SEMIGROUPS IN WHICH ALL SUBSEMIGROUPS
ARE LEFT IDEALS
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1. Introduction. A semigroup S is a \- [p-, o-] semigroup if and only
if each subsemigroup of S is a left [right, two-sided] ideal of S. Since the
concept of p-semigroup is the dual of that of M-semigroup, the results for p-
semigroups are generally not stated explicitly. os-semigroups are treated as a
special case of A-semigroups; in fact, a semigroup S'is a o-semigroup if and only
if it is a A-semigroup and a p-semigroup. The purpose of this paper is to deter-
mine the structure of \- [p-, -] semigroups.

In Section 2, the idempotents of a N\-semigroup .S are used to obtain a natural
decomposition of S as the disjoint union of unipotent A-semigroups. In Section
3, the structure theorem of unipotent A-semigroups is proved. The structure
of a general A-semigroup follows in Section 4. The structure theorem of o-semi-
groups in Section 5 is an application of the results of Section 3 and the dual
theorems. Throughout this paper, X C Y stands for X C 7.

The definitions imply

LemMA 1. If S is a \- [p-, o-] semigroup, then any subsemigroup of S as well as
any homomorphic image of S is of the same type.

2. Decomposition of a A-semigroup into unipotent \-semigroups.
{a) is the subsemigroup of semigroup S generated by a € S.

LeMMA 2. S is a N\-semigroup if and only if Sa C (a) for all a € S.

Proof. By the definition of X\-semigroup, Sa C S (a) C (a). Conversely, let
T be a subsemigroup of S and ¢ € T. Sa C {a) C T so that T is a left ideal.

LemMaA 3. [{(a)| < 3 for all a € S; (a) contains an idempotent. If E is the set
of idempotents of S, then every e € E is a right zero of S.

Proof. Suppose (a) is not finite. Then
(a) = {a™mn is a positive integer, a® # a2, n; = n,)}

and {(a?) = {a*:k is a positive integer} is a subsemigroup of {a). By Lemma 1,
a® = aa® € (a){a?) C (e¢?), which is a contradiction. Thus, {a) is finite for
a € S. By (1, Theorem 1.9), (a) contains an idempotent.

Let e € E. By Lemma 2, Se C (¢) = {e} = {ee} C Se. Thus, E is the set
of right zeros of S and E is a right zero semigroup.

Let @ € S. Suppose p is the smallest positive integer such that a? = ¢ € E
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and p > 4. By (1, Theorem 1.9), (@) contains a cyclic subgroup K, in which
a? = e is the identity. Suppose y € K,. Since e is the identity in K, and e is a
right zero in S, y = ye = e. Thus, K, = {e} and (a) has period 1 and index p;
that is,

(@) = {a,a? ....a" 1, a? = e}.

T = {a? a* a% ..., a"} is a subsemigroup of {a). Therefore
a® =aa® € {(a)T C T,
which is a contradiction. Hence, p < 3.
LemMMA 4. xy = y if and only if y € E.

Proof. Suppose there is a y € .S such that xy = y for some x € S. Then
x € X ={z€ S:zy =y} # 0. Since X is a subsemigroup of S, it is a left
ideal. Since X is a left ideal, yx € SX C X. Since X is a subsemigroup, we
have x(yx) € X. By the definition of X, ¥ = (xy)? = {x(vx)}y = y. Thus,
v lies in E and is a right zero. The converse is obvious.

Let e, be the idempotent determined by x € S. By Lemma 3, ¢:S — E,
x¢ = e., is a homomorphism. Clearly, ¢ is a mapping. First, x¢ = x%¢$. From
x? = e, it follows that

e = e = (x7)? = (x?)?.

By Lemma 2, xy € Sy C (y). By Lemmas 3 and 4, xy = ¢, or y% Thus,

(xy)¢ = {;112 z} =e =¢€e = (x¢)(y9).

For e € E, let S(e) = ¢~(e). Since S(e) is a subsemigroup of S, it is a left
ideal. S(e) is unipotent. Let x € S(e) so that x? = e for some positive integer p.
Then ex = xPx = xx? = xe = e. Thus, e is the zero in S(e).

S(e) is the maximal unipotent subsemigroup of S with e as its idempotent.
Let M be a unipotent subsemigroup of S containing e. Suppose x € M. Then
(x) C M. By Lemma 3, (x) contains an idempotent d. Since M is unipotent,
d = e. Thus, x € S(e) and M C S(e).

In summary we obtain

THEOREM 1. If S is a \-semigroup, then S is the union of the disjoint left ideals
S(e). In terms of the definitions of (1, p. 25), a N-semigroup S is the union of a
band B, B a right zero semigroup, of unipotent \-semigroups S(e), and this is the
greatest decomposition such that the factor semigroup is a band.

DEerINITION 1. .S, = {x € S:|[(x)] = p}; S,(e) = S, N S(e).

LEMMA 5.
S(e) = Si(e) \J Sa(e) U S;(e),
S =51U S, US;, disjoint union;
Si(e) = {e}, S =E
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LEMMA 6. xyz =¢, € E, x,y,2 € S.

Proof.
%) xe, = e,
xyz = x(yz) = _
xz2 — jziz-_eezy
= e,

3. The structure of unipotent \-semigroups. Let ¢ be the unique
idempotent of a unipotent A-semigroup S; e is the zero of S. NMoreover, by
Lemma 5,

S = S1(e) U Ss(e) U Ss(e),
Si(e) = {e}, Si(e) = {x € Six < ¢, x2 = e},
Si(e) = {x € S:x? % ¢, x* = e}.

We define
4 = {x € Six? # e},
B ={x€Sx#ex*=¢x=7yfornoy€ S},
C ={x € S:ix #e x =y for somey € S}.

From these definitions we have

LeEMMA 7.
S =4\UB\CV {e}, disjoint union,
A =8, BUC =S, C={xecSx=9yyedl

DerINITION 2. Let I = {0,1} be a set with two elements. Let u: (4 U B)
X A — Iandv:A — C be functions defined respectively by

)1 ifxy #e 2
(x, Y)u = {O ifxy = e and xv = x".

When A = @, u and » are null functions. x and » are well-defined functions
such that (a,a)u = 1 and » is surjective. Moreover, for all x, v € S,

i@y =1,
= {e otherwise

defines the product in .S.
Define xy = eif A = @. u is obviously well defined. Since a® # ¢ fora € A,
(a,a)u = 1. By Lemma 7, v is a surjection.
Let x,y € S. By Lemma 2, xy € Sy C (y). By Lemma 3, xy = yor y*ore.
By Lemma 4, xy = yif and only if y = e.
Now, suppose ¥y # e. Then xy = y2ore. By Lemma 7,y € B\U C = S,or 4.
If y € .Sy, then ¥2 = e. There are three cases for y € 4:
(i) x =e. Thenxy = ey = e.
(ii) x € C. Then x = 22,2 € S. By Lemma 6, xy = 2%y = e.
(i1i) x € A4 U B. There are two subcases:
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(o) xy = e. By the definition of u, this is equivalent to (x, y)u = 0.

(B) xy # e. Again, by the definition of g, this is equivalent to (x, y)u = 1.
In this case we have, by the definition of », xy = y? = yp, Similarly, for the
converse, Xy = yv.

THEOREM 2. Let S be a unipotent \-semigroup with zero e. Then there is a family
{4, B, C} of disjoint subsets of S and, if A # 0, there are functions u: (4 U B)
X A—1TI and v:A — C such that:

1) S =4\UB\U CV {e}, disjoint union;

(2) (@,a)u =1,a € 4;

3) v is surjective, and so |A| > |C;

@) xy =y if (x, 9 = 1;

(5) xy = e otherwise.

Conversely, let A, B, C, {e} be pairwise disjoint sets with |A| > |C|. Let
S=A4AUBUCU{e}; if 4 #0, let u:(A\JB) X A—1T be any function
suchthat (a,a)p = 1,a € A, and let vi:A — C be any surjection. Define the binary
operation m on S by

_ if (x,y)p =1,
(@, y)m = {c otherwise.

Then the groupoid (S, m) is a unipotent \-semigroup.

Proof. Only the converse remains to be proved. m is single-valued. Let x, y,
z € S. (y,2)m = e or zv, where (y, 2)m = zv if (y,2)u = 1. Thus, (y,2)m € C
U {e}. Therefore (x, (y,2)m)m = e. Similarly, (x,y)m € C\U {e} and
((x, ¥)m, 2)m = e. Hence, associativity holds.

Since (e, e)ym = e, e is an idempotent. Suppose x € .S is idempotent; that is,
(x,x)m = x. Then x = (x,x)m = (x, (x,x)m)m = e. Hence, S is unipotent
and e € {x) for every x € S.

Finally, let 7" be any subsemigroup of Sand let x € T, ¥ € S. Then

axym=e€c{x)CT or (yx)ym=xv= (x,0)m¢€ {x) CT.
Therefore ST C T and S is a A-semigroup.

DEFINITION 3. The 6-tuple © = (A4, B, C, e, u, v) satisfying the conditions of
Theorem 2 is called the structure set of \-semigroup S.

THEOREM 3. Let & = (4, B, C,e, u,v) and & = (4',B’, C’, e, u’, V') be the
structure sets of two unipotent \-semigroups S and S and let Z:S— .S be a
mapping. Then Z is a homomorphism if and only if

(1) BZC B UC U {Y,

(2) czC U (Y,

(3) ez =¢,

1) (xv)Z = (xZ)' for every x € =-1(4"),
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(G) O, 0w = (2, xZ)y for x € Z71(A"), y € 214" U B),
6) ,x)u =0forx e Z74A"),y€ AUB,y¢ 24" U B),
(7) xZ ¢ A’ implies x*2 = ¢'.

Proof. Note that (1), (2), and (3) are equivalent to
(1) =14 C 4,

(2) z7\(B") C A4V B,

(3 =z CAUBULC.

Let Z be a mapping of .S into S’ which satisfies the seven conditions of
Theorem 3.

(i) By Theorem 2 and (1), x ¢ 4 implies yx = e, y € S, and xZ ¢ A’. By
(3), (yx)2 = ¢eZ = ¢. By Theorem 2,x2 ¢ A" implies (yZ)(xZ) =¢',yZ € S".

(ii) By Theorem 2 and (1), (2"),x € A and y ¢ A U B imply yx = ¢ and
y= ¢ A’UB'. By (3), (9x)Z =eZ =¢'. By Theorem 2, y= ¢ 4'\U B’
implies (y2)(x2) = ¢'.

(iii) Supposex € A andy € 4 U B. By Theorem 2, yx = xv if (y, x)u = 1;
yx = eif (y,x)p = 0.

(@) Let (,x)u = 0.By 3), (3x)Z =¢Z =¢€. IfxZT € A'andyZ € A’ U B/,
then, by (), 0 = (v, x)u = (vy2,xZ)u’. By Theorem 2, (¥=,xZ)u’ =0
implies (y2)(xZ) = ¢'.

If xZ ¢ A" or y= ¢ A’ \U B, then (¥Z,xZ)y’ is not defined. But, by the
definition of products in S, (yZ)(xZ) = ¢'.

(8) Let (v, x)u = 1. We consider three cases:

B1) yZ2€ A" UB" and xZ € A'. By (5), 1 = (v, x)u = (»2,x2)y'. By
Theorem 2 and (4), (y2)(xZ) = xZ)v = (xv)Z = (yx) 2.

(B2) x= ¢ A’. By Theorem 2, (y2)(xZ) =¢. (yx)Z = (xv)Z = x2Z. By (7),
x2Z =¢'.

B3) y= ¢ A’ U B’ and xZ € A’. By (6), (y,x)u = 0. This contradicts the
assumption that (y, x)u = 1. Hence, this case does not occur.

Therefore Z is a homomorphism.

Conversely, assume that Z is a homomorphism. Since S’ is unipotent and
eZ = (ee)Z = (eZ)(eZ), eZ = ¢'. This proves (3).

Suppose x € B. Thenx? = eand e’ = ¢Z = x?2 = (xZ)% Thus,xZ ¢ 4’ so
that x= € B'\U C" U {€'} and (1) holds.

Suppose x € C. Then there isa y € A4 such that x = y2 Thus, xZ = y*2 =
(y2)2 Hence, xZ € C' or xZ = ¢'. This proves (2).

Since (1), (2), (3) hold now, we may use (1), (2'), (3') if this is helpful.

Suppose x € Z71(4"); that is, xZ € 4’. By (1), x € 4. Thus, both x» and
(x =)y are defined.

Hence, (x»)Z = 222 = (x2)? = (xZ)»'. Thus, (4) holds.

Suppose v € Z-1(4’\U B’); that is, y2 € A’ \U B’. Since

74" U B) = 271(4) Y 271(B),
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y € AU B by (1) and (2'). Thus, both (y, x)u and (yZ, xZ)u’ are defined.
(v, x)u = 1 implies yx = xv. By (4),

D) (xZ) = (9x)2 = ()2 = (X2 # e

(xZ) # € since v:A’ — (' is a surjection and ¢’ ¢ C'. Thus, (2, x3)y’ =1
so that (y,x)u = (¥Z,xZ)u’. (y,x)u = 0 implies yx = e. Thus, ¢’ = eZ =
(y)Z = (yZ)(xZ). Hence (2, xZ)u’ = 0and (y, x)u = (¥Z, xZ)u’. Now (5)
holds.

Suppose y € A\UB but y ¢ 271(4"UB’). Then y= ¢ A’ UB’'. By
Theorem 2, (yx)2 = (y2)(xZ) =¢. If (y,x)u =1, then yx = xv. By (4),
(yx)2 = ()2 = (xZ)»" # ¢/, which is a contradiction. Hence, (y,x)u =0
and (6) follows.

By Theorem 2, x= ¢ A’ implies (xZ)? = ¢'. Since Z is a homomorphism,
¢ = (x2)? = x22. Thus, (7) holds.

THEOREM 4. Let (4, B, C,e, u,v) and (4’,B’, C’', ¢, u’,v') be the structure
sets of two unipotent \-semigroups S and S’. Then S and S" are isomorphic if and
only if there is a bijection Z: S — S’ such that:

(1) Az = 4/,
(2) BZ = B/,
3) Ccz =,
4) ez =¢,

B) @)z = &2,x€ 4,
6) v, 0w = 2, xZ)p',x € 4,y € 4 U B,
(7) xZ ¢ A’ implies x?Z = ¢'.
Proof. Suppose S =~ S’ under Z. By Theorem 3,
B C B UCVU |}, CZCC\U{}, ez =¢.
Since Z is a bijection, 27! is a mapping of .S onto .S such that (1), (2'), (3")
become respectively
A'Z1C A4, B2 C A\UB, C'z'CAVUBUC.
Furthermore, applying Theorem 3 to -1, we obtain
B'S1CBUCU (e}, CZ1CCU e}, e31l=e¢
Az C A4, Bz C A UB CZCA'UB \UC(C.

A'Z71 C A implies A" C A Z, which together with AZ C A’ gives AZ = A4'.
This proves (1). AZ = 4’, BZ C 4’ U B’, Z is an injection imply BZ C B’.
Similarly, B’Z~! C B, which then gives B’ C BZ. Thus, BZ = B’ and (2)
holds. The proof that (3) holds is similar. (4) is obvious. Since 4’21 = 4, (5)
holds. Again, 4’2"! = 4 and (4’ U B’)Z~! = AU B imply (6). Finally, we
note that Condition (6) of Theorem 3 cannot occur since y € 4 \U B and
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y ¢ (4"\U B")Z-! are contradictory. (7) is verified as in Theorem 3. Thus, =
satisfies all the conditions of Theorem 3, which reduce to those of this corollary.

Conversely, suppose the seven conditions of the corollary hold and 2 is a
bijection. Then the first five conditions and Condition (7) of Theorem 3 clearly
hold. Condition (6) of Theorem 3 is vacuously true. Theorem 3 now implies
that 2 is a homomorphism. Since Z is a bijection, Z is an isomorphism.

4. The structure of general \-semigroups. Let .S be a A-semigroup. By
Theorem 1, S is the disjoint union of the S(e), e € E. If we index E with the
set J (E itself is not used in order to avoid confusion), then

S = UjerS(ey), E ={e; € Ser =e¢;j€ J}.

Since S(e;) is a unipotent A\-semigroup, Theorem 2 applies. Let (4, B,, C;, ¢},
u;, v;) be the structure set of S(e;). We investigate the behaviour of the product
xy € S, where x € S(e)), y € S(e)), 7 # j.

LemMa 8. If x € S(ey), v € S(ey), 1 # 7, then:
(1) xy =y if and only if y = e,
(i) xy = e;1if y € A4y,
(i) xy = e;jif y € A;and x ¢ A;\J By,
(v) xy =e;ory?if x € A,\UB,y € A4,
Proof. (i) By Lemma 4, xy = y if and only if y = ¢,.
(ii) By (i), y € B;\U C,. By Lemma 7, y* = ¢;. By Lemma 2, xy € (y) =

{yr e]'}' By (l)y Xy = é€;.
(iii) x ¢ 4;,\J B; implies x € C;\J {e;}. Thus, x =e¢; or x € C;. By
Lemma 7, x € C; implies x = 2%, 2 ¢ 4,. By Lemma 6,

(iv) Since xy € (y) = {3, 9% ¥* = ¢,} and, by (i), xy # y, xy = y*or e;.

DEeFINITION 4. Let S = \U S(e;) be a \-semigroup. Then there is a family of
functions F* = {p;p: (A, \IB) X A;—>1,j € J}. For each j€ J define
additional functions p;;:(A;,\J B;) X A;— 1,1 € J, by

{1 ifxy =y"
(@ ¥)mes = 0  otherwise.
By Lemma 8, u;j, 7, 7 € J, is well defined. Also u;; = uj, j € J. Moreover, if
x € S(es), ¥ € S(e;), then
_ vy i (e =1,
= {e]- otherwise.

An immediate consequence of Definition 4 is
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THEOREM 5. Let S be a N\-semigroup with the set of idempotents E = {e;:j € J}.
Then there exist families of subsets of S and families of functions as follows:
Bo = {47 €T}, 8 = (B;j € J}, e = {Cpj € J},
Go = i, g€ JY, & =i €Jl,
where the A}'s, Bj's, Cj's, {e;}'s are pairwise disjoint,
wi (A, UB) XA4;—1, (¢, x)u;; =1 forx € A,
v 4 ;— Cjis surjective, such that, for

x € Se) =4, UB,UC;Ule,y€Sle) =4,UB;\UC;\U e},

_ 2y if (¢, Y)us; =1,
= {ej otherwise.

THEOREM 6. Let J be any non-empty set. Let S be a set which is the disjoint
union of four sets A*, B¥, C*, E, where A*, B*, C* are disjoint unions of

So={dpjcJt,  TH={BpgjcJ}, Fe=I{Cpjcl}

respectively, and E = {e;:j € J}. Assume |4, > |C,| for each j € J. For every
pair (i,7) € J X J, let

IJU:(AiUBi) XA1—>I

be any function satisfying (a, a)u;; = 1 for a € A, Also let v;:4;— C; be any
surjection. Put

S(ej) = AJUBJ U C]U {ej}.
Then S = \U,; S(e;) is a N-semigroup with multiplication m defined by

_ v if (%, Y)piy = 1,
(e, y)m = {ej otherwise

for x € S(e;), v € S(ey); and S(e)) is the maximal unipotent subsemigroup with
idempotent e; and structure set (A ;, Bj, Cy, €5, ujj v;)-

Proof. The proof is similar to that of Theorem 2 and we note thatif z € S(e;),
then, by the definition of m,

((x, y)m, 2)m = er = (x, (y, D)m)m.

Another view of A-semigroups uses the concept of elementary semigroup
(Definition 6).

THEOREM 7. Let S = Uger Say Sy M Sy = 0, a1 7% s, such that
Sa = UBeAa Aaﬂr Aaﬁl M AaﬂQ = {Oa}v .31 #= 52, Bl» B2 € Aa, atc T.

Let Bo be a fixed index element such that Bo € Naer Aa. Let F = {fyia € T} be a
family of functions
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farAa\{Bo} = U {Aup\{0a}:8 € Au\{Bo}}
such that Bf. € Aag for B € A\{Bo}. Further, let
Bagy = Aas\0a}, @ € T Bag = Aus\{Bfa, 0a}, B # Bo,x € T.
Forx € Ays,y € Aas, v, € T, 8 € Ay, B € Ay define a binary operation in S by

Bfa 'L:fx=y€Ba5,'Y=a,5=ﬁ,ﬁ¢ﬂo,
xy = Bfa0or 0 if x € Usen, Bys, ¥ € Bag, B 7 Bo,
0, otherwise.

Then S is a \-semigroup and conversely any \-semigroup has such a structure.

Proof. Suppose x, 9,2 € S,x € Aag, ¥y € Ays, 2 € Ayr. Then, by the definition
of multiplication in S, xy = ¢f, or 0,. Since 0, and &f, ¢ Us.y, Bys, another
application of the definition of multiplication yields (xy)z = 0,. Similarly,

=5

Thus, S is a semigroup.

Let T be a subsemigroup of semigroup S. Suppose z € 1°, y € S. By hypo-
thesis, x € Aag C Say ¥y € Ays T Sy, a,v € T, B € A, 6 € A,. By the definition
of multiplication in S, yx = ff, or 0.. Since 7" is a subsemigroup, 0, = x* € T
Also, if ¥ € Bas, B % Bo, then Bf, = x* € 1. Thus, yx € T, and T is a \-semi-
group.

For the converse we note that S,, « € T, is a unipotent A-semigroup S(e,),
1€ J; Aagy @ € T, B € As, B # Bo, is an elementary semigroup of the type 7°,
(Definitions 5 and 6); 0., a € T, is a right zero, say e;, 1 € J; Aagy, @ € T, isa
null semigroup of the type U,ep 7%, B C S(e;) say (Definition 5). Also
Bfe = ¢ € T.. Thus, S is the union of & and §, where & = U,ep gysen, Aas is
a union of elementary semigroups and § = U, Aag, is a union of null semi-
groups.

5. The structure of s-semigroups. Let S be a o-semigroup. Since S is
both a A-semigroup and a p-semigroup, .S is unipotent and the unique idem-
potent is zero.

An application of Theorem 2 for unipotent \-semigroups to o-semigroup .S
gives a family {4, B, C} of disjoint subsets of .S and, for 4 @, functions
uw(Ad\UB)XA—1I, viA— C such that:

1) S=AUBUCU {e},

(2) (@, 0)u =1,

(3) v is surjective,

(4) xy = yvif (x, ) =1,

(5) xy = e otherwise.
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Suppose (x, ¥)u = 1. Then, by (4), xy = y» = y% # e. Since {x) is an ideal
in the o-semigroup S, xy € (x). By Lemma 3, (x) C {x,x%, x* = e}.xy = x3 =¢
contradicts xy # e. By Lemma 6, xy = x implies x = xy = (xy)y = e. This
contradicts xy % e too. Thus, xy = x%. By Lemma 7, x2 =xy =y2 = e
implies x2 € C and x € A. Thus, x» = x? is defined and x» = y».

By the dual of Theorem 2,let S = 4" \U B’ \U ' U {e} be the p-semigroup
decomposition of S. By Lemma 7 and its dual, both 4 and A’ are characterized
as the set {a € S:a? # e}. Thus, 4’ = A. Again, by Lemma 7 and its dual,
C = {xtx € 4}, C' = {92y € A’}. Thus, C' = C. Hence, B’ = B also.

By (4) and (5),if x € 4,y € B, then xy = e. From the duals of (4) and (5),
xy =eif x € B,y € A. This result implies that u: (4 U B) X 4 — I may be
replaced by u:4 X A — I, where the same symbol is used for a function and
one of its restrictions.

We summarize in

THEOREM 8. Let S be a o-semigroup. Then S is unipotent and there is a family
{4, B, C} of disjoint subsets of S, |A| > |C|, and functions w:4 X A — I,
(¢, x)u = 1,xy = eif xv # yv, and v is a surjection. The operation in S is defined
by

_dw  f@ye=1
= {e otherwise.

Conversely, if S satisfies S = A \J B\J C\J {e}, disjoint union, and there are
functions w4 X A — I, (x,x)p =1, (x, y)m = e for xv # yv, and v:4 — C is
a surjection, then (S, m) is a o-semigroup for m defined by

_dw if (e =1,
Ge, yym = {e otherwise.
Proof. The proof of the converse is similar to the proofs of Theorems 2 and 6.
DEFINITION 5. For each a € A, T, = {a,c,e:a*> = ¢ € C} = {(a). For each
b€ B, T,=1{be} =(b). For each c€ C, T, = {c,e} ={c) and T, =
AV {c,e} = A, I T/, where A, = {a € S:a* =av = ¢} =v1(c) C 4.

Clearly, 4 = \U,ec A¢; Ty Ty, T, T, are o-(sub)semigroups of S; S =

UdeBUC Td~
DEFINITION 6. An elementary semigroup S is a o-semigroup such that B = @,
IC| = 1. An elemental semigroup S is an elementary semigroup such that |4| = 1.

A nil-semigroup S is a o-semigroup such that |B| =1, 4 = C = 0.

COROLLARY 1. All elemental semigroups are isomorphic. If S is an elemental
semigroup, then |S| = 3. For anya € A, T, is an elemental (sub)semigroup.

All nil-semigroups are isomorphic. A nil-semigroup is a null semigroup of
order 2. For any b € B, T} is a nil-semigroup, for any ¢ € C, T, is a nil-
semigroup.
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LemMA 9. If S is an elementary semigroup, then S is the union of elemental
semigroups; that is, S = \UyeaT,. Moreover, S = A,\J {c, e}, x* = ¢ for all
x € A. S need not be finite.

If S is a null semigroup, |S| > 2, then S is the 0-disjoint union of nil-semi-
groups; that is, S = U, 1.

THEOREM 9. A semigroup S is a o-semigroup if and only if S is the 0-disjoint
union of a collection § of elementary semigroups and a collection B of nil-semi-
groups,

S = \Usep Tay 7,€CUS,

such that TN\ T; = {e},xy =e,x € T,y € T';,1 # j, 1,7 € D. Either C or
B may be empty but not both.

Proof. Let S = AU B\ C U {e} be a s-semigroup. Let D = BU C. By
Definitions 5 and 6, {7:d € D} is a set of elementary semigroups and nil-
semigroups. By definition 5, T; N\ T'; = {e} if ¢ # 7, 1,7 € D. By the statement
following Definition 5, S = Uyp 7. Moreover, since xy = e for xv # y,
x€Tyyye T, 1#7,1,7€ D, we have xy = e.

Conversely, if S = \U,p 7, is a groupoid satisfying the given properties,
then .S is a semigroup because (xy)z = ¢ = x(yz) if x, ¥, z are not all in the
same elementary semigroup or nil-semigroup, and (xy)z = x(y2) if x, y, 2 are
all in the same elementary semigroup or nil-semigroup since these are already
associative.

Let S’ be a subsemigroup of S. Certainly, e € S’. Suppose x € 5, x # ¢;
then x € Ty, d € D, T, is an elementary semigroup or 7 is a nil-semigroup.
If T;is nil, then Ty = (x) C S'. If T, is elementary, then (x) is a subsemigroup
of Ty. Thus, S’ is a 0-disjoint union of subsemigroups of the 7', or S’ = {e}.
Conversely, any such 0O-disjoint union is a subsemigroup of S. Thus, let
S = Upep Lo, where Ty is nil or elemental. Hence, 7, T, = Ty T = {e}
if4,7 € D,1 # j,and T'; is an elemental subsemigroup of elementary semigroup
T; or is some nil-semigroup; 7,7, C Ty, T T;C T, because T, is a
subsemigroup of a o-semigroup 7';. Therefore .S’ is an ideal and S is a o-semi-
group.

Theorem 9 gives a practical way of constructing all non-isomorphic o-semi-
groups of order » if n is a small positive integer.
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