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O-DIVISIBLE MODULES

BY
EFRAIM P. ARMENDARIZ

1. Introduction. Let R be a ring with 1 and let Q denote the maximal left
quotient ring of R [6]. In a recent paper [12], Wei called a (left) R-module M
divisible in case Homj (Q, N)#0 for each nonzero factor module N of M. Modi-
fying the terminology slightly we call such an R-module a Q-divisible R-module.
As shown in [12], the class D of all Q-divisible modules is closed under factor
modules, extensions, and direct sums and thus is a torsion class in the sense of
Dickson [5]. It follows that every R-module M contains a (unique) maximal
Q-divisible submodule D(M) such that M/D(M) contains no nonzero Q-divisible
submodule. Moreover, the class D contains all injective R-modules and hence
contains the torsion class D, generated by the injective R-modules. In general D
and D, are distinct, but in some instances coincidence of these classes occurs. In
this note we examine some of these situations as well as some relationship between
the class D and the class of R-modules with zero singular submodule. (As in [9],
we call modules with zero singular submodule nonsingular and if the (left) singular
ideal of R s zero then R is a nonsingular ring.) In §2 we characterize rings for which
every Q-divisible module is injective, nonsingular rings for which every non-
singular Q-divisible module is injective, and finite-dimensional nonsingular rings
for which every Q-divisible R-module is a factor of an injective R-module. In §3,
some examples are given related to the classes D and D,.

2. Main results. We first consider the case when all Q-divisible R-modules are
injective.

PROPOSITION 2.1. For a ring R the following conditions are equivalent:

(a) Every Q-divisible R-module is injective.

(b) The injective R-modules form a torsion class.

(c) R is left hereditary and left Noetherian.

Proof. We show (a) = (b) = (c) = (a). It is clear that (a) = (b) since every
injective R-module is Q-divisible. Assuming (b), then by [5] direct sums of injectives
are injective so by a theorem of Bass [4], R is left Noetherian; also factors of in-
jectives are injective so R is left hereditary [3]. Thus (b) = (c). Now assume (c)
holds and let M be Q-divisible. Since R is left hereditary, its (left) singular ideal is
zero. But for any nonsingular ring the maximal left quotient ring is an injective
R-module [6], thus Q is injective. Let B=> Im B8 where B varies over Homy (Q, M);
then B is a factor of a direct sum of copies of Q and so B is injective since R is left
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Noetherian and left hereditary. It follows that M= B since M is Q-divisible, com-
pleting the proof.

As noted in the previous proof, Q is an injective R-module whenever R is a
nonsingular ring. We will make repeated use of this fact as well as of the following
well-known property:

(*) If A4 is an injective R-module, B is a nonsingular R-module and « € Homy
(A4, B) then Im « is injective.

Indeed, Ker o can have no essential extension in A4 since B is nonsingular and
hence Ker « is a direct summand of A4.

The following characterizes nonsingular rings for which every nonsingular
Q-divisible module is injective.

THEOREM 2.2. Let R be a nonsingular ring. Then every nonsingular Q-divisible
R-module is injective if and only if R is a finite-dimensional R-module.

Proof. Suppose first that R is a finite-dimensional R-module. Then by [I,
Theorem 1], every nonsingular R-module contains a unique maximal injective
submodule. Thus if 4 is nonsingular and Q-divisible then 4=B®C with B in-
jective and C containing no nonzero injective submodules. If C#0 then since 4
is Q-divisible, Homj (Q, C)+#0 and so by (*) C contains a nonzero injective sub-
module, a contradiction. Thus C=0 and so 4 = B is injective. For the converse note
that Q is nonsingular hence any direct sum of copies of Q being nonsingular and
Q-divisible is injective. If {U; | i € I} is a family of left ideals of R whose sum is
direct then B=@>,; O, Q;= Q for all i € I, is injective and there is a monomorph-
ism «: @>;c; U, — B. Then « can be extended to B: R — B. Since Im B is cyclic it
lies in a finitely generated summand of B and hence so does Im «. This implies 7
is a finite set and so R is a finite dimensional R-module.

As an immediate consequence we have the

COROLLARY. If R is any integral domain, then every torsion-free Q-divisible
R-module is injective if and only if R is a (left) Ore domain.

When R is nonsingular and finite-dimensional, Theorem 2.2 states that the
nonsingular modules in D coincide with the nonsingular modules in D,. This
situation occurs also if every Q-divisible module is a factor of an injective (and so
D coincides with D;). We examine this condition next for nonsingular finite-
dimensional rings, obtaining a result related to Theorem 1.2 of [7]. We remark that
by (*) the condition in Theorem 2.2 that every nonsingular @-divisible module is
injective is equivalent to every nonsingular Q-divisible module is a factor of an
injective.

Before proceeding we introduce the following notation. For any R-module M
let g(M)=> Im B, where 8 varies over Homg (Q, M). We now define a (transfinite)
sequence of submodules g,(M) of M by letting ¢,(M)=g(M) and, for any ordinal
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Ax1, letting: ¢\(M) =y <2go(M), if A is a limit ordinal;

H(M)[gy- (M) = q(M][q,_1/(M)), if A—1 cxists.

The least ordinal = for which g,(M)=gq, ,,(M) will be called the g-length of M. It is
readily verified that ¢,(M)= M if and only if M is Q-divisible.

THEOREM 2.3. Let R be a finite-dimensional nonsingular ring. The following con-
ditions are equivalent:

(a) Every Q-divisible R-module is a factor of an injective R-module.

(b) The singular submodule of every Q-divisible R-module is a direct summand.

(© hdx (Q) < L.

Proof. (a) = (b) is a consequence of [8, Theorem 2.10], while (b) = (c) can be
obtained by a modification of the proof of [7, Theorem 1.2], replacing ““torsion”
by “singular” and “quotient field” by “maximal left quotient ring”. For (c) = (a),
assume that hd; (Q)=0; i.e. Q is a projective R-module. In this case the ¢g-length
of any Q-divisible R-module is 1 by [12, Corollary, Proposition 7*]. Since R is
nonsingular and finite-dimensional, any direct sum of copies of Q is injective [11,
Theorem 2.1], and so every Q-divisible R-module is a factor of an injective R-
module. Now assume hd; (Q)=1, and let M be any Q-divisible R-module. We
induct on the g-length of M, the result being true if the g-length of M is 1 exactly
as in the case when Q is projective. So suppose the g-length of M =7>1.If risalimit
ordinal then M=\, <.4.(M) and each g,(M) is a factor of an injective R-module.
Since R is nonsingular and finite-dimensional we may assume that there exist
nonsingular injectives Q, and epimorphisms f,: Q. — g.(M). Then there is an
epimorphism f: @, ;0. — M and ®>,..0, is an injective R-module. If
7=a+1 there is an exact sequence 0 — K — M — N — 0 with g-length of M=«
and the g-length of N=1. This gives the exact sequence

Ext} (O/R, K) — Ext (Q/R, M) — Ext} (Q/R, N).

Now it can be verified that [7, Proposition 2.1] is valid in our situation hence the
two end modules are zero and thus also Ext: (Q/R, M). It follows that M is a factor
of an injective R-module.

3. Some examples. The class D, consists of all R-modules M for which every
nonzero factor of M contains a nonzero factor of an injective R-module. Thus it
follows that if Q is an injective R-module D= D, In particular, if R is self-injective,
D= D, and in fact D consists of all R-modules.

ExaMPLE 3.1. Let R be a commutative semiprimary ring which is not self-injec-
tive. Then every proper ideal of R has nonzero annihilator and so R= Q. By [2,
Theorem 6.3] every simple R-module is a factor of an injective R-module. Since
nonzero modules contain nonzero simples, every R-module is in Dy. Thus Dy=D
but R need not be self-injective and Q need not be injective.
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ExAMPLE 3.2. The following is an example of ring R for which D# D,. Let K
be any field and let R consist of all 3 x 3 matrices over K of the form

a b d
0 a 0].
0 ¢ e

As noted in [10], R= Q; moreover R is left Artinian and the right ideal 4 of all
matrices of the form

a b d
0 a O
0 ¢c O

has zero left annihilator. By [2, Theorem 6.3], R has a simple left-R-module S
which is not a factor of an injective R-module, hence S ¢ D,.

REFERENCES

1. E. P. Armendariz, On finite-dimensional torsion-free modules and rings, Proc. Amer. Math.
Soc. 24 (1970), 566-571.

2. H. Bass, Finitistic dimension and a homological generalization of semiprimary rings, Trans.
Amer. Math. Soc. 95 (1960), 466-480.

3. H. Cartan and S. Eilenberg, Homological Algebra, Princeton Univ. Press, 1956.

4. S. Chase, Direct products of modules, Trans. Amer. Math. Soc. 97 (1960), 457-573.

5. S. E. Dickson, A torsion theory for Abelian categories, Trans. Amer. Math. Soc. 121
(1966), 223-235.

6. J. Lambek, Lectures on Rings and Modules, Blaisdell, Waltham, Mass., 1966.

7. E. Matlis, Divisible modules, Proc. Amer. Math. Soc. 11 (1960), 385-391.

8. F. Sandomierski, Semisimple maximal quotient rings, Trans. Amer. Math. Soc. 128 (1967),
112-120.

9. , Nonsingular rings, Proc. Amer. Math. Soc. 19 (1968), 225-230.

10. H. Storrer, Rings of quotients of perfect rings (to appear).

11. M. Teply, Some aspects of Goldie’s torsion theory, Pacific J. Math. 29 (1969), 447-460.

12. D. Wei, On the concept of torsion and divisibility for general rings, 111. J. Math. 13 (1969),
414-431.

THE UNIVERSITY OF TEXAS AT AUSTIN,
AUSTIN, TEXAS

https://doi.org/10.4153/CMB-1971-087-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1971-087-9

