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Abstract Graph products of cyclic groups and Coxeter groups are two families of groups that are defined
by labelled graphs. The family of Dyer groups contains these both families and gives us a framework to
study these groups in a unified way. This paper focuses on the spherical growth series of a Dyer group D
with respect to the standard generating set. We give a recursive formula for the spherical growth series of
D in terms of the spherical growth series of standard parabolic subgroups. As an application we obtain
the rationality of the spherical growth series of a Dyer group. Furthermore, we show that the spherical
growth series of D is closely related to the Euler characteristic of D.
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1. Introduction

Let (G, S) be a pair where G is a group and S = {s1,..., s} is a generating set of G. One
way to study the group G is by counting its elements algebraically /geometrically. Each
element g € G can be written as a word g = z1 ...z, where each letter z;, i = 1,...,n
lies in the alphabet S U S~! = {81, .. .,sk,sfl, .. .75;1}. The length of g, denoted by
I(g) = ls(g), is the minimal length of a word expression of g in the alphabet SUS~!. We
count the number of elements of length n in G and convert this sequence into a formal
power series:

Ge.st) = [{geG|i(g) =n}| -t
n=0

Thus, G(,s)(t) = > op— an - t" Where a, is the number of vertices in a sphere of radius
n in the Cayley-graph Cay(G, S). This formal power series is called the spherical growth
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series of G (with respect to S) and tends to be an important measure of complexity for
infinite groups.

Let us calculate the spherical growth series of the infinite cyclic group with the
canonical generating set:

, : 2t 1+t
Q(Z){l})(t):1+2t+2t2+2t‘3+...:1+2(t+t2+t‘3...):1+m:1—:.

Thus, G(z,{1)(t) is a rational function. By definition, a pair (G, S) has rational growth
series if there exist polynomials f(¢) and ¢(¢) with integer coefficients such that
G5 (t) = %. Many groups that appear in geometric group theory have rational
growth series, for example Coxeter groups [2, 17], surface groups [4, 5], virtually abelian
groups [1] and hyperbolic groups [8, 9]. Note that the rationality of the spherical growth
series depends on the generating set, e.g. there exist nilpotent groups and finite generat-
ing sets, such that the growth series are not rational [19]. The central object under our
investigation is the growth series of Dyer groups. Throughout this paper (I';m, f) is a
Dyer graph and (D, V) where V = V(T) is the associated Dyer system. This means that
the vertex set V(I') is finite and is endowed with a map f: V(I') — N>o U {co} and the
edge set E(T") is endowed with a map m: E(I') — Nx>,. For two letters a,b and a natural
number m we define 7(a, b, m) := abababa . . . where the length of the word is m. Further,
we assume that for every edge e = {z,y} € E(T") if m(e) # 2, then f(z) = f(y) = 2. The
associated Dyer group is defined as follows:

D= (V|27 @if f(x) # oo, w(x,y,m{z,y})) = 7(y, z,m({x,y}))
it {z,y} € E(I)).

We note that, if f(x) = 2 for all z € V(T'), then D is a Coxeter group, and if f(x) = oo for
all z € V(T'), then D is a right-angled Artin group. Further, if m(e) = 2 for all e € E(T),
then D is called a numbered graph product.

For a subset Y C V we denote by Dy the subgroup in D which is generated by the set
Y. This subgroup is called a standard parabolic subgroup. It is shown in [7] that (Dy,Y)
is itself a Dyer system which is associated to the Dyer graph (T'y, my, fy), where 'y is
the full subgraph of T" spanned by Y, my is the restriction of m to E(I'y), and fy is the
restriction of f to V(I'y) =Y.

Let (D,V) be a Dyer system. We define Vo = {z eV | f(z)=2}, Vo =
{x eV | f(z)=00}, V, = {z€V[2< f(z) <oo}. Let Dy resp. Do resp. D, be
the subgroup of D generated by Vg resp. Vi resp. V,. We have a decomposition
D = Dy x D, x Dy, whenever I' is complete. By definition, D is of spherical type if
I' is a complete graph and D5 is finite. In particular, if D is of spherical type, then
D = Dy x D, x Dy, D, is a finite abelian group, and Do, = Z! where | = |V|.

We state now our main result.
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Theorem 1.1. Let (D, V) be a Dyer system.

(1) If D is not of spherical type, then

CG (1)

Gp,v)(t) yov G(py vy (1)

(2) If D is of spherical type, then we decompose D, = Hzevp Z/f(x)Z and letl = |Vy|.
Then

Go.v)(t) = G(Dy.vo) (1) G(Dp.vip) (1) * G (Do Vo) ()

where
e Dy is a finite Coxeter group, hence G(p, vy)(t) can be calculated using the formula
for finite Coxeter groups [17]:

k
G(Dy.vp) (1) = H(l +t4 .t
i=1
where mq, ..., my are the exponents of (D2, V2).

® Gppvp)(t) = Hzevp Gz @z (). If f(x) = 2r, then
Gz (t) =1+2t+262 + . 42t 17
If f(z) = 2r + 1, then
Gz sz () =1+ 26+ 262 + ...+ 2t".

l
* G(boo.voo) (1) = (1

As a direct consequence we obtain the rationality of the spherical growth series of a
Dyer system.

Corollary 1.2. Let (D, V) be a Dyer system. The spherical growth series of D with
respect to V is rational.

Often there are interesting connections between special values of the spherical growth
series of (G, S) with other properties of a group G, for example it was proven in [15] that
for a Coxeter system (W, S), the value G,gy(1) is closely related to the rational Euler
characteristic of W which we denote by x(W'). More precisely:

1

Gaws)(1) xX(W).

We prove that the same relation holds for all Dyer groups.
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Theorem 1.3. (see Theorem 5.3) Let (D, V) be a Dyer system. Then

2. Preliminaries

We start this chapter by reviewing some standard facts of the word length and length
functions.

Definition 2.1. Let G be a finitely generated group and S be a finite generating set.
(1) For g e G, g#1 the word length of g is defined as:
l(g) =ls(g) =min{n|g=stss?...s0, s, €S,¢ €{-1,1}}.
(2) For g€ G, g#1 the syllable length of g is defined as:
Ly(g) :=min{m | g=s{s3?...s%" s, € S,a; €L}
And we set l5,(1) =1(1) = 0.

We note that for a given group G and a finite generating set S consisting of elements
of order two we have I(g) = l5,(g) for all g € G.

The length of g € G is closely connected to the length of a special path in a geometric
object which is associated to the group G, the Cayley-graph Cay(G, S). Before we give a
definition of this graph we recall the definition and some important facts about general
graphs which we will need later on.

A graph I is a pair (V(T"), E(T")) where V(T") is a set whose elements are called vertices
and E(T) is a subset of Po(V) := {X | X CV,|X| = 2} whose elements are called edges.
Usually, graphs are visualized graphically, where we draw for each vertex x € V(I') a
point and label it with z and two points x,y are connected by a line if {z,y} € E(T).

Given a graph I' and a vertex z € V(I") we define two subsets of V(I") that are associ-
ated to . The link of z, denoted by lk(z) is defined as lk(x) := {y € V(T) | {z,y} € E(T)}
and the star of z, denoted by st(z) is defined as st(z) := lk(z) U{z}. A graph I is called
complete if st(x) = V(T') for all x € V(T'). A subgraph © C T is called full if for all pair
of vertices (v, w) € V() x V() we have {v,w} € E(Q) if and only if {v,w} € E(T).

Let G be a group and let S be a generating set for G. The Cayley-graph for G with
respect to S, denoted by Cay(G, S) is a graph with vertex set V(Cay(G, S)) = G and edge
set E(Cay(G,S)) = {{g.9s} | g € G,s € SUS™!}. The distance between two vertices is
defined as a number of edges in a shortest path connecting those vertices. Note that I(g)
is equal to the distance between the vertices 1 and g. Hence the number of elements in
G with word length n is equal to the number of vertices in the sphere with centre 14 of
radius n in Cay(G, S). Let us consider the Cayley-graph of the free group Fo with the
generating set {z,y} in Figure 1.

For example, the number of elements in F5 with length 2 is equal to 12. One geometric
way to count the elements in F'5 is by counting the vertices in the sphere with centre
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Figure 1. Cay(F»,{z,y}).

1 of radius n in the Cayley-graph Cay(F»,{z,y}). Let a, be this number. We get the
sequence (an)neny where ap = 1 and a,, = 4 - 37! for n > 1. We convert this sequence
into a formal power series 1 + ait + ast? + ... which leads us to the definition of the
spherical growth series. The best general reference on growth series of groups is [11].

Definition 2.2. Let G be a group and S be a finite generating set of G.
(1) The spherical growth series of G with respect to S is the formal series:
(oo}
Gia,s(t) =Y 19D =3 "|{gea|llg)=n}|-t"
geG n=0
(2) The spherical growth series of a subset A C G with respect to S is the formal series:
Guas)() =S 109 =3 [{ge A|U(g) =n} |-t
geEA n=0

We note that Gg,s)(t) is an element in Z[[t]] the ring of formal power series in the
variable t over Z. We now give some examples.

Example 2.3.

(1) Gzjaz1p)(t) =1+2t + 2.
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(2) Gasomap(®) =1+2t+ 262 [
(3) Guap®) =1+204+22 4203 4 ... = 1420+ +3..) = 1 4 24 = 4L,

Given two groups G and H with finite generating sets S resp. Sy, to construct a new
group using given ones it is natural to use direct or free product construction. For direct
and free products, there are formulas for the spherical growth series in terms of spherical
growth series of the factors [11].

Gaxmsqusy)(t) =G5 t) - Gsy) (),
1 1 1
- n ~1
Giawmsqusi) () Gase) () Gasy(t)

A generalization of direct resp. free product construction is amalgamated products and
graph products of groups. Let us recall a formula for the spherical growth series of an
amalgamated product. First, we need a definition.

Definition 2.4. Let (G, S) be a pair where G is a group generated by a finite set S.
A pair (H, T) is admissible in (G, S), if H is a subgroup of G, T C S, and there exists a
tranversal U for H in G such that if g=hu withg € G, h € H,u € U, thenlg(g) = lr(h)+
ls(uw). We always assume that the transversal contains the identity as the representative
of H.

It was proven in [10] that if (L, R) is admissible in (H,S) and in (K, T), then the
spherical growth series of G = H %, K can be computed using smaller pieces of G.

Proposition 2.5. If (L, R) is admissible in (H, S) and in (K, T), then

1 1 1 1
Gy r.sury(t)  Gas)(t)  Guen(t)  Gu.r(t)

Now we move on to graph products of groups. Given a finite graph I" and a collection
of finitely generated groups G, for = € V(T'), the graph product of groups is defined as:

Gr = (*zev(r) G2)/((l9:8] | g € Garh € Gy, {z,y} € E())).

We note that, if I' is discrete, then the associated graph product of groups is the free
product of the vertex groups and if I' is complete, then the associated graph product of
groups is the direct product of the vertex groups. If all vertex groups are infinite cyclic,
then we call Gr a right-angled Artin group. For every vertex group G, let S, be a finite
generating set and we set S := Uer(F) Sz. A formula for the spherical growth series
of Gr in terms of the spherical growth series of the vertex groups was proven in [10]
for isomorphic vertex groups. Here we recall a special case of this formula where Gr is a
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right-angled Artin group and S,, = {1} for every = € V. Let ¢; be the number of complete
subgraphs in I' on ¢ vertices. Then

Giap.s) (1)

This formula was generalized for arbitrary vertex groups in [6]. Let Gr be a graph
product of finitely generated vertex groups. We define for each complete subgraph A C T,

X!

where the summation is taken over all complete subgraphs of I' including the empty one
for which Py(t) =

We want also to point out that the geodesic growth series of graph products of cyclic
groups was studied in [12].

Further groups for which it is possible to compute the spherical growth series using
smaller building blocks of the group are Coxeter groups. Coxeter groups have special
subgroups which can be considered as building blocks for the whole group. Given a finite
graph I' with an edge-labelling m: E(I') — N>o. The Coxeter group associated to I is
given by the presentation:

Q(GF,

W = (V(D) | 2% for all z € V(I), (xy)™ =¥ for all {z,y} € E(I)).

For any subset X C V(I') the subgroup generated by the set X is canonically isomor-
phic to the Coxeter group which is associated to the full subgraph of I' with the vertex
set X. This subgroup is called a standard parabolic subgroup and we denote it by Wx. A
natural question is if it is possible to use the spherical growth series of special parabolic
subgroups to obtain a formula for the spherical growth series of the whole group. It was
proven in [17], [2] that it is indeed the case. Let (W, S) be a Coxeter system. If W is
finite, then

tm+(_1)|5|+1 (_1)\X|

Gw,s)(t) XCs Gy ) (8)

3

where m = maz {l{(w) | w € W}. The spherical growth series of a finite Coxeter group
can also be calculated using the non-recursive formula:

k
Gawsy(t) = [J(1 +t+...+tm),
i=1
where my,...,my are the exponents of (W, S).
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If W is infinite, then

(- (DX

In particular, the above formulas show that for a Coxeter group W there exists a
polynomial f(t) such that:

e _ (—p

m XCS g(WX*X)(t).

3. Dyer groups

We begin this chapter with the definition of the main protagonist in this article, a Dyer
group. For two letters a,b and a natural number m we define m(a,b,m) := abababa . ..
where the length of the word is m. For example 7(a,b,3) = aba.

Definition 3.1.

(1) A Dyer graph is a triple (T'ym, f) where T’ is a graph with finite vertex set V =
V(T), f: V — Ny U{oo} and m: E(T') — Nx>o are maps. For every edge e =

{z,y} € E(I), if m(e) # 2, then f(x) = f(y) = 2.
(2) The associated Dyer group is defined as follows:

D=V |a!® 2 e Vif f(z) # oo, m(z,y, m({z,y})) = 7(y,z,m({z,y}))
if {z,y} € E(I)).

(3) The associated pair (D, V) where D is a Dyer group and V = V(T') is called a Dyer
system.

3.1. Dyer tools

We start by recalling several results which were proven by Dyer in [7]. Let G be a
group and g € G. We denote the order of g by o(g). If o(g) is finite, then we write Z,,)
for the cyclic group of cardinality o(g) and if o(g) is infinite, then we write Z,(4) for the
infinite cyclic group. More generally we use the notation Z, = Z/nZ if n is a positive
integer and Zo, = Z.

Let (D, V) be a Dyer system. By definition, a conjugate of a generator x € V is called
a reflection. We define

R:= {g:cgi1 lgeD,xeV}.

R is the set of all reflections in D. For p € R we define a copy of Z,,) as H, =
{a[p] | a € Zo(p)}. The set H, is an abelian group whose group operation is defined by
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alp] + blp] := (a + b)[p]. Hence H, is isomorphic to Z,(,). Further, we define

M=pH,.

PER
This set is an abelian group with canonical group operation Y a,[p] + > b,[p] =

> (a, + b,)[p]. Furthermore, this abelian group is a D-module where the structure of
the D-module is defined for g € D by:

9->_aplpl ==Y a,lgpg™").

Let g € D. We pick one syllabic representative (271,252, ...,2,") for g, that is, a tuple
of syllables such that g = z7'23% ... 2;". For each i € {1,...,l} we define a reflection:
pi = x?lx? .. xji_llxzx:lf_l .. .x;a2x1_a1.

We set
l
N(g) = Zai[m] €M
i=1

For n € N>o U {cc} and a € Z,, we denote by ||a||,, the word length of a with respect
to the generating set {1}.

Theorem 3.2. ([7]) Let (D, V) be a Dyer system. Let g,h € D.

(1) N(g) does not depend on the choice of the syllabic representative for g.
(2) Let N(g) = X cn apl9)lp]. Then

(a) lsy(g) =| {p € R | a,(g) # 0} |.

(b) Wg) =22 perllan(9)llog)-
(3) N(gh) =N(g)+g-N(h).

1 2

Let g € D. A syllabic representative (21!, 252,...,2;") for g is called reduced if | =
lsy(g). The following is a direct consequence of part (2) of Theorem 3.2 and it will be
often used hereafter.

Corollary 3.3. Let g € D and (x?l,xgz, cery m?l) be a reduced syllabic representative
for g. Then

Ug) = llarllogzy) + lla2llogay) + - - + laillog)-
Proof. For each i € {1,...,1} we set

. __ .01, a9 a—1,, .7 %—1 —ap —aj
Pi =X T~ o Xy Ty .. .Tg Ty .
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Then
1
N(g) = Zai[ﬂi]-

Since [ = l5y(g), by Theorem 3.2 (2-a) we have p; # p; for i # j. By Theorem 3.2 (2-b) it
follows that:

Ug) = llarllo(oy) + lazllo(og) + - - -+ llatllooy) = llatllozy) + lazllo@g) + - - - + llatllogz)-

O

3.2. Standard parabolic subgroups

Let (D, V) be a Dyer system. For any subset X C V', we denote the subgroup generated
by the set X by Dx C D. Dx is called the standard parabolic subgroup generated by X.

Let (I';m, f) be the Dyer graph associated with (D, V). We denote by I'x the full
subgraph of T' spanned by X, by mx the restriction of m to E(T'x), and by fx the
restriction of f to V(I'x) = X. Then (I'x, mx, fx) is a Dyer graph and we know by [7]
that (Dx, X) is the Dyer system associated with (I'x,mx, fx) (see also [13, Proposition
2.7)).

Lemma 3.4. Let (D, V) be a Dyer system. Let Dx be a standard parabolic subgroup
of D. Then for any g € Dx we have lx(g) = ly(g).

Proof. Let g € Dx. Let (mllll , x;27 e ,Jc;ll) be a reduced syllabic representative for g.
We know by [13, Lemma 2.5] that z1,29,...,2; € X, hence, by Corollary 3.3,

W (9) = llailloey) + lazllogay) + - - + llailloz;) = Ix(9)-
It is clear that we also have Ix(g) > lv(g), thus Ix(g9) = lv(g). O

Proposition 3.5. Let (D, V) be a Dyer system and Dx be a standard parabolic
subgroup. Then for every g € D

(1) there exist a unique go € gDx of minimal syllabic length in ¢Dx and gy satisfies:
Lsy(90h) = lsy(g0) + Lsy(h) and I(goh) = I(g0) + I(h)

for all h € Dx.
(2) there exists a unique gy € Dxg of minimal syllabic length in Dxg and go satisfies

Lsy(hgo) = Ley(h) + sy (g0) and 1(hgy) = 1(h) + U(gp)

for all h € Dx.

https://doi.org/10.1017/50013091523000743 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000743

178 L. Paris and O. Varghese

Proof. The statements regarding syllabic length were proved in [13, Proposition 2.8].
Hence we know that there exists a unique g € gDx such that for all h € Dx we have:

lsy(goh) = lsy(go) + lsy(h)~

Let h € Dx. Let (x(fl,...,xzp) be a reduced syllabic representative for gy and
(ylfl,...,ygq) be a reduced syllabic representative for h. We know from the above

that (x(lll, . ,xgp7ylf1,...,ysq) is a reduced syllabic representative for ggh, hence, by
Corollary 3.3,

U(goh) = llatlloy) + - -+ lapllop) + 101llocyy) + -+ + 0gllocyq) = 1g0) + U(h).
The proof of part (2) is the same as for part (1). O

Corollary 3.6. Let (I'ym, f) be a Dyer graph and (D, V) be the associated Dyer
system. Every pair (Dx,X) where Dx is a standard parabolic subgroup is admissible.

Proof. For a standard parabolic subgroup Dx and an element g € D there exists a
unique go € gDx such that l[(goh) = I(go) + I(h) for all h € Dx. We take these minimal
elements as a transversal. Lemma 3.4 and Proposition 3.5 show that this transversal is
admissible. O

Corollary 3.7. Let (I'ym, f) be a Dyer graph. Let v € V(I'). If st(v) # V(T'), then
D= DV—{U} *le(ﬂ) Dst(v)7

and

1 1 1 1

= + .
G (@) Gy 1y v-h®) G040 st E) G0y k@) (1)

Proof. The proof of the equality D = Dy _(,y Dy Dst(v) follows by analysing the

(v)
presentation of D and the canonical presentation of the amalgam. By Corollary 3.6 the
groups in this amalgamated product are admissible. Thus by Proposition 2.5 we get the

above equality of the spherical growth series. O

4. X-minimality

Definition 4.1. Let (D, V) be a Dyer system and g € D. For X C 'V the element g is
called X-minimal if 15y (g) < lsy(gh) for all h € Dx.

Note that, by Proposition 3.5, if g is X-minimal, then I, (gh) = ls,(g) + lsy(h) and

l(gh) = I(g) +I(h) for all h € Dx. Note also that, if X CY C V and ¢ is Y-minimal,
then ¢ is also X-minimal, since gDx C gDy .
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Definition 4.2. Let (D, V) be a Dyer system and X C V. We define two subsets of
D as follows:

Ax = Ax(D) = {g eD | gis X—mmimal} and Bx = Bx(D) = Ax — (ngyAy).

An important feature of these sets is that, for X C V, the set Ax is the disjoint union
of those By with X C Y. This property is less obvious than it seems and follows from
the following lemma.

Lemma 4.3. Let (D, V) be a Dyer system, let g € D, and let X, Y C V. If g is both
X-minimal and Y-minimal, then g is (X UY)-minimal.

Proof. Let g be the unique (X UY')-minimal element in gD xy. By Proposition 3.5
there exists h € Dxyy such that g = goh and l5,(g) = lsy(g0) + lsy(h). Suppose go # g,
that is, ls,(h) > 1. Let (z71,. .. ,237) be a reduced syllabic representative for h. We know
from [13, Lemma 2.5] that z1,...,2, € X UY. But, if 2, € X, then g is not X-minimal,
and if x, € Y, then g is not Y-minimal. This is a contradiction, hence =1 and

g9 = go- O

Corollary 4.4. Let (D, V) be a Dyer system and let X C'V. Then Ax is the disjoint
union of those By with X C Y.

The following lemma is a particular case of the well-known general Mobius inversion
formula (see [18, Section 3.7] or [14] for example).

Lemma 4.5. Let V be a set and P(V') be the set of all subsets of V. Further, let G be
an abelian group. If the functions f: P(V) — G and g: P(V) — G satisfy

F(X)= > g(V)for all X € P(V),

XCY

then they satisfy

g(X) =Y (=) for all X € P(V).

XCY

Proposition 4.6. Let (D, V) be a Dyer system. For X CV we have

G =3 (—yv-x1 Jon®

< G(Dy v (1)

In particular, for X = () we obtain:

Gp,v)(t)
G £ = _ly1 Z@.v) :
(BQ)’V)( ) zy:( ) g(Dy,Y) (t)
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which is equivalent to:

Gy (1) + (1) (—1)!

Gop,v)(t) yov Gny v)(t)

Proof. Let (D, V) be a Dyer system. We define two functions f: P(V) — Z[[t]] and
g: P(V) — Z][[t]] where Z][[t]] is the formal power series ring with coefficients in the group
Z as follows:

FX)) = Y #@and g(X)(1) = Y 1@,

geAx gEBx

By Corollary 4.4 the set Ay is a disjoint union of those By, where X C Y. Hence
we have

FOW =Y 9(V)@),

XCYy

and by Lemma 4.5 we obtain

g(X)(t)= Y (=DM rE) .

XCY

By definition we have g(X)(t) = G(g v)(t). Thus we obtain

Giogan ()= 3 (DX F()().

XCY
Further, D = Uge a,, gDy and this union is disjoint. More precisely, two cosets are equal
or disjoint. Assume that there exist g1,g2 € Ay, g1 # g2 such that gy Dy = g2 Dy . Since

g1 and go are both Y-minimal it follows by Proposition 3.5 that g; = g2, contradiction.
We obtain

Gp,v)(t) = Z Z O — F(V)(1) - Gipy v (D).

QGAY u€Dy~

Finally, by Lemma 3.4 we have Gp,, v)(t) = Q(Dyvy)(t), hence

Gyt =Y (DX =3 (—yv-x1 Jon®

XCY XCy YDy v) (t)
]

Our next task is to give a good description of the set By. We are particularly interested
in properties of (D, V') that ensure the set By to be empty.
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Definition 4.7. Let (I',m, f) be a Dyer graph and (D, V) be the associated Dyer
system. We define Vo = {zeV|f(z)=2}, Voo = {zeV|f(z)=00}, V, =
{r e V]2 < f(x) < oo}. Let Dy resp. Do, resp. D, be the standard parabolic subgroup
of D generated by Vy resp. Voo resp. V.

The Dyer group D is called of spherical type if T' is a complete graph and Dy is a finite
Coxeter group.

Note that, if D is of spherical type, then D = Dy x D}, X Dog, D), = Hzevp Z/f(x)Z,
and Do, = Z! where | = |V|.

The description of By when D = D5 is a Coxeter group is well-known and it is a direct
consequence of the following.

Proposition 4.8. ([2]) Let (W, S) be a Cozeter system. The following conditions on
an element wg € W are equivalent.

(a) For each u € W, l(wg) = l(wou™t) + I(u).
(b) For each s € S, l(wps) < l(wp).

Moreover, wy exists if and only if W is finite. If wy satisfies (a) and/or (b), then wy
18 unique, wy is an involution, and woSwy = S.

The element wq of Proposition 4.8 is called the longest element of W, if it exists. The
following is a straightforward consequence of Proposition 4.8.

Corollary 4.9. Let (W, S) be a Cozeter system. We have By(W) # 0 if and only if
W is finite. If W is finite, then Byg(W) = {wo}, where wy is the longest element of W.

In the general case we have the following.

Lemma 4.10. Let (D, V) be a Dyer system.

(1) We have By # 0 if and only if D is of spherical type.
(2) Suppose D is of spherical type. Set V, = {x1,..., 2k} and Voo = {v1,...,ui}. Let
g € D. Then g € By if and only if g can be written in the form:
a ap b b
g=wozi’ ...z Fyt .yl
where wy is the longest element of Da, a; € (Z] f(x;)Z)—{0} for alli € {1,...,k},
and b; € Z— {0} for all j € {1,...,1}.

Proof. We first prove that, if By # @), then D is of spherical type. We will then show
that, if D is of spherical type, then By # () and the elements of By are as described in
part (2).

Suppose By # (). This means that there exists g € D such that g ¢ A,y for all
x € V. So, we can pick g € D such that, for all z € V, there exists a € Zy,) — {0}
such that [, (gz®) < lsy(g). We start by showing that I' is complete. Let z,y € V, z # y.
Set X = {z,y}. We know that there exist a € Zy,) — {0} and b € Zs(,) — {0} such as
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lsy(g2%) < lsy(g) and lsy (gy®) < lsy(g). On the other hand by Proposition 3.5, there exist
go € Ax and h € Dx such that g = goh. By Proposition 3.5 we have

lsy(g) = lsy(QO) + lsy(h) ’ lsy(gxa) = lsy(gO) + lsy(hxa) ) lsy(gyb) = lsy(gO) + léy(hyb)

Thus, ls, (hr®) < lsy(h) and s, (hy®) < lsy(h). If z and y are not connected by an edge,
then Dx = Zy ) * Zys(,y) and there is no h in Zy ) * Zys(,) such that I, (hz?®) < lgy,(h)
and g, (hy®) < lsy(h). So, z and y are connected by an edge.

Since I is a complete graph, we have D = Dy X D), X Do, D), = Hmevp Z/f(z)Z, and
Do, = Z', where | = |V|. Assume that By # (). Let g € By. We write g = g2g,9oo With
g2 € Do, gp € Dy, and goo € Doo. For each x € V, we have

l(g2z) + lsy(gp) + lsy(goo) = lsy(gx) < lsy(g) =1(g2) + lsy(gp) + lsy(goo)v

hence I(g2x) < I(g2)-

By Proposition 4.8 this implies that D, is a finite Coxeter group and g is the longest
element of Dy. So, if By # (), then D is of spherical type.

Suppose now that D is of spherical type. Then D = Dy x D, x Do, D4 is a finite Coxeter
group, D, = Hzevp Z]f(x)Z, and Do = Z!, where | = |V|. Set V, = {z1,..., 21}
and Voo = {y1,...,y}. Let g € By. Write g in the form g = wa{? ...xzkyi’l ...yfl
with w € Do, a; € Z/f(z;)Z for all i € {1,...,k}, and b; € Z for all j € {1,...,1}.
Let i € {1,...,k}. If we had a;, = 0, then we would have l4,(gz{) > ly(g) for all
c € (Z)f(x;)Z) — {0}, hence we would have g & By. So a; # 0 for all i € {1,...,k}.
Similarly, b; # 0 for all j € {1,...,1}. If w were not the longest element of Dy, then
there would exist © € V5 such that {(wz) > I(w), hence there would exist € V, such
that sy (gz) > l5y(g). So, w is the longest element of Ds.

Let g € D which can be written in the form g = woxllll ...mzkyzfl ...ylbl, where wq is
the longest element of D, a; € (Z/f(x;)Z) — {0} for all i € {1,...,k}, and b; € Z — {0}
for all j € {1,...,1}. Notice that such an element always exists. It is easily seen that

lsy(gz; “") < lsy(g) for alli € {1,...,k} and lsy(gyj_bj) <lsy(g) forall j € {1,...,1}. On
the other hand, if = € V5, then l[(wox) < l(wo), hence Iy, (g9x) < lsy(g). So, g € By. O

Let (D, V) be a Dyer system of spherical type. So, D = Dy X D), X D, D5 is a finite
Coxeter group, D, = ervp Z]f(x)Z, and Do, = Z!, where | = |V |. Let # € Vj,. If

f(x) =2r is even we set P,(t) = 2t + 2t + ... +2t" "L + 1" and if f(x) = 2r + 1 is odd
we set Py (t) =2t +2t* + ...+ 2t". Then we set

2l
Pp(t) =™ | [] Pu(t) a—n
Tz€Vp

where m is the maximal length in Ds.
As an immediate corollary we obtain the following whose first part finishes the proof
of Theorem 1.1.
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Corollary 4.11. Let (D, V) be a Dyer system.
(1) If D is not of spherical type, then

(VI ()Y

Gov)(t)  Z=, Gy ()
(2) If D is of spherical type, then

Po)+ ()M (DY
Go,vy(t) B yov Gny v)(t)

Proof. By Proposition 4.6 it suffices to show that Q(B@,V) (t) = 0if D is not of spherical
type and that g(B@,v)(t) = Pp(t) if D is of spherical type. If D is not of spherical type
then, by Lemma 4.10, By = 0, hence g(B@,V) (t) = 0. Suppose D is of spherical type. Let

Vp ={z1,...,zx} and Voo = {y1,...,ui}, and let m be the maximal length in Ds. Then,
by Lemma 4.10,

k
Gy (t <H G2/ f(w)z— {01, {11 ( ) (Hg —{o}{1}) )>
k l
tm (H PTL (t)) (12—tt> = PD(t)

We end this chapter with the proof of Theorem 1.1.

Proof of Theorem 1.1. The first part follows from Corollary 4.11 which we already
mentioned above. We assume now that D is of spherical type, then D = Dy X D), X Dy
Hence we can use the formula for direct products on page 5. We get

Go.v)(t) = G(Dy.v) (1) G(Dp.vip) (1) * G(Doo Vo) ()
Further, since Gz (1})(t) = Lﬁ we get G(Doo, Vo) (t) = 81_2
of V. A direct calculation shows the formulas for the spherical growth series of finite

cyclic groups with the standard generating sets which ends the proof of the second part
of the theorem. O

where [ is the cardinality

5. Euler characteristic

We start this chapter by recalling the definition and useful formulas of the Euler char-
acteristic of groups. Following [3] a group G is said to be of finite homological type if
the virtual cohomological dimension of G is finite and for every G-module M which is
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finitely generated as an abelian group, H;(G, M) is finitely generated for all 7. If G is
torsion-free and of finite homological type, then its Euler characteristic is defined by:

X(@) =) (~1)'rkz(Hi(@)).

If G is of finite homological type and has a torsion free subgroup H of finite index,
then the Euler characteristic of G is defined by:

We list some useful properties of the Euler characteristic.

Proposition 5.1. ([3])/Proposition 7.3]

(1) Let 1 - A — B — C — 1 be a short exact sequence where A and C are of finite
homological type. If B is virtually torsion-free, then B is of finite homolocial type
and

(2) Let G = AxpC be an amalgamated product where A, B, C are of finite homological
type. If G is virtually torsion free, then G is of finite homological type and

X(G) = x(A) + x(C) = x(B).

As a corollary we obtain

Corollary 5.2. Let (D, V) and (D', V') be Dyer systems.

(1) x(D x D") = x(D) - x(D").
(2) If D= Dy_(y *¥Dyp () Dst(a)s then

X(D) = X(DV—{I}) + X(Dst(m)) - X(le(z))

Proof. It was proven in [16, Corollary 1.2] that every Dyer group is a subgroup of
finite index in a Coxeter group. Further, it was proven in [15] that Coxeter groups are of
finite homological type. Since the property of being of finite homological type is preserved
by taking finite index subgroups [3, Lemma 6.1}, we know that every Dyer group is of
finite homological type and is therefore virtually torsion free. Proposition 5.1 shows the
results of the corollary. O
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Theorem 5.3 Let (T',m, f) be a Dyer graph and (D, V) be the associated Dyer system.
Then

1

Gond) x(D).

Proof. Assume first that I' is complete. In this case D = Dy x D, X Do, where D, is
finite and Do, = Z'. Hence, by Corollary 5.2

X(D) = x(D2) - x(Dp) - x(Z").

Since Dy is a Coxeter group we know by [15] that x(D2) = W We get
(D) = o (D) - X(Z)
X(D) = ———— - x(Dy) - x(Z").
G(Dy,v5) (1) ?

Further, since D, is finite we have x(D,) = ﬁ and G(p,, v;)(1) = [Dpl. Thus

1 1

x(D) = ' -x(Z)).
G(Dy.ve) (1) G(Dp.vp) (1)
Iy _ 1 _a-nt . A
We know that x(Z') = 0 and S — arnl 0 if >0, and x(Z') = 1 and
1 1T
W = 1 lf l—O Hence
1 1 1 1

D) = : . = )
x(D) Gy ve) (1) G0y vpy(1) GDoo Vo)1) Gpv)(1)

Now assume that I" is not complete, then there exists x € V(I') such that st(z) # V(T).
Then we have

D =Dy {2y *Dyy ) Dsta)-

By Corollary 3.7 we obtain

1 1 1 1

Goy(1) G(Dy _(ay V(D) () G(D gy () st@) (D) G0y k() (1)

By Corollary 5.2 we get
X(D) - X(DV—{J} *le(m) Dbt(.L)) - X(DV—{J}) + X(Dét(L)) - X(le(L))

We decompose Dy _ (4}, D) and Dyy(,) again in amalgamated products. Using this
strategy we will get a linear combination of Euler characteristics resp. spherical growth
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series of standard parabolic subgroups of D where all defining graphs are complete.
Applying the above formulas we get

O

Acknowledgements. We want to thank the referee for many helpful remarks. The
first author is supported by the French project “AlMaRe” (ANR-19-CE40-0001-01) of
the ANR. The second author is supported by DFG grant VA 1397/2-2.

References

(1)

M. Benson, Growth series of finite extensions of Z" are rational, Invent. Math. 73(2):
(1983), 251-269.

N. Bourbaki, Chapitre IV: Groupes de Coxeter et systémes de Tits. Chapitre V: Groupes
engendrés par des réflexions. Chapitre VI: systémes de racines. Actualités Scientifiques
et Industrielles, No. 1337 Elements de mathématique. Fasc. XXXIV. Groupes et al gébres
de Lie (Hermann, Paris, 1968).

K. S. Brown, Cohomology of groups, (Springer-Verlag, 1982).

J. W. Cannon, The combinatorial structure of cocompact discrete hyperbolic groups,
Geom. Dedicata 16(2): (1984), 123-148.

J. W. Cannon and P. Wagreich, Growth functions of surface groups, Math. Ann. 293(2):
(1992), 239-257.

I. M. Chiswell, The growth series of a graph product, Bull. Lond. Math. Soc. 26(3):
(1994), 268-272.

M. Dyer, Reflection subgroups of Coxeter systems, J. Algebra 135(1): (1990), 57-73.
E. Ghys and P. de la Harpe, La propriété de Markov pour les groupes hyperboliques. Sur
les groupes hyperboliques d’aprés Mikhael Gromov (Bern, 1988). Progr. Math., Volume
83, (Birkh&user Boston, Boston, MA, 1990), 165-187.

M. Gromov, Hyperbolic groups. Essays in group theory. Math. Sci. Res. Inst. Publ.,
Volume 8, (Springer, New York, 1987), 75-263.

J. Lewin, The growth function of some free products of groups, Comm. Alg. 19(9):
(1991), 2405-2418.

A. Mann, How groups grow. (London Mathematical Society Lecture Note Series),
(Cambridge University Press, Cambridge, 2011).

L. Marjanski, E. Solon, F. Zheng and K. Zopff, Geodesic Growth of Numbered
Graph Products, J. Groups Complex. Cryptol. 14(2): (2023), doi.org/10.46298/jgcc.
2023.14.2.10019.

L. Paris and M. Soergel, Word problem and parabolic subgroups in Dyer groups, Bull.
Lond. Math. Soc. 55(6): 2928-2947.

G. -C. Rota, On the foundations of combinatorial theory. I. Theory of M&bius functions,
Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 2 (1964), 340-368.

J. -P. Serre, Cohomologie des groupes discrete, in Prospects in Mathematics. Ann. Math.
Stud. No. 70, Princeton, 1971.

https://doi.org/10.1017/50013091523000743 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000743

The spherical growth series of Dyer groups 187

(16) M. Soergel, A generalization of the Davis-Moussong complex for Dyer groups (2023),
ArXiv:2212.03017.

(17) L. Solomon, The orders of the finite Chevalley groups, J. Algebra 3(3): (1966), 376-393.

(18) R. P. Stanley, Enumerative combinatorics, Second edition, Volume 1, (Cambridge
University Press, Cambridge, 2012), Cambridge Studies in Advanced Mathematics, 49.

(19) M. Stoll, Rational and transcendental growth series for the higher Heisenberg group,
Invent. Math. 126(1): (1996), 85-109.

https://doi.org/10.1017/50013091523000743 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091523000743

	The spherical growth series of Dyer groups
	1. Introduction
	2. Preliminaries
	3. Dyer groups
	3.1. Dyer tools
	3.2. Standard parabolic subgroups

	4. X-minimality
	5. Euler characteristic
	Acknowledgements
	References


