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Abstract

In this paper we consider some notions of amenability such as ideal amenability, n-ideal amenability and
approximate n-ideal amenability. The first two were introduced and studied by Gordji, Yazdanpanah and
Memarbashi. We investigate some properties of certain Banach algebras in each of these classes. Results
are also given for Segal algebras on locally compact groups.
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1. Introduction

LetA be a Banach algebra. Then the dual space X∗ of a BanachA-bimodule X is also
a BanachA-bimodule by the module actions

〈x∗ · a, x〉 = 〈x∗, a · x〉, 〈a · x∗, x〉 = 〈x∗, x · a〉

for all a ∈ A, x ∈ X, x∗ ∈ X∗. In particular, for every n ∈ N, the nth dual X(n) of X is a
Banach A-bimodule and so, for every closed two-sided ideal I of A, I is a Banach
A-bimodule and I(n) is a dual BanachA-bimodule for every n ∈ N.

Let X be a BanachA-bimodule. Then a continuous linear map D :A→X is called
a derivation if

D(ab) = a · D(b) + D(a) · b (a, b ∈ A).

For x ∈ X, we define adx :A→X as follows:

adx(a) = a · x − x · a (a ∈ A).

It is easy to show that adx is a derivation. Such derivations are called inner derivations.
A derivation D :A→X is called approximately inner if there exists a net (xα) ⊆ X

such that
D(a) = lim

α
(a · xα − xα · a) (a ∈ A).

Recall that A is called amenable if each continuous derivation from A into each
dual Banach A-bimodule is inner. The algebra A is said to be weakly amenable if
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each continuous derivation from A into the specific dual Banach A-bimodule A∗ is
inner. The concept of weak amenability was first introduced by Bade et al. in [2]
for commutative Banach algebras and was extended to the noncommutative case by
Johnson in [11].

For a closed two-sided ideal I of A, Gordji and Yazdanpanah [6] introduced and
studied the notion of ideal amenability, n-ideal amenability and n-I-weak amenability
of A; see also [5]. In 2010, Mewomo [15] introduced the notion of approximate
I-weak amenability and approximate ideal amenability of Banach algebras.

Let I be a closed two-sided ideal of A and n ∈ N. Then A is called n-I-weakly
amenable if any continuous derivation from A into I(n) is inner, A is called n-ideally
amenable ifA is n-I-weakly amenable for every closed two-sided ideal I ofA, andA
is called permanently ideally amenable if it is n-I-weakly amenable for every closed
two-sided ideal I ofA and for each n ∈ N.

Also,A is called approximately n-I-weakly amenable if any continuous derivation
from A into I(n) is approximately inner. Then n-ideal amenability and approximate
permanent ideal amenability of Banach algebras are defined similarly.

We briefly summarize the results of the paper. In Section 2 we give a sufficient
condition for n-ideal amenability of the homomorphic image. We apply this result to
obtain the n-ideal amenability of certain Banach algebras.

In Section 3 we investigate the relation between n-ideal amenability of A and
approximate n-ideal amenability of abstract Segal algebras inA. Then we apply these
results to Segal algebras on a locally compact group.

2. Permanent ideal amenability

Let A and B be Banach algebras and let τ :A→B be a bounded homomorphism.
IfJ is a closed two-sided ideal ofB, thenJ (n) is a BanachA-bimodule by the module
actions

a · F = τ(a) · F, F · a = F · τ(a) (a ∈ A, F ∈ J (n)).

It is easy to check that for each n ≥ 1, τ(2n) :A(2n)→B(2n), the 2nth dual operator
of τ, and τ(2n−1) : B(2n−1)→A(2n−1), the (2n − 1)th dual operator of τ, areA-bimodule
morphisms.

P 2.1. LetA and B be Banach algebras and let τ :A→B and Φ : B→A
be bounded homomorphisms such that τ ◦ Φ = IB. If I, J are closed two-sided ideals
ofA and B, respectively, such that τ(I) ⊆ J and Φ(J) ⊆ I, then for each n ∈ N, B is
n-J-weakly amenable ifA is n-I-weakly amenable.

P. Let n ∈ N and let D : B→J (n) be a continuous derivation. Define D̃ :A→
I(n) by

D̃(a) =

((τ|I)(n) ◦ D ◦ τ)(a) if n is odd,

((Φ|J )(n) ◦ D ◦ τ)(a) if n is even,
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for all a ∈ A. Then, for odd n,

D̃(ac) = ((τ|I)(n) ◦ D ◦ τ)(ac) = ((τ|I)(n) ◦ D)(τ(a)τ(c))

= (τ|I)(n)(a · D(τ(c)) + D(τ(a)) · c)

= a · ((τ|I)(n) ◦ D(τ(c))) + ((τ|I)(n) ◦ D(τ(a))) · c

= a · D̃(c) + D̃(a) · c

for all a, c ∈ A. It follows that D̃ is a derivation fromA into I(n). By assumption there
exists F ∈ I(n) such that D̃(a) = adF(a) for all a ∈ A. Since τ ◦ Φ = IB, it follows that
τ|I ◦ Φ|J = IJ and consequently (τ|I)(n−1) ◦ (Φ|J )(n−1) = IJ (n−1) . Thus, for each b ∈ B
and G ∈ J (n−1),

〈D(b),G〉 = 〈D(τ ◦ Φ(b)), ((τ|I)(n−1) ◦ (Φ|J )(n−1))(G)〉

= 〈D̃(Φ(b)), (Φ|J )(n−1)(G)〉

= 〈Φ(b) · F − F · Φ(b), (Φ|J )(n−1)(G)〉

= 〈(Φ|J )(n)(b · F − F · b),G〉

= 〈b · (Φ|J )(n)(F) − (Φ|J )(n)(F) · b,G〉.

It follows that D is an inner derivation and so B is n-J-weakly amenable. A similar
argument holds for even n. �

As an application of Proposition 2.1 we have the following result.

C 2.2. LetA be a Banach algebra such thatA = B ⊕ I, the topological sum
of I and B, for some closed two-sided ideal I and closed subalgebra B. Then n-ideal
amenability ofA implies that of B.

P. First, note that if J is a closed two-sided ideal in B, then J ⊕ I is a closed
two-sided ideal in A. Let τ :A→B be the natural projection and Φ : B→A be the
natural injection. Then it is clear that τ(J ⊕ I) ⊆ J and Φ(J) ⊆ J ⊕ I. So the proof
is complete by Proposition 2.1. �

E 2.3. For a Banach algebra A and a Banach A-module X, let A⊕ X be
the module extension Banach algebra which is equipped with the algebra product
(a, x)(b, y) = (ab, ay + xb) (a, b ∈ A, x, y ∈ X) and the norm ‖(a, x)‖ = ‖a‖ + ‖x‖; see,
for example, [18]. It is clear that X and A are a closed two-sided ideal and a closed
subalgebra of A⊕ X, respectively, and, for each n ∈ N, n-ideal amenability of A⊕ X
implies that ofA by Corollary 2.2.

Let A be a Banach algebra. Then A∗∗, the second dual of A with first Arens
multiplication � is a Banach algebra, where � is defined by the equations

(F � H)( f ) = F(H f ), (H f )(a) = H( f a), ( f a)(b) = f (ab)

for all F, H ∈ A∗∗, f ∈ A∗, and a, b ∈ A. We recall that a closed A-submodule X of
A∗ is called left introverted if A∗∗ · X ⊆ X. In this case, X∗ is a Banach algebra with
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multiplication induced by the left Arens product � onA∗∗. Examples of left introverted
subspaces of A∗ include AP(A) (almost periodic elements of A∗), WAP(A) (weakly
almost periodic elements ofA∗), and of courseA∗. In the case whereA has a bounded
right approximate identity, the Cohen–Hewitt factorization theorem shows thatA∗ · A
is a left introverted subspace ofA∗.

For every two left introverted subspaces Y ⊆ X of A it is easy to check that
the restriction map Θ : X∗→ Y∗is a continuous homomorphism onto Y∗ whose
kernel is the weak∗ closed ideal Y⊥ = {F ∈ X∗ : F(g) = 0 for all g ∈ Y} of X∗; see, for
example, [13, Lemma 1.1]. This provides the direct sum decomposition X∗ = Y∗ ⊕ Y⊥.
If Y∗ is isometrically isomorphic to a closed subalgebra of X∗, we say that the pair
(Y∗, X∗) is admissible. In this case we have the following result.

T 2.4. Let A be a Banach algebra and let X, Y be two left introverted
subspaces of A∗ such that Y ⊆ X. If the pair (Y∗, X∗) is admissible, then n-ideal
amenability of X∗ implies that of Y∗.

As a consequence we have the following corollary.

C 2.5. Let A be a dual Banach algebra and let A∗∗ be n-ideally amenable
for some n ∈ N. ThenA is n-ideally amenable.

P. Let A∗ be the predual of A. Then trivially, A∗ is an introverted subspace
of A∗. Thus, A∗∗ =A⊕ (A∗)⊥. Since (A∗)∗ =A, it follows that the pair (A,A∗∗) is
an admissible pair. Now Proposition 2.4 completes the proof. �

Let A be a Banach algebra with an approximate identity bounded by one. In this
case the pair ((A∗ · A)∗,A∗∗) is admissible; see, for example, [10, Corollary 4.2]. So
we have the following result.

C 2.6. LetA be a Banach algebra with an approximate identity bounded by
one. Then n-ideal amenability ofA∗∗ implies that of (A∗ · A)∗.

E 2.7.

(a) Let G be a locally compact group and A = L1(G). Then A∗ = L∞(G) and
L∞(G) · L1(G) = LUC(G), the algebra of bounded left uniformly continuous
functions on G. By Corollary 2.6, if L∞(G)∗ is n-ideal amenable then so is
LUC(G)∗.

(b) Lau and Loy in their extensive work [13] gave a train of admissible pairs, in
particular in the group algebras L∞(G), VN(G) and PMp(G). Among these
admissible pairs are the following.
• (M(G/N), M(G)), where N is a compact normal subgroup of G.
• (M(G/N), X∗), where X is an introverted subspace of L∞(G) with C0(G) ⊆

X ⊆C(G).
• (AP(G)∗, WAP(G)∗).
• (WAP(G/N)∗, WAP(G)∗), where N is a closed normal subgroup of G.
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• (X∗, L∞(G)∗) and (L1(G/N)∗∗, L∞(G)∗), in which G is amenable, N is a
closed normal subgroup of G and X is a nonzero weak∗ closed self-adjoint
translation invariant subalgebra of L∞(G). See [8, 9] for definitions and
details in group algebras.

P 2.8. Let I and J be closed two-sided ideals of a Banach algebraA such
that I ⊆ J . If I is weakly amenable and A/I is J/I-weakly amenable, then A is
J-weakly amenable.

P. Let Θ : I→J be the natural embedding map and let D :A→J∗ be a
continuous derivation. Then Θ∗ ◦ D ◦ Θ is a continuous derivation from I into I∗.
By assumption there exists f0 ∈ I∗ such that, for each ι ∈ I,

(Θ∗ ◦ D)(ι) = ad f ∗0
(ι).

Let g∗0 be an extension of f ∗0 on J . If we set D′ := D − adg∗0
, then (Θ∗ ◦ D′)|I = 0.

It follows that
〈D′(ιι′), b〉 = 〈Θ∗ ◦ D′(ι′), bι〉 + 〈Θ∗ ◦ D(ι), ι′b〉

for all ι, ι′ ∈ I and b ∈ J . This shows that D′ |I2= 0. On the other hand, by [4,
Theorem 2.8.63(i)], I2 = I, and so D′ |I= 0. It follows that for each a ∈ A and ι ∈ I,

a · D′(ι) = D′(aι) = 0,

and so D′(a) · ι = 0. Consequently, for each ι, ι′ ∈ I,

〈D′a, ιι′〉 = 〈D′a · ι, ι′〉 = 0;

that is, D′a|I2 = 0 and hence D′a|I = 0. Thus D′(A) ⊆ I⊥. Define the map D̃ :A/I→
I⊥ by

D̃(a + I) = D′(a) (a ∈ A).

It is easy to check that D̃ is a continuous derivation. By hypothesis, there exists an
element g1 ∈ I

⊥ ⊆ J∗ such that

D′a = a · g1 − g1 · a (a ∈ A).

Therefore D(a) = adg0+g1 for all a ∈ A; that is,A is J-weakly amenable. �

3. Approximate n-ideal amenability of abstract Segal algebras

LetA be a Banach algebra with the norm ‖ · ‖A. Then a Banach algebra B with the
norm ‖ · ‖B is an abstract Segal algebra inA if:

(1) B is a dense left ideal inA;
(2) there exists M > 0 such that ‖b‖A ≤ M‖b‖B for each b ∈ B;
(3) there exists C > 0 such that ‖ab‖B ≤C‖a‖A‖b‖B for all a, b ∈ B.
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We further say that B is symmetric if it is also a two-sided dense ideal in A and
‖ba‖B ≤C‖a‖A‖b‖B for all a, b ∈ B.

R 3.1. It was shown in [14] that if B is an abstract Segal algebra inA, then the

mapping J 7→ J
A

is a bijection from the set of all closed two-sided ideals in B onto
the set of all closed two-sided ideals in A and the inverse mapping is I 7→ I

⋂
B,

where for a set J ⊂ B the notation J
A

stands for the closure of J inA; see also [1].

We commence this section with the following result.

T 3.2. LetB be an abstract Segal algebra in a Banach algebraAwith a central
approximate identity which is bounded in ‖ · ‖A and let J be a closed two-sided ideal

in B. Set I =J
A

. Then for each n ∈ N, the following statements hold.

(a) IfA is n-I-weakly amenable, then B is approximately n-J-weakly amenable.
(b) IfA is n-ideally amenable, then B is approximately n-ideally amenable.

P. (a) Let n ∈ N and D : B→J (n) be a continuous derivation. Then we denote
by Xn the closed linear span of the set {a · J (n) · b : a, b ∈ B}. Suppose that (eα) is a
central approximate identity and bounded by ‖ · ‖A for B. Since (eα) is central,

D(B) ⊆ Xn.

Note that (eα) is a multiplier-bounded, central approximate identity for Xn. In
particular,

lim
α

e2
α · D(b) = D(b) (b ∈ B). (3.1)

For each α, define the map τα : I→J by

τα(a) = aeα (a ∈ I),

and let θ :J →I denote the inclusion map. Trivially, both τα and θ are linear and
continuous left A-bimodule morphisms and also continuous B-bimodule morphisms.
It is clear that ταθ(b) = beα = eαb for all b ∈ J , so by induction, for each n ∈ N,

(ταθ)(n)(F) = F · eα = eα · F (F ∈ J (n)).

Define the continuous linear map Dα :A→I(n) by

Dα(a) =

θ(n)[D(aeα) − a · D(eα)] if n is even,

τ(n)
α [D(eαa) − D(eα) · a] if n is odd,

for all a ∈ A. Then, for each b ∈ B,

Dα(b) =

θ(n)(D(b) · eα) if n is even,

τ(n)
α (eα · D(b)) if n is odd.

(3.2)
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Since eα is central, it follows that Dα(bc) = b · D(c) + D(b) · c for all b, c ∈ B. Since B
is dense inA, it follows that Dα is a derivation fromA into I(n). By assumption there
exists Fα ∈ I

(n) such that

Dα(a) = a · Fα − Fα · a (a ∈ A).

In particular, by (3.2), for even n,

D(b) · e2
α = (ταθ)(n)(D(b) · eα)

= τ(n)
α Dα(b)

= b · τ(n)
α (Fα) − τ(n)

α (Fα) · b,

and for odd n,

e2
α · D(b) = (ταθ)(n)(eα · D(b))

= θ(n)Dα(b)

= b · θ(n)(Fα) − θ(n)(Fα) · b,

for all b ∈ B. Set Gα = τ(n)
α (Fα) if n is even and set Gα = θ(n)(Fα) if n is odd. Trivially,

Gα ∈ I
(n) for all α and we have, by (3.1),

D(b) = lim
α

e2
α · D(b) = lim

α
b ·Gα −Gα · b (b ∈ B);

that is, D is approximately inner.
(b) This follows immediately from part (a) and Remark 3.1. �

Let G be a locally compact group. A linear subspace S (G) of the convolution group
algebra L1(G) is said to be a Segal algebra on G if it satisfies the following conditions:

(1) S (G) is dense in L1(G);
(2) S (G) is a Banach space under some norm ‖ · ‖S and there exists M > 0 such that

‖ f ‖1 ≤ ‖ f ‖S for all f ∈ S (G);

(3) S (G) is left transition invariant and the map x 7→ δx ∗ f of G into S (G) is
continuous;

(4) ‖δx ∗ f ‖S = ‖ f ‖S for all f ∈ S (G) and x ∈G.

A Segal algebra S (G) is symmetric if it is right translation invariant, and for each
f ∈ S (G), ‖ f ∗ δx‖S = ‖ f ‖S for all x ∈G, and the map x 7→ f ∗ δx from G into S (G) is
continuous.

It is well known that a Segal algebra on G is an abstract Segal algebra; see [3,
p. 492].

We call G a SIN group if there is a basis for the neighborhood of the identity of G
consisting of compact sets U such that xUx−1 = U for all x ∈G.
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C 3.3. Let S (G) be a Segal algebra on a locally compact SIN group G and

let J be a closed two-sided ideal in S (G) such that I =J
L1(G)

. Then for each n ∈ N
the following statements hold.

(a) If L1(G) is n-I-weakly amenable, then S (G) is approximately n-J-weakly
amenable.

(b) If L1(G) is n-ideally amenable, then S (G) is approximately n-ideally amenable.

P. Since G is a SIN group, then by a result of [12], S (G) has a central approximate
identity which is bounded in ‖ · ‖1 and the result is obvious from Theorem 3.2. �

C 3.4. Let S (G) be a Segal algebra on a locally compact, amenable SIN
group G. Then S (G) is approximately permanently ideally amenable.

P. Since G is amenable, Johnson’s theorem implies that L1(G) is amenable, in
particular it is permanently ideally amenable. Now, Corollary 3.3 completes the
proof. �

We know that a commutative Banach algebra is weakly amenable if and only
if every derivation from A into a commutative Banach A-module is zero; see, for
example, [2, Theorem 1.5]. Thus we have the following result.

T 3.5. Let A be a commutative weakly amenable Banach algebra. Then any
abstract Segal algebra B in A having an approximate identity, which is bounded in
‖ · ‖A, is permanently ideally amenable.

C 3.6. Every Segal algebra on an abelian locally compact group is
permanently ideally amenable.

T 3.7. Let B be a symmetric abstract Segal algebra in an amenable Banach
algebraA. Then the following statements are equivalent.

(a) B is approximately ideally amenable.
(b) B has an approximate identity.

P. (a)⇒ (b). Since B is approximately ideally amenable, it is obviously
approximately weakly amenable, so by [17, Theorem 2.7], it has an approximate
identity.

(b)⇒ (a). This follows by the same argument used in the proof of [7,
Theorem 3.1]. �

Recall that the symmetric Segal algebras on a locally compact group include all
Segal algebras on locally compact abelian groups. Also, every such symmetric Segal
algebra is a two-sided ideal in L1(G) and has an approximate identity which is bounded
in ‖ · ‖1; see [16] for details. We have the following result for symmetric Segal algebras
on G.

C 3.8. Let G be an amenable locally compact group and let S (G) be a
symmetric Segal algebra on G. Then S (G) is approximately ideally amenable.
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T 3.9. Let G be a compact group and 2 ≤ p <∞. Then the convolution algebra
Lp(G) is ideally amenable if and only if G is abelian or finite.

P. First suppose that Lp(G) is ideally amenable. Then obviously it is weakly
amenable. Now by [17, Proposition 3.4], G is abelian or finite.

Conversely, note that in this case Lp(G) is a symmetric Segal algebra on G. Suppose
that G is abelian or finite. If G is abelian, then by Corollary 3.6, Lp(G) is ideally
amenable. If G is finite, then lp(G) = l1(G) is amenable and in particular is ideally
amenable. �
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