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Abstract  We consider large-time behaviour of global solutions of the Cauchy problem for a parabolic
equation with a supercritical nonlinearity. It is known that the solution is global and unbounded if the
initial value is bounded by a singular steady state and decays slowly. In this paper we show that the
grow-up of solutions can be arbitrarily slow if the initial value is chosen appropriately.
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1. Introduction

This paper is a continuation of our research project on the large-time behaviour of global
classical solutions of the Cauchy problem

u = Au+uP, zeRN, t>0,
(1.1)

u(z,0) = up(x), z e RV,
where we assume that ug is continuous, N > 11 and

(N —2)2—4N +8/N —1
(N —2)(N —10) '
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Problem (1.1) has been studied as a typical super-linear problem and as a canonical
problem of more general super-linear equations after taking a scaling limit. In spite of
its simple appearance, (1.1) is known to have a rich mathematical structure and has
been studied extensively by many authors. The exponent p. appeared for the first time
in [13] and recent studies have revealed that it is an important critical exponent for the
dynamics of solutions (see [17] and the references therein).

So far, we have studied grow-up [1,2,4, 5], the convergence of solutions to regular
steady states [6,12], the decay to the trivial solution [3,7] and the convergence to self-
similar solutions [8]. For some previous related results we refer the reader to [9-11,20]. It
is shown in [15] that the solution of (1.1) exists globally in time but becomes unbounded
if the initial value satisfies

0 < uo(x) < poolfal) == Lle| ™,z € BV \ {0}, (1.2)
and
|2 ™M oo (|]) — uo(z)| = 0 as |z| — oo, (1.3)
where )
m:}f]_’ L:{m(N—Q—m)}l/(pfl)

and \; is the smaller positive root of
M —(N—-2-2m)A+2(N—-2—-m)=0. (1.4)

We note that this equation has two distinct positive roots if p > p..
In our previous papers [1,5], given a specific decay rate of ug as || — oo, we determined
the exact grow-up rate of solutions. More precisely, if the initial value satisfies (1.2) and

erla| ™ < poo(l2]) —uo() < eafa| ™!, 2| > R,

with some positive constants ¢1, co, R and I € (m + A, m 4+ A2 + 2), where )\ is the
larger positive root of (1.4), then the solution of (1.1) satisfies

Oyt + 1)mUmm=2)/ 20 (1) pee < Oy (t+ 1)mUmm=A)/20 s g, (1.5)

with some positive constants C1, Cs (see [2] for the critical case p = p. and [14] for the
optimality of this result, and see also [16] for other types of global unbounded solutions).

In particular, (1.5) shows that, in (1.1), arbitrarily slow grow-up occurs in terms of
algebraic rates: as the deviation of ugy from the steady state ¢, approaches the critical
spatial decay rate |z|~™ *!, the temporal growth of the corresponding solution takes
place at arbitrarily small positive powers of t. We investigate whether grow-up can occur
at even smaller rates than any positive power. Accordingly, we assume that the initial
value satisfies (1.2) and

bula| "™ M w(|z]) < poo(lz]) — uo(x) < balz| ™" Mw(la]), || > R, (1.6)
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with some positive constants b1, bs and R. Here w € C?([0,00)) is a function satisfying
w(z) >0, W'(2)<0 and w”(z) >0 forallz>0, (1.7)
and representing slow decay at infinity in the sense that

2w’ (2)

w(2)

Moreover, for technical reasons we will also require the regularity property

—0 asz— oo (1.8)

<C, forallz>0 (1.9)

with some constant C,, > 0. Note that, as a consequence of (1.8) and (1.9), we also see
that
22w" (2)

") —0 asz— 0. (1.10)

Under the above assumptions, the initial value satisfies (1.2) and (1.3) so that the solution
of (1.1) is global and unbounded in time.
The main result of this paper is as follows.

Theorem 1.1. Let N > 11 and p > p.. Suppose that the initial value satisfies (1.2)
and (1.6). Then the solution of (1.1) satisfies

Crw™ ™M (tY2) < u(-, 1) || e < Cow™™/ 1 (£1/2)  for all t > 0.
with some constants Cp,Csy > 0.

This theorem implies that the solution grows up arbitrarily slowly if ug is chosen
appropriately. For example, the function

w(z) = [log(log(- - - (log(z + 20)) -+ ))] 7%, a>0,

satisfies our assumptions if zg > 0 is sufficiently large.

After the first draft of this paper was completed, our result was extended in [18] to
very slow convergence to zero and in [19] to very slow convergence to positive steady
states.

This paper is organized as follows. In § 2 we give a lower bound of radial solutions by
constructing a suitable subsolution. In §3 we give an upper bound of radial solutions
by constructing a suitable super-solution. In §4 we prove Theorem 1.1 by using these
estimates for radial solutions. In the following sections, we assume N > 10 and p > p.
throughout.
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2. Lower bound

In this section and the next we consider radially symmetric solutions v = u(r,t), r := |z|,
of (1.1). Then we may write (1.1) as

ur +uf, r>0,t>0,

Ut = Upp + (2 1)

u(r,0) = ug(r), zeRY,

where ug(r) is assumed to satisfy (1.2) and (1.6). We shall construct a subsolution of
(2.1) that inherits the asymptotic behaviour of the initial value, at least in an outer
domain that will be specified by an inequality of the form r > B(T + 1)*/? with B > 0
in Corollary 2.2.

Lemma 2.1. For any 6 € (0,min{1, (X2 — A1)}) and by > 0, there exists by > 0 such
that

U () 1= max{0, L™ — by~ ™ M (r) — byr— ™= M=) (¢ + 1)°}
defines a subsolution of (2.1) for all r > 0 and t > 0.

Proof. Let 6 € (0, min{1, (A2 — A1)}) and by > 0 be given, and fix > 0 such that

0(Aa — A1 — 20)
0<d< . 2.2
SOSINCT—2m—2)n —40[+1 (22)
In view of (1.8) and (1.10), we may choose zg > 0 so large that
/ 2,1
w'(2) <4d and Zwi(z) <6 forall z > zp. (2.3)
w(z) w(2)
We now take by > 0 such that
Lz(’)\1+29
by > /9 2.4
2 w(Zo) ( )
and bi(|[N—-1-2 2\ 1)9
by > LN = 1=2m =2 [+ 1) (2.5)

min{&, 9(/\2 — )\1 — 29)}
Then, at each point from the positivity set

S = {(r,t) €[0,00)* [ ugy(r, ) > 0}

of u_ ., we have

out’

L™ > byr ™M 200 () (4 1) > borm ™M= 20(r),

and hence, by (2.4),

https://doi.org/10.1017/50013091509001497 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091509001497

Very slow grow-up 385

Since 7+ 71720 /() is strictly increasing on (0, 00) in view of (1.7), this implies

r >z forall (r,t) €S. (2.6)
Moreover, if (r,t) € S, then
Pgyt
= (tgue)e — () = S () — (i)
= —byfr M2 () (4 1)071

- {(Lr—m + N;1<Lr-m>r}

Tt a), |

N -1
T

0 { N w) +

n 52{(Tm’\129w(r))rr ; (rm“wr))r}(t T 1)~ (uge)?

= fb207"7m7)‘1729w(1")(t + 1)971 + (Lr~=™)?
+01{(m + M) (m+ M 42— N)r= "1 720(r)
+ (N —1—=2m —2X\)r ™M1 (r) 4 r7m My ()}
+bo{(m+ A +20)(m 4+ A\ +20+2 — N)r= ™= M=20724(p)
+ (N —1—2m —2X\; —40)r~ 2720717 () o pmm= =207 (1)) (£ 4- 1)

- (uout)p'
(2.7)

By the convexity of z +— (1 — 2)? for z < 1, we have, using (p — 1)m = 2 and pLP~! =
(m+2)(N—2-—m),
(ugy )P = (Lr~™)P — pLP~ = (=Dm [y p=m =1y (1) — pyp™ ™2 =200, (0 (£ 4 1)7)
= (Lr™™)? —by(m +2)(N — 2 —m)r ™M= 2u(r)
—ba(m+2)(N =2 —m)r ™" M720=2,(0) (£ 4+ 1)°
for all (r,t) € S. Therefore, for all (r,t) € S,
Pugut
< —bofr—m M2 () (1 4 1)071
+ 0 {[(m+ )M+ \ +2=N)+(m+2)(N -2 —m)r ™M 2u(r)
+ (N —1—=2m —2X)r ™ M7 () 4 e~ My (1)}
+ bof{[(m+ A +20)(m + A +20+2— N)
+ (m+2)(N — 2 —m)jr~ ™M =20=24(p)
+ (N —1—2m —2X\; —40)r~ "M 72071 () =M= =200 (1) ) (£ 4 1)°.
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Here we observe that, by the definition of Aj,

(m+A)m+ 1 4+2—N)+(m+2)(N—-2—m)
=X~ (N—-2-2m)A\; +2(N —2—m)
=0

and, consequently,

(m+X+20)(m+X +20+2—N)+ (m+2)(N—-2—m)
=20(m+ X +20+2—N)+ (m+ X\ )20
=20(2m +2X\ +20+2—N)
= 20020 — (A2 — A1),

where we have used the equalities

2m 420 =N —-2—/(N—-2-2m)2 —2(N —2 —m)

and

Ao — A =+v/(N—2—-2m)2 —2(N —2 —m).
Accordingly,

Pugys
< —bofr=m M=) (¢ + 1)070
+ 01 {(N —1—=2m —2X)r ™" M7 () + 77210 (1)}
+ ba{—20( Ay — Ay — 20)r M T2072 ()
+ (N —1—2m —2X\; —40)r~ "7 20=1 () 4 pmm= =200 (1)) (£ 4 1)8

= bor M) (t 4 1)

: {_€+ > {(N C—om - TQ‘*’"(T)] <t+ 1)1—9

by w(r) w(r) r2
—29(A2—/\1—29)t;1
11— 9m— T (1) 2" (r)1t+1
| -1-am-on a0 DRI CE

for all (r,t) € S. Using the trivial estimate

1-6
t+1 t+1 t+1
( +2 ) <max{17 +2 }<1+ +2
r r r
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and recalling (2.6), we obtain from (2.3) that

Pug e < bgr_m_’\l_zew(r)(t + 1)‘9_1

1
X —9+b—1[|N—1—2m—2/\1|6+6] 1+tJr
b2 7‘2

t+1 t+1}

—29(/\2—)\1—29) +[|N—1—2m—2)\1—40|5+(5]—2
r

2
= bor MM () (t+ 1)

x {—9—1—21[|N—1—2m—2>\1|+1]§
2

2

t+1
N —1-2m -2\ 49|+1]5) * }
,
and hence, in view of (2.2) and (2.5), we conclude that Pu_, < 0 for (r,t) € S. Since
u = 0 is evidently a subsolution, this completes the proof. O

Corollary 2.2. Suppose that
ug(r) = Lr™™ —b_r~™"Mw(r) forallr >0 (2.8)

holds with some b_ > 0. Then, for all B > 0, there exists by > 0 such that the solution
u of (2.1) satisfies

w(r,t) = Lr~™ —bor~™ Mw(r) forallt >0 and r > B(t +1)'/2. (2.9)

Proof. We apply Lemma 2.1 to by := b_ and any 6 € (0, min{1, (A2—A1)}) to obtain
some bg > 0 such that u,, as given in Lemma 2.1 is a subsolution of (2.1). Our lower
estimate (2.8) for ug, in conjunction with the fact that ug is non-negative, implies that
Ugy (75, 0) < ug(r) for all 7 > 0. Therefore, the maximum principle shows that ug,, > u for
all» > 0 and t > 0. In particular, if B > 0 is given, then, for all ¢ > 0 and r < B(t+1)1/2,
we find

w(r,t) = ugy (r,t)
> Lr~™ — blr_m_)‘lw(r) — bgr_m_)‘l_%w(r)(t + 1)9
> L™ — by ™ Mw(r) — by B0 M y(r),
which proves (2.9). O

We proceed to derive an estimate from below in a corresponding inner region. In
preparation, let us recall some facts about the solutions ¢ and ¥ of the initial-value
problems

N -1 b
¢§5+7£ Ye +9P =0, £>0, (2.10)

P(0) =1, ¢e(0) =0
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and
N -1
ng +

U+ pyr ™ =+ e+ X(E), 0 >0,
vO)= -1, %(0)=0,

respectively, where y(&) := 1/(1 4 ¢~™~*1). More specifically, it is known [5] that there
exist a; > 0 and K > 0 such that

(2.11)

(&) = LET —ap&T N, (2.12)
W(E) ~ KM, (2.13)
We(§) =~ (2—m — M) KE ™M, (2.14)

as £ — oo. In fact, in what follows we shall refer neither to the prescribed explicit value
of ¥(0) nor to the precise form of x as introduced above, for which (2.13) and (2.14)
were proved in [5]. Both formulae would remain unchanged for any value of ¥(0) and
any smooth positive decreasing x satisfying ™+ My (€) — A >0 as £ — oo.

Lemma 2.3. Fix an arbitrary k > 2/m. Then there exists pio > 0 such that if
o(t) = ew ™M ((E+ pT")?), e = pw™ M (), 120, 120, (2.15)

with
E(ryt) =™ (), =0, t>0, (2.16)

and some | < pg, then
ug, (r,t) := max {0, 0<¢(£) + ;W(g)) } (2.17)

defines a subsolution of (2.1) for all > 0 and t > 0.

Proof. Since u = 0 is a subsolution, we only need to consider those points where u;,
is positive.
By (2.13) and (2.14), there exists { > 0 such that

U(E)>0 and  We() <0 forall £ > &. (2.18)
Then
V() <C and [§¥(§)|<C forall{ =& (2.19)

with some C > 0. Next we take § > 0 so small that

A —2
m + 1 w2/>\1

< 0)§ <1 (2.20)

and then, according to (1.8), we take zo large with the property that

<6 forall z > zp. (2.21)
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We finally fix pg > 0 small enough to satisfy
po < 22" (2.22)

o ( X(%o)

Ho S 141
C([(m+ XM —1)/2\]0 + 5 + 5C)

With these choices of constants, we take p < po and let u;, be defined by (2.17).

Regarding Pu;, with P as defined in the proof of Lemma 2.1, it can easily be checked
using the convexity of z — 2P for z > 0 that, at each point where u, is positive, we have

). (2.23)

and

_ 1 o
Puy, = oy (w + m§¢g> + (gptlkff)t
— P
ol ) oo 20 v}
< ( ot W) +O’t(—§p§£— Né__ 1!1/5 _pwp—1!p+¢+ 15’(/%)
t m

or—1

Ot

= =% ) —ax(§).
oP f

Suppressing the argument (¢ + ¢ ~%)/? in w, we compute

oy = _ﬂgw(*m*)\l)//\lwl(t + 'ufn)fl/Q,
201
It _ M _(m-2)/m (—m=A1+2)/A1 —ky—1/2
ob—1 - 2)\15 w w (t+/”L ) )
2 2
Of _ M7 (m=2)/m  (—=m—2X\1+2)/A1, /2 a1
or 4’ w Wt +pm)
Hence, using
1 1
f: 70-1/7"710-{,» = 7@7
m m o
we obtain that
2
1 (o ﬂgw(—m—kﬂ/)\lw/(t+N—m)—1/2x(f)

_ Ot
A e 1 4 —tey,
Puln <Up—1>t (5) + mo_pf § + 2)\1
A —2
- E(m_z)/m{nwnl_)\;)w(_m_”l“)/)‘lwa(t byt
1
-+ ﬁw(_m_kl‘fﬂ)/)\lw/(t + M—K)—3/2
M (emeA2) /A .
“ W' (t+p7") ()

4
b I me2)/m(-me2X D N 2 R e ()

1

m —m— —K\—
+ 27\15‘*1( MM (4 ) THEx(6).
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Now, for (r,t) such that £(r,t) > &, (2.18) in combination with the monotonicity and
convexity of w and the positivity of x implies that

Pu < 8(m2)/m{ m(m Z)\); — Q)w(*m*”l”)”lw’z(t 4yt
1

I emenE Ay g )32 g,
40

Here, in view of (2.22), we have u=" > 2Z and hence, by (2.21) and (2.20),

[m(m + A1 — 2)/4X2]wm=2F2/ M2 (¢ 4 r )L
[m /4 Jw(m=242) /A0 | |(t + p—r)—3/2

AL —2
_ m+ A w2/)\1((t+u—f§)l/2)

(t+ p= ) 2w (4 p=) )

M o+ p)12)
< waﬂ//\l(o)(g
A1
< ]-a
which yields
Puy, <0 ifu(r,t) >0and &(r,t) > &o. (2.25)

On the other hand, if £ < &, then, due to (2.24), (2.19) and the fact that w and x are
decreasing, we have
Puy,

ew(=m=A1)/M1 |w’|(t + ufn)fl/Q

A —2
< 6—2/m{m(m 1_)\21 )w(—)\1+2)/A1|wll(t + M—n)—l/?
1

m o 9/x —ry—1 , M 9/ |w”| —my=1/2 L~
+4/\1w (t+p™") +4>\1w |w/|(t+u )
m

o x(&)

_Q/mw(—)\1+2)/)\1|w/|(t_~_M—n)—1/20_ 5
1

+ e
N
— CM—Z/mw—Q/)\l (M—H/Q)MZ/)\l((t +M—n)1/2)(t + M—n)l/Q

{m(m + )\1 — 2) ‘ (t + M_”)l/Qw/((t + M—K)l/Q)

40T w((t + p=r)/2)
Lo | p TR ((E ) )
Dy AN W ((t + p—r)172)
m (4 ) 2 () ) m
el ) )
—om MM+ A —2 m m m m
<O {( 4A%1 )5+ ot il t M%é} - ()

<0
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by (2.23), where we also have used (2.21), (1.9) and (2.22). This proves the desired
subsolution property. O

In order to compare u in a suitable inner region with one of the functions w;, that
we just constructed, we need to show that u;, < u holds at the corresponding ‘lateral’
boundary. We prepare for this with the next lemma.

Lemma 2.4. Let k > 2/m and by > 0. Then there exists p; > 0 such that if p < pq,
then the function u;, defined in Lemma 2.3 satisfies

u < Lr~™ — bor~ ™ Mw(r)  for all (r,t) € P,

mn

where
Pi={(r,t) € [0,00)% | r = (¢ + u~")'/2}.

Proof. According to (2.12) and (2.13), we can find large & > 0 such that

PE) K LE™ —Lar ™™™ forall € > & (2.26)
and

U(€) <2KE2mM for all € > &;. (2.27)

With large z; > 0 such that

2w’ (2) a; A
< for all z > 21, 2.28
o) 1oy, forallz>z (2.28)
we let 1 > 0 be so small that
< &2 (2.29)
< 20" (2.30)
and
m/)\l
a1w(0)
< . 2.31
< (20 (2.31)

Then, for any g < p1, (2.29) guarantees that if ¢ > 0 and r = (t + =)'/, then £ as
given by (2.16) and (2.15) satisfies

£(rt) = o¥/m(t)r
> Ul/m(t)'u—n/Z
- Ml/mwl/Al(N_K/Q)w—l/)\l((t+u—ﬁ)1/2)u—ﬁ/2
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Hence, from (2.26), (2.27) and (2.30) we obtain that, at r = (¢ 4+ u~*)/2,

(oF
U, < 0<L§m - %algfmf)‘l + t2K§2m)‘1)
oP
= [pm _ %alo_—/\l/mT—m—)\l + 2K0.(—m—/\1)/m0.tr2—m—)\1

=Lr ™ — %ala_M/mw((t + /f")lm)r_m_)‘l

_ 2Kﬂ57)\1/mwl((t+an)1/2)(t+’ufn)fl/2 . r27m7)\1

21
}rmAlw(r)

E—)\l/m — M—)\l/mw—l(u—ﬁ/2) 2 M—)\l/mw—l(o)

rw’(r)
w(r)

K
=Lr ™ — EAl/m{éal mn
A1

<Lr ™ — %alsf)‘l/mrfmﬂ\lw(r).

Since

due to the fact that w decreases on (0, c0), the restriction (2.31) on u yields the desired
inequality. (Il

Lemma 2.5. Suppose that ug = uo(r) is continuous and positive for r > 0 and that
it satisfies
uo(r) = Lr~™ —b_r~™ Muw(r) forallr >0
with some positive constant b_. Then there exists po > 0 such that, whenever p < o,
the function u;, introduced in Lemma 2.3 satisfies

u, (1,0) < ug(r) for all v € [0, u="/?]. (2.32)

Proof. In a similar way to the proof of Lemma 2.4, we first choose & > 0 such that
(2.26) and (2.27) hold. Since ¢ and ¥ are continuous and 0 < ¥(§) < LE~™ for all € > 0,
we can then fix C' > 0 satisfying

v ()
—= L C forall £ <& 2.33
w() ' (2:33)
and find that
v = £ min(L — MY ()) (2.34)
is positive. Next we let ry > 0 be large enough that
/\1 b
" >— forallr>rg (2.35)
w(r) v
and set
0 :=min{ug(r) | r <ro}, (2.36)
which is greater than zero because ug is positive. By (1.8), we can find zo > 0 satisfying
! A
Z:j(i? < min { Z[l(nll’ 1} for all z > 29, (2.37)
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and, finally, we take ps > 0 so small that

pe < 200" (2.38)
on \M(—2/m)

pia < (mCl’L -~ 2y> : (2.39)
L—-2v

He S T35, (2.40)

’m/)\1

a

< | ——== . 2.41

K2 (4b_w(0)> ( )

In deriving (2.32), we may evidently assume that u,_(r,0) > 0 and first consider those
r < u="2 for which & = o™ (0)r = u'/™r > £ holds. At such points, from (2.26), (2.27)
and (2.37) we obtain

_ m_7 m—X\1 () 2—m—M\1
un(r,0) <o <>{L§ N e }

= Lr™™ = a0 M (0)r M 4 2K gAML (0) gy (0)r M
=Lr ™ — %alsf)‘l/mw(,uf'i/z)rfmﬂ\l

_ Km6.7)\1/mw/(ufﬁ/Q)rfmf)\lHJH/ZT,Q*mf/\l

AL
K
=Lr ™ — ,u)‘l/m{écu — )\m
1
Al/m,r—m—)\l

ﬂfn/Qw/(ufn/Q)
w(p=r/2)

MKTZ }Tm>\1
< Lrm™— falu

ai
Lr~
(O

< L™ —b_r~ M My(r),

N

—)q/m,r—m—klw(r)

because w is decreasing. Hence,

Ui, (,0) < uo(r)
Next, if £ < &1, then by (2.33), (2.37)—(2.39),
o

[2:(0)/a? (O (§)  :(0)
¥(§) or(0)
- _&06*2/"1(#(2*)\1)/)\1(‘ufn/2)w/(ufn/2)
2\
— mic Kk—2/m
2\
mC  —2/m
2N

v
< )
L—2v

if Y (2.42)

’u—fi/2w/(‘u—f€/2)
w(pr/2)

(2.43)
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Since (2.34) implies that ¢(§) < (L —2v)¢~™ for all £ < &, we thus obtain

[04(0) /0 (0)]¥ (£) }

i (1,0) = a(0>¢<s>{1 n

¥(§)
L—v
= o (0)u(e)
L—v m
< oo (O)(L — 20)¢

=(L—v)r™™ forallr<p /™. (2.44)
By definition (2.35) of ro, however, in the case where r > ro, we have

uo(r) = Lr™™ — b_r~ ™" Mw(r)

>Lr ™ —vr ™,
which, combined with (2.44), yields
Ui (r,0) S ug(r) if g < < pm /My, (2.45)

so that we are left with small r satisfying r < ro. With regard to these, we recall (2.36)
and use (2.43) and the trivial estimate (&) < 1 to obtain

i r0) < o0) (14 25 oo

L—-v
0
L—2ua()
_L—v
L—2"
<9
Sug(r) forr < ro.

Together with (2.42) and (2.45), this proves (2.32). O

Combining the above estimates, we can now derive a lower bound of radial solutions.

Proposition 2.6. Assume that uy = ug(r) is a continuous and positive function of
r > 0 satisfying
uo(r) = Lr~™ —b_r~ ™" Mw(r) forall ¥ >0

with some b_ > 0. Then there exists ¢ > 0 such that the solution u of (2.1) satisfies
u(0,1) = cw™ ™M (tY/2)  for all t > 0. (2.46)

Proof. Let by > 0 be the constant provided by Corollary 2.2, and take any pu > 0
satisfying u < min{1, po, p1, g2} with pg, 1 and po taken from Lemmas 2.3, 2.4 and 2.5,
respectively. Then the function u;, defined by (2.17) satisfies u;, > u for r = (t + u=%)/2,
t > 0, by Corollary 2.2 and Lemma 2.4, whereas Lemma 2.5 guarantees that u;, > u also
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at t = 0. Since u;, is a subsolution of (2.1) by Lemma 2.3, the comparison principle shows
that u;, > 0 holds for all ¢ > 0 and r < (¢t + p~")1/2. In particular,

u(0,t) = u;(0,¢)
= e (4 ) )

> ew ™M (E2) for all t > 0,

because w is decreasing. O

3. Upper bound

In this section we give an upper bound for the solution of (2.1) by constructing a suitable
super-solution of (2.1). We first consider an appropriate outer region.

Lemma 3.1. Suppose that
uo(r) < Lr™™ forallr >0 (3.1)

and
uo(r) < Lr™™ —byr—lw(r) forallr>1 (3.2)

hold with a positive constant by. Then there exists B > 0 such that the solution u of
(2.1) satisfies

u(r,t) < Lr™™ — %byﬁm*’\lw(r) for all t > 0 and r > B(t + 1)1/2. (3.3)
Proof. We let C > 0 satisfy
220" (2)
w(2)

which is possible in view of (1.8) and (1.9). We next fix by > 0 such that

<C and

< C forall z >0, (3.4)

by > 2b+[(m—|—/\1)|m—|—/\1 +2—N| + |N— 1 —2m—2)\1\C+C] (35)

and, finally, we take B > 0 so large that

B>V2y/(m+M+2)|m+ A\ +4—N[+|N—-5-2m—2\|C+C (3.6)
and
2b
B> |2 (3.7)
\ o
Then
+ s —-m —-m —m—A1 —m—A1—2
U (ry 1) :=min{Lr™™  Lr~ ™ — byr w(r) + bar w(r)(t+1)}
satisfies

ud o (r,0) = up(r) forall 7 >0 (3.8)

out
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by (3.1) and (3.2). Moreover, at each point (r,#) where ul  (r,t) < Lr~™, we have
(ut )P < (Lr~™)P and, thus, repeating the computation in (2.7), we find
Pul = bor ™M T2y (r) + (Lrm™)P
+ b {(m+ A1) (m+ A +2— N)r= ™M 2y(r)
+ (N =1 =2m = 2X)r™ "M () + 7MW ()
—bo{(m+ M +2)(m+ A\ +4— N)rmm 24y (r)
(N =5 =2m = 20)r "N () 4TINS () HE A+ 1) — (udy)”

m—)\1—2

> bor™ w(r)

{1+z [(m+)\1)(m+/\1+2N)

2

rw'(r)  r2w’(r)
o) el
- [(m+/\1+2)(m+)\1+4N)

(N =5 —2m— o) r%"(r)} 1 }

w(r) w(r) r2

Using (3.4)—(3.6), for all (r, t) satisfying » > B(t + 1)/? and uZ(r,t) < Lr~™, we obtain

+ (N —1—2m—2\)

Pul, > bgr_m_)‘l_%)(r)

b
X {1—bl[(m+A1)|m+>\1+2—N|+|N—1—2m—2x\1|C+C]
2

1
—[(m+ A +2)m+ X\ +4—N+|N—5—2m—2>\1|C+C]BQ}
> bor ™" () {1~ 5 - 3}
=0.

Since (r,t) — Lr~™ is a solution of (2.1), it follows that wu_,, is a super-solution for all

r >0 and ¢t > 0, and therefore, by (3.8), the comparison principle implies u < u, for
all 7 > 0 and ¢ > 0. In particular, recalling (3.7), we have
(T t) = out(r t)
S L™ —byr ™ Mw(r) + %b+B2r_m_)‘1_2w(7")(t +1)
< Lr™ %by“m_’\lw(r)
for all t > 0 and r > B(t + 1)'/2, which proves (3.3). O

We also need the following elementary property of w, which, along with (1.8), is a
simple consequence of its positivity and monotonicity.

Lemma 3.2. For any A > 0, there exists zy > 0 such that
w(Az) > tw(z) forall z > z4.
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Proof. We evidently may assume A > 1. We define z, as any sufficiently large number
satisfying

zw'(2) 1
> 2ZA. .
o) | Sa- for all z > zx (3.9)
Then
1 w(z)
"(2) 2 ——————~—2% forall z > 1
w'(2) A=) orall z > 2, (3.10)
and thus
Az
w(Az) —w(z) = / W'(s)ds
1 Az (s)
> — = ZA.
> 2(/1—1)/Z S ds forall z > zx
Since s — w(s)/s decreases on (0, 00), we obtain
1 w(z)
Az) — >——(Az—2)—2~
w(02) = () > —5rrgs (42 = )

= —3w(z) forall z > zy,
which proves the lemma. O

We are now in a position to give an upper bound for radial solutions. The proof closely
follows that of [2, Lemma 4.3], but we include a complete proof here for convenience.

Proposition 3.3. Suppose that ug satisfies (3.1) and (3.2) and that, for each o >
uo(0), up intersects ¢, exactly once in (0,00). Then there exists C' > 0 such that the
solution u of (2.1) satisfies

u(0,t) < Cw™™/ 1 (#Y/2)  for all t > 0. (3.11)

Proof. Welet o(t) := u(0,t) and we may assume that o is unbounded, since otherwise
(3.11) is trivial. Thus, there exists to > 0 such that o(tg) > o(0). Then, for each ¢ > t,
u(-,t) does not intersect p,(;,) because the number of intersections of u(-,t) with the
equilibrium ¢, (4, initially equals 1 and drops at time #o. Since o is unbounded, this
means that u(-,t) > @g () for all t > to. In particular, o(t) > o(0) for all ¢ > to and,
hence, we may repeat the above argument with ¢y replaced by any t; > ty to obtain
u(-,t) > @g(t,) for all t > t;. Taking ¢ \ t1, we infer that

u(r,t) = oo (r) forallt >ty and r > 0.

By (2.12) and evident scaling properties of ¢, there exists M > 0 such that if o'/™r >
M, then

pa(r) = api(a'/™r)
> o L(aV/™r) ™™ — 2ay (/™) T MY

S L 2a1a—>\1/m7a—m—)\1.
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with B as provided by Lemma 3.1, for all t > max{T,t} and r» = B(t 4+ 1)*/? we have

Thus, if

o™ (t)r = o ™(0)B(T +1)Y2 = M
and therefore
u(r,t) = @ouy(r) = Lr™™ — 2010 M/ (H)rT ™M at = B(t +1)Y/? (3.12)
for such ¢t. On the other hand, from Lemma 3.1, we see that
u(r,t) < Lr™™ — Lbor ™ Mu(r) atr = B(t+ Y2 for all t > 0. (3.13)

Combining (3.12) with (3.13) and solving with respect to o(t), we obtain

m/)\l
4
o(t) < (;1) WM (B(t+1)Y?) for all t > max{T, to}. (3.14)
JF
Now the observation that
B(t+1)Y? < V2Bt'/?

in conjunction with Lemma 3.2, applied to A := /2B, yields
w(B(t+1)2) > w(V2Bt'/?) > %w(tlﬂ) for all t > 27,

and (3.14) thereby easily leads to (3.11). O

4. Proof of Theorem 1.1

In this section we complete a proof of Theorem 1.1 by using the upper and lower estimates
of radial solutions.
Given an initial value ug(x) satisfying (1.2) and (1.6), we define radially symmetric
functions by
uo(r) := min{ug(z): x| <r}, r =0,

and
to(r) := max{uo(z): |z| =r}, r=0.

Then
(i) uo(r) and tg(r) are continuous and decreasing in r > 0,
(ii) 0 < up(|z]) < uo(z) < to(z]) € Yool|z|) for all z € RN \ {0} and

(iii) ug(|z|) and ag(|x|) satisty (1.6).
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Let u(r, t) and @(r,t) denote the solutions of (2.1) with the initial values u,(r) and g (r),

respectively. Then the solutions exist globally in time and are decreasing in r for all ¢ > 0.

Moreover, by the comparison principle, the solution of (1.1) satisfies

([ Ollz < llul Bl < llall- L D)llre, =R,

I

for all t > 0. Since u(r,t) and @(r,t) are decreasing in r for each ¢t > 0, since

u(0,t) > cw ™M (t1/2) for all t >0

by Proposition 2.6, and since

@(0,t) < Cw™™ M (#1/2) for all t > 0

by Proposition 3.3, we obtain the desired estimates of the grow-up rate of the solution
of (1.1).
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