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Abstract

We provide necessary and sufficient conditions for the asymptotic normality of N,
the number of records among the first n observations from a sequence of independent
and identically distributed random variables, with general distribution F. In the case
of normality we identify the centering and scaling sequences. Also, we characterize
distributions for which the limit is not normal in terms of their discrete and continuous
components.
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1. Introduction

Consider a sequence { X, } of independent and identically distributed (i.i.d.) random variables,
whose common distribution function F is general, in the sense that it has continuous and discrete
components, restricted to have only finitely many atoms (discontinuities) on bounded intervals.
A record is defined as an observation which is strictly greater than the current maximum. More
precisely, forn > 2, X, is arecord if X, > M,,_1 , where M,, = max{X1y, ..., X;}, and X is
always a record by convention.

Records are intrinsically interesting objects. Their mathematical theory has reached maturity
and has not only found application in natural fields such as sports or meteorology but has also
shown usefulness, for instance, in the mathematical analysis of data structures. See [1], [3],
and [8] for general theory and applications.

There are three main random sequences related to records: the record values themselves,
the indices of record observations, called record times, and the counting process of records. In
this paper we focus our attention on the latter, giving necessary and sufficient conditions for
its asymptotic normality. See [4] and [9] for applications related to record counts in computer
data structures analysis.

Let N, be the number of records among X1, ..., X, forn > 1; that is, N, = ZZ:I I,
where I = 1;x,>um,_,} is the indicator of X being a record. The asymptotic behavior of N, is
well understood for distributions F which are either continuous or lattice, but, to the authors’
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knowledge, no result has been reported for general distributions, with infinitely many atoms.
Of course, when the number of atoms is finite, the situation is either trivial or it reduces to the
problem with continuous F, which is very well known. Indeed, Rényi [10] discovered that, in
the latter case, the indicators /,, are independent, withE[/,,] = 1/n, n > 1. This structural result
yields asymptotic normality for N,, as well as other types of convergence, rather easily. The
case of discrete distributions was not addressed until decades later, probably because of the lack
of a result similar to Rényi’s. Vervaat [12] started exploring records for integer-valued random
variables. Later, Bai et al. [2] used a generating function approach to asymptotic normality, for
observations from the geometric distribution. More recently, a martingale method was used in
[6] to obtain a central limit theorem for N,,, applicable to a large range of discrete distributions.
In the present paper we provide a complete answer to the question of the asymptotic normality of
record counts from i.i.d. observations. As a consequence, for lattice distributions, we improve
the results of [6] and solve a conjecture posed in [2].

A useful way to look at records is to consider £ (x), equal to the number of records in the whole
sequence { X, } with values less than or equal to x. Shorrock [11] discoveredthaté = {£(x); x >
0} is a point process on the line that has independent increments and decomposes as the sum
of two independent processes &. and &4. The continuous component & is a nonhomogeneous
Poisson process and the discrete component &; is a singular, independent increments process,
concentrated on the set of atoms of F'. This result applies to general distributions only restricted
to have a finite number of atoms on compact sets. We will refer to & as the Shorrock process.

Observe that, in terms of the asymptotic behavior of N,, there is no loss of generality in
restricting attention to positive random variables, because we deal with upper extremes. On
the other hand, for discontinuous F, it is relevant to consider only the case of infinitely many
atoms. Hence, in the sequel we work with distribution functions F such that F(x) = 0 for all
x < 0, whose set of atoms is A = {a,; n > 1}, with a,, 1 co. Note that a, 1 oo implies that
1— F(x) > Oforall x > 0, which in turn implies the almost-sure divergence of N,, asn — 0.
For convenience, we define ap = 0, although 0 is not an atom.

We use the following notation throughout the paper. Sequences of real numbers xp, x7, .. .
are indexed by the positive integers, unless otherwise stated, and are denoted by {x,, n > 1}
or {x,}. Braces are sometimes omitted for simplicity. Convergence (divergence) of x, to a
finite (infinite) limit x, as n — oo, is denoted by lim, x, = x, or x, — x, or x, 1 x when x,
is increasing. We write x,, ~ yj, if either both sequences diverge to oo or converge to 0, with
lim,, x,/y, = 1, or both converge to nonzero, possibly different, finite limits. The O(-) and o(-)
symbols have their usual meanings. Analogously, convergence (divergence) of a real function g,
defined on [0, 00), to a finite (infinite) limit y, as x — oo, is denoted by lim,_, o, g(x) = y,
g(x) — y,or g(x) 1 yif g is increasing.

Random variables are defined on a common probability space (€2, ¥, P); probability, ex-
pectation, and variance are respectively denoted by P[-], E[-], and var[-]. Convergence in
distribution and in probability are respectively denoted by ‘2 and ‘=>". The Bernoulli and
Poisson distributions, with parameters p € [0, 1] or A > 0, are denoted by Ber(p) and Po(%),
respectively. The notation X — Ber(p) and X — Po(A) mean that X respectively has a
Ber(p) or Po(%) distribution. The normal distribution, with mean 0 and variance o2, is denoted
by N (0, 0?). Fora generic random variable X with distribution F', let F~(x) = P[X < x] for
x € (0, 00).

Also, let m(¢) = sup{x > 0: P[X > x] > 1/t} fort > 1, and observe that, for ¢ > 0,

l—F_(m(t))zé and 1—F (m()+e¢) < % (1)
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Fork > 1, let pr = P[X = ax] = F(ar) — F~ (ar), ur = P[X € (-1, ap)] = F~ (a) —
F(ar—1), . = P[X = ar | X > ai] (the hazard rate), and Iy = log((1 — F(ax—1))/(1 —
F~(ag))). Note that r, = P[X = a]/P[X > ar] = pk/(Zizk Pi + D ;oi ). Finally, let

1 — F(ay) .
T—r and v(x) =0(x) =Y 1} 2)

k=1

0(x) =Y (rc + 1) + log
k=1

for x € [ay, ap+1) and n > 0.

Our main result is Theorem 1, where we give necessary and sufficient conditions for the
asymptotic normality of N, and, in that case, calculate explicit expressions of the centering and
scaling sequences. The proof is based on a central limit theorem for the Shorrock process &,
coupled with a random change of time scale.

At first, it was not obvious to conjecture the asymptotic behavior of N, for a general
distribution F. One may think that perhaps the form of the continuous component of F is
irrelevant, since record counts from continuous distributions have the classical logn speed
regardless of the distribution. Our results revealed a more complex situation of interaction
between the tails of both components of F.

The paper is organized as follows. The main result, a corollary, and examples are presented in
Section 2, followed by intermediate results and proofs in Section 3. In Section 4, distributions
for which N, is not asymptotically normal are characterized in terms of their discrete and
continuous components.

2. Main results and examples
Theorem 1. (a) Iflimy_, o v(x) = 00 then

Nn —0(m(n)) » N, 1)
v(m(n)) C

) Iflim, _, 5o V(x) < 00 then N, —6 (m(n)) is tight and there exist no (deterministic) sequences
bn, cn > O such that (N, — by)/cn — N (O, 1).

Corollary 1. Let F be concentrated on the positive integers. There exist sequences by, ¢, > 0
such that (N, — b,)/cn 2 N(O, 1) if and only zlefil (1 — rg) = oo, in which case they can

be taken as b, = ZT:(? re and c;, = 4/ ZZ":(”I) re(1 — rp).

Observe that in Corollary 1 no conditions are imposed on the hazard rates r;, so this result
extends Theorem 1 of [6]. Also, Corollary 1 gives a positive answer to a question raised in [2,
Section 1, p. 323].

In the first example below we consider a discrete distribution with hazard rates, having both
0 and 1 as limiting points, which can now be analyzed using Corollary 1. In the second example
we study a mixture of the exponential and geometric distributions.

Example 1. Consider a discrete distribution on the positive integers, with hazard rates given
by ror—1 = 1—1/(2k+1) and rox = 1/2k for k > 1. The following approximations are easily
obtained: b, = Y7 rp = m(n)/2 + O(1) and 2 = Y1 (1 — rg) = logm(n) + O(1).
Then, from Corollary 1,

Ny —m(n)/2 »

N, 1).
9ogm(n) > NG D

https://doi.org/10.1239/aap/1308662486 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1308662486

Asymptotic normality of record counts 425

A slightly improved presentation of the result above follows from the inequalities in (1). Note
that A,y := —log(1l — F~(m(n))) = — Zm - log(l m(n) logm(n)asn — oo.
Then, taking the logarithm in (1), we have Am(,,) <logn < Am(n)+1 and, also, log Ay,(ny <
loglogn < log A,;(n)+1. From both inequalities we obtain (for large enough n)

1 Am(n) - 1 logn - 1 Am(n)—H
mn) log Apmy+1 mn)loglogn  m(n) log Ay

Finally, itis easy to see that both extremes above converge to % Thus, m(n) ~ 2logn/loglogn
as n — 090, and so

—mn)/2 v

«/log logn

Example 2. Consider the mixture ¥ = aFe + (1 — a)F,, where Fe and F, stand for the
exponential and geometric distribution functions, with parameters A and p, respectively. That
is, Fe(x) = 1 —e™ and Fo(x) = 1 — ¢}, x > 0, with A > Oand g = l—p € (0, 1). Then,
fork > 1, pr = (1 —a)gk~ 1p and ), pi = (1 —a)g* 1. Also, g = oefk , Ae™* dy and
Doisk Hi = ae k=D _So, letting p = e~*/q,

2 N, 1).

(1—a)g"'p p
Te = =1 o 3 : 3)
(I —a)g -|-0le I +agp*/(1 —a)
On the other hand,
1 — F(ak—1) (1 —a)g* ' 4 ae D 1+ap~!/(1 — )
Iy =log = = 4)

—F(@ 2 - T tac* Bl ragt/l-a)

For the asymptotic behavior, we consider the following possibilities of relative tail behavior
of Fe and Fy. First, if p > 1 then ry ~ p(1 — (x),o_k/(aq) and so, Z,fil ry < 0o. Also,
Iy, = A+ O(p~%). Thus, Y i1k +1x) = an 4+ O(1) and, hence, v(x) = 6(x) + O(1) =
Ax + O(1) for x — oo. From Theorem 1 we conclude that

N, — Am(n) LY
A Am(n)
We now estimate m(n) = sup{x > 0: 1 — F~(x) > 1/n}, observing that | — F~ = (1l —

FO)+ (1 —a)(1 = Fp), with 1 — F(x) = 1 — Fe(x) = e and 1 — F, (x) = ¢/*171.
From (1) we have, for all ¢ > 0,

2 N, 1). (5)

— log(ae_)‘m(") + (1 — a)q(m(n)]—l) <logn < — 10g(ae—)»(m(")+8) +1 - a)qu(n)+s1—l).
The left-hand side above can be written as
am(n) — log(a + (1 — a)p W gMmmI=mm=1y — 3m () —loga + O(p~™™).

As the same analysis can be carried out on the right-hand side, for all ¢ > 0, we finally obtain
m(n) = (1/X)logn + O(1). We can now replace the estimate of m(n) in (5) to obtain, when
p>1

N, —logn »

— N, 1).
logn
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Suppose now that p < 1, that is, the exponential tail is lighter than the geometric tail. From
(3) and (4), we have ry, = p + O(p*) and [y = O(p¥). Thus, Y 7_, rx = np + O(1) and
Y i1k = 0(1), and, hence, 6(x) = px + O(1) and v(x) = pgx + O(1) as x — oo. It
follows from Theorem 1 that

Ny — pm(n) o
———~= — N(0, 1). (6)
v pgm(n)
The estimation of m(n) can be calculated as above. We have m(n) = —logn/logqg + O(1),

which can be substituted into (6) to obtain, when p < 1,

No+ plogn/logq » 0._ P4\
Jlogn logg
Finally, if p = 1 thenry = (1 — a)p/(1 — ap) and I} = —log(l — ap), k > 1. Hence,

f(x) = C(a, p)x + O(1) and v(x) = D(«, p)x + O(1), where C(a, p) = (1 —a)p/(1 —
ap) —log(l — ap) and D(«, p) = q/(1 — ap) —log(1 — ap). Theorem 1 yields

Ny — C(a, pym(n) 2 NO. 1)
~/D(a, p)m(n) T

For m(n), we have, as before, m(n) = —logn/logqg + O(1), thus getting

Na +Cla, p)logn/logg o N<0’_D(a, p)>.
Jlogn logq

3. Intermediate results and proofs

The Shorrock process £ is an independent increment point process on R = [0, o), which
admits the representation & = &. + &3, where & and &y are the continuous and discrete
(independent) components.

The intensity measure of £ is given by the so-called hazard measure H (dx) = F(dx)/(1 —
F~(x)), which we consider in detail in order to develop the central limit theorem for N,,. Note
that E[§(x)] = f[o,x] H (dy) for all x > 0. On the other hand, the continuous component &. has
intensity measure A, given by

k
Ae(—00,x] = —log(1 = F(x)) + ) log(1 —rj),  x € [ax, ag11),
Jj=1

while the discrete component is the Bernoulli process &q(x) = Y =1 Z; l{ajsx}, where the
random variables Z; are independent Ber(r;).
The following proposition is an easy consequence of Shorrock’s results.

Proposition 1. Let & be the Shorrock process, and let 6 (x) and v(x) be as defined in (2). Then,
forx >0,

(@) &(x) =Y i1 (Br + Pr) + P} for x € [ay, any1), where By — Ber(r), Px < Po(l),
k > 1, and P] — Po(log((1 — F(an))/(1 — F(x)))) are independent,

(b) E[§(x)] =6(x),
(¢) var[§(x)] = v(x),
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(d) limy— 00 0(x) =00
(e) limy_, o v(x) < o0 if and only if

o]

Zrk(l—rk)<00 and ZT((JIC)

k=1

Proof. Parts (a), (b), and (c) follow from Theorem 1 of [11]. For part (d), note that
limy_ o 8(x) < oo would imply that Z,fi] P[Br + Pr > 0] < oo so, by the Borel-Cantelli
lemma and (a), lim,_, o0 £(x) < 0o almost surely (a.s.); that is, there would be a finite number
of records in the sequence { X}, }, which is a contradiction since F (x) < 1 forall x > 0. Part (e)
is immediate upon noting that [ = log(1 + ux/(1 — F~(ax))) and that Z,fil Iy < oo if and
only if Y 22, ur/(1 — F~(ax)) < oo.

Our proof of Theorem 1 is based on a central limit theorem for £(x). To that end, the
representation of £(x) in Proposition 1(a), as a sum of independent random variables, is very
well suited. However, a drawback is the lack of control over the parameters /; which makes
Lyapunov’s condition arduous to check. We overcome this difficulty by enriching the sequence
of atoms with extra points which allow the /;s to be split into manageable pieces.

Let xo = 0, and, forn > 1, let

xn_lnf{x>xn 1:x € Aor¢y,— 1(x)>—}, (7

where ¢, (x) = log((1 — F(x,))/(1 — F~(x))) for n > 0. That is, the sequence {x,} is formed
by all the atoms of F' together with continuity points selected in such a way that ¢, (x,41) is
bounded above (see Lemma 1 below). Note that x,, is well defined because a, 1 oo implies
that the set over which the infimum is taken is nonempty. Some properties are collected in the
following lemma.

Lemma 1. Let {x,} be as defined in (7). Then the following statements hold.
(@) x, > xp—1 foralln > 1.
(b) Pn—1(xy) < %for alln > 1. Also, if x, &€ A then ¢,—1(xp) = %
(c) There are a finite number of x, values in every bounded interval (a, b).
(d) x, 1 oo

Proof. (a) By definition, x, > x,_1, so we prove that the strict inequality holds. Let
t, = min{a € A: a > x,_1} be the smallest atom greater than x,_;.

Aslim, _, x Gn—1(x) = 0 and ¢,,_1 (x) is continuous and nondecreasing in (x,_1, #;), then
(xXn—1, ) N {x qbn 1(x) > } is either empty or an interval (b, t,), with b > x,,_1. In the
former case x,, = t,, > x,,_1 and in the latter case, x, = b > x,_1.

(b) We consider two cases depending on whether x,, € A or not. If x, ¢ A, as in part (a),
¢n—1(x) is continuous in (x,—1,1;) and x, = b € (Xp—1,ty), SO Pp_1(xp) = % Ifx, € A
then (xy—1, tn) N {x: ¢p—1(x) >3} = @ 50 ¢y—1(x) < 1 in (x,—1, ,) and, since ¢, is left
continuous, we have ¢,,_1(x;) < %

(c) It suffices to see there are finitely many values x, in the interval (ag, ax+1) for all
k > 0. Suppose on the contrary that, for some n > 1, x,_1 = a; and x4, € (ax, ax+1) for
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every m > 0. Then, by part (b),

1— F(ay) o 1— F(ay) o 1—F (xp)
1= F(as) BT —F () 21— F (a1
1 1—-F~
1 eg LT w)

1 — F~(ak+1)

2
m 1 — F~ (Xntm—1)
m

log

+ lo
2 T T S F e
2
for every m > 0, solog((1 — F(ax))/(1 — F~ (akx+1))) = oo, which is a contradiction. Part (d)
follows immediately from (a) and (c).

We introduce additional notation. Fork > 1,letsy = P[X = x¢]/ P[X > xi] (thatis, sy = r,
if xx = a, € Aands; = Ootherwise) and Ay = ¢r—1(xx) = log((1 — F (xx—1))/(1 — F~ (x)))-
For x € (0, 00), let

m(x) =max{k: xy <x} and t(x)=min{k: x; > x}, ()

which are well defined by Lemma 1. Also, for n > 0, let

On) = (sk+x) and () =D (sk(1— s) + M) 9)

k=1 k=1
The following is a rewriting of Proposition 1 in terms of xy, s, and .

Corollary 2. Let & be the Shorrock process, and let 7, T, 0, and ¥ be as defined in (8) and (9).
Then, for x > 0,

(@) £(x) = Y7 (Ch + Q1) + Q). where Cx = Ber(sy), Qx < Po(h), k > 1, and
Q' — Po(log((1 — F(xzx)))/(1 — F(x)))) are independent,

(b) E[E(x)] = 6(x) = (w(x)) + log((1 — F (xzx)))/(1 — F(x))),
(c) var[(x)] = v(x) = 0((x)) +log((1 = F(xzx)))/(1 = F(x))).

Here begins a series of technical results leading to the proof of Theorem 1. The idea is to
establish a central limit theorem for & (1) (Lemma 2) and apply Kubacki and Szynal’s result
(Lemma 4) in order to replace n by the random variable M,,. Then the random centering
sequences are replaced by deterministic sequences and convergence for £(M,,) is obtained
thanks to the asymptotic equivalence of & and £. The final conclusion follows from the simple
identity which connects the Shorrock process with N,,, namely N,, = £§(M},).

Lemma 2. Let £ (n) = Y i1 (Cr+ Qr)- IF X o2 sk (1 — sg) 4+ Ax) = oo then

E(n) —6(n) 2 No. 1)

v(n)
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Proof. Since the random variables Z; = Cy + Qr — (sx + i) are independent, with
E[Z;] = O and var[ZZ:1 Z1] = v(n), it suffices to check Lyapunov’s condition
 ElZ)*]
Z (ﬁ(n))3/2 -0
k=1
Since A < 1, simple calculations yield E[|Z;|?] < 2(sx (1 — sx) + Ax) and the result follows.

Lemma3. Let0 < x < y. Then

1—F (x) A A
———— > exp{d(@(y) — 1) — 0(z(x)}. (10)
1 —F~(y)
Proof. Inequality (10) trivially holds if 7(x) > w(y) — 1, so assume that 7(x) < 7 (y) — 1.
Write, for k > 1,
k—1 k—1

- _1=F (x) 1—F(x) 1-F (x) — e M
1= F (x) = l—F(Xk—l)il] 1—F(x))1 = F(xi—1) - ¢ Ag(l e

Then, for x € (0, c0),
T(x) w(x)—1
[T =sne™ <1=F (@) 1=F (1) 1= F (a) < [[ (1 =s)e™™.
i=1 i=1

Therefore, recalling that 1 — r < e for any ¢t > 0, we have

| — F(x) 7(y)—1 1 7(y)—1 R R
Do ] ——ez [ et =elmo-n-dae,
IL—-F=(y) ~ . l—si =
i=t(x)+1 i=t(x)+1

Note that, for 6 given in (2), its generalized inverse 0 < (#) = inf{x: 6(x) > ¢t} fort €
(0, o0) is well defined since lim,_, o, 6 (x) = co by Proposition 1(d). The function 6 < has the
following properties, whose proofs are immediate since 6 is nondecreasing, right continuous,
and O(x) — 0~ (x) < 1 forall x > 0: (i) 6(a) > b if and only if a > 0 (b), (ii)) (0 (1)) €
[t,t+1).

Proposition 2. The sequence 8(M,,) — 0(m(n)) is tight.

Proof. We must prove that P[|6(M,,) —6(m(n))| > ec,] — 0for any deterministic sequence
¢p 1 oo and every ¢ > 0, which is equivalent to P[M,, > 0 (0(m(n)) + ec,)] — 0 and
P[M, > 6 (6(m(n)) —ec,)] — 1, also respectively equivalent (see [5, Proposition 3.1.1]) to

nP[X >0 @(mmn)) +¢ecp)] — 0 11
and

nP[X > 0@ (m(n)) —ecy)] — oo. (12)
For (11), let 8, = (Xzgu@m)+1 — m@))/2 for n > 1. Note that §, > 0. By the properties of
m(n) displayed in (1) and Lemma 3 we obtain, for large enough r,

nP[X > 6% (0(m(n)) + ecn)l
P[X > 0 (0(m(n)) + ecn)]
P[X > m(n) + 6,]
< exp{—O@ O O(mn) +eca)) — 1) = (T (m(n) + 8:)))}.
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Thus, we must show that 8(z (6 (O (m(n)) + ecy)) — 1) — O(t(m(n) + 8,)) — oo, which

follows by noting that 0 < é(n) — é(n —1)<2,0<t@mmn)+6,) —t(mm)) <1forn>1,

0<6(kx)— é(n(x)) <1,0< é(r(x)) —60(x) <l,and (O (x)) € [x,x + 1) forx > 0.
The proof of (12) is similar, noting that

P[X > 0 (8(m(n)) — ecy)]
P[X > m(n)]
> exp{f (7 (m(n)) — 1) — O(x (0 (B(m(n)) — ecy)))}.

nP[X =07 (0(m(n) —ecy)] =

Proposition 3. [flim,_, o v(x) = oo then

M) o D) v a3)
B (m(n))) B(z(m(n)))
Proof. By (9),
7T (MpVm(n))
D (M)) = DNl = > (s (I =)+ he)
k=1 (M, Am(n))+1
x(M,Vvm(n))
=< > (S + A1)

k=1 (M, Am(n))+1
= 0(x(My)) — O (z(m(n))).

Then, observing that 0 < 0(x) — é(n(x)) <land 0 < v(x) — 0(w(x)) < 1 forx > O,
and using Proposition 2, we have |é(rr(M,,)) — é(n(m(n)))|/f)(rr(m(n))) 2. Also, since
0< é(r(x)) —0(x) <land 0 < v(r(x)) —v(x) < 1 for x > 0, the second limit in (13) is
obtained analogously.

The result below, which follows from Theorem 1 of [7], is a useful generalization of Rényi’s
well-known central limit theorem for the sum of a random number of independent random
variables.

Lemma 4. Let {X,} be a sequence of centered and independent random variables, gvith
var[X,] = 02 < coforalln > 1. Lets? =Y"}_, o} 1 0o, andsupposethat ¥ j_, Xi/sn — Y
for some random variable Y. Let {T,} and {v,} be two sequences of positive integer-valued

raanom variab]l)es, with {v,} independent of {X,}, such that v, L o and ST, /Sv, 2 1. Then
Doy Xi/sy, = Y.

Proof of Theorem 1. If limy_, o, v(x) = 00, we conclude, from Lemma 2, Proposition 3,
and Lemma 4, that

S (M) O Ma) by )
v( (m(n)))
Moreover, since 0 < 6(x) — é(n(x)) < 1 for x > 0, the random centering above can be

replaced by 6(m(n)) by Proposition 2. Now, using 0 < v(x) — 0(w(x)) < 1 for x > 0,
we obtain

& ((My)) — 6(m(n)) 2 N, ). 14
v(m(n))
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In a similar way it can be shown that

E(t (M) — 0(m(n)) LY
v(m(n))

By Corollary 2(a) we have & (77 (M,,)) < £(M,,) < &(t(M,)) a.s. Hence, from (14) and (15),

we conclude that
§(My) — 0(m(n)) o

v(m(n))
The proof of part (a) of Theorem 1 is now complete, recalling that N, = £(M,,).

We now prove part (b). The random variables Zy = Cr 4+ Qr — (sx + Ax), kK > 1, are
centered and independent, with Zk j var[Zi] < oo. Therefore, hyal Zk < 00 a.s., which
implies that hmn(é(n(M ) — 9(7r(M ))) < oo and 11mn($(r(M ) — 9(t(M ))) < o0 a.s.
Consequently, for any sequence ¢, 1 oo, Proposition 2 yields

— N, 1). 15)

— N, 1).

S (M) —6(m@m) _ ECr(My) =6 (My)) +0( (M) —6m@) v (o

Cn Cn

and

§(t(My)) —0(m(n)) »
— 0
Cn
From (16) and (17), tightness of N,, — 6(m(n)) follows.
Finally, suppose that there exist sequences by, ¢, > 0 such that (N, — b,)/c, LYY O, 1).
Then, since the distribution of N, — b, is lattice of span 1 for each n > 1, (N, — b,)/cp
cannot converge to any continuous distribution unless ¢, — 0o. But because of the tightness
of N, — 6(m(n)), c, — oo implies that
0mm)) — by _ No — by _ Ny —0(m(n)) 2 NO. 1),

Cn Cn Cn

a7)

which is a contradiction.

4. Finite variance

We give necessary and sufficient conditions for lim,_, », v(x) < o0 in terms of the discrete
and continuous components of F.

Let F = Fq + F., where Fy is purely discrete and F, is continuous, with Fy(co) :=
limy o0 Fg(x) < 1and F.(00) := limy_ o Fe(x) < 1. Fork > 1, let

d P[X = a] Dk
e = — =
Fa(00) — Fy (@) X js=i Pj

be the hazard rate of the discrete part of F.
Recall that, by Proposition 1(e), lim;_, 5, v(¢) < oo if and only if

D r(l =) < oo, (18)
k=1

< oo. 19)
kzl = (ak)
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Note that, since py = ri(1 — F~ (ax)), condition (19) can be written equivalently as
o
Y B < (20)
=1 Pk

We present next a simple but useful technical lemma, followed by a result showing that
can be replaced by r,f in conditions (18) and (20).

Lemma 5. Suppose that Y re ui/(1 — F~(ag)) < co. Then,

DS 0, 1)
1 — F(a;)
I_F—_(@ 1 (22)
Fq(00) — Fy (a;)
1 — F(a;) 23)

-
Fq(00) — Fa(a;)
Proof. For (21), note that

M
j>l

— 0.
1 — F(a;) _ZI—F (aj)
Now, (22) follows from (21) and the identity

1 — F~(a;) = Fyq(00) — Fy (a;) +ZH’/"

Jj>i

Analogously, (23) follows from (21) and

I = F(a;) = Fa(00) — Fa(a) + ) _u;.

Jj>i
Proposition 4. We have limy_, o, v(x) < 00 if and only if

o0

Zr,ﬁl(l —rf) < oo, (24)
k=1

o0

Y B < (25)
=1 Pk

Proof. Suppose first that lim,_, o, v(x) < oo. Then, by (19) and Lemma 5, we have 1 —
F~(ax) ~ Fa(o0) — Fy (ar) and 1 — F(ag) ~ Fq(00) — Fy(ax), which imply that ry ~ r,‘j
andl —ry ~1— rk Therefore (18) implies (24) and (20) implies (25).

For the converse, as r; < r,f, we have

o0 o0

o0
M Mk
él-F—w—;p Z E <o

k=1

so, by Lemma 5, we have ry ~ r,f and1 —rp ~1— r,f , and the conclusion follows.
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In the next theorem we charactenze distributions with lim, _, oo v (x) < 00. For that purpose,
fixa € (0,ay),let B = {k: rk 2} and define the random variable X by

a if X (w) € {ax: k € B},

X(w) =
(@) X (w) otherwise.

Note that X is obtained from X by removing all atoms with hazard rates rk % and assigning
their probabilities to a. That is, P[X = a;] =0forallk € Band P[X = a] = > keB Pk-

Theorem 2. We have limy_. v(x) < oo if and only if any of the following conditions

hold:
@@ rd -1,
o0
d—r <o (26)
k=1
and
o
S o, 27)
=1 Pk
(b) the limit points of{rk }are 0 and 1,
Zr,f < 00, (28)
keB

and X satisfies condition (a).

Proof. Suppose that lim,_, v(x) < 00, so that (18), (20), (24), and (25) hold, and let us
prove that either (a) or (b) holds. If rk — 1 then (26) and (27) follow from (24) and (25).

Now suppose that rk does not converge to 1 (recall that 0 < rk < 1 forall k > 1). Since (24)
holds, ry; 41 — r,f) — 0, so the only possible subsequent1a1 limits of rk are 0 and 1. Now, | must
be a subsequential limit, since otherwise, rk — 0 and (24) would imply that Y 2, r,f < 00,
which is a contradiction since every discrete random varlable with infinitely many atoms has
>, ril = 0o; 0 mustalso be a subsequential 11m1t of rd because otherw1se rd — 1. Moreover,
the definition of B and (24) imply that Y keB rk <2 et 41— ) < 00, 50 (28) holds.

We now prove that X verifies condition (a).

Let F be the distribution function of X, let Fy be the discrete part of F, and let Fy(o0) =
limy - 0o Fd(x) Let {ox} be the sequence of atoms of X that is, o) = a and, for k > 2,
ar = ap, withng € {1,2,...}\ B, ng T 00. Observe that Fy(co) = Fd(oo) since the total
mass due to atoms is the same for X and X. Note also that 0 is not a limit point of {r .} because
in this subsequence we are excluding atoms with discrete hazard rates less than 4 3 Therefore
the fact that {r,f} has 0 and 1 as unique limit points implies that r — 1. Define, for k > 2,

g PX=ad  p i PX=od P
1= F () 1—F(ay)  °  Faloo)—Fy() Fa(oo) — Fy (an)

Let us first check that

Fa(00) — Fy (ax) ~ Fa(00) — Fy (ax). (29)
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To this end, consider

> sk jeB Pj Dj
RIESCIESS j Y o0, G0

Fa(c0) — Fy (ax) — Fa(o0) — Fy (aj)

j=k, jEB jzk, jEB

where convergence to 0 above follows from } ", _p r,‘f < oo. Finally, the identity

Fy(00) — Fy (ax) = Fa(c0) — Fy (a)+ Y p;

j=k, jeB
and (30) imply (29).
Now, from (29), for large k,
Fd = P ~ P rd 1,

© 7 Fa(oo) — Fy(an)  Fa(oo) — Fy (an) ™

~d
sory — 1.

Let us see that X verifies (26). By (29) we have, for large &,

g Fa(oo) — Falan) _ Fa(oo) — Falaw) | 4
e == = ~ — =1-r
Fa(o0) — Fy (an,)  Fa(00) — Fy (an,)

ng?

SO Y po (1 — F,f) < 0o since

d—ry=>-rh =2 rld-rl <o
k=2

k¢B k¢B

Let us prove (27) for X, which is clearly equivalent to

o = -
F~ — F(ay—
Z _ (o) ~(_Olk 1) < o0, G1)
= Fy(00) — Fy ()
since F,‘f — 1.
Observing that, for k > 3, F~ (ax) — F(ak—1) = Z;’inkilﬂ(F_(al) — F(a;—1)) and that

Fa(00) — Fy (ak) ~ Fa(00) — Fy (ax) ~ 1 — F~ (aw),

where the first equivalence above follows from (29) and the second from Lemma 5, (31) is
equivalent to

o0 ni —
F — F(a-
Z Z 1(al)F_ (ar—1) < 0. (32)
k=3 I=n_1+1 — )
Consider the identity
ng—1 ng
L= F @y ) =1-F (a)+ Y p+ Y. w

I=nk_1+1 I=nj_1+2
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and

ng—1
Zlink,r‘rl pi < lenk,1+l,leB pi N lellk,1+l,l€B pi
I —F~(ap_+1) = 1 = F~(an_+1)  Fa(00) — Fy (an;_ +1)

ng—1 [ee)
I=n_+2 M - Zz:nk,wz i

1- Fi(ankfl-l—l) 1 Fi(ankfl—l—l)

— 0,

— 0,

where the equivalence follows from (22) and the limits from (30) and (21), respectively.
Therefore, 1 — F~ (ay,_,4+1) ~ 1 — F~(a,,) and

i F~(a) = Fla1) _ Z F~(a) — Fla_1)
I=nf_1+1 = F~(an) I=nj_1+1 1= F~(a)

so (32) follows from (19). This completes the proof of the necessity of (a) or (b).
Let us now show that (a) or (b) imply that lim,_, o, v(x) < 00. Suppose first that (a) holds;

then
o0 (0.¢]
Ik Ik
—rg < — < 00,
=1 Pk =1 Pk
by (27), so we have (20). Moreover, applying Lemma 5, we have ry ~ r,f andl —ryp ~1— r,f,
and (18) holds.
Suppose that (b) holds. Let us prove (18) and (19). For (19), note that
i Mk _i i: F~(a) — F(aj—1)
ko @)= = @)
- i 2": F~(a)) = Fla-1)
- 1—F(an,)
k=3 I=ng_;+1 k

B i F~(an,) — F(an,_,)
- 1 — F(an,)

> ﬁi(ank) - ﬁ(ankfl)
= Z 1 — F~(an,)

_ i F~ ) = Flew-n)

~ PIX =l
N\ F~ (o) — Flog—1)
<>
— PX = o]
< 0

by (27).

For (18), observe that, by Lemma 5, the convergence of the series above implies that
S k(1 —rg) < oo if and only if Y 5o, rf(1 —r{) < co. Thus, we have to prove that
Y keB r,f(l — r,‘f) < oo and Zk@ r,f(l — r,f) < 0o. The first convergence follows from
Sieprt(—rd) < Y iepri < oo by (28). Also, (28) implies (29) so 1 —rd ~1—7;
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therefore, Y g rf (1 —ri) = Y22, rd (1 —ril) < 322,(1 —rd) < 00, since Y22, (1 —
~d

Fe) < oo.

Remark 1. Theorem 2 shows that distributions F' such that & (x) has finite asymptotic variance
are very light tailed in the sense that the discrete part has light tails (the discrete hazard rates go

to 1 very fast) and, moreover, the tail of the continuous part is even lighter, since it is negligible
when compared with the tail of the discrete part.
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