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Abstract

In this paper it is shown that if G is a periodic Abelian group and | G |>=6, then the only
automorphisms of the semigroup of finite nonempty complexes of G are induced by
automorphisms of G.
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1. Introduction

In this paper we describe the automorphism group of the semigroup of finite
nonempty complexes of a periodic abelian group (in terms of the automorphism
group of the group). This work is a completion of the results by the current
authors and Petersen (1977) in [BLPSa] where the automorphism group was
described in the case that the group is periodic and locally cyclic.

Let G be a group, written additively (but not necessarily abelian) and let F(G)
denote the collection of finite nonempty complexes (subsets) of G. Then F(G) is
a semigroup with respect to the operation A +B = {a+b|ac 4 and be B}. Mann
(1952, 1953) investigated sums of sets of group elements. Recently more interest
has been focused on various subsemigroups of the semigroup of all complexes of G.
Trnkova (1975) proved that every abelian semigroup is embeddable in the semi-
group of all complexes of G, for some abelian group G and Lau (1979) gave a
sufficient condition that a finite abelian semigroup could be embedded in the
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semigroup of all complexes of some finite abelian group. The semigroup F(G) is
central in the investigation of retractable groups presented by Byrd, Lloyd, Mena
and Teller (1977). The automorphism group of F(G) was studied for certain classes
of groups in [BLPSa, b and c].

The group of automorphisms of F(G) will be denoted by Aut F(G) and the
group of automorphisms of G will be denoted by AutG. Each automorphism
of G induces an automorphism of F(G) in a natural way. These elements of Aut F(G)
will be called standard automorphisms. It was shown in [BLPSc] that an element of
Aut F(G) is standard if and only if it preserves set inclusion. If a€AutG, then
o* will denote the standard automorphism of F(G) induced by o. The mapping
which sends « to «* is an isomorphism of Aut F(G) onto the collection of standard
automorphisms of F(G).

It was also shown in [BLPSc] that if G is a torsion-free abelian group, then F(G)
admits an infinite number of nonstandard automorphisms. In particular, it was
shown that Aut F(Z) is countably infinite, where Z denotes the additive group of
integers, and it is well known that AutZ has only two elements. It was shown in
[BLPSa] that if Z, denotes the cyclic group of order n, then the only »’s for which
F(Z,) admits nonstandard automorphisms are #n = 3, 4 and 5. In [BLPSb] it was
shown that the only periodic locally dihedral groups D,, for which F(D,) admits
nonstandard automorphisms is Dy =Z,xZ,. In this paper we show that the
only periodic abelian groups G for which F(G) admits nonstandard automorphisms
are the ones mentioned above, namely Z,, Z,, Z; and Z, x Z,.

We will identify G with the group of units {{g}|g€ G} of F(G). If X and Y are
sets, then X'\ Y denotes the elements in X which do not belong to Y.

2. Preliminaries

Let G be a group, H be the subgroup of standard automorphisms of F(G), and
K be the subgroup of automorphisms of F(G) that are the identity on G (the group
of units of F(G)). Then K is a normal subgroup of AutF(G), HnK = {i}, and
Aut F(G) = KH. Clearly, F(Z;) admits only standard automorphisms. The
following information was given in [BLPSal, Section 3. If G = Z;, then there
exists € Aut F(G) with 6|G =, {0,1} 6 ={0,2},{0,1,2} 6 = {0,1,2}; K = {t, 6, 63},
H ={.,B}, where 18 =2 and -1 68 = 62 Then Aut F(G) = KH is isomorphic to
S3, the symmetric group of degree 3. If G = Z,, then there exists 6 € Aut F(G) with

0|G=: {0,1}6=10,3}, {0,2}6=1{0,2},
0,1,200={0,2,3}, {0,1,2,3}60=10,1,2,3};

https://doi.org/10.1017/51446788700014889 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014889

[3] The automorphism group of a periodic Abelian group 17

K={,0,6, 68, H={,p} where 18 =3 and 8108 = . Then Aut F(G) = KH
is isomorphic to D,, the dihedral group of order 8. If G = Z;, then there exists
0 € F(G) with {0, a} 6 = {2a,4a} for all ac G\ {0},

{0,1,2}6 ={1,3,4}, {0,1,3}0=1{2,3,4},
{0,1,2,3}6 ={0,1,2,3}, {0,1,2,3,4}0={0,1,2,3,4};

K={,0, H={,n,7%,7%, where 1y =2 and 65y =n60. Then AutG =KH is
isomorphic to Z,xZ,. If G=2Z, with n>6, then K= {;} and AutF(G) is iso-
morphic to AutG. In [BLPSb] it was shown that if

G = D,={a,b|2a=2b,a+b="b+a),

then there are three distinct automorphisms 7,, 7, and 73 of order 2 with An; = 4
for all 4 with |A|#3 and

{0,a,b}n, = a+{0,a,b},
{0,a,b}n, = b+{0, a, b},
{0,a,b} 3 = a+b+{0,a,b}.
In this case K = {i,1;,1,, 15} and Aut F(G) is isomorphic to S,.
LeMMA 1. Let A, Be F(G) with | A|,| B|<|G|—1 and A# B. Then there is g € G\ {0}
with A+{0,g}st B+{0,g}.
PRrOOF. Let x,ye€ A\ B with x#y and let g=—y+x. Then

xe(A+{0,gH\(B+{0,g}).

Hence, 4+{0,g}# B+{0, g}.
The next two lemmas are from [BLPSa).

LeEMMA 2. Let 8 € Aut F(G) and let H be a finite subgroup of G.

(i) Then 0| F(H) is a semigroup isomorphism of F(H) onto F(H0).

(i) If 8|G =, then H= HO and 0| F(H) € Aut F(H).

This is Lemma 3 of [BLPSal].

LEMMA 3. If A€ F(G) and L(A) = {g|g+ A = A}, then I(A) is a subgroup of G
and A is a union of right cosets of L(A). If G is finite, then the number of translates

of A is the index of L(A) in G. (If g€G, then g+ A is a translate of A.)

This is Lemma 7 of [BLPSal).
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LEMMA 4. Let G be a finite group such that G = K ® (x), for some subgroup K
and some x € G\{0}. If there exists k € K with o(k)>2, then there exist two element
subsets A, ..., A; of G so that

G\ = (K\ )+ 3 Ay

PROOF. Let x and k be given as above, | = o(x) and B, = K\ {k}. If
By = By+(1-2){0, x},

then k¢ B,. Let B, = B, +{0,x+k}. Then G\ B, = {k,2k+(I—1)x}. Finally, let
By = By +{0, —k+x} = B, +{0, —(2k+(I— 1) x)+k}. Then k¢ B,, and it remains
to show that 2k+({—1)x e B;. Now 2k+(I—1)x = 3k +(I-2)x+(—k + x) which
belongs to B since 3k# k. Therefore,

G\{k} = By = (K\{k}) + (- 2){0, x}+{0, k + x}+{0, —k+x}

and the lemma is proven.

In order to prove the main result of this paper, it is necessary to show that
F(ZyxZyxZy), F(Zyx2Z,), F(ZsxZs) and F(Z,x Z,,), where p is prime, admit
only standard automorphisms. Since the proofs are similar, we do only

Aut F(Z, x Z3).
Let G=2Z;xZ;=<a,b|3a=3b=0, a+b=>b+a) and let fcAut F(G) with
0|G=L.

Claim 1. If {0, a} 6 = {0, a}, then {0, 5} 6 = {0, b}.

Suppose (by way of contradiction) that {0, b} 8+ {0, b}. Since
0| F(<b)) € Aut F(<b)),
we have from the above that {0, b} 8 = {0, 2b} or {0, 5}0 = {b, 2b}.

Case 1. {0,b} 8 = {0,2b}. We consider the possible images of {0,a+b}.

Subcase 1.A. {0,a+b} 6 ={0,a+b}. Applying 8 to both sides of the identity
{0,4,24a}+{0,a+ b} = {0, a, 20} +{0, b},

we obtain
{0,a,2a}+{0, a+ b} = {0, a, 2a} + {0, 2b},

which is impossible. Hence, {0,a+ b} 6+#{0,a+b}.
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Subcase 1.B. {0,a+b} 6 = {a+b,2a+2b}. Again applying 0 to both sides of the
identity
{0,a,2a}+{0, a+ b} = {0, a, 2a} +{0,b}
we have that
{0, a, 2a}+{a+ b, 2a+2b} = {0, a, 2a} + {0, 2b},

which is also impossible. Thus, {0,a+ b} 0+ {a+b,2a+2b}.
Subcase 1.C. {0,a+b} 0 = {0,2a+2b}. Then applying 6 to both sides of the

identity
{0, a} + {0’ b, 2b} = {0’ a+b} +{0’ b, 2b}

we have that
which is again a contradiction. Therefore, {0, a+ b} 6+ {0, 2a+ 2b}. Consequently,

we must have

Case 2. {0,b}6 ={b,2b}. But this case yields a contradiction since if
{0, b} 6 = {b, 2b}, then {0, b} 62 = {0, 2b}, which was shown to be impossible by Case 1.
Thus, Claim 1 is established.

Claim 2. If {0,4} 8 = {0, 2a} and {0, b} 8 = {0, 2b}, then {0,a+b} 8 = {0, 2a+ 2b}.
Again we proceed by contradiction. By Claim 1, the only other possibility is
{0,a+ b} 0 = {a+b,2a+2b}. Then, by applying 8 to both sides of the identity
{0, a,2a}+{0, b} = {0, a,2a} +{0, a + b},

we obtain
{0,a,2a}+{0, 2b} = {0, @, 2a} + {a+ b, 2a+ 2b},

which is impossible. Thus, {0, a+ b} 0 = {0, 2a+2b}.
Claim 3. {0, g} 0 = {0, g} for all g in G\ {0}.

Suppose (by way of contradiction) there exists g € G\ {0} such that {0, g} 8+ {0, g}.
By Claim 1 we may assume that there are g, 1€ G with G = (g, h), {0,g} 6 = {0, 2g}
and {0, 4} 8 = {0, 2h}. By Claim 2,

{0,g+h}0={0,2g+2h} and {0,2g+h}0={0,g+2h}.

Hence, {0,g+2h} 0= {g+2h,2g+h}. But using Claim 2 on the sets {0,4} and
{0, g+ A}, we have that {0, g+2h} 8 = {0, 2g + A}, which is a contradiction.
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Claim 4. 46 = 4 for all A< F(G).

If the assertion is not true, let Be F(G) be maximal with respect to | B| and
B+ B. By Claim 3 and Lemma 4, | B|<8. If L(B) = {0}, then | B+{0,g}|>| B| for
all geG\{0} and so B+{0,g} = (B+{0,g}) # = B6+{0,g} for all geG\{0}. But,
by Lemma 1, B = B#, a contradiction. Thus, L(B)# {0} and B = L(B)+ B,, where
| By|<2. But this implies that B8 = (L(B)+ B,) 0 = (I(B)) 6+ B, 6 = L(B)+ B,
again a contradiction. Therefore, 40 = A for all A€ F(G). It now follows that
Aut(Z; x Z,) consists only of standard automorphisms.

3. Aut F(G)

In this section we show that Aut F(G) consists only of standard automorphisms
if G is a periodic abelian group with |G|>6. The proof of the next lemma is
straightforward and will be omitted.

LEMMA 5. Let G be a finite group, H be a normal subgroup of G, n the natural
mapping of G onto G/H, and 0 € Aut F(G) with HO = H. If X6% = Xy~ 0y for every
X e F(G[H), then 0%c F(G/H). Moreover, if A, Be F(G) with HS L(4) = L(B) and
A0%# B, then An6*£ By).

THEOREM 1. Let G be a finite abelian group with| G| > 6. Then Aut F(G) consists only
of standard automorphisms.

PRrOOF. Assume that this is not the case. Let G be a group which is minimal with
respect to |G|> 6 and there is Be F(G), 6 € Aut F(G) with 8|G =, and Bf+# B.

Case 1. G is isomorphic to the direct product of n copies of Z,, where n> 3.
Let
G={ay,..,a,|2a;=0forie{l,...,n} and a;+a;=a;+a;forije{l,...,n}).

It was pointed out in Section 2 that if a,b,c€G and <{a,b,c) is isomorphic to
Zy,%xZyx Z,, then 0|<a,b,c) is a standard automorphism. Thus, 40 = 4if | 4]|<3.
Since

A= 10,8583 +(0, a, agh+ ... +{0, a1, a,} = G\{ éa,},

Af =4 if |A|>|G|~1. Now let B€F(G) be maximal with respect to | B| and
BO#B. Then L(B)#{0}, for otherwise we would have |B|<|B+{0,g}| for all
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g£€G\{0} and B+{0,g} = (B+{0,g}) 0 = B6+ {0, g}. Thus, by Lemma 1, B = B6.
Let H be a subgroup of L(B) with |H|=2. Then 6%cAut F(G/H), 6% is not
standard, and | G/H|> 6 and this contradicts the choice of G as a minimal counter-
example.

Case 2. There exists x in G with o(x)# 2.

Let geG. If o(g) =2, then {0,g} is a subgroup and thus {0,g} 8 ={0,g}. If
o(g}>2, then either g is in a cyclic group of order larger than 5 or g is in a subgroup
isomorphic to Z, x Z,. In either case we must have that {0, g} 6 = {0, g}. Therefore,
A0 =4 if|4|<2 and by Lemma 4, 46 = 4 if | 4|>|G|—1. Now let Be F(G) be
maximal with respect to | B| and B+ B. As in Case 1, L(B)#{0}. So let H be a
subgroup of L(B) with |H| a prime. Then, by Lemma 4, AutF(G/H) admits
non-standard automorphisms. By the minimality of |G|, we must have G/H is
isomorphic to Zy, Z,, Z, x Z, or Z;,.

Case 2.1. G/H is isomorphic to Z;.

In this case G must be cyclic of order greater than 5 or Z; x Z,;. But both imply
that Aut F(G) consists only of standard automorphisms.

Case 2.2. G/H is isomorphic to Z,.

Again G is either cyclic or Z, x Z,. But both of these imply that Aut F(G) consists
of only standard automorphisms.

Case 2.3. G/H is isomorphic to Z, x Z,.

Then either G is Z, x Z,,, where p is prime, or Z, x Z, x Z,. But again both of
these imply Aut F(G) consists only of standard automorphisms.

Case 2.4. G/H is isomorphic to Z;.
Then G is cyclic or Z; x Z; and the same contradiction is obtained.

Thus it must be the case that Aut F(G) admits only standard automorphisms if
G is a finite abelian group with |G|> 5.

COROLLARY. If G is a periodic abelian group with |G|>6, then Aut F(G) consists
only of standard automorphisms.
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