Then one can obtain a new graph G, from H’ by replacing
H'[W] with a bipartite graph of the same size. Note that H' is complete between

W and W. (Indeed, this is trivially true if m’ = 0 as then H' = K[A, ..., A.];
otherwise, the only noncomplete pair is [A,_1, A,], but both of these sets lie
inside W.)

As H'is t-partite, the graph G, is (t —1)-partite (with at most one noncomplete
pair of parts). By Steps 4-5, we have # < 2(k —1). So we can represent G, as the
union of complete (k — 1)-partite and triangle-free graphs, that is, G, € Ho(n,
e). We have that K;(G,[W]) = 0 and W is complete to W in both H' and G,.
Thus the fact that H' € HJ""(n, e) implies that K3(H'[W]) = 0. However, if
{t —1,t} & {h,i, j}, then H'[W] is complete tripartite and so clearly contains
at least one triangle. Otherwise, if, say, {i, j} = {t — 1, t}, then H’ spans at least

one edge between A,_; and A, (since there are m’ < a;_; — a; < a,_1a; missing
edges by (4.4)). Each such edge lies in |A;| > O triangles in H'[W]. So in either
case, we obtain a contradiction. ]

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

H. Liu, O. Pikhurko and K. Staden 20

CLamM 4.8. Ifm' > 0, thena,_, > a,_;.

Proof of Claim. Suppose the claim is false. Now, make a new graph G; from
H' by replacing [A;_», A;]-edges with [A,_;, A;]-edges until this is no longer
possible. Let W := A, ,UA,_ | UA,. If A, , U A, is an independent set in G;
(that is, if m" > a;_»a,), then e(H'[W]) = e(G3[W]) < t,(|W]), contradicting
Claim 4.7 for the triple {t — 2, — 1, t}. Thus G3;[W] is obtained from K[A,_,,
A,_1, A;] by removing m’ edges from K[A,_,, A,]. So G5 € Hy(n, ), and

K3(G3)—Ky(H) =m'(n—a,-1—a) —(n—a,2—a,)) = m' (@2 —a,1) < —1,
a contradiction proving the claim. O

Ifm' > 0,letC; := A, fori € [t]. If m’ =0, thenlet Cy, ..., C, be arelabelling

of Ay, ..., A, so that the sizes of the sets do not increase. Regardless of the value
of m’, the following statements hold. First, ¢; > --- > ¢;, where ¢; := |C;| for
i € [t]. (Indeed, if m’ > 0, this follows from Steps 4-5 and Claim 4.8.) Also, we
have

0<m <y —c. 4.5)

(Indeed, if m’ > 0, this is the same as (4.4); otherwise, this is a trivial
consequence of m" = 0 and ¢,_; > ¢,.) Also, Claim 4.7 applies to any triple
Ci,C_y, C,.

The rest of the proof is written so that it works for both m’ = 0 and m’ > 0.

CLAIM 4.9. We have that ¢; < ¢,y + 1.

Proof of Claim. Suppose that this is false. Let W := C, U C,_; U C,. Note that
e(Ke 1o y41e) —e(H' WD) =m'—c¢,oy+ ¢ —1=m".

Now, m” > m’ 4+ 1. We claim that additionally m” < (c¢,_; + 1)c¢;. Suppose
that this is not true. Then e(H'[W]) < (¢; — D(¢cimi + ¢ + 1) < t(|W)),
contradicting Claim 4.7. Take a partition C|, C,_,, C; of W of sizes ¢; — 1,
¢,—1 + 1, ¢,, respectively, and let a graph Hy be obtained from K[C/, C,_,, C;]
by removing m” edges between C,_, and C;. Then e(Hy) = e(H'[W]). Obtain
H” from H' by replacing H'[W] with Hy. Note that H” € Hy(n, e). By (4.5),

we have that
K3(H') — K3(H") = K3(H'[W]) — K3(Hy)
= (cicio1c, —m'ey) = ((c1 = Dle—y + Dey
—(m —ci+c— D — D)
Zr—c)er—ca—2)+1 21,

a contradiction proving ¢,_; + 1 > ¢;. O
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It follows that Cy, ..., C,_; induce a Turdn graph in H'. (Indeed, the sizes
of these independent sets are almost equal by Claim 4.9; furthermore, if m’ >
0, then all missing edges in H' are between C,_; = A,_; and C; = A, while
otherwise there are no missing edges at all.)

Now, we can argue that t = k. By the definition of k£, we have to show that
t,_1(n) < e < t,(n). Clearly, H' is t-partite, so e < t,(n). So it remains to show
ti_i(n) <e LetT := H[C,U---UC,_1] E T,_i(n — ¢,). We can obtain both
H' and T,_,(n) from T by adding c, vertices one by one. First, let us make H’
from 7. The number of additional edges is e — e(T) = ¢;(n — ¢;) — m’. If we
instead add vertices one by one to T to make 7,_;(n), each vertex must miss
an entire part of the current graph, so its degree is at most n — ¢,_; — 1. Thus
t,_1(n) —e(T) < c;(n — ¢, — 1). By (4.5), we have

e—t_1(n) Zc(cor+1—c)—m' = (¢, — ey —¢) + ¢, > 0.

Thus ¢t = k, as stated.

Now we can show that H' has part sizes given by the vector a* = a*(n, e)
from Definition 1, finishing the proof of the lemma. By Claim 4.9, we have that
Zije([k;u) cic; = tr_1(n — cp). Note that m" = ¢;_jc, — e(H'[Cy—y U C¢]). Thus
we have by (4.5)thate —t,_1(n — ) = cx(n — ¢cp) —m' < cp(n — ¢).

So it remains only to show that ¢, is the smallest natural number a with
f@@) :==an —a)+ t_1(n —a) > e. Note that ¢, < n/k as it is the smallest
among c¢| + - - - + ¢, = n. Thus, by Lemma 4.5, it is enough to check that ¢; — 1
violates this condition. The calculation in (4.2), the estimates that we stated in
the previous paragraph and (4.5) give that

flaa=D=fle) — (g —a+D) <et+tm —(m' +1) <e,
as desired. This finishes the proof of the lemma. O

Proof of Proposition 1.5. Let n,e € N with e < (;) and let k := k(n,e).
Corollary 4.4 and Lemma 4.6 show that, for each i € {0, 1, 2}, the minimum
number of triangles over the graphs in H;(n,e) > H*(n, e) is K3(H*(n, e)) =
h*(n, e). Thus it remains to describe the extremal graphs. Assume that k > 3 as
otherwise h(n, ) = h*(n, ) = 0 and trivially H"™"(n, e) = H}(n, e) fori =0,
1,2.

First, we will prove that H"™"(n, €) = H}(n, e) fori =0, 1. Let G € H™"(n,
e) be arbitrary. Let G have vertex partition By, ..., B;_; such that G consists of
the union of K[By, ..., By_] and an edge-disjoint triangle-free graph J. Write
b; := |B;| for all i € [k — 1]. Apply Steps 1-6 to G to obtain a ¢-partite graph
H' with parts A, ..., A;. By Lemma 4.6, H’' is isomorphic to H* := H*(n, e).
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Thus ¢ = k and, by relabelling parts, we can assume that |A;| = a; forall i € [k]
and that all missing edges, if any exist, are in H'[A;_1, A¢].
We will also need the following claim.

CLAIM 4.10. If a part B; is not partially full in G (that is, if e(G[B;]) is O or
t,(b;)), then G[B;] = H'[B;] (that is, no adjacency inside B; is modified).

Proof of Claim. If e(G[B;]) = 0, then B; = A; for some j € [k — 2] and so
e(H'[B;]) = 0 = e(G[B;]), giving the required. If e(G[B;]) = t,(b;), then by
construction, G{[B;] = G[B;] are maximum bipartite graphs and so H'[B;] =
G| B;], as required. I

Since t = k, exactly one part B, of G is subdivided as A, U A, in Steps 4-5
(that is, B, = A, U A,), while the remaining parts of G correspond to the
remaining parts of H'. In particular, b, = a;‘ +a’, where,say, 1 <q <r <k.

Let us show that e(G[B,]) > 0. Indeed, if this is not true, then, by (1.3),
H'[B,] contains aja; —m* = aja; — (a;_; — a;) > 0 edges, and so is different
from the edgeless graph G[B,]. Then Claim 4.10 implies that B, is partially full,
a contradiction.

Case 1. There exists h € [k — 1]\ {p} such that e(G[B,]) > 0. In other words,
G e Hg‘i“(n, e)\ Hi(n,e).

We claim that b, = b,,. This follows from (4.3) if B;, and B, are both partially full.
Note that By, is an independent set in H’ and so G[B},] # H'[B;], and Claim 4.10
implies that B, is partially full. So it suffices to show that B, is partially full. If
not, then e(G[B,]) = t,(b,) (as e(G[B,]) = 01is already excluded). Since G[B;,
B;1 = H'[B;, Bj] for all ij € (") and e(H'[B,]) = 0 < e(G[B,]), there is
some £ € [k — 1]\ {#} such that e(H'[ B;]) > e(G[B]). Since H'[ B, ] is bipartite
and e(G[B,]) = t(b,) > e(H'[ B,]), we have that £ # p . But then B, = A; for
some j € [k], and so B, is an independent set in H', a contradiction. This proves
that b, = b,,.

Since B, is the only part that was subdivided, there is s € [k — 1] such that
A; = By andthus af = b, = b, = a;+a;. Sinceay > --- 2 a;_; = max{aj —1,
a;}, we have ay —a; = landa® = 1. Soq; = 1 and a; = a;_,. Since h was
arbitrary, we conclude that for all i € [k — 1] such that e(G[B;]) > 0, we have
bi =a;_, +1.S0 G € H(n, e), as required.

Case 2. For all h € [k — 1]\ {p}, we have e(G[B;]) = 0. In other words, G €
H™M(n, e).

Suppose first that m* = 0. Then H' = K[Ay, ..., Ai], and G can be obtained
from it by replacing H'[A, U A,] with G[B,]. Moreover, G[B,] is a triangle-
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free graph on a; + a; vertices with aza; edges. If a” = af, then G € Hj(n, e);
otherwise |a} —af| < 1,0 G[B,] = Ty(a; +a;) and thus G = H' € H{(n, e),
getting the required in either case.

Suppose instead that m* > 0. Since G[A;, A;] is complete for all {i, j} #
{q,r}, and H'[A;, A;] is complete if and only if {i, j} # {k — 1, k}, we have
{g,r} = {k — 1, k}. Thus G can be obtained from K[A, ..., A;] by replacing
K[Ax_y U A;] with a triangle-free graph with a;_,a; —m* edges. This gives that
G € Hj(n, e), as required.

Note that if G € H["™(n, ), then the above argument always concludes that
G € Hj(n, e), apart from Case 1 (that does not apply here). Thus we have proved
that HM"(n, e) = H}(n, e) fori =0, 1.

Now let G € Hg‘i"(n, e) be arbitrary. If G € H,(n, e), then, as we have just
established, G € H}(n, ¢) (and also G is k-partite). So G € H}(n, ), and thus
we may assume that G € HY™"(n, e) \ H,(n, e).

Let G have an H,-canonical partition A1, ..., A; with partsizesa; > --- > a;,
respectively. By Lemma 4.3, we have that G € (H5)™"(n, €), and Ay, ..., Ay is
an H)-canonical partition. Since G ¢ H,;(n, e), Corollary 4.4(iii) gives that

m = Z e(G[A, AjD) < apo —ag + 1. (4.6)

1<i<j<k

Since HY"(n, e) = (H,)™"(n, e) by Lemma 4.3, we see that if, for i in [ :=
{j € [k —1]:a; = a,_,}, we let B; consist of those x € A, that have at least
one nonneighbour in A;, then these subsets of A, are disjoint and every missing
edge in G intersects one of them. So to prove that G € Hj(n, e), it suffices to

show that
) (ar,...,aq) = (aj,...,ap);or
(i) m*=0,af Zai+2and (a), ..., a) = (a3, ...,a;_,af —1,af +1).

By (4.6), we can obtain a graph G’ from G by moving all m missing edges
between parts A;_; and A;. Then G’ € H™"(n, e), which equals H(n, e) as we
have already shown. So G’ has a partition A}, ..., A}, where |A}| = a, and
there is some i € [k — 1] such that G’ can be obtained from K[A7, ..., A;] by
replacing K[A; U Af] with a triangle-free graph with a’a; — m* edges. Thus
there is a bijection o : [k — 1]\ {i{} — [k — 2] such that

Aoy = A]

j?

forall j € [k — 1]\ {i}, 4.7

while A, U Ay = A7 U A} and a,_; + ax = a] + a. Thus, by the monotonicity
of the involved sequences, if we remove the ith and kth entries from a*, then we
obtain ((11, ey ak_z).

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

H. Liu, O. Pikhurko and K. Staden 24

By the minimality of a;/, we have a; < a;. Suppose that a :=a, —a; > 1 as
otherwise (ax—i, ax) = (a}, a;) and the desired property (i) follows from (4.7).
Since a; +a = a; < ar—; = a} — a, we have

m—m*=aq_ap—aa; = a_iax — (@ +a) (@ —a) 2 a —ap+a’. (4.8)

By (4.6) and (4.8), wehavea = 1,m* =0, ay = a + 1 and a;_; = a} — 1. Also,
ai —12af —1=a_1 2 ay = a; + 1. Recall that 0 < af — a’ < 1 by the
definition of a*. If a = af — 1, then for all j € [k — 1]\ {i}, by (4.7), we have
a; = a:,l(j) > af —1 =a} = a;_, + 1. But then the set / of indices of parts that
are not complete to A; consists only of k — 1, so G € H,(n, ), a contradiction.
Thus a} = af. This gives all the statements from (ii) by (4.7), finishing the proof
of the proposition. O

4.3. Approximating the increment of the function 2*(n, -). Let a pair (n,
e) be valid and let k = k(2e/n?), where the single-variable function k is defined
in (1.5). Also, define c(n, e) := c(2e/n?) to be the larger root of (1.6) for A =
2e/n?; this root can be explicitly written as

chychd#)zé<1+J1—E§T-%>. 4.9)

Let ¢ := c(n, e). By definition,

k-l 4 (k— el — (k= 1e) = (k — e — k 2o £ (4.10)
< ) )c c c) = c <2>c =— .

n
and so
e(Kfn,...,cn,nf(k—l)cn) =e€ and
k—1 k—1
K3(Kfn ,,,,, L‘I’L,n—(k—])(;n) = ( 3 >C3l’l3 + < 5 )Cz(] _ (k _ l)c)n3

:(k_lyﬁﬁ—zc)ﬁﬁ. 4.11)
2 3

In this section, we show that the increment of the function 2*(n, -) at e is very
closely approximated by (k — 2)cn.
First, we need the following standard estimate of the Turdn number.

LEMMA 4.11. Let s, n be integers such that 2 < s < n. Then
1\ n*> s 1\ n?

1——)——= <y <(l—--)—=. 4.12

( s>2 g S i) < s>2 (+-12)
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Proof. Divide n by s with remainder: n = s¢ +r withr € {0, ..., s — 1}. Then
the Turdn graph T;(n) has r parts of size £ 4+ 1 and s — r parts of size £. Routine
calculations show that

_ L
no = (g)““)z““(s R r) Ctrs—r) e+ e = (1 - ;) Sihdzaaisla

For real r € [0, s — 1], the quadratic function 7> — rs has its minimum at » = s /2
and its maximum at r = 0, giving the required bounds on #,(n). 0

Because of the gap in (4.12), the values of k(2¢/n?*) and k(n, e) may be
different when e is slightly above a Turan number. The following lemma implies
that this never occurs inside the proof of Theorem 1.7, where t;_;(n) + £2(n?) <
e < t(n); in particular, (4.9) holds then with k(2e/n?) replaced by k(n, e).

LEMMA 4.12. Let a pair (n, e) be valid. Then
(i) kQ2e/n?) < k(n,e);
(i) ifti_1(n) + (k — 1)/8 < e < t(n), then k(2e/n*) =k = k(n, e).

Proof. Clearly, each of the functions k(n, e) and k(2e/n?) is nondecreasing in e.
Let s € N. Recall that k(A) jumps from s to s + 1 when A becomes larger than
(s — 1)/s while k(n, e) jumps from s to s + 1 when e becomes larger than #,(n).
Now, both of the stated claims follow from Lemma 4.11. O

LEMMA 4.13. Forevery A € [0, 1), we have (k(A) — 1)c(X) < 1.

Proof. Assume that s := k(A) > 2, as otherwise there is nothing to prove. The
formula in (1.7) shows that c(x) is a strictly decreasing continuous function for
X € (‘ T Al] and the limit of c(x) as x tends to = from above is 1/(s — 1).
Thus c(x) < 1/(s — 1) in this half-open interval, as requlred [

LEMMA 4.14. For all valid (n, e), if c = c(n, e) is such that cn € N, then k(n,
e) = k(2e/n*) =:k, and a* = a*(n, e) is equal to (cn, ..., cn,n — (k — l)cn).

Proof. Letk := k(2e/n?) and a := n — (k — 1)cn. Since ¢ > 1/k by definition,
we have that a < c¢n. Also, ¢ < 1/(k — 1) by Lemma 4.13. Thus a is positive.
From e(K.,..  n.a) = e, we conclude that k(n, e) < k. This must be equality by
the first part of Lemma 4.12.

Recall by Definition 1 that g is the minimum s € N with s(n — s) +
t—1(n —s) > e, which is satisfied (with equality) for s = a. Thus a; < a. Now,
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Lemma 4.5 implies by the induction on @ — s that forevery s =a — 1,a — 2,
, 1, we have s(n — 5) + i (n — s) < e. Thus indeed a] = a. This clearly
implies that af = cn foreachi € [k — 1]. L]

The following simple lemma describes the change in H*(n,e) when we
increase e by 1. Informally speaking, (i) one missing edge is added, (ii) the
smallest part increases by 1, or (iii) the number of parts increases by 1.

LEMMA 4.15. Lete,n € Nwithe < (;) Letk = k(n, e), a* = a*(n, e), m* =
m*(n, e), k" =k(n,e+1)and a™ = a*(n, e + 1) be as in Definition 1. Then the
following statements hold.

(1) If m* > 0, thenk™ =k and a* = a*.

(i) Ifm* =0anda; > af +2,thenkt =k, af =a} +1and (af,...,a; )
is obtained from (a} — 1, a3, ..., a;_,) by ordering it nonincreasingly.

(iii) Ifm* =0and a; < af + 1, then k* = k* + 1.

Proof. Let us consider Cases (i) and (ii) together. We can increase the size of
H*(n, e) without increasing the number of parts: namely, let HY and H be
obtained from H* by, respectively, adding a missing edge or moving a vertex
from the first part to the last. Since k(n, -) is a nondecreasing function, we have
that k™ = k in both cases. Furthermore, a; < n/k by (1.3). This and the equality
k* = k imply by Lemma 4.5 that a;" > a} if m* > Oand ¢ > a;f + 1 if m* =0,
with the matching upper bounds on a;f witnessed by (the part sizes of) H® and
H%_ giving the required.

The third case is also easy: k™ > k since H*(n, e) is the Turdn graph T (n)
while kT < k+ 1since k <nand t, 1 (n) > t,(n) + 1. O

LEMMA 4.16. For all valid (n,e), if e € [t,_1(n) + k, t,(n) — 1], then with
c = c(n, e) we have

[(W*(n,e+ 1) —h*(n,e)) — (k —2)cen| <k and
|(h*(n,e) —h*(n,e — 1)) — (k = 2)en| < k
Moreover, |af — cn| < 2 for all i € [k — 1], where a* = a*(n, e) is defined in

Definition 1.
Proof. For valid (n, f) with k(n, f) equal to k = k(n, e), let

L, f):= Y a'(n, f)=n—a;(n, ) —ai(n, f),

ielk—2]
where a*(n, f) = (af(n, f),...,a;(n, f)) is as in Definition 1.
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Note that if f + 1 < #(n) (thatis, k(n, f + 1) = k(n, f) = k), then
L(n,f+1)—L(n, f)e{-1,0}. 4.13)

Indeed, consider how the vector a* changes when we increase f by 1. Suppose
that m*(n, f) = 0 as otherwise the vector stays the same by Lemma 4.15(i). Note
that aj(n, ) > af(n, f) + 2 since f < f;(n), so Lemma 4.15(ii) applies. Here
the kth entry of a* increases by 1 while one of the other entries decreases by 1.
In any case, a;_, + a; stays the same or increases exactly by 1, giving (4.13).

CLAIM 4.17. There exist integers e, e+ such that
() e <e<etandk(n,e)=k(n,e") =k;
(i) L(n,e”) < (k—2)[cn] and L(n,e*) > (k — 2)|cn].
Proof of Claim. Given some e~ and e* satisfying (i), we will write a*(n, e™) =
(ay,...,a;) and similarly a*(n, e™) = (a, ..., a;).

Let us consider e~. Suppose first that [cn] > n/(k — 1). Then we let e™ :=
tr—1(n)+1.Now k(n, e”) = k by definition,anda, =1,s0q,_, =[(n—1)/(k—

1)]. Thus
Ln, e ) = o Y < B2 <= dren
n,e )=n 1 S Toq n < cnl,
as desired.

So suppose thata := [cn]| < n/(k—1). Lete™ satisfy c¢(n, e”) = a/n, that is,
e~ is the size of the complete k-partite graph K (f,.“.u,n—(k—l)a' Clearly, e~ < #(n).
Since a < n/(k—1), we have that e~ > #,_;(n). Thus k(n, e”) = k. The explicit
formula in (4.9) shows that c(n, x) is a decreasing function of x, even when
k(n, x) jumps. Since c(n, e”) = a/n is at least ¢ = c(n, e), it holds that e~ < e.
For this e~ we have that a; = [cn] for all i € [k — 1], so Lemma 4.14 implies
that L(n, e”) = (k — 2)[cn], as required.

It remains to obtain e™. Suppose first that b := |cn] < n/k. Let et := t;(n).
Then k(n,e™) = k, af = |n/k] and ¢ | = [(n — a)/(k — 1)]. Since b <
n/k < cn by definition, we have that |n/k| = b. Thus
nJ Ln — |n/k]|

+— p— —
L(n,e")=n L 1

1

as required.
So suppose that b > n/k. By our assumption e > #;_;(n) +k and Lemma 4.12,
we have that k(n, e) = k(2e/n*). By Lemma 4.13, we have that (k — 1)b <
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(k — 1)en < n. Thus, similarly as above, if we define et = e(Kp,__ p—k—1y)s
then k(n, e™) = k, c(n,e™) = b/n is at most ¢ = c(n, e) and thus et > e.
In this case, ai+ = |cn] for all i € [k — 1], so Lemma 4.14 implies that L(n,
et) = (k — 2)cn], as required. O

By (4.13), L(n, -) is a nonincreasing function in the range between #,_;(n) + k
and 7, (n). Together with the second part of Claim 4.17, this then implies that

(k—=2)|en] < L(n,e™) <L, e) <L, e) < (k—2)[cn]. 4.14)

From this we have that [cn] < a < [en] foralli € [k—2]. Sincea;_, > a;_,—1,
the second part of the lemma is proved.
Now, we claim that

Lin,e)— 1< Ln,e+1)<h*(n,e+1)—h*(n,e) < L(n,e). (4.15)
If this holds, then

|h*(n,e + 1) — h*(n,e) — (k — 2)cn)|
< |h'(n,e+1) —h*(n,e) — L(n, e)| + |L(n, e) — (k — 2)cn|
(4.14),(4.15)
< 1+ (k —2)max{cn — [cn], [ecn] —cn} < k —1,
proving the first inequality. Similarly, noting that k(n, e — 1) = k(n, ¢) = k by
Lemma 4.12 and the fact that e > #,_;(n) + k, we have that

|h*(n,e) —h*(n,e — 1) — (k — 2)cn|
< |h*(n,e) —h*(n,e — 1) — L(n,e — 1)]
+|L(n,e — 1) — L(n,e)| 4+ |L(n,e) — (k — 2)cn|
<I+1+k—-2) =k,

where the last inequality follows from (4.13)—(4.15), proving the second.

So it suffices to prove (4.15). The first inequality follows from (4.13). If
m* > 0, then by Lemma 4.15(i), the difference h*(n,e + 1) — h*(n, e) is the
number of triangles created by adding one missing edge to H*(n, ¢), which is
exactly L(n, e). If m* = 0, then we are in the second case of Lemma 4.15, where
we add one more edge into the union of two parts of sizes ai and a;, keeping
this graph bipartite. Clearly, this new edge creates n — af — a; triangles. This is
L(n,e)ifal = aj_, and L(n, e 4+ 1) otherwise (that is, if a} = a{_, + 1). ]

Lemma 4.16 will imply that if there is a counterexample to Theorem 1.7, then
in an appropriately defined ‘worst counterexample’, no edge lies in more than
(k — 2)cn + k triangles and no nonedge lies in less than (k — 2)cn — k copies of
P;. This fact will be extremely useful in our proof of Theorem 1.7.
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COROLLARY 4.18. Letn € Nand e € [t;_1(n) + k,ty(n) — 1] and let p > 0
and ¢ = c(n, e). Suppose that g;(n, e) — h*(n, e) < g3(n, e*) — h*(n, e*) for all
e* with k(n, e*) = k. Let G and G’ be (n, e)- graphs such that K5(G) = gs(n,
e) > K5(G') — p. Then, for every f € E(G), f' € E(G'), f € E(G) and
f' € E(G"), we have that

(i) Pi(f,G) > (k—2)cn —k and Ps(f', G") > (k —2)cn — k — p;
(i) Ps(f, G) < (k—2)en +kand Pi(f', G') < (k —2)cn + k + p.

Proof. Let f € E(G). Then k(n, e + 1) = k and by the assumption on G, for
any (n, e + 1)-graph G”, we have that

K;(G) —h*(n,e) < gs(n,e+1) —h*(n,e+1) < K3(G") —h*(n,e + 1).
Thus, by Lemma 4.16,
Py(f.G) = K3(GU{f}) — K3(G) = h*(n,e+1) —h*(n,e) > (k —2)cn — k,

where G U {i } denotes the graph G with the pair f added as an edge. Similarly,
for f' € E(G’), we have

Pi(f', G") = K5 (G'U{f'D—K3(G") = K5(G'U{f'D—K3(G)—p > (k—2)cn—k—p.

The second part can be proved similarly via the inequality |h*(n, e) — h*(n,
e—1)— (k—2)cn| < k from Lemma 4.16. L]

4.4. Comparing k-partite graphs. The next lemma will be used to compare
the number of triangles in two k-partite (n, €)-graphs G and F, in terms of their
part sizes and the number of edges missing between parts. It will later be applied
with £ := |cn] and F a graph in H,(n, ¢); and G a graph obtained by switching
a small number of adjacencies in a hypothetical counterexample to Theorem 1.7.
Informally speaking, the lemma can be used to derive a quantitative conclusion
of the form that, if the part sizes of G deviate from the almost optimal vector
@, ...,¢,n— (k— 1)), then K5(G) is larger than K5(F).

LEMMA 4.19. Letn > k > 3 and d > 0 be integers. Suppose that G and F are
n-vertex k-partite graphs with e(G) = e(F) such that the following hold.

(1) G has parts Ay, ..., A;.

(ii) G[A;, A;] is complete wheneverij € (*").
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(iii) F has parts By, ..., By with £; := |B;| for i € [k] satisfying £, = --- =
Kk—l =l > Kk > 0.

(iv) F[B;, B;]is complete for allij € (5)\ {{k— 1, k}}; also, e(F[Bi_i, B¢]) <
d.

(v) Foralli € [k], we have that |d;| < % where d; ;= s; — £; and s; := |A;|.
Moreover, d;, > 0.

Letm; := |A;]|Ax| — e(GlA;, Al]) foralli € [k—1]andm :=m; + - - +my_,.
Then

1242
-

-1
K:(G) = Ks(F) > ) 20— d+d)*+ Y dF | -

telk—1] ie[l;—l]
it

Proof. Define d,, := e(F[Bi_i, B]) < d.Let H be the complete k-partite graph
with parts By, ..., Bi. As Yo wy sisj —m = e(G) = e(F) = 3wy £i; —do,
we have

mi=m—(e(H)—e(F))=m—dy= Y sis;— Y 4l

ije (%) ije (%)

CLAIM 4.20. Forallt € [k — 1], we have

-1
Z sisjsh—m/ Z S; — Z Eiﬁjeh 2 u (dt+dk)2+ Z dlz
ijhe () iel[l;—tl] ijhe () iel[l;—tl]
(4.16)

Proof. For notational convenience, we prove this for 1+ = k — 1 and observe
that the proof uses only properties (i)—(iii) and (v), which are all symmetric in
telk—1].

We have that the left-hand side of (4.16) (with r = k — 1) is equal to

N oddidy+ Y 64 di+ Y did; Y 4
ine(¥) ge®) g we g

oGy di+ Y did | Y G+, (4.17)

i€lk] J:,‘E;[e];] ije (%) helk—2]
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This is a cubic polynomial ind,, ...,d;. ForeachO < <3and 1 <i; <--- <
i, < k,let C;, _;, denote the coefficient of d;, . . . d;,. By a slight abuse of notation,
we assume a pair ij € (U;]) satisfies i < j (and similarly for triples). Note that

Cy = 0. Now, forall i € [k],

Ci= Y ;=Y € Y b

i (NG) jelkl  helk-2]
]E( 2 ) j;ﬁl
SoCy=:---=Cy_;since £ =--- = {;_,. Also

k—1Y ,
ck=< ) )e —(n— L)k —2)f

k—2\ ,
( , )z + (k= 2)0t — (n — Ok — 2)t = Ci.

But
Z d =0 (4.18)
ielk]
and hence
Z Cid; =0, (4.19)
i€lk]

that is, the linear part of (4.17) is zero.
Next, we simplify the quadratic part. Suppose thatij € ([k;Z]). Then

Ci=Y =Y =Y bi— Y =L+ —2n (4.20)
helk] helk] helk] helk—-2]
hi, j h#i hj
Suppose that i € [k — 2]. Then
Ci=-) ty=L—n.
helk]
h#i
Suppose thati € [k — 2] and j € {k — 1, k}. Then
Ci=Y =Y ti— > t=t-—n (4.21)
helk] helk] helk—2]
h#i.j £
This implies that
Z Cijdid; = Z (k — n)(di—1 + di)d;

ielk—2] ielk—2]
jelk—1,k}
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w2 +2 Y dd

ietk—2] e (52
Note thatif i, j € {k — 1, k}, then C;; = 0. So
Y Cud’= ) (t—nyd.
ielk] ielk=2]
Thus the quadratic terms in (4.17) give
Y Cydid; =) Cudi+ Y Ciydy+ Y Cydid,
Ii<j<k ielk] e (52 ielk—2]

Jjetk=1,k}

= > W—md’+ > did;(t+t —2n)

ielk—2] ije ("5
——n) | > d&+2 > dd
ielk—2] ije("5Y)
=w—e)| Y ddi+ Y &
ije(*5%) ielk—2]

Now let us consider the cubic terms in (4.17). We have

> Cudididy = Y dididy— Y did; - Y d)

ijhelk® ijhe (% ije(y hetk=2l
Jhel) () (%)

=diidy Y di+(dia+d) Y did,

ielk—2] ije("5%)
+ Y ddidi— Y dd; Y
ijhe([kgzl) ije (Uél) helk—-2]
ielk—2] helk—2] ije(*7?
+ Y ddidy— Y did; Y dy
ijhe([k;n) ije('é') helk—2]

Note that, adding the first and the last terms, we get

ddy Y di— Y did;- Y d)

i€lk—2] ,»_/»E([l;l) helk-2]
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L9 ( > d,-) dYod+ D didy].

ielk—2] ielk—2] jhE([kEZJ)

which gives some cancellations when combined with the second term. Also, for
every {i, j, h} € ([kgzl),

1
d.d,| < m . Z(d? 2 m . 2
|did;dy| < max |d,| Z(d/ +d) < max |d,| ,e[gk_m d;.

L—Ll

These, together with max; |d;| < o

imply that

Z Cindid;dy,| <

ijhelk]?
ij<h

+| > ddd,

ijhe(*3%)

(245

helk—2] ielk—2]

- )
< L @ (4.24)
ielk—2]

Thus, combining (4.19), (4.23) and (4.24), we have that (4.17) is equal to

Y Cd+ > Cyddi+ Y Ciudid;d,

ielk] I<i<j<k ijhelk]?
-1 -1
> — . ((dk1+dk)2+ > d?) - — Sy a?
ielk-2] ielk—2]
-1
> 3 : ((dk1+dk)2+ Z df)
ielk—2]
This completes the proof of the claim. 0

Now,

K3(G) — K3(F) = K3(G) — K3(H) +do (41 + - - + li2)

2 Z §i8;8Sp — Z my Z S — Z E,£j€h+(k—2)doe

ijhe () helk—1] iei[izl] ijhe ()

= Z s Z siSisp —m' Z s — Z Ll Ly

relk—1] ijhe (™) u¥i7n ijhe ()
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—dy Z i + (k — 2)dot

iek—1]
i#t
m, ,
SDOL DI RTEENTD SETD R
telk—1] ijhe(“;]) iei[l;gl] ijhe([gl)
oy
Sy sy
ety M ie[];é—l]
it
(4.16) m 0 — Zk d()m
> —. d+d)?+ > di |+ > —d+dy.
m 3 ) m
refk—1] ielk—1] refk—1]

it
Let Z C [k — 1] be such that € 7 if and only if

L—2 L —

3 L(d +do)? + dold, + dy) > ;

If s € [k — 1]\ Z, then |d, + di| < 12dy/ (£ — £;). Thus

=L
3 ﬁ( . "(d,+dk>2+do(d,+dk>>

V4
(d, +d)>.

relk—1]
m, £—1¢ m, £—1¢ 1242
L d+d + Y S+ d) -
teT se[k—1\Z
m, £— 4 , 1247
>y = (d; +di)* — :
refk—1] 4 t—b
Thus
nm; E_ek 2 2 12d2
K;(G) — K3(F) > —_ d, +d d' | — ———,
3(G) — K3(F) el KRR DA T
relk—1 ielk—1]
i#t
as required. O

4.5. Partitions. The structure of the graphs G we will be working with is
somewhat complicated, and for much of the proof, we make a sequence of local
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changes to G to obtain a collection of new graphs. Therefore it is useful to define
some types of partition to record all the relevant structural information about
these graphs.

Letk,n,e € Nand > 0 and let c = c(n, ¢). We say that an (n, e)-graph H
has a (Vy, ..., Vi; B)-partition if both of the following hold:

P1(H): V,U---U YV, is a partition of V(H) and

[[Vi] = cn

Vil = (1 = (k = Don | < n

foralli e [k — 1];
P2(H): H[V;, V;]is complete forallij ([k;”).
Let 6 > 0. We say that H has a (Vi, ..., Vi; U, B, §)-partition if, in addition

to P1(H) and P2(H), U is a subset of V(H) such that the following properties
hold:

P3(H): |U| < én and every edge in Uiem E(H[V;]) is incident with a vertex of
U, also, A(H[V;]) < énforalli € [k];

P4(H): U NV, has a partition U} U --- U U ™" such that for all ij € (”‘;”), we
have that G[U;, V] is complete.

If y1, y» > 0 and in addition to P1(H)-P4(H), the following property holds,
then we say that H has a (Vy, ..., Vi; U, B, v1, 2, 8)-partition.

P5(H): If y € V; \ U then d}j(y) := ey(y,v,») < pnandif y € V; N U then
dj(y) = yin, foralli € [k].

If P1(H), P3(H) and P5(H) hold, then we say that H has a weak (V, ...,
Vi; U, B, y1, 2, 8)-partition. Observe that if B > B; v, < y1; ¥, = y» and

8t > 6, then a (Vy,..., Vi; U, B, 1, v, 8)-partition is also a (Vi, ..., V;; U,
Bty .y, , 8%)-partition. We call dy(y) the missing degree of a vertex y €
V (H) with respect to the partition Vi, ..., V;. Let m = (my, ..., my_), where
foralli € [k — 1], we have m; := e(H[V;, V;]). We say that m is the missing
vector of H with respect to (Vy, ..., V;). Observe that, by P2(H),
m; =Y dy(v).
veV;

An edge is bad if both of its endpoints lie in the same V;. Let h :=
> e €(H[V;]) be the total number of bad edges.
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5. [Initial steps in the proof of Theorem 1.7

We start by deriving Theorem 1.6 from Theorems 1.3 and 1.7 and
Proposition 1.5. The rest of the paper will concentrate on proving Theorem 1.7.

5.1. The proof of Theorem 1.6 given Theorem 1.7. Lete > 0. Assume ¢ <
1/2. Theorem 1.3 gives «(3, k) > 0 and ny(3, k) for each integer 3 < k < 1/e.
Let ¢ > 0 be the minimum of the above constants (3, k). Apply Theorem 1.7
with parameters ¢, o to obtain ng(«, k) for each integer 3 < k < 1/¢. Let ng be
the maximum of n((3, k) and ny(c, k) over such k.

Now let n > np and e < (';) — en? be positive integers. Let k = k(n, e), so
tio1(n) < e < t(n). If k < 2, then g3(n, e) = 0, and we are done as then

H3(n, e) € Hy(n, e) = {Ks-free (n, e)-graphs}.

So we may assume that k& > 3. Further, Lemma 4.11 implies that k < 1/(2¢) +
1 < 1/e. Suppose first that t;,_;(n) < e < ty_;(n) + an?®. Then, since o < (3,
k), Theorem 1.3 applied with r := 3 implies that g;(n, ¢) = h(n, e) and every
extremal graph lies in Ho(n, ¢) U H,(n, €). Proposition 1.5 then implies that
the extremal value is h*(n, e) = h(n, e¢) and the family of extremal graphs is
precisely Hg(n, e) U Hi(n, e).

Suppose instead that #,_;(n) + an* < e < ;(n). Then Theorem 1.7 implies
that every extremal graph lies in H(n, ¢). Proposition 1.5 then implies that the
family of extremal graph is precisely H](n, ) U H;(n, e) (and note that H(n,
e) = Hj(n, e) for this e by (1.10)). So certainly gs(n, e) = h(n, e).

5.2. Beginning the proof of Theorem 1.7. Let ¢ > 0. Suppose that
Theorem 1.7 does not hold for this €. Then take the minimal integer k < 1/¢
such that the conclusion is not true at this k for some «, and then choose such
an «. By decreasing o, we can assume that ¢ < ¢ and that o < (o1 3)°, where
a3 is the minimum constant (3, k) obtained by applying Theorem 1.3 with
parameters k and » = 3, forall 3 < k < 1/¢.

By the minimality of k, we have that, for all £ € [k — 1] and all &’ > 0, there
exists ng(£, @) > 0 such that every extremal (n, e)-graph with n > nq (¢, @’) and
ti_i(n) +a'n? < e < t(n) liesin H(n, e).

Note that k > 3 as when k(n, ¢) = 2, the family H(n, e) is the family of n-
vertex e-edge triangle-free graphs, and g;(n, ) = 0. (So we can set ny(2, o) = 1
for every o > 0.)
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Choose ny = ng(k) € N and additional constants such that the dependencies
between them are as follows:

1
0<n—<<,04<<~-<<,Oo<<77<<5<</3<<$<<)/<<Oé<(011.3)5
0

1
< <es (G.D
In particular, we assume that Theorem 1.2 holds for ny with p, playing the role
of ¢ and that

no = max {2 -nok — 1,a/3), ni,(ps), 2-n3(k)}, (5.2)

where n,,(p4) is the output of Theorem 1.2 applied with parameter p4; and
ny3(k) is (along with «, ;) the output of Theorem 1.3 applied with £ — 1 and
r = 3. For the reader’s convenience, the glossary at the end of the paper gives
an informal overview of the roles of the constants in (5.1). We may ignore floors
and ceilings where they do not affect our argument.

Now, suppose that Theorem 1.7 fails for this n(, k and «. Pick the smallest
n > ng such that there is e with

i (n) + an® < e < t(n) (5.3)

for which at least one extremal (n, e)-graph is not in H(n, e). If there is more
than one choice for e then choose one with gs(n, e) — h(n, e) being smallest
possible. By Theorem 1.3, the inequality

g(n,e) —h(n,e) < g(n,e) —hn,e) (5.4)

holds in fact for every ¢’ with k(n, ') = k. (Indeed, if ,_1(n) < € < t,_1(n) +
an?, then (5.4) holds as its right-hand side is zero.)

Next, choose an (n, e)-graph G according to the following criteria in the given
order:

(Cl) G ¢ H(n,e) and G has the minimum number of triangles: K3(G) =

gs(n, e);

(C2) G has a maximum max-cut k-partition: If AG L, AkG 1S a max-cut
partition of V (G), then for every (n, e)-graph J ¢ H(n, e) with K5(J) =
g3(n, e) and every (equivalently, some) max-cut partition AY, ..., A,{ of
V(J), we have that

> e(GIAF. A% = D> e(J14], AT)).
e (®) e (®)
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(C3) There exists a max-cut k-partition AIG, ey A,f; of V(G) such that for
every (n, e)-graph J satisfying (C1) and (C2) and every max-cut partition
Al ..., A] of V(J), we have
min \A[G| < min |A,]\ .
i€lk] i€lk]
We say that such a graph G is a worst counterexample. From now on, G, n,

e and all the constants in (5.1) are fixed. Define ¢ = c(n, ¢). Corollary 4.18,
Proposition 1.5 and (5.4) imply that

Py(wx,G) > (k—2)cen —k  and P3(yz,G) < (k—2)en+k (5.5

for all wx € E(G) and vz € E(G). Since n and e satisfy (5.3), we have by (4.9)
and Lemma 4.11 that

| 1 ST 2akk=T1) 1
S<e<- 1 — _a (56
P SeSEt Ty ToWm sy e GO

(Here we used /1 —x < 1 — x/2 for x € (0, 1].) Thus
0<ke—1<c—(k— 1o (5.7)

Further, using Theorem 1.1 and the fact that e < (;) — en?, we have

3
(1.8),(4.11) |1 2e (1.12) p
|Ks(KY,  onnienen) — K3(G)] 7= % <ﬁ> —gn,e)| < s
(5.8)

Before splitting into cases depending on the size of the difference #,(n) — e,
we prove the following useful statement about some structural properties of G.

LEMMA 5.1. Let0 < 1/n K€ p K 1/k, and let p, d > 0 be such that
p><d<pn* and 2p"° <1 — (k- 1ec. (5.9)

Suppose that there is a partition Vi, ..., Vi of V(G) for which P1(G) holds with
parameter p/n and

|[E(G) A E(K[Vy,...,ViD| <d. (5.10)

Let Ay, ..., A, be a max-cut partition of G, where |Ay| < |A;| foralli € [k —1].
Then

(i) PI(G) holds with respect to Ay, ..., Ay with parameter 2k2\/3/n;
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(i1) we have

m:= Y e(GlA;, A}]) <2k°Vd(ke — n +d < 3k /pn*.  (5.11)

ije(y)
Moreover, for alli € [k],

(iii) ifxy € E(GIA]), then dg(x, A)+dg(y, &) > (1—(k—1D)e)n—3k>/pn >
1/6,, .
p'/°n;

(iv) A(GIAD < p'Pn;

(v) e(G[A;]) < p'/Pm.

Proof. By (5.10), there is a partition Vi, ..., V, of V(G) such that, defining
n; := |V;| fori € [k], we have

In; —cn| < p foralli e [k—1] and |ny— (n— (k—1)cn)| < p; (5.12)

and
Y eGIViD+ Y eGLV,, Vi) <d.

iclk] ije ()

The max-cut property implies that

Y e(GlAL A = Y e(GIV, Vi) 2e—d

e () e ()
and so
h:=Y e(GlAD)=e— Y e(GlA,A;])<d. (5.13)
i€lk] ije(%)

Fori € [k], choose j = j(i) € [k] such that |A; N V;| is maximal. Suppose that
there exists & € [k] \ {j} such that |A; NV, | > +/2d. Then

e(GIA;]) = |ANV||ANV, = E(G)AEK[V), ..., Vi)l > (v2d )} —d =d,

a contradiction to (5.13). Thus for each i € [k], there exists at most one h € [k]
such that |A; N V,| > +/2d. Suppose that there is some j € [k] for which no
i € [k] satisfies j(i) = j. Then, using (5.9), we get

2kA/2d + p < 3kv2d < 3k\/2pn <n — (k — 1)cn,

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

H. Liu, O. Pikhurko and K. Staden 40

and so

—(k — Den —
=S 1anvV| <kv2d <* (k=Yen—p

ielk] 2

Recall from (5.7) that ¢ > 1 — (k — 1)c, so this is a contradiction to (5.12). Thus,
the function j : [k] — [k] is a bijection and, for each i € [k],

Al = Vi)l = D 1A N Vil = nj6 —kv/2d

i’ elkI\{i)
and similarly |A;| < n;q) + k~/2d. Suppose first that j (k) = k. Then
|1Axl = (n— (k= Den) | < ng— (n— (k— Den)| +kv/2d < p+kv/2d < 2kv/d

and similarly ||A;| — cn| < < 2k/d for all i € [k — 1]. Suppose instead that
j(k) # k. Then ||Ay| —cn| < < k+/2d, and since A, is the smallest part, we have
thatn =", |Ail > k(cn —k+/2d). Thus cn — k*>/2d < n — (k — 1)en < cn,
where the last inequality follows from (5.7). So

| 1Al — (n = (k — Dyen) | < ||Adl = nj|
+ |nj@ —cnl+ |en — (n — (k — 1)cn)|

< kN2d + p + K3V2d < 2k*Vd,

and similarly ||A;| — cn| < 2k*/d for all i € [k — 1]. Hence P1(G) holds
with parameter 2k*/d /n, proving (i). So it also holds with parameter ZkZﬁ =
2k2/d /.

We now prove (ii). Write p; := cn fori € [k — 1] and p;, :=n — (k — 1)cn;
and d; := p; — |A;| forall i € [k]. Then Zie[k] d; = 0, and we have

m =" Y JAlA —e+h

ire("))
1 2 2 2
- (P T Ta) e
ielk] ielk] ielk]
G.13) 1

< 3 (n* = (k — 1)c*n® — (n — (k — D)cn)?)

+cn Z di+(0n—(k—1cn)d, —e+d
ielk—1]

D _di(ke — Dn + d< 2k2«/_(kc —Dn+d
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N Lo 2
< 3k%y/pn”, (5.14)
as required.
Next we prove (iii). For any i € [k], and xy € E(G[A;]),
(5.5) _ _
(k=2)en+k = Pi(xy, G) =2 n—|A;| — (dg(x, A;) +dg(y, A))

and so

5.7

. — ®,6
de(x, A) +ds(y,A) =2 n—(k—2cn—k—cn— 2k2\/ﬁn
(5.9)
> (1—(k—1)cn—3k*/on > p'n,

as required.

For (iv), suppose on the contrary that there existi € [k] and x € A; with dg(x,
A;) > p'n. Suppose first that de(x, A;) > kp'/>n. By averaging, there is some
€ € [k]\ {i} such that dg(x, A;) > p'/°n. Foreach j € [k],let X; := Ng(x, A;)
and x; := | X;|. By the max-cut property, for any j # i, we have x; > x; > p'/°n.
Let L be the number of triangles containing x and no other vertices from A; U A,.
Part (ii) implies that

K3(x,G) = L+ x,x; + (xi + x.)(n — x; — x;) — 3k*/pn’.

Obtain a new graph G’ by choosing A} € X; and A, € A, \ X, with |A}| =
|A}| = p'n and letting E(G') := (E(G)U{xy :y € A,})\ {xz:z € A}}. Now

Ki(x,G) < L+ (xg+ p'Pn)(x; — p'Pn) + (xi + x0)(n — x; — x).
Thus
K3(G') — K3(G) < p"’n(x; — x4) — p*°n? + 3k*/pn* < —p*°n?/2,

1/5

a contradiction. Thus ds(x, A;) < kp'/Sn. But (ii) also implies that

Y dg(y, A) < e(GlLA;, Ai]) < 3K /pn’,

YEXi
so there exists y € X; with dg(y, A;) < 3k>/pn*/x; < 3k*p*'°n. But then
dg(x, A)) +dg(y, A) < (kp'* +3k%p* ") < p'/n,

contradicting (iii).
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Finally, we prove (v). Using the previous parts, we have for all i € [k] that

— — (v
p'Pum > p'Pn-e(GlALAD = ) de(x,A)

xyeE(GlAi, A ])
XEA;

I I (@iii)
= ) (g, A) +ds(v, A) = e(G[ADp" n,
uveE(G[A;])

giving the required. 0
6. The intermediate case: approximate structure
We will assume in this section and the succeeding two sections that
tio(n) +an® < e < t(n) — an® (6.1)

and say that we are in the intermediate case. (The remaining boundary case is
treated in Section 9.) Equations (1.7) and (6.1) imply that

1 2 1+ 2
>+ o« | 1FVEe 6.2)
K\ k=1 k

Thus we can improve one inequality in (5.7):

V2a <kc—1<c— (k- Da. (6.3)

The aim of this section is to prove the forthcoming lemma about the
approximate structure of G in the intermediate case. One consequence of the
statement is that, when Ay, ..., A; is a max-cut partition of G, then actually G
is close to the complete partite graph K[A, ..., A;]. Note that this is not true
for an arbitrary extremal graph H, so here we crucially use the fact that G is a
worst counterexample, that is, it satisfies (C1)-(C3).

LEMMA 6.1 (Approximate structure). Suppose that (6.1) holds. Let Ay, ..., Ay
be a max-cut partition of V(G) such that |Ay| < |A;| foralli € [k — 1]. Then
there exists Z C V(G) such that G has an (A4, ..., Ay Z, B, &, &, §)-partition
with missing vector m =: (m,, ..., my_,) such that m < nn* and h < §m, where
m:=my+ -+ my_ and h is defined in (5.13).

To prove the lemma, we will use Theorem 1.2 together with a somewhat
involved series of deductions. Define a function f : V(G) — R by setting

F(x) = (dg(x)— (k—2)cn)(k—2)cn+ (k ; 2>c2n2 —Ki(x,G), xeV(G).
(6.4)
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The intuition behind this formula is that it becomes the zero function if we apply
itto H := K}, . (_@—pen Withc = c(n, e):

(a’H(x)—(k—Z)cn)(k—Z)cn—l—(k ; 2>c2n2—K3(x, H)=0 forallx € V(H).

(6.5)
It turns out that f(x) is small in absolute value for every x € V(G).

LEMMA 6.2. | f(x)| < 6n//a forall x € V(G).

Proof. We first give a bound on the gradient of the function c(n, -) that was
defined in (4.9). We will write ¢ := c(n, e) as usual. Note that k(2e/n?) = k(n,
e) by Lemma 4.12. Setting s := 1/./a, we have

(6.3)
e(Kfn,...,cn,cnfs,(lf(kfl)c)lH»s) —e= S(kC - l)l’l - 32 > v 2asn - 1/(1
> Jasn = n. (6.6)

Let p := e(K* 5 yand ¢’ := c(n, e + n). Then

cn—g2p,enen—gy, (I=(k—=1)c)n+s

(6.6)
k _ k
p > e(Kcn,...,cn,cn—s,(l—(k—l)c)n+s) 2 et+n= e(Kc’n c’n,(]—(k—l)c’)n)‘

.....

This, together with the fact that c(n, -) is a nonincreasing function, implies that

/ s
C}C}C W,SO

k —2)c'n > (k —2) (cn _ L) > (k —2)en — % (6.7)

Next, (6.5) (or a direct calculation using (1.6), (1.8) and (6.4)) shows that

D f@) =3(Ks(KE, o) — K3(G)). (6.8)

veV(G)

Now let x,y € V(G) be two arbitrary distinct vertices. Let G’ be the graph
obtained from G by deleting y and cloning x. (By cloning, we mean adding a
new vertex x’ whose neighbourhood is identical to Ng(x) \ {y}; so, in particular,
xx" ¢ E(G').) Then, letting ¢’ := e¢(G’) — ¢(G), we have that

o = d(x) —d(y) ifxy ¢ E(G),
N dix)—d(y) —1 otherwise.

Clearly, |¢'| < nandsok(n,e+¢€') = k(n, e).
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Suppose first that ¢’ > 0. Using Lemma 4.16, (6.1) and the facts that G is a
worst counterexample and that c(n, -) is a nonincreasing function, we have

K3(G)—K3(G) h(n e+e€)—hn,e)

e

= Z(h(n,e-i-i) —h(n,e+i—1))

i=1

> Z((k—2)-c(n,e+i—1)-n—k)>e/(k—2)c/n—kn

i=1

(e
> ek —2)cn —

\/_
On the other hand, K3(G') — K5(G) < K53(x, G) — K3(y, G) + (n — 2). Thus

2
Ka(x, G) — K3(y. G) > (k — Den(d(x) —d(y) — 1) — —=

Ja
> (k- Den(d(x) — d(y)) — -
> ( Yen(d(x) —d(y)) T
This implies that
3
f) = f(y) =Wdx) —d»)(k —2)cn — (K3(x, G) — K3(y, G)) < o
Ja

Using an analogous argument assuming ¢’ < 0 and the fact that x, y were
arbitrary, we derive that for any x, y € V(G),

3n
_ <. 6.9
[f(x) = fI Ja (6.9)
Suppose now for some x € V(G), we have | f(x)| > 6n//a. Then
3n? (69) (6 8) 8) 3n
S @] L3RR, o) — (O] '

\/& VeV (G) 2

so1/ng > 1/n > 2e//a > /e, a contradiction to (5.1). O

COROLLARY 6.3.

A(G)g(k—l)cn—i-% and 6(G) = (k —2)en — k

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

The minimum number of triangles 45

Proof. Letx € V(G) be arbitrary. By Lemma 6.2,

(dg(x) — (k — 2)cn)(k — 2)en + ( )c2n2 = Ks(x,G) + f(x)

1 6n 5 1 6n
< = P. , G — < =d k—2 k —
2%:@ 3 (xy )+\/a Sda()((k = Den + )+\/a

< Lok —en s M
< =dg(x)(k —2)en + —.
27¢ Ja

Solving for dg(x), we have, using ¢ > 1/k, that

14 14k 42
d < (k-1 ——— < (k-1 — < (k-1 —.
6(x) < ( )Cn+ﬁ(k e ( )cn—i—ﬁ(k - ( )Cn—i—ﬁ
The claim about minimum degree trivially follows from (5.5). O

6.1. G is almost complete k-partite. Theorem 1.2 implies that our worst
counterexample G is close in edit distance to some graph in H*(n, e). In this
subsection, we prove that in fact G is close in edit distance to the specific
graph H*(n, e) in H*(n, ). Recall from Definition 1 and (1.3) that the edit
distance between H*(n, e) and K,: .+ is at most n. But Lemma 4.16 implies
that additionally |a] — cn| < 2 for all i € [k — 1], so we will in fact show that
the edit distance between G and the complete k-partite graph with k — 1 parts of
size |cn] is o(n?).

LEMMA 6.4. |E(G) A E(K{|  enjn—e—tyien)| < P01

Proof. Suppose that the statement is not true. We will first derive some structural
properties of G under this assumption.

Let H,(n) be the set of n-vertex graphs H with vertex partition A U B such
that H[A] is complete (k —2)-partite, H[ A, B] is complete and H[B] is triangle-
free. Pick H € H(n) with the minimal edit distance to G. Theorem 1.2 and (5.2)
imply that

|E(H) A E(G)| < pan’®. (6.10)

(Note that H need not have e edges although we do have |e —e(H)| < p4n®.) By
definition, H comes with a canonical partition Ay, ..., Ay_», B such that each
A; is an independent set and H[B] is triangle-free, and H[A,, ..., Ay_», B] is
complete (k — 1)-partite. Now, G is pyn*-close to some graph H' € Hi(n, e) in
which for i € [k — 2], the ith part has size a’ = cn £ 2 (by Lemma 4.16). Thus
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H is 2p,n*-close to H' and consequently,
[|A;| —cn| < psn foralli e [k —2]. (6.11)

Let A := ;g Ai-

CLAIM 6.5. The following hold in G:
(i) forevery x € A, dg(x, B) > (¢ + po)n ordg(x, A) < ((k —2)c — po)n;

(i) forany y € V(G) and ij € ([kf]) such that min{dz(y, A;), dg(y, A))} >
p3n, we have min{dG (y’ Ai)7 dG (y7 Aj)} < p3n;

(iii) foreveryy € B, dg(y, A) > (k — 3)cn + pon or dg(y, B) < cn — pyn.

Proof of Claim. To prove (i), suppose that there is a vertex x € A with dg(x,
B) < cn+ pon and dg(x, A) = ((k — 2)c — pp)n. Without loss of generality, we
may suppose that x € A;. Now modify H to obtain H' € H;(n) by replacing
the neighbourhood of x with A\ {x}. Then H’ has a canonical partition A, \ {x},
Ao, ..., Ar_2, B U {x}. We have that

dovg(x) +dme(x) = dg(x, A) — |[A\ A|+|B| —dg(x, B)

©.11)
2 ((k =2)c — po)n — (k = 3)(c + p3)n

+ (1 =k —=2)(c+ p3))n — (c+ po)n
=z (1 —(k—2)c—3pyn,

while

do\n(x) +dpng(x) = dg(x, B) + |A] —dg(x, A)
< (c+ po)n + (k —2)(c + p3)n — ((k — 2)c — po)n
< cn + 3ppn.
Thus
|E(H") A E(G)| — |E(H) A E(G)|
=do\w(x) +dyng(x) —de\u (x) — dug(x)

Ktke—1—-cn+6pn < —((k—Da—6p)n < —an, (6.12)

contradicting the choice of H.
To prove (ii), suppose that there exist y € V(G) and ij € (*7*) such that
ds(y, Aj),dg(y, A;) = psn and dg(y, A;) > dg(y, A;) > psn. Then we can
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obtain a new graph G’ by replacing psn neighbours of y in A; with psn new
neighbours in A ;. There are at most p;n? edges missing between A; and A; in
G, so

K3(G) — K3(G') = K3(y, G) — K3(y, G)
> (dg(y, Adg(y, Aj) — pan®)
— (dg(y, A)) — p3n)(dg(y, A;j) + p3n)
> p3n’® — pan® = pan’.
This contradicts the fact that G is a worst counterexample (namely, (C1)).
For (iii), suppose there is some y € B with dg(y, A) < (k — 3)cn + pon

and dg(y, B) = cn — pon. Suppose without loss of generality that dg(y, A;) =
minje[kfz]{dc (y, A])} We claim that

dg(y, A1) < 2pon. (6.13)

Indeed, when k = 3, we have A = A and so dg(y, A)) = dg(y, A) < pon.
Suppose now that k > 4. If dg(y, A1) = 2pon, then

dg(y, A\ A)) = |A\ Al —dg(y, A) +dg(y, A1)
(6.11) Dol
= (k—=3)(c—p3)n—(k—3)cn — pon +2pon = -
Thus there is some j € [k — 2]\ {1} for which d5(y, A;) > pon/(2k) = psn.On
the other hand, as d(y, A1) = min;c—»{dc(y, A;)}, we have that

dg(y, A1) = |Ai] —dg(y, A1) 2 |All —dg(y, A)/(k —2) = psn.

Then (ii) implies that dg(y, A;) < psn < 2ppn, a contradiction. Thus (6.13)
holds.

Obtain H' from H by replacing Ny (y) with V(H) \ A;. Then H' € H(n)
has a canonical partition A; U {y}, A,, ..., Ay_o, B\ {y}. We have dg\x(y) +
dm(y) 2 dg(y, A), while

do\n'(y) +dunc(y) < dg(y, A1) +dg(y, A\ A1) +dg(y, B)
< 2dg(y, A1) +dg(y, A) — |[A1l + |B| — dg(y, B)
< 4pon +dg(y, A) — (¢ —p3)n + (1 — (k = 2)(c — p3))n
—(c = po)n
< dg(y, A) + (1 —kc)n + 6pon
6.3

< 45y, A) — (V22 — 6poyn.

Again, this implies that |E(H') A E(G)| < |E(H) A E(G)|, contradicting the
choice of H. This completes the proof of the claim. O
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The next claim shows that every large enough subset of B must contain many
edges.

CLAIM 6.6. Forall X C B with |X| > (c — pi)n, we have E(G[X]) > pn’.

Proof of Claim. Suppose that some X violates the claim. By taking a subset,
we can assume that | X| = (¢ — pl)n Now (6.2) implies that ¢ > 1/k, and so
|X| = n/(2k). Let d(X X) = \Xl Y ex dlx, X) denote the average degree of

vertices in X into X in G. Then the average degree of vertices in X in G is

~ = 2e(G[X o
o L do) =060 + 2 < 0 X0 + dhpun.

xeX

Let Y := B\ X. By Corollary 6.3, the average degree of vertices in Y is certainly
at most
AG) < (k—1en +42/Ja < (k — Den + psn. (6.14)

The average degree of vertices in A in G[A] is

6.10) 1
|A|ch<a < m(Zde,AHzm#)

acA acA
< (k —3)(c+ p3)n + psn < (k — 3)cn + kpsn.
Thus the average degree of vertices of A in G is

o ng(a) < |B|+ (k — 3)en + kpsn

acA

(6.11)
< (= (k=2)(c = p3))n + (k = 3)cn + kpsn
<

(1 — ¢+ 2kp;)n.

Hence, by taking the weighted average of these average degrees to obtain the
average degree of G, we have

k @.10) 2e
2 ((k —1ec— <2>cz) = )

1 o~ —
< ;((d(X, X) +4kpin)| X| + ((k — Den + psn)|Y |+ (1 — ¢ + 2kps)n| Al)

o1 (d(X, X)
n

X

+ 4k,01) ¢+ ((k = e+ ps)(1 — (k= 1)c +2py)
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+ U —c+2kp3)(k —2)(c+ p3)

<2 ((k — e — <§>C2> +c (d(X’ X) —(1 - c)) + 6kp; .
n

Thus

d(X,X) > ((1 —c) - @)n > [X| = /pin.

In particular, the number of missing edges in G between X and Y is e(G[X,
Y] < (¢ — p1)/pin* < /pin?. This further implies that

e(GlYD < |Y]-A(G) —e(G[A, Y] —e(G[X, Y]
(6.10)
< YIAG) — (ANY| — pan®) — (IX|IY| = /pin®)

,(6.14)

< Ytk — Den 4 42/a — (k —2)(c — p3)n — (¢ — pp)n)

+ pan® + /pin’®
2./pin’.

Let H' € H,(n) be the n-vertex complete k-partite graph with partition A,
.. .,Ak_2, X, Y. Then

[=))
=}

(6.1

=

/N

|E(G) A E(H)| < |E(G)AE(H)| +e(G[Y]) + e(G[X]) + e(G[X, Y1)
(6.10)

< (ps+23p1 + o1+ oDn” < 4/pin’.

But there is a one-to-one mapping of parts of H’ to parts of Kfcnj,...,Lcnj,n—(k—l)[cn]

such that two corresponding parts have size within 2p; of one another. Therefore

2
/ k IOOn
\E(H ) A E(K\_cnj,.u,\_cnj,nf(kfl)l_cnj)| < T

Then |E(G) A E(K’[MJ enln—G—1ylen))] < Pon*, a contradiction to our initial

assumption on G. O

We are now able to show that vertices in every A; have small degree in their own
part, and further that for distinct i, j, the bipartite graph G[A;, A;] is complete.

CLAIM 6.7. Foralli € [k — 2], we have A(G[A;]) < pyn. Moreover, G[A] 2
K[Ay, ..., Aral
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Proof of Claim. Suppose on the contrary that for some i € [k — 2], there is an
x € A; with dg(x, A;) = pn. Let Z := Ng(x, A;) and X := Ng(x, B). We
claim that

de(x, A\ A;) < 6kpsn. (6.15)

This is vacuously true if k = 3. So suppose that k£ > 4. We will first show that
forany j € [k — 2]\ {i}, we have
ds(x, Aj) = dg(x, A;) — p3n. (6.16)

Indeed, let H' € H,(n) have a canonical partition obtained from Ay, ..., A;_»,
B by moving x from A; to A;. We have that

0 |E(G) A E(H")| — |E(G) A E(H)|

<
< do(x, Aj) + Al —de(x, A;) — (dg(x, A) + |Aj| —dg(x, Aj))
6.1
<

(

o

)
2(dg(x, A;) —dg(x, A;)) + 2ps,

giving (6.16). Sodg(x, Aj) = |Z| — p3n = (p2— p3)n = p3n. I dg(x, A\ A;) >
6kpsn, then there exists some j € [k — 2] \ {i} such that dg(x, A;) > 6p3n.
Then (6.16) implies that

[A;| =1 —dg(x, A)) =dg(x, A)) <dg(x, Aj)+psn =|A;| —dg(x, Aj) + psn

and so

de(x, A)) = dg(x, Aj) + 1Al —1—1A;| —2p3n
(

(=)

1)
= 6psn+(c—p)n—1—(c+ p3)n—2p3n > p3n.

Then Claim 6.5(ii) implies dg (x, A;) < psn < ppn, a contradiction. Thus (6.15)
holds.
We have

Y gz X) +dg(z. A\ A) = e(GIZ. X)) +e(GIZ, A\ A;))

z€Z
(6.10)
<|EG)AEH)| < pan’.
Thus, by averaging, there is some z € Z such that

ds(z, X) +dg(z, A\ A;) < pan/p, < psn.
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Then

—
W
)

=

k—2en+k > Pi(xz,G)
z X[+ A\ Al — (dg(z, X) +dg(z, A\ A))
—dg(x, A\ A)

(6.11),(6.15)
2 | X+ (k=3)(c — p3)n — psn — 6kpsn

> | X| 4 (k — 3)cn — Tkpsn.
Consequently,
|X| < cn + 8kpsn. (6.17)
We now bound dg(x) and K5(x, G) as follows. We have

(6.11)
do(x) < |X|+1ZI+ 1A\ Al < [X[+1Z]+ (k = 3)en +kpsn.  (6.18)

We wish to bound K3(x, G) from below. Let Y := Ng(x, A\ A;). We will need
the following lower bound on |Y|:
(6.11,(6.15)
Y| =[A\Ail —dg(x, A\NA) = (k—=3)en—Tkpsn > |A\ A;| — 8kpsn.
(6.19)
Note also that

Ki(x,G; A\ A) = e(G[Y]) =2 e(G[A\ A — (|A\ Al = [Y]n
(6.10),(6.19)

> e(HIA\ AD) — pan® — 8kpsn?
k-3

= (( ) )(c—,o3)2—,04—8k,03)n2

2 k -3 C2n2 — \/p_—?’nz‘
2 2

Thus

(6.10)
Ki(x,G) > |XI|[Y|+|Y|IZ]| +|Z||X| — psn® + e(G[X])

+ Ks3(x, G5 A\ A))
(6.11),(6.19)
= |XIZI+ (X + [ZD(k = 3)cn + e(G[X])

k-3
+( ) >c2n2 — Jpn’.

This together with Lemma 6.2 implies that

o (6.20)
Ja
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k=2
= (dg(x) — (k —2)cn)(k —2)en + < 5 )czn2 — K;5(x, G)

(6.11), (6.18)

k—=2\, ,
< (X|+|Z| — cn + kpsn)(k — 2)cn + 5 cn

—(IXIIZI + (X1 + 1ZD)(k = 3)cn + e(G[X])

k-3
()

< (ZI = en)(en = |X]) = e(GIX]) + pon.

Then, by considering two cases where the coefficient cn — | X| of | Z| is negative
or nonnegative and recalling that p,n < |Z| < |A;|, we have

617 6
e(GIX]) < —= + pon® + max {(pyn — cn)(—8kpsn), (|A;| — cn)en)

Ja
6.11) 5 5 )
< 2p0n” 4 8kpsen® < 3pon”.

Thus, by Claim 6.6, we have dg(x, B) = |X| < (¢ — py)n. Claim 6.5(1) now
implies that
(6.19)
((k —=2)c — po)n > dg(x, A) = |Z| +|Y| = |Z]+ (k —3)cn — Tkpsn,
implying that | Z| < c¢n — pon/2. We look again at (6.20) to see that

6n > popin’

+ oon” —
ﬁPZ

a contradiction. This proves the first part of the claim.
For the second part, let x € A; and y € A; with ij € (
first part,

e(G[X]) < <0,

“‘;2]). Then, using the

Py(xy. G) < (n— Al — 1A;]) + AGIAD + AGIA,])
< (1= 2 + 209n + 200

2 (k —2)cn — (\/ﬁ —2p3 —2p)n < (k —2)cn — Jan.

[=))

—~
[=))
w

Then (5.5) implies that xy € E(G). Since ij was arbitrary, we have shown that
K[A,, ..., Ar»] € G[A], as required. I

We now prove some useful properties of vertices in B.
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CLAIM 6.8. Foreveryy € B, the following holds:
(1) Ifdg(y, B) < cn + pon, then A € Ng(y).

() If dg(y, B) > (¢ — p1/2)n, then there exists i € [k — 2] such that dg(y,
A\ A)) < kpsn.

Proof of Claim. Let y € B be arbitrary, and let Y := Ng(y, B). We will first
prove (ii). Note that (ii) is vacuously true when k = 3, so assume k > 4. Suppose
that d; (y, B) > (¢ — p;/2)n. Claim 6.5(iii) implies that

dg(y, A) > (k — 3)cn + pon. (6.21)

Leti € [k — 2] be such that dg(y, A;) = maxcp—n dg(y, Aj).

Let us show that this i satisfies (ii). Suppose on the contrary that dg(y, A \
A;) 2 kpsn. Then there exists j € [k—2]\{i} such that psn < d5(y, A;) <dg(y,
A;). Claim 6.5(ii) and (6.11) imply that dg(y, A; U A;) < psn + (c + p3)n =
(¢ 4 2p3)n. But then

6.11)
dg(y, AiUA)) +|A\ (A UA)| < (c+2p3)n+ (k—4)(c+ p3)n
(k —3)cn + pon,

da(y, A)

NN

contradicting (6.21). Thus dg(y, A\ A;) < kpsn. This completes the proof of (ii).

For (i), suppose now that |Y| < c¢n + p,n. First, consider the case when
additionally |Y| < (¢ — p1/2)n. Let x € A be arbitrary, and let i € [k — 2]
be such that x € A;. Then Claim 6.7 implies that

6.11

(6.11)
AGIAD + YT+ AN Al < pon+ (¢ = pi/2)n+ (k—3)(c + ps3)n
(k —2)cn — pin/3.

Ps(xy, G)

NN

Then (5.5) implies that xy € E(G). Since x was arbitrary, we have proved that
A C Ng(y). So (i) holds in this case.

Consider the other case when (¢ — p;/2)n < |Y| < (¢ + py)n. Part (ii) implies
that there exists i € [k — 2] such that dg(y, A\ A;) < kpsn.

Let Z := Ng(y, A\ A;). Then

|Z| = A\ Ail —dg(y, A\ A;) = (k —3)(c — p3)n — kpsn
> (k — 3)en — 2kpsn. (6.22)

Letalso X := Ng(y, A;). Note thatdg (y) < | X|+ Y|+ A\ Al < | X|+ Y|+
(k —3)(c + p3)n by (6.11). Then Lemma 6.2 implies that

6n

Ks(y, G) < (dg(y) — (k — 2)en)(k — 2)en + (" ; 2>cznz + S
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k—2 2.2 2
SUXI+ Y1 —emtk=2en+ () 7 )i+ pon’. (623)

Recall that every pair among X, Y, Z spans a complete bipartite graph in H.
Moreover, (ii) implies that

e(G[Z]) 2 e(G[A\ A;]) —dg(y, A\ ADn > e(G[A\ A;]) — kpsn®.
Thus we can use Claim 6.7 to lower bound K3(y, G):

Ki(y,G) = e(GIX,Y]) +e(GlY, Z]) + e(GIZ, X])

+e(G[Z]) +e(G[Y))
(6.10) 5
=z XY+ IYIZI+ | ZI|X| — pan” + Z [AnllA;

hje([kfzzl\(i))

—kpsn® + e(G[Y])
(6.11),(6.22)
= XY+ (k—=3)en(IX|+ 1Y) + (

—4/,031’12.

This together with (6.23) implies that

5 )c2n2 +e(G[Y))

e(G[Y]) < (cn — |XD(Y| = cn) +2pon’.

As before, considering the two cases when cn — | X| is positive and nonpositive
and recalling that (¢ — p;/2)n < |Y| < (¢ + p2)n, we have

e(G[Y]) < max{cn - pon, (|A;| —cn) - pin/2} + 2pon®

6.11)
< max {coan®, prpsn®/2} +2pn” < pin®.

[=))

This is a contradiction to Claim 6.6. O

CLAIM 6.9. Foreveryi € [k —2] and y € B withdg(y, A\ A;) < pn/2, we
have that A; C Ng(y).

Proof of Claim. Choose i € [k — 2] and y € B with dg(y, A\ A;) < pn/2.
Let X := Ng(y, A;) and Y := Ng(B, y). Suppose that there exists x" € A; such
that x’y ¢ E(G). Then Claim 6.8(i) implies that |Y| > (¢ + p,)n. Claim 6.5(iii)
implies that dg(y, A) > (k — 3)cn + pon. Therefore

(6.11)
|X| = dg(y, A) = |A\ Ail > (k —=3)cn + pon — (k = 3)(c + ps)n = pon/2.
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Furthermore,

— J— (6.10) )
> (dg(x. ¥) +dg(x, A\ A)) = e(GIX. Y]) + e(GIX, A\ A]) < pan’,
xeX

so there exists x € X with

2
2
d(x, ¥) +dg(x, A\ A) < 22 < 2P
| X| 0o

< p3n.

Since dg(y, A\ A;) < pon/2, we have that

Pi(xy,G) = (|A\ Al +1Y]) —dg(x,Y) —dg(x, A\ A)) —dg(y, A\ A))
(6;0 (k —3)(c — p3)n + (¢ + p)n — psn — pan/2

> (k—2)cen + pyn/3,

a contradiction to (5.5). ]

We are now able to show that G consists of the complete (k — 1)-partite graph
with parts Ay, ..., Ar_», B, together with some additional edges in B.

CLAIM 6.10. G\ G[B] = K[A4,..., A, B].

Proof of Claim. We will first show that G[A, B] is a complete bipartite graph.
Let y € B be arbitrary. It suffices to show that A € Ng(y). By Claim 6.9, we
may assume that k > 4. Let Y := Ng(y, B). By Claim 6.8(i), we may assume
that |Y| > (¢ + pz)n, and Claim 6.5(iii) implies that d (y, A) = (k — 3)cn + pon.
Claim 6.8(ii) implies that there exists i € [k — 2] such that d(y, A \ A;) <
kpsn < pon/2. Then, by Claim 6.9, we have that A; € Ng(y). Thus, for all
j €lk—2],wehave dz(y, A\ A)) <dg(y,A) =dg(y, A\ A;) < p,n/2. But
Claim 6.9 now implies that A; € Ng(y) for all j € [k — 2]. Thus A € Ng(y),
proving the first part of the claim.

To complete the proof, it suffices by the second assertion of Claim 6.7 to show
that e(G[A;]) = Oforalli € [k —2]. Soleti € [k — 2] and let x,z € A; be
distinct. Claim 6.7 implies that A; € Ng(x) N Ng(z) for all j € [k — 2], and
since G[A, B] is complete, we also have B C Ng(x) N Ng(z). Thus

(6.11) (6.3)
P3(xz,G) Zn— Al =2 n—(c+p)n = (k—2)cn+ ((k— Da — p3)n.

So (5.5) implies that xz ¢ E(G). This completes the proof of the claim. ]
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The rigid structural information provided by the last claim allows us to finish the
proof by deriving a contradiction to our assumption that G is far in edit distance

&
from K|,| \enjn——1)len)-

Suppose first that k = 3. Claim 6.10 implies that G[ A, B] is complete bipartite
and G[A] contains no edges. Thus G[B] exactly minimizes the number of
triangles given its size, that is, K;(G[B]) = gs;(n, e(G[B])) (otherwise, we
could replace G[B] in G to obtain an (n, ¢)-graph with fewer triangles). Now,
K;(G[B]) > 0, otherwise G € H,(n, e), a contradiction. Therefore

_ 2,2 822
e(GIB]) > 1r(1B]) (E”Vl (CI"3))”J>(1 :)” o, (6.24)

Recalling the definition of ¢ (that is, (4.10)) in the case k = 3 and the fact that
¢ < 1/2 (that is, (5.6)), we have

e(G[B]) = e—|A||B| <e—(c—p)(1 — (c+ p3))n’
< e—c(l —o)n® + pon®
410

(1 —2c)n* + pon®.
This together with (6.24) implies that (3¢ — 1)? < 8, and so

1 I ++2a
C<§+,OQ<T,

contradicting (6.2).

Therefore we may suppose that k > 4. Now, by Claim 6.10, for each i € [k—2],
we have that A; is an independent set in G and G[ A;, A lisa complete bipartite
graph. Let n; := | A;| and ¢; := ¢(G[ A;]) = e —n;(n — n;) and G; := G[ A, ].
Then g3(n, ¢) = K3(G) = K3(G;)+(n—n;)e;. Thus K5(G;) = g3(n;, ¢;). Recall
the definition of the function k(-, -) given in (1.1).

CLAIM 6.11. f_5(n;) +an?/3 < e < t_1(n;) — an?/3.

Proof of Claim. By (6.11), |n; — (1 — c)n| < psn. We then have

e 11\, U—ketolke =Dk =2)+(1=0)
n2_2< _k—2)/ 2(1 = ¢)2(k — 2) a

1

25

where the first term follows by routine calculations with n; approximated by
(1 — ¢)n while the second term —p, absorbs all errors. By (6.3), the left-hand
side is at least

k—1Da-(1—-c)

21-o2k—-2 773

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

The minimum number of triangles 57

and thuse; > f,_,(n;) + omi2 /3. The other inequality is similar:

e 1 1 (k=2) - (kc —1)? ©3) (k—2) 2« o
S—z({1l-——)<- PSS —————F+p<——
2 2 k—1 20— 1) k—1 2
and so ¢; < fr_1(n;) — an?/3. O
But

(6.11) 6.3) (.2)
n=n—\A; =2 (I1—c—p3)n = n/2>2np/2 > noltk —1,a/3)

and so the minimality of k implies that G; € H(n;, ¢;). Suppose first that
G; € Hi(n;,e). Since G is an (n, e)-graph obtained by adding every edge
between the independent set A; and V(G;), we have that G € H(n,e), a
contradiction to (C1). Suppose instead that G; € H,(n;, ¢;). Then G; is (k — 1)-
partite and so G is k-partite. Corollary 4.4(i) then implies that G € H,(n, e),
again contradicting (C1). Thus our original assumption was false, and we have
shown that |[E(G) A E(K|, enjn—e—1yjen))| < pon®. This completes the proof

len], ...,
of Lemma 6.4. O

6.2. Proof of Lemma 6.1. Now we are ready to show that every max-
cut partition Ay, ..., Ay of our worst counterexample G has the required
approximate structure.

Proof of Lemma 6.1. Choose a max-cut k-partition V(G) = A, U --- U A;.
Assume that |A;| < |A;] for all i € [k — 1]. Define

Zi={z €A dg(z, A) > En) fori € [K],
Z=ZIUUZk

We need to show that G has an (A4, ..., Ay; Z, B, &, &, §)-partition, that is, that
P1(G)-P5(G) hold with the appropriate parameters.

Let p := k; d := pon® and p := p,. Then p?> < d < pn? and, using (6.3),
200 < (k — o < 1 — (k — 1)c. We can apply Lemma 5.1 with parameters
d, p and p, using the k-partition returned by Lemma 6.4 that has k — 1 parts of
size [cn|. Lemma 5.1 implies that P1(G) holds for (A, ..., A;) with parameter
2k2/d/n < 2k* /p, and hence with parameter f.

For P2(G), letij € (*,") and let x € A; and y € A;. Then Lemma 5.1(iv)
implies that

Ps(xy,G) < n—|A;|—1A;| +dg(x, A) +ds(y, Aj)
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P1(G) 1/5
< n—=2(c—-PBm+2p)°n
(6.3)
< (k—2)en — (V2 =28 —2p))n < (k — 2)cn — Jan.

Thus (5.5) implies that xy € E(G). So P2(G) holds. Lemma 5.1(i1) implies that

m= Z e(GlA;, A;]) < 3k*/pon* < nn’. (6.25)
ije('y)

For P3(G), note that |Z| < 2m/(En) < 2nn/& < Sn. Furthermore,
Lemma 5.1(iii) implies that for every i € [k] and e € E(G[A;]), there is at
least one endpoint x of e with

s ©3 (k-1
dg(x, A) > 2 (n = (k = Den = 3k /pon) > % >

Thus x € Z. The final part of P3(G) follows from Lemma 5.1(iv) and the fact
that oy < 6.

We now prove P4(G). Let z € ZN A, be arbitrary. By the definition of Z, there
issomei € [k — 1] such thatdg(z, A;) > &n/k.Let j e [k —1]\{i}and y € A;
be arbitrary. We have

P3(zy, G) < dg(y, Aj) +dg(z, Ay)
+dg(z, A)) + (n — |A;| = |A;| — |AgD
P1(G),P3(G)
< 28n 4 (e + Byn — Enfk + ((k — 3)c +3B)n
< (k —2)en — En/(2k).

Thus (5.5) implies that xy € E(G). This proves P4(G).
The property P5(G) holds immediately from the definition of Z.
The bound on m claimed in the lemma was established in (6.25). Finally,

Lemma 5.1(v) implies that 7 < kpé/ O < sm. O

6.3. Applying Lemma 6.1. Let G be a worst counterexample, that is, G
satisfies (C1)—~(C3). Let Ay, ..., A, be a max-cut partition of G satisfying (C3).
Assume that |A;| = min;c |A;]. Until the end of Section 8, we fix the (A,
oA Z, BLEE, §)-partition of G obtained from applying Lemma 6.1 to G
and Ay, ..., A; using the parameters in (5.1). Let m = (m, ..., m;_;) be the
missing vector of this partition and let

m:=m;+---+m_; < nnz. (6.26)
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By permuting Ay,..., A;_; if necessary, we may assume that m; | =
max;cx—1) M;. (This assumption will not be used until the proof of Lemma 8.2.)
Further,
h:=Y_e(GlA]]) < ém. (6.27)
ielk]
Define
6.3) 63) m2 (6.26) 1)
m S Then 2 < K< g—m < Jim.  (6.28)
o

ti=—— >
(ke — Dn cn 2an?

Since P5(G) holds with both y; and y, set to the same value &, this uniquely
determines the set Z as

z=\Jlee A dsc &) > ). (6.29)
ielk]
Forall i € [k], let
Z; = Ai NZ and R; = A,‘ \ Z. (630)

By P3(G), R; is an independent set for all i € [k]. By P2(G) and P5(G), for
each i € [k — 1], every z € Z; has dg(z, Ax) = &n. Note that, by P4(G), the
set Z, has a partition Z,l U.--u Z,’j_l such that, for all ij € (”‘;”) we have that
G[Z;, A;] is complete. In particular, each vertex in Z; sends at least §n missing

edges to A;. Thus we have for all i € [k — 1]

i

2(my + -+ - +my_y) _ 2m (6.26)

. 2m

ZUZ| <= and |Z|< — < . (6.31
| l g OO |Z] P En Vnn. (6.31)
Foreachi € [k — 1], let

Yi={yeZ ds(v,A)<yn}, Y= ]V (6.32)

ielk—1]
X;:=2Z\Y, ad X:= ] X.
ielk—1]

See Figure 2 for an illustration. In the proof, we will perform various
transformations on G, which will mainly involve changing adjacencies at
vertices in Y and X. It turns out that vertices in X are much harder to deal with
than those in Y, and much of the proof is devoted to these troublesome vertices.

We need a simple proposition before we start with the first main ingredient of
the proof in Section 7.
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PROPOSITION 6.12. The following hold in G:
(1) Suppose that xy € E(G[Ay]) andx € R,. Theny € Y.

(i) Forallij € (“‘;”), we have that GY;, Y;] is complete.
Proof. For (i), first note that d(x, A < E&n by P5(G) since x isin R, = A;\ Z.
Next, P3(G) implies that y € Z;. By P4(G), there is i € [k — 1] such thaty € Z;.
Using (5.5) and that G[Z}, A;] is complete for every j € [k — 1]\ {i}, we have

that
P1(G),P5(G)
(k—2)cn+k > Pyxy,G) > > 1Al +da(y, A) —&n
JElk—11\{i}
PL(G

)
z  (k=2)(c—Pn+ds(y,A) —&n

andsodg(y, A;)) < (kB +&n <yn. Thusy e Y.
To prove (ii), let y € ¥; and x € Y;. Then

Ps(xy.G) < ) Al +da(y. A) +dg(x. Aj) +maxde (. Ay)

relk—1]

t#i,j
P1,P3(G

)
< *k—=3)(c+pPn+2yn+dén < (k—2)cn —cn/2.

Thus (5.5) implies that xy € E(G). ]

7. The intermediate case: transformations

The aim of this section is to prove the following lemma, which enables us to
find a k-partite (n, e)-graph G’ that inherits many of the useful properties of G
but does not contain many more triangles than G (see Figure 7 for an illustration

of G’). Let

1
Ci=—. 7.1
NG @b

LEMMA 7.1. Suppose that m > Cn. Then there exists an (n, e)-graph G’ with
V(G") = V(G), which has the following properties.

(i) Foralli € [k —1], there exists U; C X; such that, letting A :== A; UY, UU,

and A} := V(G) \ U;ey_1; A7, the graph G' is k-partite with partition A,
..., A}, and further has an (AY, ..., A]; 3B)-partition.
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(ii) The missing vector m' := (m', ..., m,_,) of G’ with respect to this partition
satisfies oa*m; — 2/8m < m; < 2m; + 2«/§mf0r alli € [k —1].

(i) K3(G') < K3(G) +8"*m?/(2n).

It is important to note that we do not assume m > Cn in any of the lemmas
that precede the proof of Lemma 7.1 in Section 7.7. Indeed, we will require some
of these lemmas in both cases m > Cn and m < Chn.

We will obtain a sequence of (n, ¢)-graphs G =: Gy, Gy, ..., Gg =: G’ viaa
series of transformations such that Transformation i is applied to G,_; to obtain
G, and it preserves the number of edges and vertices: e(G;_;) = e(G;). For each
i, G; has at most as many bad edges as G;_,, and K3(G;) is not much larger than
K;3(G,_1). The final graph G’ is required to have a special partition and a missing
vector with the property that each entry is within a constant multiplicative factor
of the corresponding entry in G. So each G; must also have these properties.

Transformation i for i € {1, 2, 3} consists of a ‘local’ transformation applied
to each of a given set of vertices U in turn, producing graphs G;_; =: G?_|, G} |,
s G ﬂ =: G;. We first derive some fairly precise properties of the graph G}Lp
and then after that we derive the required less precise properties of the graph
G, obtained after the final step. The reason for this is that a single step (that
is, obtaining G;_, only) is also needed at a later stage in the proof to derive a
contradiction.

Foralli € [k — 1], we will let

ai:= Y |Al=n—|A]— Al (72)
Jelk—11\{i}

7.1. Vertices with small missing degree. In the sequence of transformations
described, we will often want to ‘fill in’ some missing edges, and thus we must
remove some edges from another part of the graph to compensate. It will be
useful if we have a fairly large stockpile of such edges that somehow exhibit
average behaviour, and this property is preserved even after removing many of
these well-behaved edges. For this reason, we define Q;, ..., Qx_; and R, € Ry
below.

PROPOSITION 7.2. Let A;, R;, m; for i € [k] and Z be as in Section 6.3. Let
J be an n-vertex graph with an (Ay, ..., Ay; Z,28,&/4,2€, §)-partition and
missing vector m* = (mj, ..., m;_,), where m} < m; for all i € [k — 1]. Then,
foralli € [k — 1], there exists Q; € J[R;, Ry] such that Q; is a collection of
26n edge-disjoint stars, each with a distinct centre in A, and with én leaves; and
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the centre of each star has missing degree at most 2, /nn. (In particular, for all
e € Q;, we have Py(e, J) = 3 ;i 1441 — 24/mn.)

Proof. Let R;; C Ry consist of vertices with missing degree at least 2,/mn in J.
Then

e m m (620 n
|RZ|<ZIE[I< 11777 < \/j )

2./nn 2/nn

By P1,P3(J), we have that |R;| > (¢ — 28)n — |Z| = (¢ — 3B)n for every
ielk—1]and |[Ry \ R{| = (1 — (k — 1)c — 4B)n = 26n - (k — 1). Thus, each
Q; can be chosen by picking a distinct set of 26n vertices in Ry \ R along with

dn of each one’s R;-neighbours (of which there are at least (¢ — § — 2&)n by
P1,P3(J)). O

Let R, C Ry be such that |R;| = |R| — &n/2 and dg (x', Z;) < dg(x, Zy) for
all x" € R, and x € R, \ R;. Let also

A :=maxdg(x, Z;) = maxdg(x, Ay), (7.3)
4 xeR;{

xeRk
where the second inequality follows from P3(G). By P3(G) and (6.27),

, &n
26m >2e(GIAD) > ), do(x, A) > (R — IRDA == - A,

XGRk\R]:,
Therefore every x € R, is such that

4sm  8YPm
do(x,A) < A< — .
éEn n

N

(7.4)

7.2. Transformation 1: removing bad edges in A, ..., A;_;. Our first
goal is to obtain a graph G; from G, which has the property that G[A;] is
independent for all i € [k — 1] and G, does not contain many more triangles
than G. The following lemma concerns the local transformation of removing all
bad edges incident to a single z € Z\ Z; and replacing them with certain missing
edges incident to z (see the left-hand image in Figure 3).

LEMMA 7.3. Let p := |Z \ Z| and let z,, ..., z, be any ordering of Z \ Z.
For each r € [p], let s(r) be such that z, € Ay,. Then there exists a sequence
G =: G°, G', ..., G? =: G, of graphs such that for all j € [p], we have the
following:
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(c£B)n

Figure 2. An (A, A, As; Z, B, &, &, §)-partition of G (here k = 3). Here and in
the other figures, dark grey represents a complete bipartite pair, and light grey
represents an ‘almost complete’ bipartite pair, in which each vertex has a small
missing degree. The red edges are missing edges, and Z is also coloured (light)
red.

J(1,j): G7 is an (n,e)-graph and has an (A,,..., Ay Z,B,E/2,E,6)-
partition.

J(2,j): E(GY) \ E(G'™") = {z;x : x € R(z;)} for some R(z;) < R}, and
E(G'™Y) \ E(G/) is the set of xz; € E(G) withx € Ay \ {z1, ...,
Zj-1}

IB.)): K3(G)) = K3(GT™) < X yen L unin@ = 12\ 221 = P(vz,
G’~'; Ry)). Furthermore, equality holds only if G/~ [Neigi1 (25, Ro),
Uie[kfl]\{s(j)} A;lis Complete.
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(expB)n

(c£B)n

Figure 3. Transformation 1: G — G7 (here k = 3). Left: A single step G/ —
G/*! as in Lemma 7.3, in which the black edges are replaced by the pink edges.
Right: The final graph G? obtained in Lemma 7.4, in which A; and A, are now
independent sets.

Remark. The combined properties of Lemma 7.3 state that each G’ is obtained
from the previous graph G/~' by replacing all current edges connecting z; to
its part with the same number of new edges between z; and R;. Thus dgi(z,,
Ayp) =0forallt € [j1; e(G/[A;, Ar]) = e(G/~'[A;, Ag]) foralli # s(j), and
e(Gj[As(j)a A = e(Gj_l[As(j)7 Ail) — dgi (st As(j))-

Proof of Lemma 7.3. Let G° := G. Suppose we have obtained G°, ..., G/ for
some j < p such that, for all » < j, properties J(1, r)-J(3, r) hold. For g € [3],
let J(g) denote the conjunction of J(g, 1), ...,J(g, j). We obtain G/*! as follows.
Let s := s(j + 1). Choose R(z;4+1) € R, \ Ngi(z;+1) such that |[R(z;1)| =
dgi(zj41, As). Let us first see why this is possible. One consequence of J(2) is
that the neighbourhood of z; 1 in G/ is obtained from its neighbourhood in G by

removing its G-neighbours among {zy, ..., z;}NA,. Thus, as |R;| = |Ry|—&n/2,
we have
g7z, R E dg(zjin, RY) > dg (241, A) — | Zi| — §n/2
P5(G)
> &n/2—6én=én
P3(G)

e
= dg(zj41, Ay) 2 dgi(zj11, Ay).
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So R(z;j41) exists. Now define G/*! by setting V(G/™") := V(G’) and
E(G'™) = (E(G) U{zj11x : x € R(zj5)}) \ E(G/[zj41, A,D).

Thus G’/*! is obtained by replacing all bad edges of G/ that are incident with
zZ;+1 by the same number of missing edges of G/ that are incident to z;. The
endpoints x of these new edges are chosen in R; to ensure that the number of
new triangles created is not too large.

We will now show that G/*! satisfies J(1, j + 1), ..., J(3, j + 1), beginning
with J(1, j + 1). By construction, G/*! is an (n, e)-graph. To show that G/*!
has an (A, ..., A;; Z, B, £/2, &, §)-partition, we need to show that P1(G/*+!)-
P5(G/*1) hold with the appropriate parameters. All properties except P5(G/*1)
are immediate. For P5, let i € [k] and let y € A; be arbitrary. We have that

dg;(y) —1 if y € R(z;11),
d’gnm(y) = dg, ) — de(Zj+17 Ay) ify = Zj+l1s (7.5)
dg;(y) otherwise.

Thus if y € A; \ Z, we have d;;,, (y) < dg;(y) < &n since G/ hasan (A, ...,
A Z, B,&/2, &, §)-partition. It remains to consider the case y = z;4, (since
missing degree is unchanged for all other vertices in Z). By the consequence of
J(2) stated above,

dgj (Zj+1) = dé’(zm) and dg/ (Zj+1, Ay) = dG(Zj+1, A\ {zi, ..., Zj})- (7.6)
Thus, as G has an (Ay, ..., Ay; Z, B; &, &, §)-partition,

P3(G)
dii(zjs1) 2 &n —de(zjp1, A\ {21, ..., 2;) = (E—=8)n=>E&n/2.

Thus P5(G/*!) holds. We have shown that J(1, j + 1) holds. That J(2, j + 1)
holds is clear from J(2) and the construction of G/*'.

For J(3,j + 1), observe that a triangle is in G/*! but not G/ if and only if it
contains an edge xz;41, where x € R(z;1); furthermore, no triangle contains
two such edges; and a triangle is in G/ but not G/*! if and only if it contains an
edge yz;41, where y € Ngi (241, Ay). Thus

K3 (G = K5(G) + Y Pz, G

XER(zj+1)

— Y POz .G A) — K. G A). ()

YENG (Zj+1,4)

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

H. Liu, O. Pikhurko and K. Staden 66

Fix y € Ngi(zj41, As). By I(1,)), P2(G/) holds and, since y, z;+1 € Aj, both
of these vertices are incident to all of A, U Z] for t € [k — 1]\ {s}. Recall the
definition of a, from (7.2). So

Py(yzj11, G's Ay) = a, +1Zi \ Z}| + Ps(yzj4+1. G7; Ry U Z))
> a, + 1 Zy \ Zi| + P3(yzj41, G5 Ry).

Now fix x € R(z;41) € R,. Then, by J(2, j + 1), we have dgi+1 (211, A;) =0
and dgi+1 (x, Ry) = dg(x, R;y) = 0. So

Py(xzj1, Gy =a, —dg(x. | ) A)+ Ps(xzji. G Zy)
ielk—11\{s}
J() @.3)
<as+ dG/+1(X, Zy) = a +d(;(x, Zy) < a;+ A (71.8)
Therefore,

(7.7).(1.8)
<

K3(G') — K3(GY) (A =12\ Z| = Ps(yzj1, G'5 RY)

YEN (2j41,A5)

where equality holds only when equality in (7.8) holds for every x € R(z;41).
This happens only if dg7(x, Uy Ai) = 0 for every x € R(z;41); in
other words, G/[R(z;41), Uie[k—l]\{s} A;] is complete. Recall that R(z;4() =
Ngi+ngi(zj+1, Re). This completes the proof of J(3, j + 1). ]

We can now derive some properties of G, := G” obtained in Lemma 7.3,
namely that its only bad edges have endpoints in A; and G does not have many
more triangles than G. In fact, we consider the graph G¢, which is obtained by
applying Lemma 7.3 for only vertices z; € Z,U- - -U Z,. See the right-hand side
of Figure 3 for an illustration of G7 in the case k = 3.

LEMMA 7.4. Let £ € [k —1]. There exists an (n, e)-graph G‘f on the same vertex
set as G such that we have the following:

@) Gf has an (Ay, ..., A Z,B,&/2,&, §)-partition with missing vector
m0 = (m(lw), el m,((];?), where m; /2 < mfw) <m;foralli € [k —1].

(i) E(Gi[A]) =0 foralli € [£], and E(Gt[A;]) = E(G[A;]) otherwise.
(ii1) K3(G‘f) < K3(G) + 8"3m?/n.

(iv) Ngt(z) = Ng(2) forall z € Zy and Nt (x, Ay) = Ng(x, Ay) for all x € Ay.
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Proof. Let p :==1|Z\ Zy|andlet p’ :=|Z,U---UZ,| < p.Letz;,...,z,bean
ordering of Z \ Z; such that for 1 <i < i’ < k — 1, every vertex in Z; appears
before any vertex in Z;. Apply Lemma 7.3 to obtain G! := G" satisfying J (1,
P, ..., J3, p). By J(1,p)), G{ has an (A,, ..., As; Z, B, §/2, &, §)-partition.
Further, J(2) (defined at the beginning of the proof of Lemma 7.3) implies that,
fori € [£],

Z dG/'*l(Zj» Ay) = Z dG(Z_i7 Ai\{z1,..., Zj—l}) = e(G[A;]). (7.9

Jelp'l Jelp'l
s(j)=i s(j)=i

Ifi € [k — 1]\ [£], then m!" = m,. If i € [€], then

m0 = eGIALAD TE eGlIALAD ~ Y dori (2. A)

1

JElp']
s(j)=i

(7.9) P3(G) En P3G my
="m; —e(G[A]D) = m;—|Zi|-én = m; —|Zi| - 4 = >

while clearly mgl’z) < m;, proving (i). Part (ii) follows immediately from J (2).
Equation (6.27) states that Zie[k] e(G[A;]) < ém. Therefore

. . J(3)
K3(G) — K3(G) = Y (K3(G) — K3(G'™h)) < D daii(z), Ayy) - A
Jjelp’l jelp’l
4ém 878m?

q (7.4)
=Y eGlAD A < dme— <
ield] én n

Finally, part (iv) follows from J(2). L]

7.3. Transformation 2: removing Y;-A; edges. The next transformation is
applied to G| to obtain a graph that inherits the properties of G! whilst also
reassigning Y; to A; and removing any edges that are bad relative to this new
partition. The only bad edges that remain are incident to X in A;. Observe that
the (A, ..., A Z, B, &/2, &, §)-partition of Gf is also an (A4, ..., Ay; Z, 28,
£/4, 2&, §)-partition.

LEMMA 7.5. Let £ € [k — 1] and let G| be any graph satisfying the conclusion
of Lemma 7.4 applied with €. Let g = q(€) :=|Y, U ---UY,| and let y,, ..., y,
be an arbitrary ordering of Y\ U --- U Y,. Forall j € [q], let s(j) € [k — 1]
be such that y € Y. Let A? := A, fori € [k]. Let Q¥ := Q, be obtained by
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(c+28)n

Gl — GitL T(yj41)

U\ U (cE2B)n

Figure 4. Transformation 2: G; — G, (here k = 3). Left: A single step
G’/ — G’/*! as in Lemma 7.5, in which the two sets of black edges are replaced
by the corresponding sets of pink edges. Right: The final graph G3 obtained in
Lemma 7.6, with the updated partition A}, A}, Aj.

applying Proposition 7.2 to the graph J := G and the partition (AY, ..., AY),
foralli € [k —1]. Forall j € [q], let

AU i =0,
Al= AT\ ) ift =k, (7.10)
A,j ! otherwise,
and U’ :=Z, N Al and U’ := ZiN Al for every i € [k — 1]. Then there exists

a sequence G =: G°, G', ..., G4 =: G! of graphs such that for all j € [q], we
have the following:

K(1,j): e E(G’)\ E(G/7") is a star with centre v;, where the set of leaves
consists of T (y;) together with some vertices in R, where T (y;) is
the set of non-G’~"-neighbours of y; in Ui~ \ U=+,

o E(G'"))\ E(GY) = {y;u € E(G) : v € Al )} U Q(y;). where
Q(y)) € QI and |Q(y))| < n.
[ ] Ika = Xs(j) U Ys(j)» then T(y]) = Q(y]) =0.
e The total number of cross-edges in G/ is at least that in G°, that is,
Y e(GIIAL AN = ) e(GULAY AY)).

ire(%)) ipe("y))
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Define Q) := Q!7'\ Q(y,) forall i € [k — 1].
K(2,j): G/ isan (n, e)-graph and has an (A{, cees A,{; Z,B+L, 51 g4254+

n’>2 n

7{’ 8)-partition, where U7, ... UI*~V is the partition of U’ := ZNA]
given by P4(G/).

K(3,j):
K3(G') — K3(G'™)
g i—1 i—1,s(j) ji—1.

< X Qvngf\Uf D= Py(yy;. G Ry | .
YENg -1 AL

Furthermore, equality holds only if G/'~'[Ngigi-1(y;, Re).

J—15 -
Uie—ingsiy Ai - 1is complete.

Proof. Let G° := G¢. Note that s(r) < ¢ for every r € [g]. Suppose that we

have obtained G°, ..., G/ for some j < g such that, for all » < j, properties

K(1,r)-K (3, r) hold. For g € [3], let K (g) denote the conjunction of properties

K(g, 1),...,K(g, j).Lets := s(j+1). By definition, U'\U’* = (Z;\Z)\{y,
.., ¥j}. Recall that

T(yj+1) = Ngi(¥jt1, U’ \ U“)-

We obtain G/*! as follows. Choose a set R(y;11) of dgi(y;+1, AJ) vertices
in R, \ Ngi(y;+1). Note that R; € Al forall0 < r < jandi € [k] by (7.10).
Choose a set Q(y;+1) € Q7 of size |T (y;41)| with

V(Q(yj+1)) N Ry € N7 (yj+1)- (7.11)

Note that if Z; = X, UY,, then by definition U/ \ U/~ = {J. Therefore, T (y;11) =
0(y;+1) = ¥. Now define G/™! by setting V(G’/*!) := V(G’) and

E(G'™) = (E(G)) U{yjmix :x € Ry} U iz 12 € T(re)}) \
(EGTyj1, AID U Q1)) -

So G/*! is obtained from G/ by replacing every neighbour of y;,; in A7 with a
nonneighbour in R;; and moving some previously unused edges from Q; to lie
between y;. and those nonneighbours in Z; \ Z; that lie in Ai (see the left-hand
side of Figure 4 for an illustration of the transformation G/ — G/*1).

Let us check that G/*! exists, that is, one can choose the sets R(yj+1) and
Q(y;+1) with the stated properties. Recall that G and G{ agree on Y due to
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Lemma 7.4(iv). Thus by Proposition 6.12(ii), Gf[Y,-, Y;]is complete for all ij €
(“‘;”). Consequently, 7(y,) N Y =@ forall 1 < r < j; in other words, no edge
incident to {y;;1, ..., y,} was modified when we passed from G° to G/. This
implies that

Noi(je1) = Nat(yis) 2 | (Auv)). (7.12)
i€[k—1]\{s}

As Al = A, U{y, : r < j;s(r) = s}, together with (7.12), this implies that
Ngi(yj+1, A) € Nt (jr1s A;) U Y. Since |Y| < |Z| < dn by P3(G), we have
from Lemma 7.4(iv) that

de (yj-Ha Aﬁ) < dG‘f (yj-Ha As) + én = dG(yj-H’ As) + én < (V + 5)” < 2)/7’1
(7.13)
Thus

/ K( /
darvien R dg (v R 2 1AW = 1Zid = §n/2 = dgt (v51, A

P3(GY).P5(GY) PLG}).(6.3) ;
= Al = (§/2428)n = 2yn = doi(yjs, A)).

So we can choose R(y;+1) as required. Also, by K (1) and Lemma 7.4(iv),
Ngi(¥j+1, R) = Ng(yj+1, Ri), which is of size at most n by P3(G). Thus

V(@) N NG (yjs1, RO = IV (Q) N Rl — INGi (¥j1, Rl = 26n — én = dn.

Recall that |Y| < |Z] < /nn by (6.31), and Q; consists of 26n stars each with
n leaves centred at R;. Thus the number of available edges in Q7 (that is, all
edges in Q; \ Ule[j] Q(y¢) whose endpoints in R, are not adjacent to y;;) is at
least

Sn(@n — Y1) = 8n > |Z| 2 U] > dgi(ysr, U\ UP) = T (30| = 1041,

so we can choose the desired Q(y;+1) € Q7. Hence G/*! exists.

Recall that the sets A{ +], t € [k], were defined in (7.10). It remains to check
that K (1, j 4+ 1)-K (3, j + 1) hold. The first three points in Property K (1, j +1)
follow immediately from the construction. To see the last point, note that from
G° to G'/*!, the cross-edges that are no longer present are precisely those in
Q(y,) and E(G"'[y,, A:(_r;]), which are compensated by {xy, : x € T(y,)} and
{xy, : x € R(y,)}, respectively, for every 1 < r < j + 1. In fact, G/*! will have
more cross-edges than G if there are G[A]-edges incident to {y,, ..., Y41}

To check that G/*! has an

A AT Z B+ G D/ g2 — (A D)/ n £ 28+ (G +1)/n, )
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-partition, we need to show that P1(G/*")-P5(G/*") hold with the required
parameters. For P1(G/*!), the part sizes |A] '], |A!| differ by at most one. So
fort € [k — 1] we have

. . H i . | 1
147 | —en] < 1A= | AT||+] | Af|—en]| < (ﬂ + ﬁ) ntl = (ﬁ o )

as required. The case ¢ = k is similar.

By P2(G/) we have that G/[A/, A/] is complete for all ip € (U‘;”). Thus,

for P2(G’/*!), we need only check that xy;; € E(G’/*") for all x € AT with
i € [k—1]\ {s}. Indeed, if i € [k — 1]\ {s}, then A/*' = A/ = A, U{y, : r <
Jj;s(r) =i} and, by (7.12) and Lemma 7.4(iv), Ngi (¥;+1) 2 A{J’]. Finally, note
that by construction, Ngj+1 (¥j+1, A{*l) = Ngi(¥j+1, A{“).
Note that P3(G’*!) holds by P3(G!) and K(1). For P4(G’*"), it suffices to
show that, for all ip € (**]"), the bipartite graph G/*+![U/+!, A7+ is complete.
By P4(G’/) and K (2, j), we have that G/[U/", A;] is complete. For i, p # s,
this means that G/[U7*!7, A{f’l] is complete. But G/ and G’/*! are identical
between these two sets by construction, so we are done in this case. Suppose
instead that i = 5. Then note that U/*"* = U/ \ {y;,} and AJ*' = A/, so we
are done as G/[U/*, AJ]is complete and G’/*' is identical in this part. Suppose
finally that p = 5. Then U/t = U/" and G/[U’, AJ*! \ {y;11}] is complete.
Thus, it suffices to show that U/ = U7 C Ngj+1(y;41). But this is immediate
by construction. So P4(G/*") holds with U/*" playing the role of U}. We now
turn to P5(G/*!). In what follows, d?". is the missing degree with respect to the
partition (A’ ..., A}). Let y € V(G’*"). We have by construction that

A = dgi (v, AD) — di (v, A))

=19+l ity =y,
dgia (y) = 1dg,(y) +dogy,,H(y) — 1 if y € Ng7(yj11, AD),
dg; () +dog;H(y) +1 if y € Ng;(j+1s U7\ R(yj41)s
dg; (y) +dog; () otherwise.

(7.14)
If y € Z\ {yj+}, then y is isolated in Uie[k_l]lQ,- and hence in Q(y;+1). So
dji(y) = dg;(y). Thus we are done by P5(G’) in this case. If y ¢ Z, then,
using A(Uie[k_” Q) < 26n from Proposition 7.2 and Q(y1), ..., Q(y;+1) are
edge-disjoint, we have

7.14) P5(Gt

( e
dgn ) < dgM+AC @) +j+1 < E+20m+j+1.

ielk—1]
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as required. Moreover, by K (1) and P3(G‘f), dei(¥j+1, A,{) < dclf (Yj+1, Ar) <
dn. Using (7.13) and (7.14), we have

A (e = A = dei (i, AD — doi (i, A — Qi)
> |Al — Y| —28n —2yn
PI(GY)
> n—(k—1)en — Bn —38n —2yn
(6.3)
> an>én/2—(j+1). (7.15)

Thus P5(G/*!) holds. This completes the proof of K (2, j + 1).
Finally, we will show K (3, j 4+ 1). Forevery p € [k — 1] and g € [j + 1], let

al = Z |[AT].

tefk—11\{p}

Then by (7.10), a/ = a/™'. Observe that a triangle is in G/*! but not G/ if and
only if it contains an edge xy;;, where x € R(y;;1) orx € (Z, \ Z;) N A,{ isa
nonneighbour of y;,; in G/ (this is precisely the set 7(y;;1)); and a triangle is
in G/ but not G/*! if and only if it contains an edge uy; i, where u € Ngi (y41,
AJ),oranedge e € Q(y;41). Observe that there is no triangle in G that contains
at least two edges from E(G’) \ E(G’*'). Indeed, this follows from (7.11) and
the fact that E(G/[A/]), E(G’[R]) = ¥ (due to s < ¢, Lemma 7.4(ii) and K (1)).

Thus
Ky (G —Ky(GH< Y. Pe,GTTH— ) Pie,GY)
ecE(G/TH\E(G/) ecE(G/)\E(GJt!)
< Y PGy, GPTH— > Py GY)
XER(Yj+1) yeNG,-(y,-H,A‘s/)
+ Y Py G = Y Pie, GY).
Z€T(yj+1) e€Q(yj+1)

We will estimate each summand separately. Let y € Ngi(y;41, AJ). By K(1,
Jj + 1) and the definition of 7' (y;4;), we have that

Py(yyj+1, G)) = a! +dgi(yj41, U\ U*) + Ps(yy;1, G'5 Ry)
=al + U\ U™ —|Tjs)| + Ps(yyjs1, G75 Ry).

Now let x € R(y;+1). Then dgi+i (y;j11, AJ) = 0and x € R}, so

Py(xyjs1. G <al —dgr(x. ) AD +dgii(x, AT
ielk—11\{s}
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<al +dg(x, Ay <al + 4, (7.16)

where we used Lemma 7.4(iv) to replace dG§ (x, Ay) by dg(x, Ay). Let z €
T (yj+1). Lets € [k—1]\{s} be such that z € Z,. Then, since dgj+ (y;11, A]) =0
and each of y;,, z has at most dn neighbours in A; and A/ = 1A = 1A,

. . , 1
Py(zy;41, G < > AN+ gz A + do (2 AL
pelk—11\{s,1}
P3(G/th, P5(G/TT)

< al —&n/2+ j+1406n < al —&n/2+26n.

Let now xy € Q(yj+1), where x € R, and y € R;. As 0% 2 Q(yj+1),
Proposition 7.2 implies that P3(xy, G%) > a, — 2,/nn. Then by K (1),

Ps(xy, G’) > Py(xy, G)) > al — Y| —2/qn > a! — 2én.

Before we upper bound K;(G’/*!') — K3(G/), we need some preliminary
estimates. Let a, b, p be nonnegative integers such that b < a and p < 2yn.

We claim that
(g—a—b>p<$—n(a—b). (7.17)
6y 3

Indeed, if {2 — b < 0, then it trivially holds as @ > b. Otherwise, (¢ — b)p <
(2—; —b)2yn < %"(a — b) as desired.

Observe that |U/ \ U’*|,dgi(yjt1, U7 \ U’*),dgi(yj+1, Al) satisfy the
conditions on a, b, p, respectively. Indeed, by Lemma 7.4(iv), K(2) and the
definition of Y, we have that

. P3(G)
dgi(j+1, A)) < dgt(yjr, A) + Y] < 2yn.

Now,
K3(G'*') — K3(GY)
< DD (A= QUINUMI =T Gi0D = Ps(yyja. G5 Ry)

yENGj(ym,A.\")
—[T(yj+1)|-&n/3
=dgi (yjt1, AD) (A = dgi(yj41, U\ U™))
- Z Ps(yyj+1, G'5 Ry)
YENG) (¥j+1,43)
—(IU'\U| —dgi(yj1, U\ U™)) 3

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

H. Liu, O. Pikhurko and K. Staden 74

(7.17) ) S . .
< dgi(j+is AY) (A — =|U’\ Uf~f|)
6y
- Z Ps(yyj+1, G5 Ry)

YENG; (yj+1.47)

= X (4= 001 POy Gl Rk)) .

YENGj (Vj+1 A

Observe that equality above holds only when equality in (7.16) holds. This
happens only if dg7(x, U;cp i) A]) = 0forevery x € R(y;+1); in other words,
G'IR(Yj1)s Uiciu_ins) A7 is complete. Recall that R(y;11) = Ngivigi (Vi1
Ry).So K(3, j + 1) holds. O]

We can now derive some properties of the graph G, := G’;‘l obtained in
Lemma 7.5, namely that its only bad edges have both endpoints in X, and G,
does not have many more triangles than G,. See the right-hand side of Figure 4
for an illustration of G, in the case k = 3. For all i € [k — 1], we will let
Al:=A;UY; and

a = Z |A%] = n — |A]| — |A]. (7.18)
Jelk—1N{i}

LEMMA 7.6. There exists an (n, e)-graph G, on the same vertex set as G| :=
G’f‘l such that we have the following:

(1) G, has an (A, ..., A Z,28,8/3,2&, §)-partition with missing vector
m® = m?,....m?)), where A; := A; UY, fori € [k — 1] and A} :=
A\ Y = R, U X; also, amfl) < mfz) < ZmEI)for alli € [k —1].

(i) Ifthere arei € [k] and xy € E(G,[A}]), theni = k; furthermore, x,y € X
and xy € E(G[AL]).

(iii) Foreveryi € [k — 1] and every z € X;, we have that dg,(z, A}) > yn.
(iv) K3(Go) < K3(Gy) + 8" m?/(3n).

Proof. Letq :=|Y| and apply Lemma 7.5 to obtain G, := GY = G’;*I satisfying
K(1,9)-K(3,q). Write ;® = m\", ..., m",). For g € [3], let K(g) be the
conjunction of the properties K (g, 1)-K (g, g). Observe that A; = A? for all
i € [k]. Now |Y| < |Z| < én,and so g/n < 8. Thus, by K(1, ¢g), G, has an (A],
oA Z,B+6,8/2—6,£ 436, §)-partition and hence an (A, ..., A}; Z,28,
£/3, 2&, §)-partition.
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Now, by K (1),
m? = e(Ga[A}, A]) = e(GU[A; UY;, A \ Y1)
=e(GU[AL, A\ YT+ ) dgr(y, A\ Y)

yeY;
=e(GilAL AN\YD+ ) 10D+ ) der(y, A\ Y)
G
=m" =Y (dor(y, A) — dgz (v, A\ D)) + Y 10O
yeY; Jj€lql

s(j)=i

Note further, using |Y| < |Z| < én by P3(G), that

Y (der (v, A) —dea(y, A\ V) = Y (dg, (») — dgis (1)

Y€y yeY;
< 3 (1Al = @0~ 1YD) < 3 (Al = (1= &k = Doy + 3ym)
5{7521 S(jjgil
PL(G

(G) (6.3)
< Yiltke = 1+4y)n < (c —a)|Yi|n.

A similar calculation shows that the left-hand side is positive. Thus using K (1)
for the bound |Q(y;)| < dn, we have m(l) (c—w)|Yin < m,@ < m?l) +énl|Y;|.
But the definition of ¥; and Lemma 7.4(iv) imply that

m > Y| -mindg(y, A;) = |Y;| - mindg(y, A;)
yey; yey;

P1(G)
= Yil-(c=B—y)n=1Yi|-(c—2y)n.

Thus, using the fact that ¢ < k+1 < % from (5.6),

c—ao (2) )

a<1l— < 2.

c—2y (1) i 2y
This completes the proof of (i).

For (ii), the first part follows from E(G[A;]) = ¥ due to Lemma 7.4(ii) and
K (1). For the second part, suppose xy € E(G,[A}]). Now, Y N A} = ¢ and
E(G2[ALD) € E(G4[Ak]), so every edge in E(G,[A;]) is incident to a vertex
of X. So x € X, say. Suppose that y ¢ X. Then y € A, \ X € Ri. So xy
is an edge of G; and hence of G by Lemma 7.4(iv). This is a contradiction
to Proposition 6.12(i). This completes the proof of (ii). For (iii), note that for
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any i € [k — 1] and any 7z € X;, G| and G, are identical in [z, A;]. Thus, by
Lemma 7.4(iv) and the definition of X, we have that dg, (z, A}) > dg,(z, A;) =
dg(z, A;) = yn, as required.

Finally, for (iv),

K3(Gy) — K5(Gy) = Z (K3(G)) — K3(G'™h)
Jjelq]
KG,j) .
< D don (. Alp) - A
Jj€lql
K()
< AL e, Avp) +IYD < AIZI(yn + | Z))
Jj€lq]
630,74 §Y3m  2m S1/4m2
_ <
= n £n yn x EPI
as required. O

7.4. Transformation 3: removing bad X;-X; edges. We have obtained a
graph G, from G, which has the property that every bad edge has both endpoints
in X. In the third transformation, we remove those bad edges whose endpoints
both lie in X; for some i € [k — 1]. The proof is very similar to the proofs of
Lemmas 7.3 and 7.4.

Foralli € [k — 1]and x, y € X,, let

D(x) :=dg,(x, X\ X;) and D(x, y) := |[Ng,(x, X \ X;) N Ng,(y, X \ X;)|.

So D(x) — D(x, y) = 0 with equality if and only if the G,-neighbourhood of x
in X \ X; is a subset of y’s.

LEMMA 7.7. Let G, be any graph satisfying the conditions of Lemma 7.6. Let
f=|Xlandletx,, ..., xs be any ordering of X. For eachr € [f], let s(r) be
such that x, € Xy. Then there exists a sequence G, =: G°, G', ..., G/ =: G;
of graphs such that for all j € [ f1], we have the following:

L(1,j): G/ is an (n,e)-graph and has an (A}, ..., Al; Z,2B,&/4,2&,5)-
partition.

L(2,j): E(GY)\ E(G'™") = {x;x : x € R(x;)}, where R(x;) C Ry, and
E(GI™Y\E(GY) isthe setof x;x; € E(G,) withs(j') = s(j) and j' >
J-Thus dgi(x;, Xs¢n) =0 forallt € [j]; e(G/[AL, A,]) = e(G/~'[A],
Ayl for all i # s(j), and e(Gj[A;(j), Al = e(Gj—l[A;(j), Al —
d(;j—l(x]', Xs(j))-
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G — Gt

(c£26)n

Figure 5. Transformation 3: G, — Gj3 (here k = 3). Top: A single step G/ —
G/*! as in Lemma 7.7, in which the black edges are replaced by the pink edges.
Bottom: The final graph G; obtained in Lemma 7.8, in which X and X, are now
independent sets.
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Figure 6. Transformations 4 and 5. Dark grey and red represent (almost)
complete/empty bipartite pairs, respectively. Left: G, (here k = 3). The only
bad edges lie in [U;, U; U W,] for some ij € ([k;”). Right: G4 — G5 in the case
k =4and I} = {12} and I, = {13, 23}.

L(3.j): K3(G') — K5(G'™) < ZyeNGz(X.f:Xw)\{m,--~jo71})(D(xJ') — D(y, x))
with equality only if Ks(x;, G'~'; X,;)) = 0 and Ngi1(y, Aj;) N
Ngi-1(x;, A;(j)) =@ forally € Ngi—1(xj, Xy(j))-

Proof. Let G° := G,. Suppose we have obtained G°, ..., G/ for some j <
f such that, for all r € [j], L(1,r)-L(3,r) hold. Note that G° has an (A},
LA Z,20, /3,2, §)-partition and hence an (A}, ..., A}; Z, 28, §/4, 2¢,
8)-partition. For g € [3], let L(g) denote the conjunction L(g, 1), ..., L(g, j)
of properties. We obtain G/*! as follows. Let s := s(j + 1). Choose R(x j+1) ©
Ry \ Ngi(x;41) € A, such that |R(x;11)| = dgi(x;41, X,). Let us first see why
this is possible. One consequence of L(2) is that the neighbourhood of x;; in
G’ can be obtained from its neighbourhood in G° = G, by removing its G,-
neighbours among {x, : r < j and s(r) = s}. Thus

L) , , P5(Gy)
dei(xj11, Ry) = dg;(xj11, Ry) 2 dgy(xj11, A) —|ZNA| > &n/3—4dn2>dn

P5(G2)
> |Z| > dgi(xjq1, Xs).
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Figure 7. Transformation 6. Top: Transformation 6 at X; = U; U W;. Bottom: G’,

in which the redistributed subsets of X are coloured pink (cf. G in Figure 2).

So R(x;) exists. Now define G/*! by setting V(G’/*') := V(G’) and
E(G'Th) = (E(Gj) Ufxjx:x e R(xj-H)}) \ E(G'[x}41, X,]).

Thus G/*! is obtained by replacing all bad edges of G’ between x, and another
vertex in X, by the same number of missing edges of G/ that are between x;;

and R,. See the top half of Figure 5 for an illustration of the transformation
G/ — G/*.
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We will now show that G/*! satisfies L(1, j +1), ..., L(3, j + 1), beginning
with L(1, j + 1). By construction, G/*! is an (n, ¢)-graph. To show that G/*!
hasan (A}, ..., A; Z,2B, §/4, 2§, §)-partition, we need to show that P1(G/*!)—
P5(G/*!) hold with the appropriate parameters. All properties except P5(G/*!)

are immediate. For P5, let i € [k] and let y € A} be arbitrary. Let dg;, di
denote the missing degree in G/, G/*! with respect to the partition (A’ ..., A}).
We have that
di(y)—1 if y € R(xj41),
diin(¥) = 1de; (v) —di(xj41, X5) il y = x40, (7.19)
ag;(y) otherwise.

Thus if y € A} \ Z, we have d};,,, (y) < d,(y) < 2&n since G/ has an (A}, .. .,
Al Z,2B,&/4, 28, §)-partition. It remains to consider the case y = x; (since
missing degree is unchanged for all other vertices in Z). By the consequence of
L(2) stated above,

dg;(xj1) =dg,(xj41) and  dgi(xjq, Xs) < |Z] < on. (7.20)

Thus
P5(G2)
dri(xje) = &n/3—38n>&n/4.

Thus P5(G/*!) holds. We have shown that L(1, j + 1) holds. That L(2, j + 1)
holds is clear from L(2), the construction of G/*! and (7.19).

For L(3, j + 1), observe that a triangle is in G/*! but not G’ if and only if it
contains an edge xx;,, where x € R(x;;); and a triangle is in G/ but not G/*!
if and only if it contains an edge yx;;, where y € N¢i(x;11, X;). Observe also

that there is no triangle in G/*! that contains more than one vertex in R(x 1)
Thus

Ky (G = K3(G) + ) Pylexj, G = Y7 Pa(yxja, G5 X,)

XER(xj+1) YENj (xj41.Xy)

—K3(xj41, G5 X;).

We will estimate each summand in turn. Fix y € Ngi(x;41, X;). By L(1, j),
P2(G’) holds and, since y, x i+1 € X, both of these vertices are incident to all of
Al fort e [k — 1]\ {s}. So

Py(yxj+1, G'; Xg) = a, + [Ngi (v, X \ X,) N N (xj51, X \ X,)|
+ |Ngi(y, A)) N Ngi(xj41, A))|
=a, + D(y,xj41) + |Ngi(y, A)) N Ngi (xj41, A, (7.21)
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where the last equality uses the fact that G/ and G, are identical at [ X, X \ X,]
forany s € [k—1] due to L(2). Now fix x € R(x;11). Thendgi+ (x, A]) = dg, (x,
A!) = 0and also dgi+1 (x;4+1, X;) = 0. By P4(G/*1), x is incident to every vertex
in X, for ¢ # s. Recall that dgi+ (x;11, Ry) = 0. Indeed, E(G[X, R;]) = ¥ due
to Proposition 6.12(i), and it remains empty during the transformations G —
G, — G, — G?forany g € [f]. Thus

Py(xx41, G = a4+ Py(xxjn, G A =al+ Y doin (xj41, X))

telk—11\{s}
L4+ D(xjp).
Therefore
K3(G7*") — K3(GY)
= Y Pxi, GPh— Y Ps(xja, G X)) — Ka(xj, GU5 X)

XER(Xj41) YENGj (xj+1,Xs)
Y. (DE) = D) — INGi (3, A N Noi (51, A
YENGj (xj41.X5)
- K3(x_f+17 le Xs)
= > (D@j1) = Dy, xj41) — [N (3. A) O Ny (541, AD))
YENG, (xj+1, X\ X1, })

- Ka(xj+1, Gj: X5),

N

proving L(3, j + 1). O

Again we are now able to derive some properties of G; := G/ obtained in
Lemma 7.7, namely that every bad edge lies between X; and X ; for some distinct
i, j; and G3 does not have many more triangles than G,. The bottom half of
Figure 5 shows G; in the case when k = 3.

LEMMA 7.8. There exists an (n, e)-graph G3 on the same vertex set as G, such
that we have the following:

(1) G3 has an (A}, ..., A;; Z,28,§/4, 28, §)-partition with missing vector
m? = (m(3) .. m,(:)l) and m(z)/Z (3) < mf-z), where m() 52) if
and only le(Gz[X D =2a.

(i) If there is i € [k] and xy € E(G3[A}]), then i = k and there exists ££' €
([k l]) such that x € X, and'y € Xp. Moreover, for all st € ([k 1]) we have
E(Gs[X,, X,1) = E(G,2[X,, X,]) and dg,(x, A}) 2 yn foralli e [k — 1]
and x € X;.
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(iii) K3(G3) — K3(G,) < |Z)?- max,ek il (D(x) — D(x, y)) with equality only
ifforalli € [k — 1], we have that G2[X 1 is triangle-free and Ng,(x, A}) N
Ng,(y, A)) =0 for all xy € E(G,[X;]). In particular, K3(G3) — K3(G2) <

«/gmz/n.

Proof. Let f := | X| and apply Lemma 7.7 to G, to obtain G; := G/ satisfying
L, f)-L(@3, f).For g € [3], let L(g) denote the conjunction of properties L(g,
1)-L(g, ). By L(1, f), G; has an (A}, ..., A}; Z,2B, /4,2, §)-partition.
Also, foralli € [k — 1],

D daii(xp, X)) = Y do,(Xi \ {x1, ... x;0}) = e(Gal X0,

JElf] JELf]
s(j)=i s(j)=i
Thus
Y = e(GT[AL A "E e(GalAL A = Y doi (3, X))
JELf]
s(j)=i
P3(G2) Sn P5(G2) m; @
=m? —e(GIX;) = mP —|Xi|-on>mP —|X;|- 2= >

B
and also m” < m® with equality holds if and only if E(G,[X,]) = @. This
proves (i).

We now turn to (ii). By L(2) and Lemma 7.6(ii), E(G3[A]]) = E(G:[A]]) =0
if t # k. Furthermore, E(G3[A,]) € E(G,[A.]). So if G; has a bad edge xy,
both of its endpoints lie in X. But, for all r € [f], we have dgi (x,, X)) =0
forall j > r. So E(G3[X;]) = @ for all i € [k — 1]. Note that for any x € X;

with i € [k — 1], after the transformations G — G; — G, — Gj3, we have
Ng,(x, A;) D Ng(x, A;). Hence, by the definition of X,

do,(x, A)) > dg, (x, Ay) = dg(x, Ay) > (7.22)

This proves (ii).
It remains to establish (iii). We have that

K3(G3) — K3(Gy) = Y (K3(GY) — K5(G'™))
Jjelfl
<Y > (D(x)) = D(y, x}))
JELS1yeNG, (xj, Xs(h\{x1,0e0xj—1})
< |ZJ* - max (D(x) — D(x, y))

ielk—1]
X, veX,
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P g2 g 2 A7 Vo
&n n

This together with L(3) implies the inequality in (iii). Further, we have equality
only if K;3(x;, G'™'; X;;)) = 0 for all j € [f], and |[Ngi-1(y, A)) N Ngi-1(x;,
A))| forall y € Ngij-i(x;), where s(j) is such that x; € A{ ;). This occurs if and
only if G,[X;]is triangle-free for all i € [k—1], and Ng, (x, A;))NNg,(y, A)) =0,
as required. O

7.5. Transformation 4: symmetrizing X;-A; edges. Lemma 7.8(ii) implies
that D(x) = Z[E[kfu\{i} dg,(x, X,) for every x € X;, i € [k — 1]. Next we obtain
an (n, e)-graph G4 with the property that, for all i € [k — 1] and all but at most
one vertex x € X;, either G4[x, A[] is empty or it is almost complete (see the
left-hand side of Figure 6).

LEMMA 7.9. There exists an (n, e)-graph G4 on the same vertex set as G such
that we have the following:

(i) G4 has an (A}, ..., A}; Z,2B,&/5, 38, 8)-partition; also, G3 and G4 can
differ only at the union of [X;, A}] fori € [k — 1].

(ii) For every i € [k — 1], there exists a partition X; = U; U W; (into parts
that may be empty) such that dg,(w, A}) = |A}| — &n/5 for all but at most
one w € W;, which has at least £n/5 nonneighbours in A., and e(G4[U;,
A]) = 0. Further, for alli € [k — 1], if U; # 0, then W; # (.

(iii) If there is i € [k] and xy € E(G4lA}]), then i = k and there exists st €
([k;”) suchthat x € X, and y € X,, and further, xy € E(G3[A}]).

(iv) K5(G4) < K5(Gs); and if there exists i € [k — 1] and x,y € X; such that
D(x) # D(y), then K3(G4) < K3(G3) — §n/20.

(v) Letm* = (m§4), R m,(i)l) be the missing vector of G4 with respect to (A},

s A, Then m™ = m® and |U||A}| < m!® foralli € [k —1].

Proof. Roughly speaking, we will obtain G4 from G5 by, for each i € [k — 1],
moving all X;-A; edges to be incident to vertices x € X; such that D(x) is
minimal. Let G''° := G;. Foreachi € [k — 1], let f; := | X;]|.

Set i = 1 and perform the following procedure.

(1) If X; = @, then let #; := 0 and go to Step (6). Otherwise, let x{, ..., x/,
be an ordering of X; such that D(x}) < --- < D(xjﬂ,). Suppose we have
constructed G™°, ..., G/ for some j > 0.
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(2) Let it = i™(j) be the largest € [f;] such that dgi;i(x!, A}) > 0. Let
i~ =i~ (j) be the smallest s € [ f;] such that dﬁ(x;', A)) > &n/s.

(3) If it < i, then set #; ;= j and go to Step (6).

(4) Choose x € Ngij(x., Al) and y € Ng7(x_, A}). Let G"/*! be the graph
on vertex set V (G"/) with

E(Gi,j+1) = E(Glj) U {x;_, y} \ {xii+, X}.

(5) Set j := j + 1 and go to Step (2).

6) If i =k — 1, set G4 := G % and STOP. Otherwise, set G'*10 := G,
then seti := i 4+ 1 and go to Step (1).

Observe that, by (7.22) and P5(G3), for each i € [k — 1] such that X; # ¢ and
for each x € X;, we have

yn < dg,(x, A) < |A)| — &n/4. (7.23)

Thus in G*°, we have i"(0) = f; > 1 = i~(0). We need to show that the
iteration terminates. Indeed, for each fixed i € [k — 1], we have that i™ — i~
is a nonincreasing function of j, which is bounded above by f;. Note further that
it — i~ remains constant for at most n instances of Steps (2)—(4) since dgi.i (x;;,
A!) strictly decreases. Thus we reach Step (6) in a finite number #; of steps for
each i € [k — 1]. Thus we obtain the final graph G, in some finite number
t + -+ + t,_; of steps, as required.

Recall that E(G;[X, R;]) = E(G[X, R;]) = ¥. Thenforalli € [k —1],0 <
J <t,x e X;andu € A}, we have that

Ps(xu, G") = Py(xu, G3) = a] + dg,(x, X \ X;) = a, + D(x).

This follows from the fact that the only edges that change lie between A}, and X,
for some ¢ € [k — 1], and no such edge forms a triangle with xu. Together with
the fact that Step (4) happens only when i* > i~, we have

K5(GY) = Ks(GM7Y) = Py(xl-y, G*) = Py(xj.x, G
=D(x)— D(x}) <0. (7.24)
We will now prove (i)—(v). Clearly P1(G4)-P4(G,) hold with the same
parameters. For P5(G,), note that the missing degree of any v € V(Gy) \ Z

changes by at most | X| < §n, so P5(G3) implies that it is at most 3£ n, as required.
Fori € [k — 1], every v € A} N Z has gained at most | X| < §n neighbours in
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A}, so, by P5(G3), the missing degree of v in G4 is at least (§/4 — 8)n > &n/S.
Forv e X; € X = A, NZ for some i € [k — 1], it follows from the construction
that dg (v, A?) > &n/5. The last assertion follows from the construction. This
completes the proof of (i).

We now prove (ii). If X; # @, let

W, ={x{,....x.,,) and U;:=X;\W, (7.25)

Then (ii) holds by construction. Property (iii) also holds by construction.

For (iv), let £ := &n/20. Recall that for every i € [k — 1] with |X;| > 2,
we have it(0) = f; > 2 > 1 = i7(0). Then (7.23) and £ <« y imply that
t; > énj/4 —&n/5 =€ and forany 0 < j < € — 1, we have it(j) = f; and
i~(j) = 1. Then (7.24) implies that

K3(Gy) — K3(G3) = D> >~ (K3(G™) = K3(G™h) <0,

iclk—1] je[t]
i 7Y '

Furthermore, if there are i € [k — 1] and x, y € X, such that D(x) #= D(y), then
D(x}) < D(x_iﬁ) — 1. Then the observation above shows that in fact

K3(Gy) — K3(Gy) < Y (K3(GHH) = K3(G™))

0<j<e-1

<L (D)) = D(x})) < —&n/20.

Finally, (v) is immediate by construction and the definition of U;. O

7.6. Transformation 5: replacing [W;, W;]-edges with [U;, U;]-edges.
The required partition of G’ is obtained by moving U; to A; for eachi € [k — 1],
and for P2(G’) to hold, we need that G'[U;, U;] is complete. Using the next
transformation, we obtain Gs from G, by replacing [W;, W;]-edges with [U;,
U;l-edges. Thus either we have the required property or Gs[W;, W;] is empty.
See the right-hand side of Figure 6 for an illustration.

LEMMA 7.10. There exists an (n, e)-graph Gs on the same vertex set as G4 such
that we have the following:

(1) Gs hasan (A}, ..., A, Z,2p, §)-partition.
(i1) Every pair e € E(G4) A E(Gs) has endpoints x;, € X, x, € X, for some

st € (151,
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(ii1) There is a partition I, U I, of ([k;”) such that for each ij € I, we have
e(Gs[U;, U;1) = 0; and for each ij € I, we have e(Gs[W;, W;]) = 0.

(iv) K3(Gs) < K3(Ga) + k2n + 2| Z 3.

Proof. Obtain a graph Gs from G, as follows. For all ij € (*"), let

fij = min{e(Ga[W;, W;1), e(GulU:, U;D)).

Let )} € E(GyW;, W;]) and F{ € E(G4lU;, U;]) be such that |F}}| =
[FY| = fij. Let V(Gs) := V(Gy) and

E@Gs)=EGyu | J FY\ |J F.

ire("3") ije(*3")

Clearly G5 is an (n, e)-graph. Parts (i)—(iii) are also clear by construction (to
define the partition in (iii), break ties arbitrarily).

It remains to prove part (iv). For this, we need to calculate the P;-counts for
those adjacencies that were changed by passing from G, to Gs. Recall from
Lemma 7.8(ii) that for any i € [k — 1], if U; # @, then W; # (. Note also
that if U; = (J, then the adjacencies involving X; are the same in G4 and Gs.
Thus, for fixed ij € (”‘;”), we may assume that U;, U; # 0. Let w; € W; and
w; € W, be arbitrary. Suppose that there exists a vertex w; € W; with dg, (w;,
A)) > |A}| — &n/5. Then, by P4(G4), w;, w; are incident to every vertex in A
with £ € [k—1]\{i}, and w; is incident to every vertex in A, with £ € [k—1]\{j}.
So

Ps(wjw;, G4) > a’; — &n/5.

Also,

(7.18)

Ps(wjw;, Ga) = Ps(ww;, Gy A > a] — |A] '="a) — |A]l.  (7.26)

Letu; € U; and u; € U;. Then dg,(u;, A}), dg,(u;, A’j) = 0 (since this holds in
Gy), so
P1,P3(Gy)

Py(uiuj, Gs) < a;— |Al|+dg,(u;, A) < aj—(c—2B—8)n < aj—cn/2.

(7.27)
Similarly, Ps(u;u;, Gs) < a} —cn/2. We have shown, for any w; € W;, w; € Wj,
u; € Uy and u; € U; such that dg,(w,, A}) = |A,| —&n/5 for at least one £ € {i,
j}, that

Ps(uiuj, Gs) — Ps(wiwj, G4) < —cn/2+&n/5 < —cn/3.
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P U oo 5 = w
If we arbitrarily order Fij asey,...,eyz and Fl.j as ey, ..., ey, then we can
write

K3(Gs) — K3(G) < Y Y (Ps(er, Gs) — Ps(er, Ga)) + 212,
ije(lkgll)ie[f,-j]

where 2|Z|* bounds from above the error coming from the triangles in G,
using at least two edges from Uije([k;l]) FIEV Then the only ¢ for which the
corresponding summand is potentially greater than —cn/3 is such that ¢, =
w;w;, where w, € W, for ¢t € {i, j} and dg,(w;, A}) < |A}| — &En/5. Given any
u; € Uy and u; € U;, we have in this case

726,027) , / , /
Py(ujuj, Gs)—Ps(wiw;, Ga) < a;—|A}|+dg, (u), Ay)—(a;—|A}]) < én.

But each W, contains at most one such vertex by Lemma 7.9(ii), so the number
of such summands is at most (kgl). Thus we have

K3(Gs) — K5(Ga) < k*8n +2|Z),

proving (iv). O

7.7. Transformation 6 and the proof of Lemma 7.1. A final transformation
of G5 gives us the required graph G'. The transformation does the following. Let
I1,, I, be defined as in Lemma 7.10. If ij is a pair in [}, it replaces all [W;, W;]-
edges with some missing edges in [W;, R;]. If i is a pair in I,, then it replaces
some edges in [R;, R;] with all missing edges in [U;, U;]. The resulting graph G’
(see Figure 7) has the following properties: (i) an edge remains inside A} if and
only if itis in [U;, W; UU;] for some ij € (*3"); (i) forany ij € (*;"), G'[U;,
U;] is complete while G'[W;, W;] is empty. Thus the new partition obtained by
moving U; to A for all i € [k — 1] satisfies P2.

Proof of Lemma 7.1. Apply Lemmas 7.3-7.10 to obtain (n,e)-graphs
G — G, — G, —> G; —> G4 — Gs. We will obtain G’ from G5 as follows. For
each i € [k — 1], choose C; C E(Gs[R;, W;]) such that |C;| = e(Gs[W;,
Uiteruoi Wel), and D; C E(Gs[Ri, R]) such that |D;| = e(GslU;,
Uieer.eoi Uel)s each D; is bipartite, and the collection of sets V(D;) N Ry
is pairwise-disjoint over i € [k — 1]. Let

EG)=|EGsu | au |J EGsW. U \

ielk—1] ije(“‘;”)
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U EGsiw.whu (] D

ije(“‘;”) ielk—1]

So for each i € [k — 1], we remove all [W;, W,]-edges with j > i and replace
them with missing [R;, W;]-edges (the set C;); and we add all missing [U;, U;]-
edges with j > i and remove the same number of [Ry, R;]-edges (the set D;)
to compensate (see Figure 7). Write W = (J, .,y Wi and U = |, ,_,, Ui-
Observe that

P3(Gs)
e(Gs[m U Wz:|><€(G5[Wi,W\Wi]) < |Wildn < [Wil(€/5 — )n

itelj:l>i
P5(Gy) , J—
< e(Gu[Wi, AlD) — IWHIZ] < e(Ga[W;, Ri])
= e(Gs[W;, RiD),
where we used Lemma 7.10(ii) for the last equality. So C; exists. On the other
hand,
J— N s (6.31) s
e|Gs|U, |J U] <e@stu,u\ud <izP < .
ilelt>i
Note that, for every v € R; and i € [k — 1], we have
P5(Gy) , ,f)-‘n P1(Gy),(6.3) (6.31)
[Ri| 2 dgs(v, R;)) =dg,(v, R) > IA,-I—?—IZI > R Z=Zkynn = k|Z|.

Thus we can choose D; to be the union of stars with distinct centres at R; and
leaves in R; such that V(D;) N R, are pairwise-disjoint for all i € [k — 1] as
desired. There is no edge that is both added and removed as W N U = ¢}, and

D eGsWL Wi = ) €<G5 w., | WZD =) Icil,

ije(¥5M) ielk—1] itel) 0> ielk—1]

(7.28)

Y. eGslULUD= ) €<G_5 v, J UZD= > IDil.

ije(¥yM) ielk—1] iteht>i ielk—1]

Thus G’ is an (n, e)-graph. By construction, we have the following:

(1) Every edge in G'[A}]is in [U;, W; UU;,] for some ij € ([k;”); furthermore,
G'[Uy, ..., U, ]is complete (k — 1)-partite.

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

The minimum number of triangles 89

(2) The edge set of G'[A}] is empty for all i € [k — 1] (this follows from
Lemmas 7.9(iii) and 7.10(ii) and that Gs and G’ are identical in A; for all
i €lk—1]).

(3) The edge set of G'[A], U;] is empty for all i € [k — 1] and the edge set
of G/[A/j, U;] is complete for all j € [k — 1] \ {i} (this follows from
Lemmas 7.9(ii) and 7.10(ii) and that Gs and G’ are identical in [A}, U;]
foralli € [k — 1]).

With these observations, we can define the required partition of G’ and prove
(i). Indeed, let A7 := Al U U; foralli € [k — 1] and A} := A, \ U. Properties
(1)-(3) imply that A is independent for all i € [k].

We claim that G’ has an (Af,..., A]; 3B)-partition, that is, P1(G") and
P2(G’) hold with the appropriate parameters. For P1(G’), clearly A7, ..., A}
is a partition of V(G’). Moreover, Zie[k_l] |U;| < |Z] < én < Bn, so P1(Gs)
implies that P1(G") holds with parameter 3.

For P2(G’), since G'[ A, A/j] = G4[A], A’j] forij e ([k;”), it suffices to check
that G'[U;, A’j/] is complete. By P4(G,), we have that G'[U;, A’j] = G4[U;, A’j]
is complete. But G'[U;, U;] is also complete by Property (1). This proves P2(G").
We have shown that G’ has an (A7, ..., A}; 38)-partition.

Our next task is to bound the entries in the missing vector m’' := (m}, ...,
my_,) of G’ with respect to (A7, ..., A}). Foreachi € [k — 1], we have

m; = e(G'[A], A{]) = e(G'[A], A, \ U]) + e(G'[U;, A, \ U))
= e(G'[A}, AD +e(G'[Ui, AL\ UD — e(G'[U;, A, (7.29)
where the last equality follows from e(@[U; AD = e(GU;, A, a
consequence of Property (3). By Property (3), e(G'[U;, A/]) = |U;||A;]. Note
also that every transformation from G to G’ preserves all adjacencies in [ X, R;]

(hence also [U;, R.]), which is empty in G. Together with A} \ U = R, U W,
this implies that

\Ui|[R| < e(G'[U;, A \ UD) < |Ui|| Al
We then derive from (7.29) that

e(GTA), A}D) — [UI(A)| — |R]) < m) < e(GIA, ALD) — U [(1A)] — 1 A}).
(7.30)
Lemma 7.10(ii) says that Gs has the same number of edges between parts A},
A’ as Gy forall 1 <i < j <k, and so implies that e(Gs[A}, A;]) = m;" for all
i € [k — 1]. Then

e(G'[A}, A1) = e(G5[A], AL]) — |Ci| + |Di| = m® — |Ci| + |Di|. (7.31)

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

H. Liu, O. Pikhurko and K. Staden 90

Now, using P3(G5),
|Ci| + | Dl e(Gs[W]) +|Uil|Z] < e(Gs[AD) + |1 Z) (7.32)

2
=2 8 + an) < 2v/om.

&n
3

Lemma 7.9(v) implies that m'” = m® and m'® > |U;||A}| for all i € [k — 1].
Now,

<
(6.31)
<

’ ’ ’ ’ ’ P3(Gs),P1(Gs)
|A[| =1 ALl = |A]|—|Re|£8n = |A]| = | AL |+ Z|£én ~ 7= "7

(kc—1)n=E5pn.
(7.33)
Thus
, (7.30),(7.31) (4) , ,
m; < i = |Cil +|D;i| = Ui [(1A]] — | A, I)
(7.32),(7.33)
< m(4)+2x/_m—|U|(kc—1:|:5,3)n < m<“>+2«/—m

In the other direction,

, 030,030 )
m; = m; — |G|+ |Di| — |Ui[(|A;] — | R|)

“4)
> (4)—2\/_m—’|1114—| (ke — 1+ 5B)n
P1(Gy) m®
> m?¥ -2 kc—1+45
Vsm (c—2,3) . (ke — 14 58)
' c—28
Qe k=De—T78

' c—28
Then Lemmas 7.4, 7.6 and 7.8(i) imply that am; /4 < m,@ < 2my;; thus,

o —ofom< & K= Da =7

<3 2% i —23/8m < m; < mf3)+2\/3m < 2m; +2+/8m,
c—

as required.

It remains to bound K5(G’) — K5(G). To do so, we will first bound K3(G’) —
K3(Gs). Leti € [k — 1]. Let x; € R; and w; € W; be arbitrary. Then dg (x;,
AY) = dgs(x;, A)) = 0 and dg(w;, A,) < |U| by Properties (1) and (2). So
Ps(x;w;, G") < a; + |U| < a; 4 én and hence

max P;(e, G') < a; + én. (7.34)

ecC;
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Let w; € W; be arbitrary with j € [k — 1]\ {i}. Recall from Lemma 7.9(ii) that
all vertices in W; except at most one special vertex have G4-degree in A} exactly
|Al] —&n/5. Let W € W be the set of these special vertices from each W;. Then
[W'| < k— 1. Further, define Ey\w := E(Gs[W \ W’]) to be the set of Gs-edges
in W\ W and Ey := E(Gs[W]) — Ey\w to be the set of Gs-edges in W with
at least one endpoint in W’. Note that

631) 2km

|Ew/| < |W'|-|W] <k|Z] < (7.35)

By P4(G,) and the definition of W', we see that
L k-1
Py(wiw;, Gy A) = Y |Aj| —26n/5 forallwiw; € Eyywr,  (7.36)
i=1

while for any w;w; € Ey», (7.26) holds. By Lemma 7.10(i), for every w €
W', we have Ng,(w, A;) = Ng,(w, A,), which in turn implies that the bounds
in (7.26) and (7.36) hold also for P;(w;w;, Gs), that is,

Py(wyw;, Gs) > a —|A)| "= a, — |A]| and  (7.37)
k—1

Py(wiw;, Gs; A)) = Y _|Aj| —2£n/5 forall wiw; € Eyw.

i=1

Let x, € R, and y; € R;. By P2(Gs5) (that is, Lemma 7.10()), Gs[y;, A;] is
complete for all £ € [k — 1]\ {i}. Moreover, Lemma 7.10(ii) implies that dg(x,
A}) = dg-(x;, A,), which is at most 3£n by P5(G,). Thus Ps(x;yi, Gs) > a] —
3&n, and so

51611Dn Ps(e, Gs) > a, — 3&n. (7.38)
Letu; € Uyand u; € U; for j € [k — 1]\ {i}. Then dg (u;, A}), dg/(u;, A’j) =0
by (3) and dg (u;, A}), de(u;, A,) < |Z] < 8n by (1). So

P1(Gs)
Py(uu;, G') <a — A}l +dn < a] —cn+3pn. (7.39)

Since for all i € [k — 1] the graph D; C Gs[Ry, R;] is bipartite and the D; are
pairwise vertex-disjoint, any triangle in Gs that contains at least two edges in
Uie[k—l] D; also contains an edge in G5[R;] or Gs[R;] for some i. So there are no
such triangles. Since [ J, cik—1y DiN'W = @, the only possible triangles containing
at least two edges from E(Gs) \ E(G’) lie in W, and there are at most | Z|* such
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triangles. Thus we can bound K3(G’) — K5(Gs) as follows:

K3 (G) = K3(Gs) < > | Y Pie.G)) - > Py(f. Gs)
i€lk—1] \ ecC; fEE(Gs[Wi,U,-; Wel)
+ ) > Py(f.G) =) _ Pi(e.Gs) | +2/Z.  (7.40)
i€lk=11 \ feE(GsUi.Uy-; UeD e€Di

Denote by Ay and Ay the first and second terms on the right-hand side of (7.40),
respectively. If there is at most one nonempty U;, then Ay = 0. Otherwise,
using (7.38) and (7.39), we have

Ay < Y IDi| - (—cn +3Bn + 3n) < 0.
ielk—1]

We claim that Ay < 8'/3m?/n. To see this, note that if there is at most one
nonempty W;, then Ay, = 0, so assume not. Suppose first that e(Gs[W]) =
Yicree |Cil < 8'°m?/n’, where the equality follows from (7.28) and the fact
that Gs[W;, W;] = @. Then by (7.26) and (7.34),

(7.34),(7.37) , , , P1(Gs)
Aw < D0 IGH @+ —ai+max|Af) <Y Gl (en + 3fn)
ielk—1] ’ ielk—1]
§1/3 1,2 SU3m2
< 3 -2¢n <
n n

We may then assume

81/3m2

n2

m 7.1 m
n o 8sn’

In this case, we need to estimate Ay more carefully making use of (7.37):

e(Gs[W)) = >8'7.C

k-1
2¢&n
< /- ! — i’ —_ /| - !
Ay < |Ewmw] (r}ljz(a]+5n E [A:l + )+|EW| (8n+r§1;1/3(|A]|>

i=l1 5
P1(Gs) cn cn
< Ewwl - (=5) +1Ewl - 2en = S @Ew| — | Eww)
O SIEw| —eGsW]) < (5. 2m_ M
= — | — e S = . — <
2 v 3 2 En  §/on

Therefore, we have

/3,2

§'°m
K3(G') — K3(Gs) < Ay + Ay +2|1Z° < +2|1Z.
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Now, letting G := G and G¢ := G’ and using Lemmas 7.4(iii), 7.6(iv), 7.8(iii),
7.9(iv) and 7.10(iv) and the previous inequalities,

K3(G') — K3(G) = Y (K3(G;) — K3(Gi_y))
i€[6]

SU4 2 ©.31) §1/4m?2
g(87/8+T+~/§+0+8‘/3>m—+k28n+4|ZI3 < 2m ;
n n

where we use the fact that m > Cn to bound k*$n < k*6m?/(C*n) = k*8*m>/n.
This completes the proof of Lemma 7.1.

8. The intermediate case: finishing the proof

8.1. The intermediate case when m is large. In this section, we finish the
proof of the intermediate case when

m > Cn. (8.1)

8.1.1. Properties of G via G’ .

We will now use Lemma 7.1 to obtain some additional structural information
about G, which will in turn enable us to redo the transformations in Section 7
more carefully. This will eventually imply that most exceptional sets X;, Y; are
in fact empty. After this, one final ‘global’ transformation yields the result.

Apply Lemma 7.1 to G to obtain a k-partite graph G’ with vertex partition A7,
..., A} and missing vector m’ = (m/, ..., m_,) satisfying Lemma 7.1(i)—(iii).
Letm' =}, ,_,,m;.

The first step is to use Lemma 4.19 to show that, in G', the parts A7, ...,
A} _, all have size within o(m/n) of cn, the ‘expected’ size; and that the number
of missing edges between these parts and A} is o(m). Roughly speaking, this
means that G’ has edit distance o(m) from a graph in H,(n, e). Since m; =
®(m;) + o(m) for all i € [k — 1], this information about missing edges in G’
translates to G. Lemma 7.1(ii) clearly implies that

az

?gaz—Zk\/géﬁ<2+2k«/§<3. (8.2)
m

The next proposition shows that the smallest part A} of G’ has to be noticeably
larger than (1 — (k — 1)c)n since the number of missing edges m’ is large.

PROPOSITION 8.1. |A]| > (1 — (k — )eyn + 22—

(ke—=1)n"*
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Proof Suppose, for a contradiction, that |A}| < n — (k — 1)cn + q, where g :
(kc_ - Let x := (k — 1)cn — gq. Given |A}|, we certainly have

D IAVNAY 4+ (0 = JADIAL] < fia(n = JALD) + (n — JA{DI AL
ije(*3")
Recall that we assume
3Im (6.26)

(8.2) (6.3)
[A{l <n—x < (1—(k—1)c)n+ﬁ < (=(k=Det+ymn < (c—an.
c— )n

As (1—(k—1)c+./n)+(k— 1)(c—+/a) < 1, we get from the above inequalities
that |A}| < n —x < n/k. We know by Lemma 4.5 that #,_,(n — |A]]) + (n —
|A7])|A{] is an increasing function of |A}| whenever |A]| < n/k. Thus we have
tii(n — JALD + (n — |ADIA]] < tio1(x) + x(n — x). Therefore, since G’ has
no bad edges,
etm = Z [A7I[AT] + (n = [A{DIAL] < tii (x) +x(n — x)

ije("3")

_ k—1 x \?2
\( 2 ><k—1> =0
2

_ _ k o 2 k\ 5 5 _ _ kq
_x<n 2(k_]))c)—(k Den (2)cn ~+ (k¢ — 1)gn 23— 1)

k
< (k= Den? — (2)62n2 + (k¢ — 1)gn W0 (kc — gn =e +m/,

a contradiction. L]

LEMMA 8.2. Forall j € [k — 2], the following hold.

(1) m; <8°m

(i) 1Z; U Z]| < 8"m/(@2n).
@iii) [|A7] —cn| < 68'°m/n and |A}_,| < cn — a’m/(4cn).
Proof. Let H := K[| | n_t—1en and let By, ..., B, be the parts of H,
where |B;| = |cn] for all i € [k — 1]. We claim that there is an (n, ¢)-graph
F, which one can obtain from H by removing at most (k — 1)%cn edges from
H|[B_,, B]. Inequality (6.3) implies rather roughly that | B;,_, || B¢| > (k—1)*cn,

so it suffices to show that e < E(H) < e+ (k — 1)%cn. Indeed, by (6.3), we have
that [cn| >n — (k — 1)|cn] + k, so

— k —
€= e(Kcn,A..,L'n,n—(k—l)cn) e(KLLnj ..... Lulj,n—(k—l)[cnj) - e(H)
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k—1 ) )
=< ) )Lan + (k= Dlen](n — (k = Dlen]) < e+ (k—1)cn,

as required.

We will apply Lemma 4.19 with G', {A/};ciy, F, Len], (k — 1)*cn, playing
respectively the roles of G, {A;};e), F, ¢, d. Let d; := |A]| — [cn] forall i €
[k — 1] and d; := |A}| —n + (k — 1)|cn]. By Proposition 8.1, we have

/ / ’

(6.3)
e m k> (8.3)

di>——k > ————— —
(k¢ — Dn (c— (k—Da)n cn

Moreover, for all i € [k], Lemma 7.1(i) implies that

V2an ©3 (ke—Dn _ |len) — (n — (k= D]en))
n< < < .

di| <4 < X
| p 2043 20k3 12k3

Then Lemma 4.19 can be applied with the parameters above to imply that

/4,2
K3(G) + 2 K3(G/)
> K+ Y Mo e on ((dt +d? Y d?)
\ ey " 4 jelithin
12(k — 1)*c?n?
B klen] —n

Observe that each summand over ¢ € [k — 1] is nonnegative by (6.3). Bounding
the last term, we have

63 12(k — 1)*c*n? - 14(k — D)*cn 63,60 14k*Pm? 1) 14k*c*Sm?

S klen)—n ke —1 S 2aCn 2an
§7/3m2
2n
Furthermore,

klen] —n 63 J2an —k  Jan
> > .
4 4 4
Thus, for each j € [k — 1], using the fact that §7/8/2 + §1/4/2 < §'/4,

sU/4 2

m K3(G) — K5(F) + 22 451/42
R
" et~} T an
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(8.2) 1681/4m/2 82/9mr2

a?n2 T (k= Dn?’

[k—1]
2

Soforallij € ( ), we have that

51/9m/ m’
d; +dil, |d;| < . . 8.4
4+l < == (8:4)

Suppose that r € [k — 1] is such that m = max 1 m/, Thenm, > m'/(k—1).
We have

(8.4) 51/9m/ 81/9m/
ld, +di| < and |d;| <

But by (8.3),d, = m'/(cn) > §"°m'/n.Sod, < 0andinfactd, = |A/|—[cn] <
8'°m’ /n — d. Thus

8.3 m GD m'’
1471 <" Len) = (2 =8") = < en —
2cn
8.2) o’m
Sen—gori and &)
, @4 28V°m’ 82 68'°m
||Ai|—cn| < . < " (8.6)

foralli € [k — 1]\ {r}. Suppose now that m/ > §'°m’ for some s € [k — 1]\ {r}.
Then applying (8.4) with ij = rs, we have

81/9m/ 481/90 O[2’,’1
—_— >N ———— > — —,
Jh=—Ds0n T Jk=Dn " cn

a contradiction to (8.5). Therefore, for all s € [k — 1] \ {r}, we have by
Lemma 7.1(i1) that

, (8.4)
|A;| = len] —|d,| = |en] —

N

1 1 ®82 1

my < — (m’s —I—Z\/gm) <= (51/5m/ + 2«/§m) < - (381/5m + Zx/5m>
o o o

< 8Y%m.

But maX;ex—11M; = Mi— 2 M/(k — 1), and so r = kK — 1. That iS, my,...,
my_, < 8/%m, as required for (i). By (6.31), we have for all s € [k — 2] that

28Ym  §Ym
<
&n 2n
proving (ii). Part (iii) follows from (8.5) and (8.6). O

)

1Z,UZ) <
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Since the exceptional sets Z, ..., Z;_, and Z,i, R Z,’f*Q are all small by the
previous lemma, it is now easy to show that G[Ry, R;], ..., G[R;_,, R;] are all
complete. That is, for all i € [k — 2], every missing edge in G[A;, A;] is incident
to a vertex of Z.

LEMMA 8.3. Foreveryi € [k — 2], G[R;, R;] is complete.

Proof. Let x € R; and y € R;. By Proposition 6.12(i), Ng(y, Ax) € Y. By
P3(G), Ng(x, A;)) C Z;. Since A/j’ 2 A;UY; foral j € [k — 1], using
Lemma 8.2(ii) and (iii) and m > Cn, we have that

Pixy.G) < Y IAJHIZI+IYI< Y A+ AL +1Z, U Z)
Jelk—11\{i} JEk=21\{i}

68'°m alm 8Ym a’m
< k=3 cn+ +cn— —+ <(k—2)en — —
n dcen 2n Scn

(8.1) 2Cc an
< (k—z)cn—“S— < (k — 1)en — 2k.
C

Therefore xy € E(G) by (5.5). [

The previous two lemmas now imply very precise information about the sizes
of the parts Ay, ..., Ay in G. Indeed, we can calculate their sizes up to an o(m/n)
error term. Recall from (6.28) that t = ﬁ

LEMMA 8.4. The following hold for parts of G.

§1/10,,

[Ail, ..., A2l =cn+ pa
s/
|Ax_ | =cn—1t % and

n

11y,

Ayl =n—(k—Den+1t+£ .

n

Proof. For the first equation, recall that for all i € [k — 1], Lemma 7.1(i) implies
that A, € A7 € A, U Z.. If j € [k — 2], then Lemma 8.2(iii) implies that |A;]| <
|A”| < en 4 68'm /n. Using Lemma 8.2(ii) in addition, we see that also

1/10
A > A —1Z | = en— 22
J = J k1l = n ’

as required. Therefore there is some 7 € R such that

m k8Y'Om
A1l =cn— — =&
n

and (8.7)
n
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tm k§Y'"m
Ayl = (1 — (k —Decyn + 7 +

(8.8)

n

By Proposition 8.1, we have |A¢| > |A}| =2 (1 — (k — Do)n + =~
.Let§ := k8"/'%m/n. Then

(kc - S0 (8.2)

implies that T > *— (k

e —e(G[Ax—1, Acl)

= D 1ANA+ (Al +1AD D A+ ) e GIAD = Y m

ije([kgz]) ielk-2] i€lk] ielk—2]
2D (k ; 2) (cn £ 8)% + (n — (k — 2)cn £ 28) ((k — 2)en £ §)
+ (8m + k8'"°m)
- (k ; 2)c2n2 + (n — (k — 2)en) (k — 2)cn =+ 3k%3n
D e —cn(n — (k — Den) £ 36380
Here we used Lemma 8.2(i) to bound m; for i € [k — 2]. We then have

e(G[Ax_1, Ay]) = cn(n — (k — 1)en) £ 3638V "m. (8.9)

We claim that 7 < 1/§. So suppose for a contradictign that T > 1/48. Now,
|[Av_1| + Al =n — Zie[kﬁ] |A;| = (1 — (k —2)c)n £ 6. Further,

~ m ~
|[Ai | <Kecn———=-6§<cn———§ and
n on

Al > (1= k= Dem+ 22 =5 > (1 = = Dom + 1= =,

By (6.3), we have |A;_;| > |Ai|. So the product |A;_;||A¢| is minimized when
|A,| attains the upper bound above. So

A llAd > (cn _ % —S) ((1 — (k=D + % —S)

2

> en(n—(k—Den) + (ke — D — — —— —§

= cnn cn C n 8n 52712 n
(6.3),(6.26)

> cn(n—(k—l)cn)-i—x/ .——6——1«3‘/10

> cnn—(k—1)cen) + —.

\/3
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But then, this implies that

m
e(G[Ak-1, AkD = |Aril|Axl — my—y = en(n — (k — Den) + % —m

>cnn— (k—1)cn) +m,

contradicting (8.9). So t < 1/4, as claimed.

‘We now estimate |A;_|| Ax| again more carefully using that 2(%2_1) <t <L 1/8.
We have
A 1||Ax] = cn(n — (k — T)cn) + (ke — 1)tm
‘L’2m2 21’/(51/10}’)12 k281/5m2
+ <— — £ 2k8""m + - + - )
n n n

But m?/n* < nm by (6.26) and T < 1/8, so the expression in the final
parentheses is at most 3k8"/'%m. So

|Aci Al = en(n — (k — Den) + (ke — Drm =+ 3k8"Om. (8.10)

As my_; = (1 £ k8Y®)m due to Lemma 8.2(i), we have

(8.9),(8.10)

(18" )m = my_1 = |Ai 1| Adl —e(GTAw1, AcD) (ke—1)Tm 4k m,

Solving this for T, we get

tm m sV, (6£8)t:|: sy,
n (ke—1n 2n 2n
Combined with (8.7) and (8.8), this completes the proof of the lemma. ]

The usefulness of G’ is now exhausted, and we work only with G for the rest
of the proof. The previous lemma implies that

k —2)8/1
a= Y A= G—2en—r 2 EZDOTM ol e tk—2]. (8.11)
n

Jelk—11\{i}

Armed with Lemmas 8.3 and 8.4, we can now ‘redo’ Transformations 1 and
2 of Section 7, in a slightly more careful fashion, to imply that Z; = ¥; = @ for
alli € [k —2].

PROPOSITION 8.5. Leti € [k —2] and z € Z; U Z}. Then dg(z, R;)) >t —
8 2m/n > 0.
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Proof. By P2(G), P3(G) and P5(G), every such z has at least £n nonneighbours
in A;. Recall the definitions of R; and A in Section 7.1. We have

(6.31)
IR, \ No(2)| = dg(z, Aw) — |Re \ Rl — 1Zi| = En/2 — /nn = En/3.

Thus we can choose w € R, \ Ng(z). Then wz € E(G) and so, by (5.5) and
P2(G),

(7.3)
(k=2)en —k < P3(zw, G) < a; +ds(z, A)) + A

7.4) §V3m
< a4+ |Zi| +ds(z, R) +

—

k8"/11m
< (k—2en—t+ds(z, R) + ;
n

where the last inequality follows from Lemma 8.2(ii) and (8.11). Hence d¢(z,
R;) >t — 8/2m/n, which is positive by (6.28). O

LEMMA 8.6. Z;, =Y, =0 foralli € [k — 2].

Proof. Suppose that there exists z € Z; for some i € [k — 2]. Let z;,...,z2,
be an arbitrary ordering of Z \ Z; such that z := z,. Note that Ng(z, A;) # @
due to Proposition 8.5. Now apply Lemma 7.3 to G and let F be the obtained
(n, e)-graph G', which satisfies J (1, 1)-J (3, 1). By J(3, 1), we have that

0 < Ky(F)—Ky(G)< Y. (A—1Z\ Zil — Ps(yz. G: Ry) (8.12)

YENG(z,Ai)
(7.4) 81/3m 81/3111 A
< - W= . .
Z n + Z < n |Zi\ Z,| — dg(z, Rk)> (8.13)
YENG (2. Zi) yENG (2, Ri)

Here, for all y € R;, since Lemma 8.3 implies that R, C Ng(y), we have P;(yz,
G; Ry) = dg(z, Ry). We must have | Z; \ Z}| < A < 8'°m/n, as otherwise the
right-hand side of (8.12) is negative. So Lemma 8.2(ii) implies that

83%m  §Vm  §Ym
FSES 614

|Zi U Zi| = |Z \ Zi| + |Z; U ZE| <

We will now bound dg;(z, Ry). By P3(G), z has a nonneighbour u in R;. Since
u € R;, we have that Ng(u, A;) € Z;. Thus (5.5) then implies that

(k—=2)en —k < P3(uz, G) < a; +dg(z, Ry) +1Z; U Zy|.
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Thus
28" 7m @10 8V1%m
dg(z, Ry) =2 (k —2)en —a; — > t— . (8.15)
n n
Using Proposition 8.5, (8.14) and (8.15), the final upper bound in (8.13) is at
most
sV m §\V3m s13m §1/12, sU2m\ 628 £2
(e () ()
n n n n n 2
(8.16)
a contradiction. We have proved that Z; = (J,so A; = R;, foralli € [k — 2].
Suppose now that there exists y € Y; for some i € [k — 2]. Let y,...,y,
be an arbitrary ordering of ¥ = Uie[k—l] Y; (as in (6.32)) such that y := y;.
Observe that, since Z; = --- = Z;_, = {J, the graph G satisfies the conclusions

of Lemma 7.4 when £ = k — 2. Therefore we can apply Lemma 7.5 with k -2, G
playing the roles of £, G¢. Let F’ be the obtained (n, e)-graph G', which satisfies
K(,1)-K(@3,1). Then K(3, 1), (7.4) and Lemma 8.3 imply that

0<K(F) — K@) < Y (A 2120\ Zi - Pyxy, G: Ro)
6y
XENG(y.R;)
83m & ,
< — = |Zy\Z,| —ds(y, Ry | .
> (n 6y 126\ Zil = da(y k>)
XENG(y.R;)
Again by Proposition 8.5, Ng (v, R;) # 0. Therefore, as in (8.14), by Lemma 8.2,
we have
e (k—2)8""m
|Z; U Z| = |Z| < |Z; I+T (8.17)
6y8'Pm  (k—2)8""m _ k§Y"m
< + < .
én 2n n

We will now bound d;(y, Ry). By the definition of Y, y has a nonneighbour u
in R;. Then (5.5) implies that

(k —2)en —k < Ps(uy, G) < a; +dg(y, R) + | Zy.
Thus

k51/7m (8.11) 81/12m
= r—

®.17)
de(y, Re) =2 (k—2)en —k —a; —

n

But then, using Proposition 8.5 to bound dg(y, R;), by a similar calculation
to (8.16), we have
K3(F") — K3(G) < —17/2,

a contradiction. Thus ¥; = @ foralli € [k — 2]. ]
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‘We can now use the lemmas in this section to prove the following penultimate
ingredient that we require. Let

A= |J R: B=A_LURUZ ad X:= ] X,. @18
i€lk—2] i€[k-2]
Lemma 8.2(ii) implies that

) 8]/8m
X < .

(8.19)

LEMMA 8.7. The following properties hold for G.

(1) G has vertex partition AUBUX'; G[A] is a complete (k — 2)-partite graph
with parts Ry, ..., Ry_»; and G[A, B] is complete.

(i1) There exist by < b, € N such that by + b, = |B| and (b; — 1)(b, + 1) <
e(G[B]) < bib,. Moreover, for all x € X; withi € [k — 2], we have

K3(x, G; X') > e(G[L;]) + |Li|by + dg(x, R)(IL;| + by) + am,
where L; == A\ R;.
(i) Forall x € X' we have

o 28112, §1/13,
de(x,Z, )=t £ , and further by = cn +
n

n

Proof. The previous lemma implies that A; = R; and Y; = ¢ for all i € [k — 2].
So AU B U X’ is a partition of V(G). Property P3(G) implies that R; is
an independent set in G for all i € [k — 2], which, together with P2(G),
implies that G[A] is a complete (k — 2)-partite graph with parts Ry, ..., Ry_».
Properties P2(G), P4(G) and Lemma 8.3 imply that G[A, B] is complete. This
completes the proof of (i).

For (ii) and (iii), let x € X; € X’ for some i € [k — 2]. Proposition 6.12(i)
implies that E(G[X’, R]) = @. We need to determine dg(x, Z,’;‘l) quite
precisely. For this, let u € R; be arbitrary. Then

Py(ux,G) = a+dg(x,Z") £ (X (8.20)

. su12
G G dyen — 1t +dg(x, ZH) £ 2.
n

Since x € X;, we have dg(x, R;) > 0 by definition. Also, since R; = A;, we
have dg(x, R;) > yn > 0. Thatis, Ng(x, R;), Ng(x, R;) # @. So (5.5) implies
that the right-hand side of (8.20) lies in [(k — 2)cn — k, (k — 2)cn + k]. Thus

28112,

de(x,Z{ Y=t +
n

(8.21)
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Recall that, by P4(G), G[A;_1, X'] is complete. Thus, all of the m;_; = (1 +
k8'/®)ym missing edges between A;_; and A; lie in B. Then Lemmas 8.2(i)
and 8.4 imply that

e(GIBD) = [Aal(Ad = 1X']) — my_y + (e(G[Ar_1]) + e(G[ALD)
1/11

( 5 251/11
(627).(8.19) (cn 4 m) (n —k—Den+1+ m)
n n

—m+k8Vom + x/gm
(c — (k = DAn> £ 8Y"%m. (8.22)

©6.28)

Also,
1/12

|B] = [Aei] + Al — [X'|=n — (k= 2)cn + (8.23)

A simple calculation using (6.3), (6.26) and (8.22) shows that

1 1712, 2 |B|2
e(G[B]) < - | (1 = (k—=2)c)n — < )

4 n 4

Thus there exist by, b, € N such that b; < b, and
by + b, = |B|
and
(by — 1)(by + 1) < e(G[B]) < bbs.

Suppose, for a contradiction, that b; > cn + g, where g := §'/3m/n. Since the

product b, b, is maximized when by, b, are as balanced as possible, while (6.3)
and (8.23) imply that 2(cn + ¢) > | B|, we have that

(8.23)
bib, < (n+q)(Bl—cn—q) < (ecn+q)(n—(k—1)cn—q)+8""m
< cen(n— (k—1)en) — gn(ke — D+68"2m
6.3),(8.22)
< e(G[B]) = (W2a8YB =351,
(8.1) 5.1),(7.
< e(GB)) — vas'3cn T e(GIBY) — 2n,

a contradiction. Similarly, if b, < cn — ¢, then b;b, > e(G[B]) + 2n;
consequently, (b; — 1)(b, + 1) > e(G[B]), a contradiction. Therefore

51/13 251/13
n andso by,=n—(k—1)cn

by =cn=+x (8.24)

n

So
281/13}1’!

n

by — A | =t &

(8.25)
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Recall from the statement of the lemma that L; = A\ R;. Now, G[x, L; U A;_]
is complete by P4(G). Also, G[L;, Ay_1, R;] is a complete tripartite graph
by P4(G). Finally, e(G[A;_1, Zy ') < e(G[Ai_i, Ay]) = my_; by definition.
Write § := 28""m/n. Thus

K;(x,G; X')
> Ky (x,G; LiUA) +K; (x,G; RUZT', L UAy)
+Ks(x, G; R, Zt ™)
> e(GIL; U Ay D) + (do (x, R) + dg (x, ZE (L + | Ao

+dg(x, R)dg(x, Z;’f_l) — My
8.21),(8.25) . . -
> e(GIL;D) + |Li|(by —t — &) + (dg(x, R)) +t = 8)(IL;| + by —t — &)
+dg(x, R)(t —8) —my_,

(6.28),(8.24) cm
= e(GIL;D + |Lilby +dg(x, R)(ILi| + D) —m + ——

ke —1
—56n —2/qm

(6.3)
> e(GILiD + |Li|by + dg (x, R)(ILi| + by)
p(EDe s,
c—(k—Da
> e(GIL:]) + |Lilby + dg(x, R)(IL:| + b1) + am,

as required for (ii). Part (iii) follows immediately from (8.21) and (8.24). ]

To complete the proof, we first observe that if X’ = ¢, then we are done.
Indeed, in this case, Lemma 8.7(i) and (ii) implies that G has a partition
A, B, where G[A] is complete (k — 2)-partite, G[A, B] is complete, and
e(G[B]) < t(|B]). Thus K3(G[B]) = g3(|B|,e(B)) = 0 and so G € H,(n,
e), a contradiction. So we may assume that X’ # (. Now we will perform a
final global transformation on G to obtain an (n, e¢)-graph H, which has fewer
triangles.

Proof of Theorem 1.7 in the intermediate case and when m > Cn. We may
assume, as observed above, that X’ # ¢J. Choose by, b, as in Lemma 8.7(ii). Let
By, B, be an arbitrary partition of B such that |B;| = b; for i € [2]. Let vy,
..., Uy, be an ordering of B,. Let U C B, have size e(G[B]) — (b; — 1)b,. So
0 < |U| < by. Let xq, ..., x, be an arbitrary ordering of X'. For each g € [£],
let s(g) € [k — 2] be such that x, € X;(,). Choose an arbitrary set T'(x,) C Ry,
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Figure 8. G — H, from the perspective of a single x € X; , € X'.

of size
|T(xg)| = dG(xgaB)+dG(xga{xg+1,---sxl})+dG(xg7 Rs(g))_ |B1|
= JAwi| +do(xg, ZYY) + dg(xg, Ryg) — by £ 1X]
(8.19).(8.25) 38/ B3m

dG (xgs Rs(g)) +

(8.26)

Here we used the facts that A,_; € Ng(x,) by PA4G); Ry N Ng(x,) = @ by
Proposition 6.12(i); and also Lemma 8.7(iii). But by the definition of X, since
Ry(q) = Ayp) by Lemma 8.6 and using m < nn? from (6.26), the right-hand side
of (8.26) is at least yn — 38"/3nn > yn/2 and at most | Ry,)| — &n + 38" nn <
|Rs)| — &n/2. So T (x,) exists. Now define a new graph H by setting

E(H) .= (E(G)U{viy tie[by—1],y € B} U{v,y:y e U}

Uty yeBiu T(x)})\(E(G[B uxpu | EGIx;. R,-])).

xeX’ ielk=2]

Thus, informally, H is obtained from G by rearranging the edges in G[B] to
form a maximally unbalanced bipartition, and then for each i € [k — 2] replacing
the neighbours of x € X; that lie in X’ U B U R; with vertices in Bj, and then R;.
See Figure 8 for an illustration of G and H.
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The following claim states some properties of H.

CLAIM 8.8. (i) H is an (n, e)-graph such that H[ A, B] is complete; H[A] =
G[A] and H[B] is bipartite with bipartition By, B,, and X' # . Also,
E(H[X', B;]) = E(H[X']) = 0.

(i1) Let T(G) be the set of triangles in G containing at least one vertex from X'
and define T (H) analogously. Then |T (H)| > |T (G)|.

Proof of Claim. The first part of (i) follows from Lemma 8.7 and by the
construction of H. Since G[A, B] = H[A, B] are both complete, we have that

K3(G) = K3(G[A)D + K3(G[B]) + |Ale(G[B]) + |Ble(G[A] + [T (G)]; and
K3(H) = K3(H[A]) + K3(H[B]) + |Ale(H[B]) + |Ble(H[A]) + [T (H)|.

But G[A] = H[A] and we also have e(G[B]) = e(H[B]) from the construction
of H. Moreover, H[B] is bipartite, so K3(H[B]) = 0. Thus 0 < K3(H) —
K3(G) = |T(H)| — |T(G)| — K53(G[B]). Then |T(H)| = |T(G)|, proving (ii).
This completes the proof. [

In light of the claim, we will obtain a contradiction by showing that in fact
|T(H)| < |T(G)|. Recall from Claim 8.8(i) that X’ is an independent set in
H, so there is no triangle in H involving more than one vertex in X’, that
is, IT(H)| = Y_,.y Ks(x, H; X’). By the inclusion-exclusion principle, we
have

|T(H)| —1T(G)| < Z(Ks(x, H:X)— K3(x,G: X))+ |X'|P-n. (827)

xeX’

Letx € X’ and leti € [k — 2] be such that x € X;. Let us count the change in
triangles involving x and two vertices in X’ = A U B.

Define L; := A \ R; as in the proof of Lemma 8.7. By construction, we have
the following:

(H1) R, U L; U B, UB,U X' is a partition of V(H), and By, B,, R;, X' are
independent sets of H.

(H2) Li U Bl - NH()C) and (32 U X/) N NH(X) = () and H[Ri, Li]’ H[B, L,]
are complete bipartite graphs.

Thus

(H1),(H?2)

Ki(x, H; X)) " =7 K3 (x, H; L) + K3 (x, H; Li, R;)) + K3(x, H; L;, By)
+ K;3(x, H; R;, By)
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L e(HIL) + |Lilby + [T )| (| Li| + by)
(8.26)
< e(GIL)) + |Li|by +dg(x, R)(|L;| + by) + 8"*m
< K3(X,G,Y) _(a_51/14)m < K3(x’ G’ 7)_(xn/l/za

where we used Lemma 8.7(ii) for the penultimate inequality. This together
with (8.27) implies that

8.19

(
IT(H)| =T (G)| < —IX'l(am/2 = |X'In) < —|X'| - (a/4) -m < —am/4,

a contradiction to Claim 8.8(ii). Thus G is not a counterexample to Theorem 1.7,
and we have proved Theorem 1.7 in this case.

8.2. The intermediate case when m is small. In this section, we
will similarly obtain a contradiction to our assumption that G is a worst
counterexample to Theorem 1.7 in the case when

m < Cn. (8.28)

This case has a slightly different flavour from the rest of the proof. Indeed, in
all other cases, we are eventually able to obtain from G an (n, e)-graph H with
strictly fewer triangles than G, a contradiction. However, in the case when m <
Cn, we can only guarantee an (n, e)-graph H with at most as many triangles
as G but which lies in H(n, e). This is enough to prove that g;(n, e¢) = h(n,
e), but not enough to prove that every extremal graph lies in H (n, ¢). This is not
surprising, as when m < Cn, our graph G is very close indeed to a graph in H (n,
e). Recall from the very beginning of the proof in Section 5 that our choice of
extremal graph G was not arbitrary: we chose G according to three criteria (C1)-
(C3), which ensure that G minimizes/maximizes certain graph parameters. Note
that (C;) has not affected the proof until now. In this part of the proof, we are
required to analyse the transformations G — G' — --- — G" — H that take us
from G to H. Using K3(G) = K3(G') = --- = K3(G") = K3(H), we will show
that for each i the graph G’ contradicts the choice of G according to (C1)—~(C3)
or G' € H(n, ). Then some additional work is required to show that this latter
consequence implies that actually G itself lies in H(n, e), also a contradiction.

We follow all arguments until the end of Section 7. In particular, all definitions
from Section 6.3 apply. Now (6.31) and (8.28) imply that Z has constant size,

namely,

1Z] < % (8.29)
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Recall the definition of R in Section 7.1. The number of x € A, that have at
least one neighbour in Z; is at most

P3(G) 208n  2/6n  &n ,
Y do(z, A < |Zildn < = < - =R — IRy,

§ § 2

€7k

and so for all x € R, we have dg(x, Z;) = 0. Recalling the definition of A
in (7.3), we have
A=0. (8.30)

This will imply that Transformations 1-3 now do not increase the number of
triangles. Thus by applying Lemmas 7.3, 7.5 and 7.8, we can easily obtain
a graph G’ with K3(G') = K;(G) in which, for all i € [k — 1], we have
E(G'[A;]]) = ¥ (Lemma 8.14); ¥; = @ (Lemma 8.15); and E(G'[X;]) = ¢
(Lemma 8.17). The final step is to further transform G’ to another graph G” €
H(n, e) with the same number of triangles. This proves that g;(n,e) = h(n,
e). However, as mentioned above, we must prove that G’ € H(n, e). The next
subsection contains some auxiliary results that we will need to achieve this.

8.2.1. Lemmas for characterizing extremal graphs. To compare G to some
H € H(n, e) that differs slightly from G, we need to compare our usual max-
cut partition Ay, ..., Ay of G with a canonical partition of H, which is AT,
...,A7 ,,Bwhen H € H,(n,e) and A}, ..., A; when H € H,(n, e). Recall
that, given U C V(G) = V(H), we say that G and H only differ at U if
E(G)AE(H) C (lz/) The first lemma will be used in the case when G’ € H, (n,
e) (this is the easier case).

LEMMA 8.9. Let H € H,(n, e) with Ks(H) = K3(G), A(H[A:]) < 2yn for

every i € k] and e(H[A;, A;]) > O for every ij € (U;]). Then the following

properties hold.
(1) If A%, ..., A;_,, B is a canonical partition of H, then B = A, U A, for
some pq € (U;]) and there is a permutation o of [k] such that A; = A}, ;) for

glli € [k1\{p, q}. Furthermore, e(H[A,, A,]) > 0 for some st € (U;]) only
if{p.q} = {s, 1}.

(i1) If H and G only differ at Ay U Ay, then H[Ay, A,] is complete.
Proof. For (i), let S € {A], ..., A;_,, B}. Suppose for some i € [k], we have
AiNS, A NS # (. Then, as H[S, Sis complete, there exists v € A; with

A;| P1O) (¢ —
dH(UaAi)>u > w

> > 2yn =2 A(H[A;]),
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a contradiction. So either A; C Sor A; C S. Since e(H[A;, A;]) > O for every
ij € ([k]) and every A} with p € [k — 2] is an independent set in H, A} must
contain exactly one A;. This proves the first part of (i). Suppose now e(H[A,,
A,]) > 0 for some st € ([k]) Then the fact that H[A*, ..., A} ,, B]is complete
multipartite implies that B = A, U A,.

For (ii), suppose that H and G only differ at Ay U A, and e(H[Ay, Ay]) > 0.
Then by (i), we have B = Ay U A,. So H[B] = G[B] is complete (k — 2)-
partite and H[B, B] = G[B, B] is complete. Since K3(H) = K3(G), we have
K3(G[B]) = K5;(H[B]) = 0, so G[B] is triangle-free. Thus G € H;(n, ¢) with
canonical partition A7, ..., A{_,, B, contradicting the choice of G. I

The next lemma analyses a graph H € H,(n, e¢) obtained by making some
small changes to G.

LEMMA 8.10. Let H € HY™"(n, )\ H,(n, €) be such that |E(G) AE(H)| < §n*

and H[A;, A;] is complete for every ij € ([k;”). Suppose that

d:= max |dg(v,A;) —dy(v, A})| < yn. (8.31)
i€lk]l;veV(G)
Let A}, ..., A} be a canonical partition of H. Then R, C A} and there exists

a permutatlon o of [k] such that |A; A A, < kBn for all i € [k], and the
following properties hold:

(i) Ifthere exists p € [k—1] for which Z; = Z[, then Z; C Aj(p)UA,f. Moreover,
there is j € [k — 1] such that A} ;) = A, foralli € [k — 1]\ {j, p}, and if

o(i
J # p then A7 ;) C A; © A7) UAL
(>i1) Ifd dn and Y = ), then A, C A}, and there is j € [k — 1] such that
Ay =Aiforalli € [k =11\ {j}, and A} ;) € A; € A7 ;) U A}

Proof. We require a claim.

CLAIM 8.11. There exists a permutation o of [k] with o (k) = k such that the
following hold:

(1) foralli € [k], we have |A; A A} ;)| < kBn;
(2) R € AL,
(3) foralli € [k — 1], we have A} ;) \ A; € Ay and A; \ A;

o(i) = C Ai’

(4) A; € A} for all but at most one j € [k — 1].
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Proof of Claim. We start with (1). Corollary 4.4(iii) implies that

> e(HIA;. AT]) < n. (8.32)
ije('y)
Further,
6.27) (8.28) .1
e(GIA]D) < om < 8Cn'Z Vsn.

Suppose that there exist i, j € [k] such that fn < |A; N A%| < [A;| — Bn. Then

|E(G) A E(H)| > e(H[A; N A%, A\ A%]) — e(G[A,])

(8.32) 2,2
=" 1A N AN A =0 — B > B

a contradiction. Thus, for all i, j € [k], either |A; N Aj| < Bnor |A; N Aj| >
|A;| — Bn. Since for all i € [k], we have

P1(G) ©
|Ai] =2 n—(k—1cn—pn > (k—1Dan — fn > kfn,

the first alternative cannot hold for every j € [k]. Thus there is exactly one
J € [k] for which |A; N A%| = |A;| — Bn. Suppose that there is j € [k] and
1 <i; < iy < k such that |A N A%l = |A;,| — Bn for p € [2]. Then

* * * P1(G)
e(GIA™]) 2 1A, NASIA,N AT —m > (A, | —Bn) (A | — ) —nn® "= 2607,

and so e(H[A%]) > 0, a contradiction. That is, there is a permutation o of [k] for

which
|Ai &ALl = A\ AL |+ A A < Bnt Y AN AL | < kBn.
JelkI\{o ()}
(8.33)
Since

P1(G) (6.3)
A < n—(k—1en—+Bn < en—~an+pn’ < |A;| — Jan

foralli € [k — 1], we have |A] )| < A7) — Jan/2 foralli € [k — 1]. Since
|AY] = --- > |Af|, this implies that o (k) = k. This proves (1).
Now, for alli € [k]and v € V(G), we have

(8.31) (8.33)
|dg (v, A;) —dy (v, Ai(i))| < d+ A A A*(,)| < yn+kBn <2yn. (8.34)
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For (2),letx € R, and i € [k — 1]. We have

3 P5(G) P1(G)
dy(x, A,,m) dg(x, A)=2yn = |Ail=n=2yn > (c—p—=§-2y)n>0.
Since A} ;) is an independent set in H, we have that v ¢ A} ). Buti € [k — 1]
was arbitrary, so v € A7, = Aj, proving (2).

For (3), suppose thati € [k — 1] and there is some v € A}, \ A;. Then, since
A}, is independent in H, we have that

o(i)*

Pl(G)

831 (834)
dp(v,A;) < do(v, A)+d < dy(v, Ay ;) +2yn+d <3yn <(c—P)n [A;l.

But H[A;, A;]is complete forallij € ([k;”), Sov ¢ Uje[kfl]\{i} A;. Thusv € Ay,
proving the first part of (3). For the second part, suppose that v € A; \ A7 ;) and
let j € [k — 1]\ {i}. Then

P2(G)

* @34 )
dy(v, A (1)) > do(v,Aj) —2yn |[A;| =2y n (c—B—2y)n>0.

Sou ¢ A;;

Finally, for (4), suppose that there is ij € ( 5 ) for which there exist v; €
A\A7; andv; € A;\A7 ;). Since H[A;, A;]is complete, we have v,v; € E(H).
But (3) implies that v;, v; € A}, a contradiction. This proves (4) and completes
the proof of the claim. O

» and so u € Ay, completing the proof of (3).
[k—1]

We will now prove Item (i) of the lemma. So suppose there is p € [k — 1] for
which Z, = Z;. Leti € [k — 1]\ {p} and y € Z]. Then

P4(G)

(8.34) P1(G)
du(y, Ayq) = de(y, Ai) —2yn |Ail =2yn = (c—pB—2y)n>0.

Thus y ¢ A7 andso y € Ay Y AL Therefore, using Claim 8.11(2), A, =
Rk Uzl c A;(m U A;. But, by Claim 8.11(3), for all i € [k — 1], we have

@ \ A C A C Aj;(p) U Af. Thus A}, € A, foralli € [k — 1]\ {p}. By

Claim 8.11(4), this implies that there is j € [k — 1] such that A; = A}, for all
i €[k—1]\{j, p}.If j # p, thenby Claim 8.11(3), A} ;) € A; C A} ;) U A},

completing the proof of (i).
For (ii), we may now assume that d < én and Y = (. Inequality (8.34) is
replaced by the stronger statement

ldo (v, A)) — dig (v, AL )| < d + A A AL (8.35)

<
<dn+kBn < \/Bn forallv e V(G).
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Leti € [k — 1] and z € Z; = X. Then, using the definition of X,

35)

(8.
dy(z, ALy) > do(z, A) —/Bn > yn —/Bn > 0.

Thus z ¢ A7 ;) and so z € A;. Combining this with Claim 8.11(2), we see that
again Ay = Ry U X C Aj}. Then Claim 8.11(3) implies that for all i € [k — 1],
we have A7 ;)\ A; € Ay € Ajandso A} ;) € A;. By Claim 8.11(4), there is j €
[k — 1] such that A(’:(i) = A, foralli € [k—1]\{/j}; and Aj;(j) CA; C Ajj(j) UAZ.
This completes the proof of (ii). O

The final lemma in this subsection will be used to prove that, for all i € [k —1],
we have E(G[A;]) = ¥ (Lemma 8.14) and ¥; = ¥ (Lemma 8.15). Its proof uses
part (i) of the previous lemma.

LEMMA 8.12. Let p e [k — 1] and z € A, U Ay be such that T := Ng(z, A))
satisfies 1 <|T| < yn; andlet S C Ng(z, Ry) satisfy | S| = |T|. Suppose further
that Z, = Z] and P3(yz, G; R,) =0 forally € T, and G[S, Uie[k_l]\m A;lis
complete. Obtain H from G by replacing zy for all y € T with zx forall x € §
and suppose that K3(H) = K;3(G). Then H is an (n, e)-graph, which does not
lie in Hr(n, e) \ Hi(n, e).

Proof. Suppose that the lemma does not hold. Then by definition, H is an (n, e)-
graphand so H € 7—[’2‘““ (n,e)\ Hi(n, e). Let A}, ..., A} be a canonical partition
of H.Clearly, |[E(G) AE(H)| = |S|+|T| < 2ynandforallij € (*,") we have
HI[A;, A;]1 = G[A;, A;]is complete by P4(G); note also that (8.31) holds. So H
satisfies the conditions of Lemma 8.10(i). Suppose without loss of generality
that the permutation ¢ guaranteed by Lemma 8.10 is the identity permutation.
By definition, H and G only differ at A, U A;. We will obtain a contradiction
via the next claim.

CLAIM 8.13. We have the following properties:
(1) Ar = A; foralli € [k — 1]\ {p} and R, C A};
(ii) z € A} and Ng(z, Ap)) N A} # ;
(iii) there exists j € [k — 1]\ {p} for which G[A;, Ri] is not complete.
Proof of Claim. We first prove (i). By Lemma 8.10, R, € A; and by Lemma

8.10(1), there exists j € [k — 1] such that A7 = A; foralli € [k — 1]\ {j, p} and
A © A;. We may assume that j # p and there is some v € A; \ A7 € Aj, for
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otherwise we are done. Further, we have that § € R; € Aj. Thus, recalling that
A7 is an independent set in H and that G and H only differ at A, U Ay,

0=du(v, A}) 2 du(v,S) =ds(v, S),

a contradiction to the fact that G[S, |, 10\ (p) A;] is complete. This proves (i).

Thus AJUA}; = A,UA, =: B. In particular, H[B] is bipartite with bipartition
A}, Aj. Now, dy(z, A7) =2 dy(z, Ry) = |S| > 0. Since Aj is an independent set
in H, we have that z € A’. Suppose that TN A’ = . Let G’ be obtained from G
by removing the edges xz forall x € T. Then G’ € H, and so G'[ B] is bipartite
with bipartition A;‘,, Aj. Using that T N A’; =@andT C B,weseethat T C Aj.
This together with z € A} implies that G[B] is bipartite (with bipartition A7,
A7). But the fact that G and H only differ at A, U A; and the definition of
Hy(n, e) imply that G[B]is (k — 2)-partite. Thus G is k-partite with partition
A%, ..., A}. Then Corollary 4.4(i) implies that G € H,(n, e), a contradiction.
Thus T N A7 # §. This proves (ii).

For (iii), suppose that G[A;, R;] is complete for every i € [k — 1]\ {p}. Then,
by P4(G), we have that A, = R, U Z{ is complete in G to J; .1\ A
Further, P2(G) implies that G[A;, A;] is complete for all ij € (). Thus G[B,
Blis complete. Now, the facts that G and H only differ at A,UA; and K5(H) =
K3(G) imply that K3(G[B]) = K3;(H[B]) = 0 since H[B] is bipartite. That is,
G|[B] is triangle-free, so G € H;(n, e), a contradiction to (C1). This completes
the proof of the claim. O

By part (iii) of the claim, we can choose j € [k — 1]\ {p}; u € A; = A;’T
and v € Ry € A7 such that uv ¢ E(G). As G[S, Uie[k_”\{p} A;] is complete,
we have v € R, \ § and so Ng(v) = Ny(v). By part (ii) of the claim, pick
some y € TN A7. Since H[{v}, A7] is not complete, we have that H[{v}, A7] is
complete by the definition of H,(n, e). Thus {y, z} € Ny(v) = Ng(v). But then
Ps(yz, G; Ry) > 1, a contradiction. O

8.2.2. Refining the structure of G via Transformations 1-3. We now return to
our extremal graph G and analyse the effects of Transformations 1-3 on the
number of triangles to obtain additional structural information. To do this, we
will apply each ‘local’ transformation once, changing edges at a single vertex
to obtain a new graph G'. This is the part of the proof at which we require the
full strength of Lemmas 7.3, 7.5 and 7.8 to carefully analyse K3(G') — K3(G).
As we mentioned earlier, this turns out to now equal zero, and we show that
G' € H(n,e).

The first step is to apply Transformation 1 (Lemma 7.3) to show that the only
bad edges in G lie in A;.
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LEMMA 8.14. E(G[A;]) =@ foralli € [k — 1].

Proof. Suppose to the contrary that U,.E[k_” E(G[A;]) # §. Without loss of
generality, assume e(G[A;_;]) > 0. Then P3(G) implies that there is some
Z € Zy—y with dg(z, Ay—1) = 1. Let z =: z4,..., 2, be an ordering of Z \ Z,.
Apply Lemma 7.3 to G to obtain an (n, e)-graph G! that satisfies J (1, 1)-J (3,
1). Then J (3, 1) implies that
(8.30)
K(GY—K(G) < Y. (A—1Z\Z7' = P(y2. G R)) < 0

YENG(z,Ak-1)

As K3(G') > K;3(G), we have equality in the above. Then J(3, 1) implies
that G[S, Uie[k—2] A;] is complete, where S := Ngig(z, Ry) € Ng(z, Ry).
Furthermore, Z;, = Z,’ffl and P;(yz, G; R;) =0forall y € Ng(z, Ar_1)-

By J(2,1),foralli € [k] and v € V(G), we have

P3(G)
ldg (v, A;) —dg (v, A)| < dg(z, Akm1) < on.

We also have that A(G'[A;]) < A(G[A;]) < én. Note that

Y e(G'AL A = )Y e(GlA, Aj)) + da (2, Ag-).

ije(5) ije()

Since K3(G') = K;3(G), the choice of G, in particular (C2), implies that we
must have G! € H(n, e). But G! satisfies the properties of H in Lemma 8.12
with p :=k — 1,50 G' € H™"(n, e). Then G' clearly satisfies the hypothesis of
Lemma 8.9 and G' and G only differ at A,_; U A;. Lemma 8.9(ii) implies that
G'[Ai_1, A¢] is complete. But

e(G[Ar_1, Al) = dei(z, R) = dg(z, R) — dg(z, Ay_1)
P5(G)
> dg(z, A) — |Z) — AGLA]) > &n—8n—én > Enj2,

a contradiction. This completes the proof of the lemma. O

The second step is to apply Transformation 2 (Lemma 7.5) to show that Y is
empty. Then the only bad edges lie in A; and by Lemma 6.12, they all have both
endpoints in X. (By (8.29), this means that there are only constantly many bad
edges.)

LEMMA 8.15. Y; =@ foralli € [k — 1].
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Proof. Suppose, without loss of generality, that Y, # ¥ and fix an arbitrary
y e Y. LetA = A;ifi € [k—2], Ak 1 :_Ak IU{y}andA,< = A\ {y}. We
may assume that dg(y, Ax—1) = 1; otherwise, Al, .. Ak is a max-cut partition
of G, which contradicts the choice of Ay, ..., Ay, in particular (C3). Let y =:
Vi, Y2, ..., Yq be an ordering of Y. Observe that G is a graph that satisfies the
conclusions of Lemma 7.4 applied with £ := k—1. Thus we can apply Lemma 7.5
to G with £ := k — 1 to obtain a graph G' satisfying K (1, 1)-K (3, 1). By K (3,
D,

K (GH-K(G) < Y] (A—f—ym\zt‘|—P3(xy,G;Rk>)<o

xeNG(y,Ak-1)

As K3(G') > K;3(G), we have equality in the above. Then K (3, 1) implies
that G[S, Uie[k—Z] A;] is complete, where S := Ngng(y, Ry) S Ng(y, Ry).
Furthermore, Z; = Z;' = X;_, U Y;_; and P3(xy, G; R,) = O for all x €
N (y, Ai_1). Since Z; = X;_; UY,_;, by K(1, 1), G' is obtained from G by
replacing all edges from y to A;_; with some nonedges from y to Ry, that is,
T(y) and R(y) are empty. Also by K (1, 1), we have that Zije([gl) e(G'[A;,
;\\_,‘]) = Zije(lgl) e(G[A;, A;]). Since K3(G') = K3(G), we must have equality
by (C2). But forall i € [k — 1], we have |A;| > |A;| = |Ai] — 1, so (C3) implies
that G' € H™"(n, e). Again, G' satisfies the properties of H in Lemma 8.12
with k — 1, y, G' playing the roles of p, z, H, respectively. So we have that
G' € H'™(n, e).

Let A}, ..., Aj_,, B be a canonical partition of G'. Note that G' satisfies the
hypothesis of Lemma 8.9. Indeed,

P3(G)
A(G'AD) < AGIAD) +dg(y, Ac) < dn+yn < 2yn.

Further, G! and G only differ on A;_; U A;. Thus Lemma 8.9(ii) implies that
G'[A;_1, A¢] is complete. But by construction,

e(G'[Ar1, Al = dgr(y, Arr) = Al
a contradiction. This completes the proof of the lemma. 0
8.3. Obtaining a graph G;. We will apply Lemma 7.8 to G to obtain a
graph G; in which X; is an independent set for all i € [k — 1], but such that

G; may contain constantly many more triangles than G. Then, applying further
transformations to G3, we deduce additional information about G.
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Observe that by Propositions 8.14 and 8.15, G satisfies all the properties of
G, in Lemma 7.6, so we can set G, := G and, forall i € [k — 1], set A} := A,.
Recall from the beginning of Section 7.4 that, for alli € [k — 1] and x, y € X,,
we define

D(x) :=dg(x, X\ X;) and D(x,y):=[Ng(x, X\ X;) N Ng(y, X \ Xi)|.

LEMMA 8.16. Let G5 be the (n, e)-graph obtained by applying Lemma 7.8 to G
playing the role of G,. Then, we have the following:

(i) G; has an (Al,_.. A 2,28, /4,28, §)-partition and, for each i € [k —
1], we have e(G3[A;, Ai]) < m; with equality if and only if E(G[X;]) = 0

(i) Foralli € [k — 1], E(G3[A;]) = @ and E(G3[A]) = E(G[Xy, ..., X))
and dg,(x, A;) = yn for x € X;. Further, every pair in E(G) \ E(G3) lies
in X; for some i € [k — 1], and every pair in E(G3) \ E(G) lies in [ X;, A;]
for somei € [k — 1].

(iii) Foralli € [k—1] suchthat X; # @, there exists D; € N such that D(x) = D
forall x € X;. Moreover, Py(xu, G3) = a; + D, forall x € X; andu € A;.

(iv) K3(G3) < K5(G) + |Z)? - max,e[k U (D — D(x, y)) with equality only if

G[X;] is triangle-free and NG(x A ) N Ng(y, A;) =@ foralli € [k — 1]
and xy € E(G[X;)).

(v) Let G’ be such that V(G') = V(G3) and E(G") A E(G3) C Uie[kfl]{ax :
ac A, x € X;}and e(G'[X;, A;]) = e(G3[X;, A;]) foralli € [k—1]. Then
K3(G') = K3(G3).

Proof. Parts (i) and (ii) and the fact that
K3(G3) < K3(G) +1Z) - max (D(x) — D(x, y)) (8.36)

x,yeX;

with equality only if G[X;] is triangle-free and Ng(x, A;) N Ng(y, A;)) = 0
foralli € [k — 1] and xy € E(G[X;]) follow immediately from Lemmas 7.8
and 7.7 L(2). Apply Lemma 7.9 to G3; to obtain an (n, e)-graph G4 on the same
vertex set satisfying Lemma 7.9(1)—(v). Then, by Lemma 7.9(i), for every xy €
E(G;) A E(Gy), there exists i € [k — 1] such that x € X; and y € A;. Let
i €k—1],u € A; and x € X;. Then by Lemma 7.8(ii) and 7.9(i),(iii) we have, for
J €1{3,4}, thatdg, (u, A;) = dg,(x, Ry) = dg,(x, X;) =0and X\ X; C Ng, (u).
So Ps(xu, G;) = a; + D(x). Clearly, if G’ is any graph as in (v), then these
equalities also hold for G’, in particular

Pi(xu,G") = a; + D(x) = Ps(xu, G,). (8.37)
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Suppose that there existi € [k — 1] and x, y € X; such that D(x) # D(y). Then
Lemma 7.9(iv) implies that

Sn (8.36) ) gn
K3(Gy) < K3(G3) — — < K3(G) + |Z|" - max (D(x) — D(x,y)) — =
20 o) 20
(8.38)
En 829 8C*® &n En
<K3(G)+1ZP - 2= < K3(G)+ — — 2= < K3(G) — =,
3(G) +1Z] 20 3(6) + 2 20 < K3(G) 30

a contradiction. This proves (iii), and together with (8.36), we also obtain (iv).
For (v), observe that there is no triangle in G5 or G’ that contains more than one
A;-X; edge since A; and X; are independent sets in both graphs. Thus

K(G)—Ki(G) = Y. P@G)— Y PGy 2o,

e€E(G)\E(G3) e€E(G3)\E(G')
where the last equality follows from the hypotheses on G’ in (v) and (8.37). [
This allows us to conclude that G and G are in fact the same graph.

LEMMA 8.17. The following hold in G:

(1) Forallij € ([kgl]), the graph G[X;, X ;] is either complete or empty.
(1)) G = G3, so E(G[X;]) =0 foralli € [k — 1].
Proof. First, we will show the following claim.
CLAM 8.18. Ifij € (") is such that E(G[X;, X;1) # ¥, then

e(Gs[X;, A;]) +e(Gs[X;, Aj]) <cen + \/En. (8.39)
Proof of Claim. To prove the claim, let x € X; and y € X, such that xy € E(G).
Then xy € E(G3) by Lemma 8.16(ii). By Lemma 8.16(v), we can obtain a graph

G’ from G; with the stated properties and such that

dg (x, A;)) = min{|A;|, e(G3[X;, A;])} and (8.40)
de(y, A;) =min{|A;|, e(G3[X;, Aj])}.

That is, we obtain G’ by moving as many X;-A; edges as possible to x, and
similarly for y and X;-A; edges. By P4(G3), x is complete to |,y Ae
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in G; and y is complete to (U, _1p(j; Ae in G3. Thus the same is true in G'.
Therefore, using Lemma 8.16(iv) and (v),

2 3
K5(G) = K5(Gy) < Ks(G)+1 2 < K3<G>+8§£s <K@+ @an

Corollary 4.18 applied with p := Bn/2 implies that

(k=2)cn+Bn > Py(xy,.G) = Y |Ad+do(x. A) +do(y. A))
Lelk—11\{i,j}

and so
PL(G)
do(x, A) +de (v, A) < (k—2)en+ pn — (k —3)(cn — Bn) < cn++/Bn.
(8.42)
Now, P1(G) implies that |A;| + |A;| = 2cn —28n > cn + +/Bn, so without loss
of generality from (8.40) we may suppose that dg (x, A;) = e(G3[X;, A;]). If
de(y, Aj) = |Ajl, then
P1(G)
e(Gs[X;, Aj]) < cn++/Bn — |A;] < cen+/Bn — (cn — Bn) < 2/n.

But this is a contradiction because e(G3[X;, A;]) > dg,(x, A;) = yn by Lemma
8.16(ii). Thus dg'(y, A;) = e(G3[X;, A;]), and the claim follows from (8.42).
O

Suppose that (i) does not hold. Then there exist ij € (“c ”) xy € E(G[X;, X;])

and x'y’ € E(G[X;, X;]) suchthat x, x’ € X; and y, ¥’ € X;. These adjacencies
are the same in G;. Without loss of generality, we may assume that x # x’ (but
it could be the case that y = y’). In particular, | X;| > 2.

CLAIM 8.19. There exists a graph G” that satisfies Lemma 8.16(v) and such that
dor (X', Ai) +dor (', Aj) < cn—&n/s.
Proof of Claim. Let
pi = e(Gs[X,, A]) — 24/Bn.
We claim that there is some G” such that E(G")AE(G3) C{av:a € A;,v € X;}

and e(G"[X;, A;]) = e(G3[X;, A;]) in which dg (x, A;) = p;. To show that G”
exists, since p; < e(G5[X;, A;]) and | X;| > 2, it suffices to show that p; < |A;],
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then we can obtain G” by moving all but 2,/Bn X;-A; edges to x. But this does
indeed hold: Claim 8.18 implies that

P1(G)
pi < cn— \/E” < Al
as required. We have

e(G'[X;, Ai]) = e(G3[X,, Aj]) = pi +2/Bn = dgr (x, A) +2/Bn.
Thus dg» (x', A;) < 24/Bn. Furthermore,

) ) P5(G3) P1(G)
de(y', Aj)) =dg,(y', Aj) < |Ajl—én/4 < cn+Bn—En/4d.

Then dg/(x', A;) +dgr(y', A;) < cen + Bn + 2/Bn —Enjd < cn — &n/s, as
required. O

Apply Claim 8.19 to obtain G”. Proposition 6.12(i) implies that Ns(x") and
Ng(y') are disjoint from R;. This remains true with G replaced by G”, that is,
we have that N/ (x") N R, = ¥ and Ng»(y") N R, = 0. Indeed, this follows from
Lemma 8.16(ii) and that G” and G only differ on [X;, A;]. Thus

Ps(x'y’,G") < D Al +de (X A) +der (Y. A)) + | Z]
Lelk—11\{i,j}
P1(G),(8.29) n 2C
< (k—3)(c+ﬁ)n+cn—%+?
< (k—2)en— %” (8.43)

On the other hand, by Lemma 8.16(v) and the analogue of (8.41), K3(G") =
K3(G3) < K3(G) + 8C3/&%. As x'y’ ¢ E(G"), Corollary 4.18 implies that
P;(x'y', G") > (k — 2)cn — k — 8C3 /&3, contradicting (8.43). This completes
the proof of (i).

We now turn to (ii). We claim first that K3(G3) = K3(G). Indeed, for all
i € [k—1]and x, y € X;, we have

D(x.y)= > |X/=D() =D() =D

Lelk—1]:
G3[X;,X¢] complete

Then Lemma 8.16(iv) implicﬁthat K5(G3) = K3(G).
Recall m® = Zije([§1) e(Gs[A;, A;]) and Lemma 8.16(i) implies that m® <
m with equality if and only if E(G[X;]) = @ for all i € [k — 1]. Thus if
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m® = m, then Lemma 8.16(ii) implies that G; = G as desired. We may then
assume that m® < m and, without loss of generality, that e(G[X;_;]) > 0. By
Lemma 8.16(ii), this means that G; has more cross-edges with respect to Ay,
..., Ay than G. As K3(G3) = K3(G), by the choice of G, in particular (C2) , we
must have G; € H(n, e).

For all i € [k — 1] such that X; # @, we have

— — P3(G),P5(G)
e(Gs[A;, ArD) = e(GlA;, AD—e(GLX;]) = [Xi[(§n—dn) > 0. (8.44)

Suppose first that G; € H;(n, e) and A}, ..., A} ,, B is a canonical partition
of G;. By construction, G5 satisfies the hypotheses of Lemma 8.9. Recall that
e(G[Xi_1]) > 0, in particular, X;_; # @. Then (8.44) and Lemma 8.9(i) imply
that B = A;_; U A, G3[A;, B] is complete and X; = @ for every i € [k — 2].
(There can only be one i € [k — 1] such that e(G;[A;, Ai]) > 0, s0 (8.44) and the
fact that X;_; # ¢ imply that X; = ¢ for all i € [k —2].) But then G and G only
differ at A;_; U A; and Lemma 8.9(ii) implies that G3[A;_;, A;] is complete,
contradicting (8.44).

We may now assume that G3 € Hzmi“(n, e) \ Hi(n,e) and let Af, ..., A}
be a canonical partition of G;. We claim that G5 satisfies the hypotheses
of Lemma 8.10(ii). Indeed, by Lemma 8.16(ii), P5(G) and (8.29), |[E(G) A
E(G3)| < |Z|* < 8n* . Also, G3[A;, A;] is complete for all ij € (*}") by
P2(G3). Finally, d < |Z|? < én and Y = { by Proposition 8.15.

Recall that X;_; # (. By Lemma 8.10(ii),

Xt € Ar € A} (8.45)

and there is a bijection o : [k — 1] — [k — 1] and at most one j € [k — 1]
such that A}, = A, forall £ € [k — 1]\ {j}, and A7 ;) € A; C A7 ) U AL
Without loss of generality, assume that o is the identity permutation. By P4(G3),
we have that G3[X,_,, A.] is complete for every £ < k — 2. But X;_; € Aj, so
A, N A; = ). Thus A, = Aj. Therefore j can only be k — 1 if it exists, that is,

A:71 g Ak—l g Az7] U A: But AZ71 U AZ = Ak—l U Ak, SO Ak g AZ So
P1(G)
AL = 1AYL < Akl — Al < (ke —1+42B)n (8.46)
(62) (c—(k—1Da)n+2Bn < (c —a)n.

Fix an arbitrary edge xy € E(G[X,_i]). Note that as X € A, C A} is
independent in G, for every ij € (*J") we have that [X;, X;] is empty in G,
and hence also in G as they are identical at U,.je(u-;u) [X;, X;]. So D; = 0 for all
i € [k —1]. Since K3(G3) = K3(G), by Lemma 8.16(iv), we have that G[X;]
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is triangle-free for every i € [k — 1], and Ng(x, A;) N Ng(y, A;) = . That is, x
and y have no common A;-neighbour in G. So
J— P1(G)
e(G[Ai—1, {x, y}D) =2 [Akal = (c = B)n.
By (8.45), {x,y} € X1 € A}, and recall that from G to Gj, at most |Z)?

adjacencies are changed in [A;_;, X]. Lemma 8.10 implies that [A;_; \ A} ;| <
A1 A Af | < kBn. So

e(G3[A; 1, AYD) = e(GalA;_ . {x, )] = e(Gs[ Ay, fx, yID) — 21 Ac1 \ A

> e(GlAr 1, {x, ¥}]) — |Z]* = 2|Ax 1 \ Al
(8.29) 2

> (c—ﬂ)n—%—Zkﬁn

8.46) .
> (c—oa/Dn >"|A;_ || — A7+ 1,
contradicting Corollary 4.4(iii). This completes the proof of the lemma. O

Forij € ([k;”), we write X; ~ X if G[X;, X,] is complete and X; 7 X if
G[X;, X;] is empty (recall that exactly one of these holds for every pair ij by

Lemma 8.17()). Thus for all i € [k — 1],

D= Y Xl

Lelk—11:Xo~X;

PROPOSITION 8.20. The following hold.
(i) Leti, j € [k — 1] be such that X;, X; # 0. Then a; + D; = a; + D;.

@{i) If G’ is an (n, e)-graph with E(G') A E(G) C Uie[k_” K[X;, A;]l, then
K3(G') = K3(G).

Proof. Choose arbitrary i, j € [k — 1] and x € X; and x" € X;. We obtain (i) by
performing a transformation on G. First observe that, by the definition of X and
P5(G), we have yn < d(x, A;) < |A;| — &n. So there exist sets K (x) € Ng(x,
A;)and K (x) C Ng(x, A;) of size £n, and equally sized subsets K (x') € Ng(x',
A;) and K@) C Ng(x', A;). Let J be obtained from G by adding {xv : v €
K (x)} and removing {x'u’ : u' € K(x')}. Let J’ be obtained from G by adding
{x'v" : v € K(x)} and removing {xu : u € K(x)}. Foralla € A, and a’ € Aj,
we have by Lemma 8.16(iii), Lemma 8.17(ii) and the constructions of J and J’
that

Pi(xa, J) = Ps;(xa,J") = Ps(xa,G) =a; + D; and
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Py(x'a’, J) = Ps(x'd’, J') = P;(x'a’, G) = a; + D;.

Since A;, A; are independent sets in G by Proposition 8.14, there are no
triangles in J containing both edges xv;, xv, for distinct v, v, € K(x); and
no triangles in J containing both edges x'v{, x'v; for distinct v{, v; € K(x').
Thus

K;(J)=K3(G)= Y Pys(xv.)— Y Py(x'u'.G) =én(a;i+D;—a;— D))

vek (x) uek (x’)

and similarly, K3(J') — K3(G) = én(a; + D; —a; — D;) = —(K53(J) — K3(G)).
If a; + D; # a; + D;, then either J or J' has at least §n fewer triangles than G, a
contradiction. Thus a; +D; = a;+ D, forall i, j € [k —1] for which X;, X; # @.
This proves (i).

For (ii), it suffices to show that, for any i, j € [k — 1], if G’ is obtained from G
by replacing one X;-A; edge e; with one X ;-A; edge e;, then K53(G) = K3(G').
Then this can be iterated to obtain any required G’. But this follows from (i)
since

K3(G') — K5(G) = Ps(e;, G') — Ps(e;, G) = Ps(e;, G) — Ps(e;, G)
=dj+Dj—Cli—Di=O. O

It is now easy to complete the proof of Theorem 1.7 in the case under
consideration.

Proof of Theorem 1.7 in the intermediate case and when m < Chn.
Propositions 8.14 and 8.15 imply that A, ..., A;_; are independent sets in
G and Y = (. By Proposition 6.12(i), every edge in G[A,] has both endpoints in
X. Now Lemma 8.17 implies that xy € E(G[A,]) only if there are ij € (*]")
suchthatx € X; and y € X;.

If E(G[X]) = @, then G is k-partite. But then we obtain a contradiction via
Corollary 4.4(i). Thus we may choose xy € E(G[X]) withx € X; and y € X;
for some ij € ([k;”). Note that dg (x, A;) > 0 by the definition (6.32) of X;. Let
G’ be an (n, e)-graph obtained from G by successively replacing arbitrary x-A;
edges with arbitrary y-A; nonedges until

(S1) dg/(x, A;)) = 1; 0r

(82) dg/(y, Aj) = |A;l and dg (x, A;) = 1.

https://doi.org/10.1017/fmp.2020.7 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2020.7

The minimum number of triangles 123

We claim that in both cases, dg (x, A;) < +/Bn. This is clearly true if (S1)
holds. If (S2) holds, note that

(5.5)
k—=2en+k > Pyxy.G) > Y |Ad+do(x, A) +dg(y. A))
Lelk—11\{i,j}

P1(G)
> (k—3)(c—Bn+ds(x, A) +ds(y, A)).

Thus

(52) P1(G)
dg/(x, A;) = dg(x, Ai)+dc(y, Aj)—de (y, Aj) < en+kBn—|A;| < VBn,

by Proposition 8.20(ii), we have K;3(G') = K3(G). Recall that, by
Proposition 6.12(i), in G and also in G’, there is no edge between X and
R;. Then we can replace all x-A; edges in G’ with x-R, nonedges to obtain a
new graph G”. This is possible as

as required. Note that E(G') A E(G) < KI[X;,A;] U K[X;,A;]. So

P1(G),P3(G) (6.3),(6.31)

Rl > (A=k=Dec=Pn—IZ| > Joan>=Bn>de(x, A).

Fix arbitrary u € A; and u’ € Ry. Note that Ule[k—l]\[i} Ay C Ng(x) N Ng(u)

by P2(G) and P4(G). Further, y € Ng(u) N Ng(x) by the definition of X; 5 y.
Both of these statements also hold for G’. Thus P;(xu, G') > a; + 1. But P3(xu’,
G") = a; since dgr(x, A;) = 0 and every X-R, edge is incident to x in G”. Thus

(S1),(52)
K3(G") — K3(G) = K53(G") — K3(G') < =1 -dg(x, A)) < —1,

a contradiction.
This completes the proof of Theorem 1.7 in the intermediate case when m <
Cn.

9. The boundary case

We have shown that no worst counterexample to Theorem 1.7 can satisfy (5.4)
and (6.1). That is, we can assume that

t(n) —an® < e < f(n) — 1, ©.1)
which we refer to as the boundary case. Let

ri=t(n) —e < an’. (9.2)
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Sor > 1. Now, Lemmas 4.11 and 4.13 and (4.9) imply that k(n, ) = k(2¢/n?)

and
k/8
M cen< g TR dso V"< r 03)
oy G k (2 k k

Therefore

% <cn < % + Jan. 9.4)

A useful consequence of this is that

1—(k—1)c>%—(k—l)«/§>%. 9.5)

9.1. The boundary case: approximate structure. The first step is to obtain
an analogue of Lemma 6.1. Let

D = 169k, (9.6)

LEMMA 9.1 (Approximate structure). Suppose that (9.1) holds. Let G be a
worst counterexample as defined in Sectio_n 52andlet Ay, ..., Ar be a max-cut
partition of V(G). Let m =}, y e(GA;, Aj]) and h =}, e(G[A;]).

Then there exists Z C V(G) such that G has a weak (A4, ..., Ay; Z,~/Dr/n,
&', &', 8")-partition in which, for alli € [k],

‘|Ai|—%', |Ai| —cn| <Dr, m<Dr and h<&m. 9.7)

Recall from Section 4.5 that a weak partition requires that P1, P3 and PS5 all
hold with the appropriate parameters. Note that the partition in Lemma 9.1 is in
terms of primed constants &', §’, which are both large compared to «, unlike &, §
in the intermediate case, which are small compared to «.

We will need the following analogue of Lemma 6.4, which is essentially the
same as Theorem 2 in [26]. Since this theorem is not phrased in a way applicable
to our situation, we reprove it here. In fact, this lemma applies for all, say, r < 2”722,
but is only meaningful when r = o(n?).

LEMMA %32 There exist integers ny, . . ., ny summing to n with |\n; —n/k|, |n; —
cn| < 6k'T Jr foralli € [k] such that |E(G) A E(K,,....)| < 40k*r.
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Proof. Define s € R by setting

1\ n? 2 1 1 2 k/8) ©2
e=\|1-—- n and so il ———gugm. (9.8)
s)] 2 nz s k n?

N

(Here we used Lemma 4.11.) For 0 < i < 3, write N; for the (unique) 3-vertex
graph with exactly i edges, and write N;(G) for the number of induced copies of
N; in G. So, for example, N;(G) = K5(G). We claim that

31
K3(G) = (;) (5) +3 ( > 4o+ Ny (G)) S 09

xeV(G)

where gg(x) := 2e/n — dg(x). This is a special case of inequality (14) in [26],
but we repeat the simple proof of this case here for the reader’s convenience.

For each edge f of G and 1 < i < 3, let n; y denote the number of vertices
adjacent to exactly i — 1 vertices of f. Then for all f € E(G), we have n; 5 +
nygtnsy=n—2,and ) nis=iN;(G).So

e(n —2) = 3N;(G) + 2N»(G) + Ny (G). (9.10)
Additionally,
2(N:(G) +3N: (G =2 Y (dGZ(U)> =3 2(26/" —zqc(v))
veV(G) veV(G)
4 2
=Y o) —2e.
n veV(G)

where we used the fact that } |, ) g6 (v) = 0. Thus

2

©.10) de” 2
en =" —3Ny(G) + — +U;(G)qc(v) +Ni(G).
So
1 4e )
K3(G) = N3(G) = | e- (— —n> + Y 46()* + Ni(G)
3 n veV(G)
1 <s> n2(s—1 4n ) ) )
=z - )+ 46(v)” + Ni(G)
(OO ()
31
B (2) (5) +3 ( > qc(v)2+N1(G)>,
veV(G)

as required.
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We now consider G. Certainly G has at most as many triangles as the (n, e)-
graph obtained by deleting r edges between the two smallest classes of Tj(n).
By convexity, K3(Ti(n)) < (5)(n/k)%, so

K5(G) < Ks(Tm) —r (n—2| 2 ]) < <S> (%)3 brngn

k 3 8
() ()

Thus (9.9) implies that

Z qG()c)2 < 3rkn and N;(G) < 3rkn. 9.11)

xeV(G)

Let W be an arbitrary copy of K in G. Let Ay denote the set of vertices adjacent
in G to at most k — 2 vertices in W. Each vertex in Ay lies in at least one copy
of N, (together with any pair of its missing neighbours in W). On the other hand,
for every copy of Ny, its single edge lies in at most n*~2 copies of K. Thus

Z |Aw| < Ni(G) - n*2 < 3rkn*".

WCG:W=Ky

Denote by By, the set of xy € E(G) such that dg(x, V(W)) = k — 1 and either
(i) dg(y, V(W) = k — 1, but Ng(x, V(W) # Ng(y, V(W)), or (ii) de(y,
V(W)) = k. Then for every xy € By, there is z € V(W) such that x, y, z span a
copy of Ny in G, where x plays the role of the isolated vertex and there are two
choices for z. On the other hand, there are at most (Z:}) < nk=1/2 copies of K;
that contain z. Thus

Y Byl < N(G) 202 < Brknt.
WG WK,
Let gw := Y ..y, 96(x)*. Any x € V(G) lies in at most n*~" copies of K, so
Z qw < 3rkn®.
WCGW=K,

Thus
Z (n|Aw| + |Bw| + gw) < 9rkn".

WCG:W=Ky

Now, G certainly contains many copies of K. For example, Theorem 1 in [26]

implies that
K.(G) > g S (S nk(‘);%)lnk
(O) = gulme) = (s) z 2<k>'
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Thus, by averaging, there exists a copy W of K, in G for which

18 kk+1
A < — = |By| < 187K*"": and 9.12)
n
lge (x)| < 3V2rkkt!l  forall x € V(W).
We will use this W to construct a partition of V(G). Let wy, ..., w; be the
vertices of W. For all i € [k], let C; := {x € V(G) : Ng(x, V(W)) = {w;}}.
Let also

={xeV(G) :ds(x,V(W)) =k} and Cii = Ay.

So Cy, ..., Cyyy is a partition of V (G).
‘We will now estimate the sizes of each of these sets. We have that

18 kk+l 9.2)
<18k Ja 9.13)

|Cisi]l = |Aw] <

Now, (9.12) implies that, for all i € [k],

1
dg(w;) — (1 - —> n| = |ge(wi)| < 3v2rkkt,
s

But
do(w)) = |Col + Y |C;l +dgw;, Cipa) = n — |Cil £ |Cepal,
JElk\{i}
SO
Gl = = (3V2rk T 4 |G
S
2(r +k/8
08.0.13 % + (—(r RS | s 4 18kk+‘ﬁﬁ>
n
@2 % + (3«/& + 32 4 18kk+1¢&) Jr = % + 5K .
Thus |Co| < 5k'F /7.
For eachz € {2, ...k}, let A; ;.= C;andlet A} := CoU C; U Cyyy. So, for all
i [k,
‘IAI—CH ‘ ‘ICI—;‘+IC0|+IC/¢+1I+';—cn
03
< ST+ 5k T 4+ 18K Ja/r +
< 6k'F 1. (9.14)
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Letij € (”;]) and e € E(G[A;, A;]). Then, by definition, either e € By or {x,
vy} N Ay # @ (note that any such e intersecting Cy lies in By). Thus by (9.12)
and (9.13), we have

Y e(GlA:, Aj]) < |Byl + [Crpaln < 36K, (9.15)
ije ()
Letd; :=n/k — |A;| for all i € [k]. Now, >, ;di = 0 and

1 n\2 2dn
> l4liAl = 5 <n2 -y ((%) -2 +d3)) > 1(n) — k- max(d?)
ije (™) ielk]

(9.14)

> e — 36k

Thus

15)

— ©.
D e(GlAD =e— > (AillAj] — e(GlA, A;]) < 36k r 4 36K

ielk) ije([g])
< 38kF
and so, letting n; := |A;| for all i € [k], we have

as required. O

The previous lemma together with Lemma 5.1 combine to prove Lemma 9.1.

Proof of Lemma 9.1. Choose a max-cut k-partition V(G) = A, U--- U A;. Let

Z = U{z € A 1 ds(z, Ay) = E'n). (9.16)

ielk]

(In fact, there can be no other choice for Z.) We need to show that P1(G) holds
with parameter V' Dr /n, P3(G) holds with parameter §' and P5(G) holds with
parameter &'.

Let p := 6k'3 /r, d := 40k***r and p := 40k***«. Then

1
p* = 36k r <d < pn? and  2p"0 L 4k 0 < oV < o

9.5)

11—k —De.
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Thus, by Lemma 9.2, we can apply Lemma 5.1 with parameters p, d, p to imply
that Ay, ..., A, satisfy conclusions (i)—(v) of Lemma 5.1.

Thus, by (i), P1(G) holds with parameter 2k>+/d /n = 2+/40k*/***/r /n. This
together with (9.3) and (9.6) implies the required bound on “A,-I — 7 | and thus
P1(G) holds with parameter ~/Dr/n. Lemma 5.1(ii) implies that

9.6)

m:= Y e(GlA;, A;]) <2K°Vd(ke—n+d < (60K 140k 2 Dr,
ije()
9.17)
For P3(G), as in the intermediate case, every missing edge is incident to at most
two vertices in Z, SO

2m 2Dr 2Dan ©6)
§&n ~ &'n §
Furthermore, Lemma 5.1(iii) implies that for every i € [k] and e € E(G[A;]),
there is at least one endpoint x of e with

— 1 9.5) 1 1
dg(x, A) 2 3 (A= (k= Deyn —3k*/pn) = 3 (E - 3v40kk/2+4ﬁ) n
> Sn_k > &'n.

Thus x € Z. The final part of P3(G) follows from Lemma 5.1(iv) and the fact
that « <« §’. Finally, P5(G) holds immediately from the definition of Z. The
assertion about m was proved in (9.17) and the assertion about £ is an immediate
consequence of Lemma 5.1(v) and the fact that @ < §'.

9.2. The boundary case: the remainder of the proof. Apply Lemma 9.1
to the worst counterexample G as defined in Section 5.2 (so G satisfies (C1)—

(C3)). Now fix a weak (A, ..., Aw; Z, ~/Dr/n, &, &, 8")-partition of G with Z
(uniquely) defined as in (9.16) and define m as in the statement. For all i € [k],
let

R = A\ Z.

As before, P3(G) implies that R; is an independent set for all i € [k]. Suppose
first that Z = ). Then G is a k-partite graph. So Corollary 4.4(i) implies that
G € H,(n, e), a contradiction. Thus, exactly as in (9.18),

2 2
1<121 <22 and & <2 (9.19)
&'n n
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Given disjoint subsets A, B € V(G), write A ~ B if G[A, B] is complete.
For any I C [k], write
R[ = U R,’.

iel
We would like to measure quite accurately the difference between |R;|/|I| and
its ‘expected’ size cn for I # @ (recalling that cn, n — (k — 1)cn and n/ k are all
very close in the boundary case). Thus we define

R
diff(1) = <||1_1|| — cn> % ie. R = (cn + diff(7) - %) 1.

We will write diff(i) as shorthand for diff({i}). A trivial but useful observation is

that, for pairwise-disjoint [y, ..., I, < [k], we have
mm{dlff(l )} < diff([U---UT,) < m[a>]({diff(1i)}. (9.20)
ie[p] LElp

Note also that

9.3), (97) kD (92)
(en— =)k 2 nbvr—s S r (1 kDa) S n, 921)

al3n al3n

so we have the following:
(x) If I C [k] satisfies diff(/) > —1/a'/?, then |R;| > |I|n/k.

We cannot guarantee that P2(G) and P4(G) hold in this setting since there is
no part that is significantly smaller than the other parts. However, the next lemma
shows that an analogue of these properties holds.

LEMMA 9.3. There exists a partition Z = U,e(k@z) Z; of Z such that, for all

ije ([k]) the following properties hold. We have Zy iy ~ Ry jy Zung.jy S
A; U A; and for every z € Zyyu.jy N A;, we have that dg(z, R;) < §'n and
dg(z, Rj) = &n/2.

Proof. Let z € Z be arbitrary, and leti € [k] be such that z € A;. By the definition
of Z, there is some j € [k]\ {i} such thatdg(z, A;) > &'n/k. Let I :=[k]\{i, j}
and x € R, be arbitrary, and let 2 € I be such that x € R;,. Then

P3(ZX7G) < dG(Za A1)+dG(Z7A])+dG(x>A/1)+(n_|Al|_|Aj|_|A/1|)

P3(G),(9.7) n E/n
< ' —2(= =VDr) -
< 28n4n—2 (k Dr) p
O ey M EmOD o

2k T
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Thus (5.5) implies that xz € E(G). Since x was arbitrary, we have shown that we
can assign z to Zyy;, j;- The second statement follows from P3(G), which says,
since z € A;, that d(z, R;) < dg(z, A;) < 8'n and P5(G), which together with
the first statement says that dz(z, R;) > &'n — |Z| > (§' — 6")n > &'n/2. ]

The next lemma shows that diff(/) can only be large when |7| < k — 2.
LEMMA 9.4. If I C [k] has diff(I) > —1/a'/3, then |I| < k — 2.

Proof. Note first that, by (%), we have diff([k]) < —1/a'/. Suppose that there
exists a set / € () such that diff(1) > —1/«'/*. Without loss of generality,
suppose that / = [k — 1]. Let ¢ := _x.. Then (*) implies that |R;| > (k —
Dn/k. Since ), je®) |A;]|A;| is maximized when the parts A; are as balanced as
possible and cn — g > n/k due to (9.3) and (9.7), we have

etm— eGIAD = Y 1AlIA < ey cnmgui-rien-g)
i€lk] ije(”é')

= e— <§>q2 + (k — )g(kc — Dn

©.3) k—1Dm r—+k/8
<e—|—( 1/3) -k k/
a'lPn ()

9.2)
2km~/r + k < e+ 3ka'om.

/AN
m

o'Bn
But then
> e(GIAD > (1 = 3ka'*ym > Vo'm,
i€lk]
a contradiction to Lemma 9.1. O

We now show that if there is a missing edge between some R; and R;, where
i # j, then the union of the other sets R, must be large.

LEMMA 9.5. Forallij € ('), if R # R;, then &iff([k]\ {i, j}) > —1/Qa'?).

Proof. Set I :=[k]\ {i, j}. Since R; 7 R;, there exist x € R; and y € R; such
that xy ¢ E(G). Then, since R; and R; are both independent sets in G,

(5.5) 9.19) 2m

(
(k—2)cn —k < P(xy,G) <|Z|+ R/ < g,n+|1’?1|
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and so
2m (9.19) 2k
Ril > (=2)en—k = 2 > (k=2)en— —— > (en— =) 111,
&n &n 2a'3n
as required. O

Our next goal is to show that R; is in fact small for every i € [k], which will
in turn imply that G[Ry, ..., R;] is complete k-partite. To do this, we need the
following lemma.

LEMMA 9.6. Foralli € [k], if diff(i) > —1/Qa'/?), then there exists j € [k]\{i}
such that R; 7 R;.

Proof. Let i € [k] such that diff(i) > —1/(2a~'/?) be arbitrary. We begin by
proving the following claim.

CLAIM 9.7. It suffices to show that Z; = @ for all I € (11;11{21'})'

Proof of Claim. Suppose that Z; = @ forall I € (“;jl{z”). Lemma 9.3 implies that

Z ~ R;. Suppose now that R; ~ R; forall j € [k]\ {i}. Thus R; ~ R;,and R; is
an independent set. Let n’ := n — |R;| and ¢’ := e(G[R;]) = e —n’(n —n’'). Note
that J := G[R;] satisfies K3(J) = g3(n’, ') (since otherwise we could replace
itin G with an (n’, e’)-graph with fewer triangles to obtain an (n, e)-graph with
fewer triangles than G, contradicting (C1)). Using (9.2), (9.7) and (9.19), we

have

2
WA=M#Hﬂ=%i¢&d¥Z:%iamm (9.22)

By (9.22), we have

k_zlnz_ 1/3k;1n2.

k—1 k
n'(n—n") > (% — a1/3n) ( n +a1/3n) >

Recall from the very beginning of Section 5.2 that «; 5 is the constant obtained by

applying Theorem 1.3 with parameters k and r := 3. Together with e < #,(n) <
(k — 1)n*/(2k), we have that

k—1 n? k—1 k—1
e = e—n/(n_n/)g_.n__( n2_al/3 n2>

k 2 k2 k

k—1 n? 2
= — . [|1=Z 21/3
k 2( PR )
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0 k—1 (k=2 k 2
< T (T + 2011/3) (mn/ + a1/4n’> <t () +a'P@)?

(5.1)
< () +ais3(n)? (9.23)

and similarly e’ > t,_,(n’) + a;3(n’)*. So k(n', €') € {k — 1, k}. Further,
, (9.22) 1 3 (6.3) (5.2)
n=n—|R]| = (11— % n—a'®*n > n/2>ne/2 > max{notk—1, a/3), n 5(k)}.

Suppose first that k(n’, ¢’) = k — 1. Then the minimality of k and the fact that
tio(n)+a(n)?/3 < ti_r(n')+a,3(n')? < € <t (n') implies that Theorem 1.7
holds for (n’, ¢'), that is, g3(n’, ¢’) = h(n', ¢'), and every extremal graph lies
in H(n',e). So J € H(n',e). If J € H,(n', €), then since G is obtained by
adding an independent set R; of vertices to J and adding every edge between
R; and V(J), we have that G € H,(n, e), a contradiction to (C1). Otherwise,
J € Hy(n', €'), and in particular, J is (k — 1)-partite. So G is k-partite, and
Corollary 4.4(i) implies that G € H,(n, e), again contradicting (C1).

Thus we may assume that k(n’, ¢’) = k. Theorem 1.3 implies that we can
obtain a graph F' € H,(n’, ¢’) with canonical partition A", ..., A, BF and
K5(F') = K5(G[R;)). Let F be the graph obtained from G by replacing G[R:]
with F’, so K3(F) = K;(G). By Corollary 4.18, for every xy € E(F),

9.4)
Ps(xy, F) < (k — en +k < (k— 2)% + o', (9.24)

For each j € [k — 2] for which AJF " is nonempty, fix an arbitrary edge x,y; €
F[A', R;]; then

Ps(x;y;, F) 2 n— AT — |R,],
which together with (9.22) and (9.24) implies that |Af/| > n/k — 2a'n.
Similarly, for an edge xzys in F[B'] (there must exist one such edge as

otherwise k(n,e) < k), we have Py(xgyz, F) > n — |B'|. Hence, |B"'| >
2n/k — a'*n. But then

) k41
— F F 1/4
n—lR,'I—i-‘Z [A; |+ [B" | > . n—o’n>n,
jelk—2]
a contradiction. This completes the proof of the claim. O

Suppose now that there is some I € (“1\)) such that Z; # ¢. Let j € [k]\ {i}

be such that [k] \ {i, j} = I.Letz € Z, and let n, := ds(z, R,) for all £ € [k].
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Lemma 9.3 implies that, for some i’, j° € [k] with {i’, j'} = {i, j}, we have
dg(z, Ry) < 8'n,dg(z, Ry) 2 &'n/2 and, for all £ € I, we have n, = |R,|. Thus

, &'n
|IRe| —ni —n; = |Re|—ﬂi/—nj/>|Re|—5”—<|R|—7
> (E——(S)n—‘ma—ﬁ

C 9.2)
FAQED (% ) —2JDr > (2 28’ —2«/Doz)n

n
- |Aj|—z —1Z]

&'n

> . 9.25
3 (9.25)

Lemma 9.4 implies that diff([k] \ {j}) < —1/a'/. So, using (9.20) and the fact

that diff(i) > —1/(2a'/?), there exists £ € [k]\{i, j} such that diff(¢) < —1/a'/3,

SO

m m
Let I' :=[k]\ {i, j, £} and W := R, UR; U R, U Z. Then
d(z, W) =ni +n; +|Re| + dg(z, Z), 9:27)

R, = W and {z} ~ R,. Recalling that n, = |R,| for all £ € I, we have that
K3(z, G) Z e(G[Ry]) + [Rp|(n; + nj + |Re|) + |Re|(n; +nj) —m.  (9.28)

We have
9.27)
do(z, W) =" ni+nj+n;+ds(z, Z2)
©.25) &'n P3(G) &'n
< 2R ——+1Z] < 2|R| -
3 4

9.7) ,s;:/
< |R|+IRj| +2Dr +2|Z| — T

P3(G),(9.2) 'n
< |Ri|+|Rj|+2D\/§n+25/n—§T
< IR+ IR — 55

Let k; := min{dg(z, W), |R;|} and k; := max{d(z, W) — k;, 0}. The previous
equation implies that
k1+kj ZdG(Z, W) and
{0 if dg(z, W) < |Ril,
iKj =

9.29
|Ri|(dg(z, W) — |R;|) otherwise. (9.29)
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Obtain a new graph G’ from G as follows. Let K; C R; with |K;| = k; and
K; € R; with |K;| = k; be arbitrary. Note that this is possible as k; < |R;| and
ifk; > 0,thenk; <dg(z, W) — |R;| < |R;| —&'n/5. Let V(G') := V(G) and

E(G) = (E(G)U{zx:x € K; UK;}) \ {zy : y € Ng(z, W)}.

That is, we obtain G’ by changing the W-neighbourhood of z to a new
neighbourhood of the same size by adding as many edges as possible to R; and
(if necessary) additional edges to R;. Note that Ng/(z, R, U Z) = {J and G’ is an
(n, e)-graph. We have

K3(z, G') < e(G[Ry]) + |Ry|de (z, W) + kik;. (9.30)
Suppose first that dg(z, W) > |R;|. Then by (9.29), we have
K;3(z, G)) < e(G[Ry]) + |Rylde(z, W) + [Ril(dg (z, W) — |R;])
and so

K3(G') — K3(G) = K3(z, G') — K3(z, G)
9.28)
< [Rp|(dg(z, W) — (n; +nj + |Re])) + |Ri[(dg(z, W) — |R;])

—|Rel(ni +n;) +m
927)

(
< IRpIZ|I+ IRi|(ni +nj + [Rel + | Z] — |R;i]) — |Re|(ni + 1) +m
= |RyIIZ| + (|Ri| = |R)(ni +n; — |R:|) + |ZI|R;| +m

(9.25),(9.26) E'n

< (R = [RD { [Ri|l = |Re| + 3 +1ZIn+m
©.19),020)  mé&’ 2m 2m (9.19)

< —+m<—-— < —n,

e £ £
a contradiction.

Therefore we may assume that dg (z, W) < |R;|. We need the following claim
that n; is large.

CLAIM 9.8. n; > Am

403"

Proof of Claim. 1f diff(I) > —1/a'/3, then since diff(i) > —1/Qa!/?), we also
have that diff(/ U {i}) > —1/a'/?, a contradiction to Lemma 9.4. So diff(/) <
—1/a!'/3. The second part of Lemma 9.3 implies that there is some u € Ng(z, R;).
Since R; is an independent set in G, we have that

5.5
(k—2)en —k < Ps(zu, G) < |Z| +n; + |R/|
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and so, using the fact that diff(/) < —1/a!/?,

nj = (k—2cn—k—1|Z| - |R|

9.19) 2m m
> (k—2)cn—k———(k—2)(cn— )
E'n al3n
(k -2 3k> m km
2 Y - > —7
al/3 &) n 4alB3pn
completing the proof of the claim. O

Now (9.28)—(9.30) and Claim 9.8 imply that

9.27)
K3(z,G") — K3(z,G) < |Rp|IZ]|+m —|Ry|(n; +n;)
9.7)
<

n|Z|—|—m—(%—x/E—|Z|>- km

4a'3n
< 2m n n km m  (9.19
— m —_—— . —_— < N
Y 2k 4a'Bn T 9al/3
another contradiction. Thus there is no z € Z;, as required. O

The final ingredient is the following lemma, which states that every R; is small;
G induced on the union of the R; is complete partite; and every z € Z has large
degree into every R;.

LEMMA 9.9. The following hold in G:
(i) Foralli € [k], we have diff(i) < —1/(2a'/?).
(i1) G[RyU---U R;]is a complete k-partite graph (with partition Ry, ..., Ry).

(iii) Foralli € [k] and z € Z, we have dg(z, R;) = km/(9a'/*n).

Proof. For (i), suppose that there is some i € [k] for which diff(i) >
—1/Qa~'3). Apply Lemma 9.6 to obtain j € [k] \ {i} such that R; #* R;.
But Lemma 9.5 implies that diff([k] \ {i,j}) > —1/Qa'?). Thus
diff([k] \ {j}) = —1/(2a'/?), a contradiction to Lemma 9.4.

We now turn to (ii). Since R; is an independent set in G for all i € [k], it
suffices to show that R; ~ R; forallij € (”;]). If there is some ij € (U;]) for which
this does not hold, then Lemma 9.5 implies that diff([] \ {i, j}) > —1/Qa!/?).
Then, by averaging (that is, (9.20)), there is some ¢ € [k] \ {i, j} for which
diff(¢) > —1/(a~'/?), contradicting (i).
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For (iii), let z € Z be arbitrary. Lemma 9.3 implies that there is I € (k[flz) such
thatz € Z; (and so z ~ R;). Letij € (') be such that I = [k]\ {i, j} and for all
¢ € [k], write n, :=d(z, Ry). We only need to show thatn;, n; > (km)/(9a'/*n)

since for all £ € I, we have

0N n n o6 kDa*’n ©2 kDr km
ne=|Re| = z—\’D”_|Z|>2_k > 2 Z 2a3n Z 9a\Bn

The second part of Lemma 9.3 implies that there exist u; € Ng(z, R;) and u; €
Ng(z, R;). Then

5.5)
(k —2)en —k < P3(zu;, G) < |Z| +n; + R

and so
9.19) 2
n > (k—2en—k— 0~ S |R,|
fn tel
Y k-2 m o moy . km
> (k= en = &'n -k )(cn— 2a1/3n) ~ 9q!/3p’
where we used the fact that £ > 3. An identical proof works for n;. O

Proof of Theorem 1.7 in the boundary case. We will show that Z = 0,
contradicting (9.19). Suppose not, and let z € Z. Then Lemma 9.3 implies
that there is I € ([k]) for which z € Z;. So z ~ R;. Write I = [k] \ {i, j}

k=2
and suppose without loss of generality that z € A;. Let n, := dg(z, R,) for

all ¢ e [k] Let FZ,j = G[NG(Z, Z), NG(Z, RJ)] and FZ,I = G[NG(Z, Z), R]]
Then Lemma 9.9(ii) implies that

K3(z, G) =2 e(G[R;]) + |R;|(n; +n;) +nin; +e(Fz ;) +e(Fz ).

We have
P5(G) , P3(G) ,
Ng(z, R;)) =2 &n—|Z| > &n=>ds(z, R;)
and hence we can choose a set K; C N (z, R;) with |K;| = dg(z, R;). Obtain a
graph G’ from G as follows. Let V(G’) := V(G) and E(G’) := (E(G) U {zx :

x € K;PD\{zy : y € Ng(z, R)}. Clearly, G’ is an (n, e)-graph in which z has no
neighbours in R;, so

K3(z, G') < e(G'[R/]) + |R/|dg (2, R}) + e(G'[Ng (2, Z), R;])
+e(G'[Ng/(z, Z), N/ (z, R)D) + | ZI
< e(GIR/D + |R/|(n; +n;) +e(Fz 1) +e(Fz ;) +nil Z) + | Z|.
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Therefore, using Lemma 9.9(iii), we have

, , 019 (2m km 4m?
K3(G) = K3(G) <mi(IZ] —np) +|Z]" < n; <“§Tn - 9a1/3n) + &)

o _ n;m . 4m? << 4 B k >m_2(5<1)0

S 10aAn ()22 T\ ()2 90a?3 ) n? ’

a contradiction. Thus Z = @, contradicting (9.19) as required.

This completes the proof of Theorem 1.7.

10. Concluding remarks

10.1. Related work. The more general supersaturation problem of
determining gr(n, e), the minimum number of copies of F in an (n, e)-edge
graph, is also an active area of research. The range of e for which gr(n, e) = Ois
well understood. Indeed, given a fixed graph F, let ex(n, F) denote the maximum
number of edges in an F-free n-vertex graph, that is, the maximum e for which
gr(n,e) = 0. Erdds and Stone [9] proved that ex(n, F) = t,(7)—1(n) + o(n?),
where x (F) is the chromatic number of F. The supersaturation phenomenon
observed by Erdds and Simonovits [S] asserts that every (n, e)-graph G with
e > ex(n, F) + £2(n®) contains not just one copy of F, but in fact a positive
proportion of all |V (F)|-sized vertex subsets in V (G) span a copy of F. (This
also extends to hypergraphs.)

We say that F is critical when there is an edge in F' whose removal reduces
the chromatic number. Observe that cliques are critical. Simonovits [40] showed
that, for such F and large n, we have ex(n, F) = t,(p)—i1(n) and T, r—(n) is
the unique extremal graph. That is, gr(n, ) = 0 if and only if e < ¢, (-1 (n).
Mubayi [29] showed that there is ¢ > 0 such that, for large n, and 1 < ¢ < ¢n,
we have

gr(n, typ—1(n) + £) = (1 +o0(1)) € - copy(n, F),

where copy(n, F) is the minimum number of copies of F' obtained by adding a
single edge to Ty (r)—1(n). (This can generally be computed easily for any fixed
F.) Note that this result generalizes Erd6s’s result [7] from triangles (which are
critical) to arbitrary critical F. Further, the error term can be removed in some
cases, for example, when F is an odd cycle. Pikhurko and Yilma [35] generalized
Mubayi’s result by raising the upper bound cn on £ to o(n?).
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The supersaturation problem for noncritical F with x (F) > 3 seems hard; for
example, even the ‘simplest’ case when F consists of two triangles sharing a
vertex poses considerable difficulties (see [19]).

The case of bipartite F is very different. A famous conjecture of
Sidorenko [39] and Erd&s—Simonovits [S] asserts, roughly speaking, that
the minimal number of F-subgraphs is asymptotically attained by a random
graph (we do not give a precise statement of the conjecture here). The conjecture
is known to be true for trees, cycles, complete bipartite graphs, ‘strongly
tree-decomposable graphs’ and others; see, for example, [2, 3, 15, 22, 24, 41].

A yet more general problem is the following. Let F := (Fi, ..., Fy) be a tuple
of graphs with vy, ..., v, vertices respectively. Let F;(G) denote the number
of induced copies of F; in a graph G, for all i € [£]. To an n-vertex graph G,

associate a vector fr(G) = (F (G)/(fl), e, Fg(G)/(:@)) of densities. What
is the set T(F) € R’ consisting of the accumulation points of f7(G)? When
F = (K3, K,), it turns out that 7 (F) has an upper and a lower bounding
curve. The lower bounding curve of T (F) is by definition y = g,(x), which by
Reiher’s clique density theorem [38] is a countable union of algebraic curves.
The upper bounding curve is y = x'/?, which is a consequence of the Kruskal—
Katona theorem [20, 23]. This corresponds to the maximum r-clique density
in a graph with given edge density. The shaded region in Figure | is T (F) for
F = (K, K3). L

The case (Fy, F;) = (K3, K3) was solved by Huang, Linial, Naves, Peled
and Sudakov [18] (here the lower bounding curve is x + y = 1/4, due to
Goodman [13]). Glebov, Grzesik, Hu, Hubai, Kral’ and Volec [11] studied the
problem for every remaining pair (F|, F;) of three-vertex graphs. For larger
graphs, the problem becomes extremely challenging. Some general results
on the hardness of determining 7 (F) were obtained by Hatami and Norine
in [16, 17].

10.2. The range (;) — en®* < e < (3). Our main result, Theorem 1.6,
determines gs(n, e) whenever 2¢/n” is bounded away from 1. There are a few
obstacles to extending it to the remaining range ¢ = (;) — o(n?*). One is that
Theorem 1.2 does not tell us anything meaningful in this range, as the error in its
approximation is too large.

While it is trivial to determine g3(n, ¢) when e > ('2’) — |n/2] (with each
extremal graph G being the complement of a matching) and this can be extended
a bit further with some work, the problem seems to become very difficult in
this regime quite quickly. In fact, the following observation shows that, under
the assumption that g3 = h*, pushing (}) — e beyond O(n) is as difficult as
determining g;(n, e) for all pairs (n, e).
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LEMMA 10.1. Suppose that for every C > 0, there is ny > 0 such that g;(n,
e) = h*(n,e) foralln > ngande > (’;) — Cn. Then g3(n, e) = h*(n, e) for all
n,e € Nwithe < (;)

Proof. Suppose on the contrary that some (n, e)-graph G satisfies K3(G) <
h*(n,e). Leta* = a*(n, e). Our assumption for C := n/2 returns some n,. Take
¢ such that n’ := fa} + n is at least ny. Let H be the complete partite graph
with n’ vertices, £ parts of size a] and the last part, call it A, of size n. Let
G’ (respectively, H') be obtained from H by adding a copy of G (respectively,
H*(n, e))into A. Each of these graphs has ¢’ := (”2) — (%)~ (%) +e edges, which
are at least (’;) — 5 n’ because the maximum degree of the graph complement is at
most 7. Also, H' is isomorphic to H*(n’, ¢'): this follows by induction on £ € N
using the easy claim that if we duplicate a largest part of any H *-graph, then we
get another H*-graph. However, since A is complete to the rest of H, we have

K3(G") — h*(n', ¢') = K3(G') — K3(H') = K3(G) — K3(H"(n, e)) <0,
a contradiction to the choice of ny. O

An interesting corollary of Proposition 1.5 and Lemma 10.1 is that the validity
of Conjecture 1.4 for r = 3 will not be affected if we drop the assumption n > n,.

10.3. Extensions. It would be very interesting to extend Theorem 1.7 to the
g-(n, e)-problem, as many parts of our proof extend when we minimize the
number of r-cliques. A structure result for r-cliques with » > 4 (an analogue of
Theorem 1.2) was recently proved by Kim, Liu, Pikhurko and Sharifzadeh [21].

A problem that may be more directly amenable to our method is as follows.
Recall that N;(G) is the number of 3-subsets of V (G) that induce exactly i edges,
0 <i < 3. The question is to maximize N,(G) (the number of so-called cherries)
in an (n, e)-graph for n > ny. This problem was considered by Harangi [14], who
obtained some partial results that were enough for his intended application. Note
that for every (n, e)-graph G, we have (see (9.10))

e(n —2) =3N3(G) +2N:(G) + Ni(G).

Also, N, (H*(n, e)) < m*n = o(n®). Since H*(n, e) asymptotically minimizes
N3 over (n,e)-graphs, it also asymptotically maximizes N,. Furthermore, a
stronger version of stability (that every almost N,-extremal (1, ¢)-graph is o(n?)-
close to H*(n, e)) can be easily derived from Theorem 1.2.

We hope that the method used here will be useful for further instances where
one has to convert an asymptotic result into an exact one.
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