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1. Introduction

Since the publication of the landmark paper [16], numerous papers have been written
about generalized elliptic integrals, modular functions and their inequalities (see, for
example, [2,3,10-15,19,20,25,29-32]). Modular equations have a long history, which
goes back to the works of Legendre, Gauss, Jacobi and Ramanujan on number theory.
Modular equations also occur in geometric function theory, as shown in [3,21-23, 28]
and in numerical computations of moduli of quadrilaterals [18]. For recent surveys of
this topic from the point of view of geometric function theory, see [6,7,9,28]. The study
of these functions is motivated by potential applications to geometric function theory
and to number theory. Special functions have an important role in geometric function
theory [4,5,21,22,27].

Given complex numbers a, b and ¢ with ¢ # 0, —1, =2, ..., the Gaussian hypergeometric
function is the analytic continuation to the slit place C\ [1,00) of the series

Fla,bic;z) =2Fi(abic2) = ) Wi’

n=0

|z| < 1.

Here (a,0) =1 for a # 0, and (a,n) is the shifted factorial function or the Appell symbol
(a,n)=ala+1)(a+2)---(a+n—-1)

forn € Z,.
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For later use we define the classical gamma function I'(x) and beta function B(z,y).
For Rex > 0, Rey > 0, these functions are defined by

¥ e I'(z)I'(y)
sz/ e Tl de, B(z,y) = ,
w- [ (e = R
respectively. By [1, 6.1.8] we see that B(3,3) = .

For the formulation of our main results and for later use we introduce some basic
notation. The decreasing homeomorphism p,: (0,1) — (0,00) is defined by

T Fla,1—a;1;r?) T Ka(r)

pa(r) = 2sin(ma) F(a,1—a;1;r2)  2sin(ma) Kq(r)

for r € (0,1) and ' = v/1 —r2. A generalized modular equation with signature 1/a and
order (or degree) p is

Ha(8) = pua(r), 0<r<l. (1.1)
We define

(1.2)

s=e) =t (M), Ke@o) p= g

which is the solution of (1.1).
Fora € (0,3], K € (0,00), r € (0,1), we have, by [3, Lemma 6.1] and [8, Theorem 10.5],

Ph(r)? + @ () = 1. (1.3)

For a € (0,3], r € (0,1) and 7' = v/1 — 12, the generalized elliptic integrals are defined
by

Ko(r) = 37F(a,1 - a;1;7°), Ea(r) = 3mF(a—1,1—a;1;7%),
Ka(r) = Kalr'), Eq(r) = Ea(r"),

Ka(0) = i, E,(0) = i,

Kall) = . all) = S

In this paper we study the modular function ¢% (r) for general a € (0, 1], as well as
related functions pq, Kq, 0%, Aq and their dependency on r and K, where

2
a S a _ z
nK(x):(3,>a S:@K(T)a r_Hl—FJZ fOI‘:L’,KG(0,00),

1

o 9k(B) Y (M (/2Ksin(ra) Y,
%50 = <so% K<12>) - (uEl(WK/@sin(M)))) = ie(1) (14)
/K2

Motivated by [17,24], we define, for p > 1 and r € (0, 1),

and

¥ 1 1
artanhp(x):/ (1—tp)_1dt:xF(1,;1+;xp).
0 p p

Then artanhs(x) is the usual inverse hyperbolic tangent (artanh) function.
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Figure 1. Comparison of upper bounds given in Theorem 1.2 (black line)
and in (1.5) (dark grey dashed line) for K(r) (light grey dot-dashed line).

We give some of the main results of this paper next.

Theorem 1.1. For a,b,¢c > 0 and r € (0,1), the function g(p) = F(a,b;c;r?)'/? is
decreasing in p € (0,00). In particular, for p > 1,

(i) F(a,b;c;rP)V/P < F(a,b;e;r) < F(a,b; c;r/P)P,
(i) (3m)'"YPRL(rP)VP < Ka(r) < (3m)17PKa(r/P)P,
(ili) (3m)17PEL(r!/P)P < Ea(r) < (3m) 7 H/PEL(1rP)M/P.

Alzer and Qiu gave the following bounds for K = Ky /5 in [2, Theorem 18]:

In the following theorem we generalize their result to the case of K,, and for the par-
ticular case a = % our upper bound is better than their bound in (1.5). For a graphical

comparison of the bounds see Figure 1.

Theorem 1.2. Forp > 2 and r € (0,1), we have

m (artanh,(r) V2 p—1 9
2<> <3 1- po log(1 —r?)

r

< Kulr)
< g(l ~ 2 o1 — r2)>,

by

where a = 1/p and 7, = 27 /(psin(7/p)).
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In [3, Theorem 5.6] (see also [10, Theorem 1.5, 1.8]) it was proved that for a € (0, 3]

we have
V2rs >
V1+rs+r's

for all v, s € (0, 1). This inequality will be generalized in Theorem 4.3. In the next theorem
we give a similar result for the function /C,.

ua< e > < pa(r) + pa(s) < 2ua(

14 1r's

Theorem 1.3. The function f(x) =1/K,(1/cosh(z)) is increasing and concave from
(0,00) onto (0,2/7). In particular,
Ka(r)Ka(s)
Ko(rs/(1+1's"))

2 (r)Ca(s) 2o (r)Ka(s)
gK:a("")‘i‘ICa(S) < /Ca(\/TS/(1+7“$—|—7’/s/)) < ICa(rs)

for all v, s € (0,1), with equality in the third inequality if and only if r = s.

There are several bounds for the function ji,(r) when a = % in [8, Chapter 5]. In the
next theorem we give a two-sided bound for i, (7).

Theorem 1.4. For p > 2 and r € (0,1), let

2/ 9 2 2 2
T p*—(p—1)logr D pmp, —2logr
L) = (22 _ (P ,
»(r) ( 2 > ( prp — 2log r? and -y (r) 2 p? — (p—1)logr?

(i) The following inequalities hold:

Ip(r) < pa(r) < up(r),
where a = 1/p.

(ii) For p = 2 we have

us(r) < ;12(7").

2. Proofs of Theorems 1.1-1.4

For easy reference, we record the next two lemmas from [8], which have found many
applications. Some of the applications are reviewed in [7]. The first result is sometimes
called the monotone I’Hépital rule.

Lemma 2.1 (Anderson et al. [8, Theorem 1.25]). For —00 < a < b < o0, let
fyg: [a,b] = R be continuous on |[a,b], and be differentiable on (a,b). Let ¢’'(x) # 0 on
(a,b). If f'(x)/¢'(x) is increasing (decreasing) on (a,b), then so are

and 1@ = f0)
g(x) — g(a) g(z) —g(b)’

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.
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Lemma 2.2 (Anderson et al. [8, Lemma 1.24]). For p € (0, ], let I = [0,p) and
suppose that f,g: I — [0,00) are functions such that f(x)/g(x) is decreasing on I \ {0}
and g(0) = 0 and g(x) > 0 for = > 0. Then

flx+y)(g(z) +9(y)) < gz +y)(f(z) + f(y))

for x,y,x +y € I. Moreover, if the monotonicity of f(xz)/g(x) is strict, then the above
inequality is also strict on I\ {0}.

For easy reference we recall the following lemmas from [3].

Lemma 2.3. For a € (0,1], K € (1,00), 7 € (0,1) and s = ¢%(r), we have the
following.

() f(r) = s'Kq(5)?/(r"K4(r)?) is decreasing from (0,1) onto (0, 1).
(ii) g(r) = sK.(s)?/(rK.(r)?) is decreasing from (0,1) onto (1, 00).

(iii) The function r'°K,(r) is decreasing if and only if ¢ > 2a(1 — a), in which case
7"*Kq(r) is decreasing from (0,1) onto (0, 7). Moreover, v/r'K,(r) is decreasing
for all a € (0, £].

Lemma 2.4. The following formulae hold for a € (0, %], r€(0,1) and z,y, K € (0,00):
dFF  Im

e ?F(l—}—ll—f—ml—i-n r), F=F(,m;n;r), (2.1)
diC.(r) _ 2(1 — a)(Eu(r) — r"2Kqo(1)) (2.2)
dr rr!2 ’ ’

d€.(r)  2(a—1)(Ka(r) — Ea(r))
dr T ’ (2.3)
dpa(r) - : (2.4)

dr  4rr2KC,(r)
def(r) 58", (8)? B 5824 ()KL (5) B Kss’lefl(s)2 (2.5)
dr  Krr2K.(r)2 2. (r)KL(r) —  rr2K(r)2’ '

defe(r) _ 4s5”Ka(s)*pa(r)

e = 270 ,  where s = % (r), (2.6)
dng(x) 1 ('sKq(s) Y PsKu(s)Y _ (75 Ka(s)Ky(s)

de (rs’lC (r)) K(rs’lC;(r)) (rs’) Ka(r)K!(r)’ (2.7)
dnk (x) _ 80 (2)pa(r) Ka(s)?

(;(K = T2 K2 ) (28)

In (2.7), (2.8), r = /z/(1+ x) and s = p%(r).

Lemma 2.5 (Anderson et al. [8, Theorem 1.52(1)]). For a,b > 0, the function
F(a,b;a+b;z) —1

log(1/(1 — x))
is strictly increasing from (0, 1) onto (ab/(a + b),1/B(a,b)).

fz) =
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Proof of Theorem 1.1. With G(r) = F(a,b;¢;7?) and g as in Theorem 1.1 we get,
by (2.1),

/ (Gt 1
Jg(p) = B — cG(r)log(G(r)) + abpr’ F(a + 1,b+ 1;¢ + 1;77) log - )
which is negative. Hence, this implies (i), and (ii) follows from (i). For (iii), write F(r) =
F(—a,b;c;P). We define h(p) = F(r)"/? and obtain

(F)Hr!

R (p) = T (cF(r) log(1/F(r)) + abprPF(a+ 1,b+ 1;¢+ 1;rP) log (i>>7

which is positive because F(r) € (0,1). Hence, h is increasing in p, and (iii) follows
easily. O

Proof of Theorem 1.2. By the definition of artanh,, Lemma 2.5 and the Bernoulli
inequality, we obtain

(artanhp(r))1/2 _ <F<1 1-1 . 1~r1’>>1/2
r ’p’ p?

1 1/2
< <1 — —log(1l — rp)>
p

Again, by Lemma 2.5 and [1, 6.1.17] we obtain
1 1
&< F(,l— ;1;r2>
p p

= %Kl/p(’f')
v
B(1/p,1—1/p)

2
=1-—""log(l—r?),
pTp

<1 log(1 — 72)

and this completes the proof. O

Proof of Theorem 1.3. Setting r = 1/cosh(z), we have

dr sinh = ,

— = = —7rr
2

dx cosh® z
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and
oy Ka(r) dr
T ="mna
_ 2(1—a)&(r) - 2 Cq (r) (=)
K2(r) rr'2
Ea(r) =" Ka(r)
Ko (r)? ’

=2(1—a)

which is positive and increasing in 7 by Lemma 2.3 (iii) and therefore f’(x) is decreasing
in x and f is concave. Hence,

W+ ra < (55Y)
c¢1< ! + L )< !
2\ Ka(1/cosh(z)) = Ku(1/cosh(y)) Ka(1/cosh(3(z +y)))

2K (r)Ka(s)
= Kalr) +Kals) < IC(\/rs/(l +rs+ r’s’))’

using cosh®(3(z +y)) = (1 +rs+1's') /rs and setting s = 1/cosh(y). Clearly,
(r—s)?>0<=1-2rs+r%s> > 112 — s> + 1252
= 1-rs>r's
= 2>1+rs+7r's

2rs S
——— >7rs
1+rs+rs = 7

and the third inequality follows. Obviously, f(0+) = 0, and f’(z) is decreasing in x. Then
f(x)/zx is decreasing and f(x +y) < f(x) + f(y) by Lemmas 2.1 and 2.2, respectively.
This implies the first inequality. O

Proof of Theorem 1.4. By Lemma 2.5 we obtain

p—1. 1.1 ) 2 )
(a) 1— logr* < Fl—-,1——1;1—7") <1— —1logr~,
2
p p p prp

-1 1 1 2
(b) 1—pp2 log(1 — 7?) <F<p,1—p;1;r2> < 1—Elog(1—r2).
p

By using (a), (b) and the definition of u,, we get (i). The claim (ii) is equivalent to

2r —log(r?)) 4 /wY 4—log(r?)
4 —log(1 — r?) S (2) m — log(1 — r?)
= 4(m —log(r?))(r — log(1 — r?)) — (4 — log(r?))(4 — log(1 — r?)) < 0

= (1 —4)(47 — log(r?) log(1 — r?)) < (7 — 4)(47 — (log(2))?) < 0.

https://doi.org/10.1017/50013091511000356 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091511000356

598 B. A. Bhayo and M. Vuorinen

For the penultimate inequality we define w(z) = log(x)log(1 — x) and we get

ey = Q=) Ios(1 = 0) ~ wlog(a) __—gla)
z(l—x) z(l—x)

We also see that g(z) = zlog(z) — (1 — z)log(1 — z) is convex on (0, 1) and concave on

(3,1). This implies that g(z) < 0 for z € (0,1) and g(z) > 0 for « € (3, 1). Therefore,
w is increasing in (0, %) and decreasing in (4,1). Hence, the function w has a global
maximum at x = % and this completes the proof. (I

One can obtain the following inequalities by using the proof of Theorem 1.4:

p1p Ka(r) ! p1p Ka(r)
2r (1= @/ iogr®) < ") S o T (- 1)/p)logr®)’
with a = 1/p and p > 2.

Lemma 2.6. The following inequalities hold for all r, s € (0,1) and a € (0, 3]
(i) Ka(rs) < V Ka(r?)Ka(s?) < %’Ca(r)’Ca(S)y
(i)

Proof. Define f(x) = log(Ky(e™7)), z > 0. We get, by (2.2),

Ea(r)Ea(8) K VE(12)Eu(8%) < Eu(rs).

F(z) = —2(1—a) Ea (rﬁ/;}ci( gam

AT
) r=e¢ b

and this is negative by the fact that h(r) = E,(r) — 7"?Ka(r) > 0 and decreasing in r
by [3, Lemma 5.4 (1)] and the fact that & is increasing (h'(r) = 2ark,(r) > 0). Therefore,
f'(z) is increasing in x; hence, f is convex, and this implies the first inequality of part (i).
The second inequality follows from Theorem 1.1 (ii).

The first inequality of (ii) follows from Theorem 1.1 (iii); for the second inequality we
define g(z) =log(&q(2)), z =e~*, z > 0, and get, by (2.3),

g'(x)=2(1-a) ICa(zg)azZ)Ea(z)7

which is positive and increasing in z by [3, Theorem 4.1 (3), Lemma 5.2 (3)]; hence, ¢'(x)
is decreasing in x, and therefore ¢ is increasing and concave. This implies that

log(Ea(e™H)12)) > 5 (log(Ea(e™™)) + log(Eale™))),

and the second inequality follows if we set 7 = e~*/2 and s = e ¥/2. O
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3. A few remarks on special functions

In this section we generalize some results from [8, Chapter 10].
Theorem 3.1. The function u;'(y) has exactly one inflection point and it is log-

concave from (0,00) onto (0,1). In particular,

(g (@))P (g (1)) < gt (o + qy)
for p,q,x,y >0 withp+q=1.
Proof. Letting s = ! (y) we see that u,(s) = y. By (2.4), we obtain

d 4
d—; = —ﬁss'QlCa(s)Q,
and
s s
dy2  dyn?

— 283’21611(5)3(25&(3) — (1+5°)Kal(s)).

(82 Ka(5)? — 25%Ka(5)? 4 2Ka(5)*(Eals) — 82 Ka(5)))

We see that 2&,(s)—(1+5%)K,(s) is increasing from (0, 0c0) onto (—oo, 7) as a function

12
of y. Hence, d(u1; 1 (o)) /dy? = 0 for yo € (0,00), and p, ! has exactly one inflection point.
Let f(y) = log(ug ' (

)
y)) = log s. Then

() = —— Ka(5)?,

™

which is decreasing as a function of y, by Lemma 2.3 (iii); hence p, ! is log-concave. This
completes the proof. O

Corollary 3.2.

(i) For K > 1, the function f(r) = (log % (r))/logr is strictly decreasing from (0, 1)
onto (0,1/K).

(ii) For K > 1,r € (0,1), the function g(p) = % (r?)*/? is decreasing from (0, c0) onto
r ,1). In particular,
(r'/¥ . 1). In particul

P Lok () < ok (r)P, p =1,
and

Pic(r?) = ¢ (r)P, 0<p<1.
Proof. Let s = 9% (r). By (2.5) we get

rss’? Ko ()KL (s)

fi(r) = srr2 Ko (r) KL (1)

logr — log s,
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and this is equivalent to

co , log r log s
r(logr)?f'(r) = 32’Ca(8)’ca(s)(Ta;ga(r);ql(r) N s'2ICa(s)IC;(8))’

which is negative by Lemma 2.3 (iii). The limiting values follow from 1’'Hépital’s rule and
Lemma 2.3 (i). We observe that

and (ii) follows from (i). O

Lemma 3.3. For 0 < a < %, K,p>1andr,s € (0,1), the following inequalities hold:

/5 r7) + /5 () _ o) + 05 (s) _ ok (YT) + 95 (Y5)P
r ()% (s7) 1+ ek (rek(s) ~ 1+ (0% (Ir)e%k(¥/s)P

Proof. It follows from Corollary 3.2 (ii) that
PR ()P < e (r).
From the fact that artanh is increasing, we conclude that
artanh (% (r?)Y/P) + artanh(¢% (sP)Y/P) < artanh(¢% (r)) + artanh(¢% (s)).

This is equivalent to

artan W(Il((rp)l/p + @%(Sp)l/p artan Pic(r) + #ic(s)
tanh (1 X Wsp))l/p) < artanh (1 () + 90%((8)))

and the first inequality holds. Similarly, the second inequality follows from % (r) <
O

e
For0<a<1, K >1andrs e (0,1), the inequality
o (TF5 o5 (r) + % (s)
< 3.1
(1) < g (3

is given in [3, Remark 6.17]. For a graphical comparison of (3.1) and the first inequality
of Lemma 3.3, see Figure 2.

Theorem 3.4. Forr,s € (0,1), we have
|05 (1) — % (5)] < @i (lr = s]) < U VIR g VK> 1, (3.2)
Here R(a) is as in [3, Theorem 6.7] and

|l (1) = @i ()] = @i (I — sl) > T VIORO2) — g VK0 < K <1, (3-3)
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Figure 2. Let g(a,K,p,m5) = ((pk(r?)"/? + (i (s")VP)/(L + (5 (r)pic (s7)/P) and
h(a,K,r,s) = ¢%((r + s)/(1 + rs)) be the lower bounds in Lemma 3.3 (black line) and in
(3.1) (grey line), respectively. For a = 0.2, K = 1.5, p = 1.3 and s = 0.5 the functions g and h
are plotted. We see that for r € (0.2,1) the first lower bound is better.

Proof. It follows from [3, Theorem 6.7] that r~!¢% (r) is decreasing on (0, 1) if K > 1,
and by Lemma 2.2 we obtain

ok +y) < k(@) +vk(y), =,y€(0,1).

Now the first inequality in (3.2) follows if we take r =  + y and s = y; the second one
follows from [3, Theorem 6.7]. Next, (3.3) follows from (3.2) and the fact that

¢an(r) = ¢alep(r)), A,B>0,re(0,1),
when we replace K, r and s by 1/K, ©1/ (1) and @Y 1 (s), respectively. O
Theorem 3.5. For a € (0,1], ¢,r € (0,1) and K, L € (0,00) we have the following.
(i) f(K) =log(¢%(r)) is increasing and concave from (0,00) onto (—o0,0).
(ii) g(K) = artanh(y% (1)) is increasing and convex from (0, 00) onto (0, c0).
(iii) We have
P30 ()1 < e 1oy (r) < tanh(cartanh (g () + (1 — ) artanh (¢ (1)),
(iv) We have

_ P5(r) + 3 (r) |
T+ @5 (M98 () + 921 ()%, L ()

5 (r)pg(r) < ‘P((ZK+L)/2 (r)

Proof. For (i), by (2.6) we get
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which is positive and decreasing by Lemma 2.3 (iii). For (ii), we get
45K, (8)%pa(r)  sK.(s)?

R AT

by (2.6), which is positive and increasing by Lemma 2.3 (iii). By (i) and (ii) we get
clog (¢ (r) + (1 = ¢) log(¢f(r)) < log(@ik 1 (1-a)2(7))
and
artanh (g (1o x (1) < aartanh(ef (r)) + (1 — ¢) artanh(e7 (r)),
respectively, and (iii) follows. Also
3 (log(p% (r) + log(¢7 (1)) < log(pfx 1 1)/2(r))

and
artanh(p (K+L)/2( r)) < %(artanh(gp‘}((r)) + artanh(p))

follow from (i) and (ii), and hence (iv) holds. O

Theorem 3.6. For K > 1 and 0 < m < n, the following inequalities hold:

e (mn) < s (m2)ng (n2), (3.4
()" << ()
e < (e ("3 ), (36)
o M) o\ < foe(mymge (). (3.7)

Mg (m) + i (n)

Proof. We define a function g(x) = logn%(e”) on R. By [3, Theorem 1.16], g is
increasing, convex and satisfies 1/K < ¢'(z) < K. Then

log nf (e ¥)/2) = ¢

and this is equivalent to
log 7 (€"/2e¥/?) < log(nf (") (e¥/2)).

Hence, (3.4) follows if we set €*/2 = m and e¥/? = n. For (3.5), let # > y. Then, by the
inequality 1/K < ¢’(z) < K and the Mean-Value Theorem, we get

r—y
K

<g() —g(y) < K(z —y),
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and this is equivalent to

log(e®) — log(e¥)
K

< log(ni (")) — log(nk (e”)) < K (log(e”) — log(e?)).

By setting e®/2 = m and e¥/? = n, we get the desired inequality. For (3.6), let f(z) =

log(n% (2)), r = v/z/(1+ z) and s = % (r). Then by (2.7) we get
- (2] (G- 12 (E8)

- Il((> <7‘1Ca8>
which is positive and decreasing by Lemma 2.3 (ii). Hence, 3(f(z)+ f(y)) < f(i(z+y)),

and the inequality follows.
For (3.7), letting h(x) = 1/n%(e”), we see that this is log-concave by (3.4), and we get

s () + o () <20 ()

Setting €* = m and €Y = n, we get the second inequality. We observe that h(z) = (s'/s),
s=@%(r), r=+/e*/(e* +1). We get

1/ (sKa(s)Y
_ ! = — | — a
ro=%(5) ()
which is positive and decreasing by Lemma 2.3 (i); hence h is convex, and the first
inequality follows easily. O

Theorem 3.7. For z € (0,00), the function f: (0,00) — (0,00) defined by f(K) =
n% () Is increasing, convex and log-concave. In particular,

i (@) g (2)' ¢ <nigi o) < enfe(z) + (1= )ng (x)
for K, L,z € (0,00) and ¢ € (0,1), with equality if and only if K = L.

Proof. We observe that f(K) = (s/s')?, where s = ¢%(r) and r = /= . We
get by (2.8)

f(E) =

852K (s)? 4 Ka(r) (sms))ﬂ

1252 K2 MG(T) - msin(ma) K/, (1) s'

which is positive and increasing by Lemma 2.3 (iii); hence, f is increasing and convex.
For log-concavity, let g(K) = log(n%(x)). By (2.8), we get

8K a(5)? 4 Ku(r)
"NK)=—2 W)= —— ¢ " (5)2
9(K) 2K P (r) msin(ma) K/ (r) a(s)",
which is decreasing; hence, f is log-concave. |
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Theorem 3.8. The function

() = 287 (@) ~ log(w)

K-1

is decreasing from (1, 00) onto

( _mRa(r) 4’%0‘)’%(7“))7

(ra)K!(r)"  msin(ra)

and the function

is increasing from (1,00) onto
(4r? sin(ma) Ko (r)K, (r) /(7r'?), 00),
where r = \/z/(x + 1).

Proof. It follows from Theorem 3.7 and Lemma 2.1 that f is monotone. Let s =
©%-(r); by (2.6), I'Hopital’s rule and definition of p,, we get

. . 2 sr’
%&fﬁW—%iK_lbg@w>
EERT 81Ca(5)2ﬂa(r)
AT e
8
= p’ca(r)Qﬂa(r)
_ AR (r)K(r)
- 7sin(ma)
By using the fact that K = p,(r)/pa(s) and I'Hopital’s rule, we get

. o 8pa(5)*Ka(s)?
Klgnoof(K)iKh—I}loo 7T2/,6a(7")

= lim 7%%(8)2
K% S (ra)pia(1)
2K4(0)?
sin?(ra) pq (1)
o (1) .
sin(ma) K’ ()
Next, let g(K) = G(K)/H(K), where G(K) = (s/s')?> — (r/r")? and H(K) = K — 1. We
see that G(1) = H(1) = 0 and G(0c0) = H(00) = 0o. We see that
G'(K) _ 2(sK(s))”
K

H'(K)  sPpa(r)
and it follows from Lemmas 2.3 (iii) and 2.1 that g(K) is increasing and the required
limiting values follow from % (r) = g (ua(r)/K). O
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Remark 3.9. If we take z = 1 in Theorem 3.8, then with ¢ = 4/Ca(%)2/(7r sin(ma))
we have the following;:

1. log(Aa(K))/(K — 1) is strictly decreasing from (1,00) onto (7/sin(wa), t);
2. (M\a(K) —1)/(K — 1) is increasing from (1,00) onto (¢sin?(ma), 00).
In particular,
(K —1)
exp (s1n(7m)) < A(K) < exp(t(K — 1))

and
1+ t(K — 1)sin?(ma) < \o(K) < oo,

respectively, and we get

max { exp (W) 1+ t(K —1) sin2(m)} < A(K) < etE-D,

Sin

Lemma 3.10. For ¢ € [-3,0), the function f(r) = Kq(r)¢ + K. (r)¢ is strictly increas-
ing from (0, \ﬁ) onto ((%77)%2/@(%)6).

Proof. By (2.2), we get

£(r) = 2(1 — a)eKa(r)H(Ea(r) — "?Ka(r))  2(1 — a)eKy ()~ (€L (r) — r°Ki(r))
—a)c K (r))et
— 2(1 ) (]Ca(/ )]Ca( )) (h(r) _ h(’f'/)),

T
and here
r) = D e ) - 2k, 1),
which is increasing on (0, 1) by [8, Theorem 3.21(1)] and Lemma 2.3 (iii). Hence, f'(r) < 0
on (0, f) and the limiting values are clear. O

Theorem 3.11.

(i) For K > 1, the function log(A\,(K))/(K — 1/K) is strictly increasing from (1, 00)
onto (ZICa(%)/(w sin(wa)), 7 /sin(wa)).

(ii) The function log(A,(K) + 1) is convex on (0,00), and log(A,(K)) is concave.

(iii) The function g(K) = (log(A.(K)))/log K is strictly increasing on (1,00). In par-
ticular, for ¢ € (0,1),
Aa(K€) < (A (K))C.
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Proof. For (i), let

Then, by (1.3),

r/:\/l— (ua1<2si7;[(ira)>>2

_ -1 7T
~ e\ 9K sin(ma) )’

we also observe that K = K/ (r)/K.(r). Now it is enough to prove that the function
2log(r' /1) B mlog(r'/r)

T0) = K Kar) — Ka@L0) — Sin(ra) (ralr) + )

is strictly decreasing on (0, %=). Set f(r) = G(r)/H(r). Clearly, G(%) = H(X) =0
By (2.4), we get

) 4
H'(K) mwsin(ma)(Ko(r)=2 — Ka(r')=2)’
which is strictly decreasing from (0, %) onto (2/Ca(%)/(7r sin(ma)), 7/sin(wa)) by
Lemma 3.10. Now the proof of (i) follows from Lemma 2.1.

For (ii), it follows from Theorem 3.7 that log(A,(K)) is concave. Letting f(K) =

Ao (K) + 1, we have —2
J(K) = <u1(zs§£m>> |

by (1.4) and (1.3). Now we have log f(K) = —2logy, where p,(y) = 7K/(2sin(wa)). By
(2.4) we get
f(K)  2dy 4

FK) — ydk ;(Z/’Ca(y)),

which is decreasing in y by Lemma 2.3 (iii), and increasing in K. Hence, log f(K) is

convex.
For (iii), K > 1, let h(K) = (K — 1/K)/log K. We get

1+ K?)logK — (K? —1)
(Klog K)2 ’

which is positive because

AK-1)  K>-1
K+1 ~ K?+1

log K >
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by [8, §1.58(4)a]; hence, h is strictly increasing. Also

9(K) = h(K) k}fwﬁ{)) - logl(;\; (R

is strictly increasing by (i). This implies that

log(Xa(K€)) _ log(Aa(K))
clogK logK

and hence (iii) follows. O

Corollary 3.12. For 0 <r < % and t = WQ/(QICG(%)Q), we have the following.

(i) The function
_ Ha(r) = pa(r)
T = hog

is increasing from (0, %) onto (1,t). In particular,

log(T//T) < :ua<r) - :ua<r/) <

(ii) For g(r) = log(r'/r),

g(r) + \/(7T/sin(7m))2 +g(r)2 < 2uq(r) < tg(r) + \/(7r/sin(7m))2 + t2g(r)2.

Proof. It follows from the proof of Theorem 3.11 (i) that f(r) is increasing, and
limiting values follow easily by 'Hopital’s rule. For (ii), from the definition of p, we get
pa(r") = w2 /(2sin(ma))?uq(r); substituting this into (i), we obtain
pa(r)? — 72/ (2sin(mra))? w2

<t

N N ) 2K, (V2

This implies that

ta(r)? — pa(r)log(r' /1) > 2sin(ra) 2 (3.8)
and
pa(r)? = tpa(r) log(r' /7)) < Deim(ra) (3.9)

We get the left and right inequalities in (ii) by solving (3.8) and (3.9) for u.(r), respec-
tively. O
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4. Three-parameter complete elliptic integrals

The results in this section have counterparts in [3]. For a, b, ¢ > 0, a+b > ¢, the decreasing
homeomorphism fi,p.c: (0,1) — (0,00) is defined by

B(a,b) F(a,b;c;r")
2 F(a,byc;r2)’

Habe(T) = r e (0,1),

where B is the beta function. The (a, b, ¢)-modular function is defined by

a,b,c — ;U’a,b,c(r)
SDK (T.) = :Ll‘a,1177c( K ) .

We define, in the case a < ¢,

fa,e(r) = fla,c—ac(r) and  ©R(r) = @R (r).

We define the three-parameter complete elliptic integrals of the first and second kinds
for 0 <a <min{c,1} and 0 <b<c<a+bby

B(a,b)F(a,b; c;17),
B(a,b)F(a — 1,b;¢; 7’2),

Ica,b,c(r) =
5a,b,c(r) =

N= NI

and set
Kac(r) =Kac—aeclr) and &Ec(r) = Eac—a,e(r).

Lemma 4.1 (Heikkala et al. [19, Theorem 3.6]). For 0 < a < ¢ < 1, the function

f(r) = pa,c(r) artanhr is strictly increasing from (0,1) onto (0, (1 B)?).

Lemma 4.2 (Heikkala et al. [19, Lemma 4.1]). Let a < ¢ < 1, K € (1,00),7 €
(0,1), and let s = °(r) and t = ¢ (r). Then

(1) fi(r) = Ka.c(5)/Ka.(r) is increasing from (0,1) onto (1, K),

(ii) fa(r) = 8'Ka.c(8)?/(1'Ka,e(r)?) is decreasing from (0,1) onto (0,1),
(iii) fs(r) = sK}, .(s)?/(rK}, .(r)?) is decreasing from (0,1) onto (1,00),
(iv) g1(r) = Ka,c(t)/Ka,c(r) is decreasing from (0,1) onto (1/K,1),

(v) g2(r) = t'Ka.c(t)?/(r'Ka,c(r)?) is increasing from (0,1) onto (1,00),
(vi) gs(r) =tK,, .(t)*/(rK], .(r)?) is increasing from (0,1) onto (0,1),
(vii) ga(r) = s/r is decreasing from (0, 1) onto (1,0),

(viii) gs(r) = t/r Is increasing from (0,1) onto (0, 1).
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Theorem 4.3. For 0 < a < ¢ < 1, the function f(x) = piq,c(1/cosh(x)) is increasing
and concave from (0, 00) onto (0,00). In particular,

TS 2rs
,U/a,c () < Naﬁc('r) + ,U/a,c(s) < 2ﬂa,c< )

1+7's 1+rs+r's
for all ;s € (0,1). The second inequality becomes an equality if and only if r = s.

Proof. Let r = 1/cosh(x) and (see [19])

MW):( 2 )b(/ca,xr)s;ﬁ(r)+ic;,c<r>ea,c<r>—ica,c<r>/c;7c<r>>.

We get ,
sy Bla,b) M(r)
fiz) = TW?

which is positive and increasing in r by [19, Lemma 3.4 (1), Theorem 3.12 (2)], and f is
decreasing in x. Hence, f is concave. This implies that

(e ) i) < o)

and we get the second inequality by using the formula

24+ y\\V 1l+rs+r's
cosh [ —= =
2 2rs

and setting s = 1/cosh(y). Next, f/(z) is decreasing in z, and f(0) = 0. Then f(z)/z is
decreasing on (0,00) and f(z +y) < f(z) + f(y) by Lemmas 2.1 and 2.2, respectively.
Hence, the first inequality follows. O

Lemma 4.4. For 0 < a < ¢ < 1, we have

Ma,c("") + Ma,c(s) < 2,“(1,0(\/7"73)7
for all r,s € (0,1), with equality if and only if r = s.
Proof. Clearly,

1—(r—s)%+r%s?

(r—s?>0<=1+r%s*>
> 12 2.2
/

— (1 —rs)? —r2 =242
—1l-rs>r's
—2>14rs+7r's

<= 1/(rs) = (L +rs+1's")/(2rs).

By using the fact that i, is decreasing, we get

1+rs+1r's

2rs
Ma,c( ) < Ma,C(VrS)a

and the result follows from Theorem 4.3. O
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Theorem 4.5. For K > 1,0<a <candr,s € (0,1),
tanh(K artanhr) < p3°(r).
The inequality is reversed if we replace K by 1/K.

Proof. Let s = ¢°(r). Then s > r, and by the equality p%“(r) = p; ¢ (ta,o(r)/K)
and Lemma 4.1 we get

Eua,c(r) artanh s = i, .(s) artanh s > p, o(r) artanhr,

which is equivalent to the required inequality. For the case 1/K let x = @‘f/cK(r) Then
x < r, and similarly we get

K g, c(r) artanh o = 14 o(x) artanh z < pg o(r) artanh r,
and this is equivalent to tanh((artanhr)/K) > goT/CK (r). O
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