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Abstract. We give examples of maps of the interval with zero entropy for which the
continuous invariant measure has no dimension, and we prove a dimension property
for maps lying in the stable manifold of Feigenbaum’s fixed points.

0. Introduction

Chaotic behaviour of dynamical systems is sometimes reflected by the geometrical
intricacy of invariant sets. It has been noticed recently that this complexity could
be well described by dimensional quantities and particularly by the dimension of
the invariant ergodic measures. We are interested here in one-dimensional systems,
obtained by iteration of a smooth map of an interval. If f is of class C?, and if the
exponent is negative, the measure is carried by a periodic sink. If the exponent is
positive and if f and f* are piecewise monotonic, then the dimension is given by
the following formula

o logpx—nx+n)) __ h(f)
-0 lo
" &m log || du

p-a.e. (*)

(see the appendix).

We want to discuss here one case when the exponent is zero, namely the case of
unimodal maps with the same topological type as Feigenbaum’s map (see [4] for
the general background and [10] where the dynamic is described).

These maps possess a unique non-atomic invariant ergodic probability measure,
which will be the one we shall consider.

Our first result is that for any r<+oc we can construct such a map of class C”
for which the limit in (*) does not exist. However, our construction does not give
a C® map with that property.

The second result is that such a limit exists as soon as the map lies on the stable
manifold of some fixed point of the Feigenbaum’s renormalization operator. This
dimension is also a ‘universal’ constant, i.e. depends only on the fixed point itself,
as predicted by some numerical evidence [6]; for the analytic Feigenbaum fixed
point, Y. Lévy communicated to us the following approximate value given by our
formula in theorem 3: 0.517....
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1. Statement of results
The precise result we shall prove is the following:

THEOREM 1. Let A™V" '< B= C <A/A+1, for some integerr>1, orletr=1, A> 1
and 0<B=C<A/A+1. Then there exists a C'-map f:[0,1]1->{0,1] and an f-
invariant ergodic probability measure u, such that the metric entropy of ([0,1], f, n)
is 0 and for p-a.e. x in [0, 1]:

.. Jdogu([x—m,x+7n])  log2
lim inf =
n-0 log n log (VA/B)
and
1 - + 1
lim sup 28 px—mx+n)) _ log2
n-0 log log (WA/C)

We say that the measure u on [0, 1] has dimension d when the limit

1 —nx+
lim og u(lx—m, x ’7])=d
n->0 log 7

for p almost all x.

COROLLARY 1. For every integer r =1, there exists a C'-map f:[0, 1]-[0, 1] and an
[ invariant ergodic probability measure with no dimension.

COROLLARY 2. For every integer r = 1, there exists a positive number d,, such that for
all 0<d <d,, there exists a C"-map f:[0,1]-[0, 1] and an f-invariant probability
measure u with entropy 0 and dimension d. We have

log 4

di=1, dy=— 022
l : log(2+~/§)

d -0 as r- +oo

and d, is of order log 4/log r as r—> +00,
We also remark that by considering exactly the example from [11], we have

THEOREM 2. There exist a C*-map f:[0, 1]->[0, 1] and an f-invariant non-atomic
ergodic probability measure with dimension, entropy and exponent all 0.

All the maps constructed here are unimodal but far from being symmetric. On
symmetric maps, we can define a doubling transformation. With the notation of [4],
let P denote the space of maps f:[~1, +11>[—1, +1] such that (a) fis even, f(0) =1;
(b) fis C', xf'(x) <0 if x #0. Define for f in P,

a(f)=-f(1),  b(f)=f(a(f)).
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We define the doubling transformation T on the subset of P where 0 < a(f) < b(f)

and f(b(f)) <a(f) by
1
Tf(x) = ——— fA(—a(fx).
1(x) = = fi(-a()x)
We shall consider the set & of g€ P such that Tg=g and 1/+]g’| is convex on
[-1,0) and (0,1]. If ge %, then we use W*(g) to denote the set of maps f in P
such that the operator T"f = T(T""'f) is inductively defined for all n=0 and

lim max (sup [(T7/)(x) — g(x)|, sup [(T"f)'(x) - g'(x)]) = 0.

We define W*=_J,_4 W*(g).

It is known that in the subset of P made of maps which are analytic in |x|'**, (&
small or £ =1), W* is a submanifold of codimension 1 ([3], [5], [8]). If f€ W*, then
the kneading invariant of f is the same as of g and therefore there exists an f-invariant
ergodic non-atomic probability measure u, with entropy 0 (see [4], [10]).

THEOREM 3. Let fe W*(g), where ge %. Then u; has dimension
log 2
17

y(g)+log a(2)

where y(g) = I[b(g),l] log |g'| dug.

A similar result has been obtained independently by K. M. Khanin, J. G. Sinai and
H. B. Vul {7]. Although they use thermodynamical formalism, their ideas seem to
be close to ours.

COROLLARY 3. Let fe W?, then dim pu,;>0 and [log|f'| du,=0.

Finally let us recall that the dimension we are considering here is the minimal value
of the Hausdorff dimension of sets of u,-measure 1, but that the Hausdorff dimension
or the capacity of the support of u, might be bigger. This occurs, for instance, in
the example from [11] (compare the result of [11] and theorem 2).

2. Construction of the map f in theorem 1

The construction follows closely the one from [11]. Fix a positive integer r and
positive numbers A, B, C such that either r=2 and A V" V< B=C<A/(A+1),
orr=1, A>1 and 0<B=C<A/(A+1). In the first case, we have 1<A+1<
A=) and thus A>1 also in this case.

Choose asequence 8, (n=1,2,...) with 6, =1, B=< 6,.,/ 0, = C. Notice that since
C <1, 0, decreases towards 0. We start by defining two sequences of points of the
interval [0, 1]

O=a,<b,<a,<b,<ag<bs< - - -<b<a;<bs<as<b;<a;<b<a=1
by setting

0n+l
L, =la,-b,| =2,
LI =1, - by ===
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Bn1,

A ?
(L, and M, are the intervals with end points a,, b, and b,, a,., respectively). We
have

anl = Ian+2_ bnl =0p—0p11—

IMal (A+1)
0, 1=

>0.

Since
z_:l {ILn|+|Mnl}= 21 (0,, - 0n+l) = 01 = 1’

we get that all points with even indices lie to the left of ali points with odd indices
and there exists a common limit ¢ =1im a, =lim b,.

Set u, = A""'. We now define f:

fle)=1,

f(an) =1- Yrs where Yn= en/An—l’

f(bn)= 1_611, where 67: =(on—0n+l)/A”—1‘
We have 1=9,>8,>v,>8,>--->0(8,> yns+;, because [(0,—0,,1)/A" "]~
(8,+1/A™)=|M,}/A""") and we define f as a linear map on each interval L,. The
slope of f on L, is denoted by A,. We have
f(b,) —f(a,)

_ Y= On = A" = Hn+1
b,—a,

TOLd ma
Since [0, 1]1={c}ul,., L,vU,., M,, it remains to define f on the gaps M,.

A=

—
slope a, ,7 STope Aves
v

/

slope A, |bn b, +3M,] @nsr

V4

7
4

FIGURE 1
Write
® =f(an+2) —f(bn)

n Qpiy— b,. a, = 2wn _%(An + An-&-Z)

(Figure 1 is in the case n even).
For n even we put
S(b, +3M,]) = f(b,) +IM,|(A, + a,),
b +iM D =a,  fO(b,+3M,|)=0 for k>1,
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and we use the same function g as in [11] to define f separately on [b,, b, +3|M,|[]
and [b, +3|M,|, a,..] as a C* function. For n odd, we define f analogously. This
defines a map f:[0,1]->[0,1]. The condition for f to be of class C' is
lim, .o max (|A,|, |@,|) =0. It is satisfied since |A,| = A*" >0 as n-> o,

_f(an+2) - f(b,) Vn A"
lwnl_ IMnl <|M,,|S(A+1) (_14_—(?)
A+1

Thus |w,| >0 as n->co, and hence
|tal = 2l@n| +2{A0] +3[Ania| >0,
as n—> +oo. If r> 1, the condition for f to be of class C" is
lim GIM,|)"™" max (Je, = Al, |@n = Ansal) =0

n-»oo

(see [11, relation (6), page 408]). We have
max (|a, = Anl, |@n = Ansal) =lan| +|Aa| +]A,00| = DA™
for some constant D independent of n. Hence,
GIM,|)' " max (la, — Aul, |@n ~ Ansal) < EAT"6,
for some constant E independent of n. Since BAY" V> 1, we have
AT"9, 7 <(BAYT)" 50 asn-ow
(remember that 1—r <0).

Thus we have defined a C"-map f:[0, 1] [0, 1] which has the following properties,
as in [11]. For n=1, we set b, =f>", g, =12 fanrir

LemMMA 1. For every n=1, we have: h,(a,)=a,.,, h,(b,) = a2, h,(@n+1)=Db,,
h,(c)=a,, g, is linear and has slope u.,, g, preserves orientation if and only if n is
odd, f is linear on f'([f(a,),1]), fori=0,1,2,...,2" -2,

LEMMA 2. Put K, =[a,, a,.,] or [a,+,, a.].
(a) The sequence (K,)5-, is decreasing ;
(b) ho(Kp+1) = Ly;
(¢) h.(K,)=K,;
(d) the sets f'K,, i=1,2,3,...,2"" are disjoint;
(e) fly, is linear fori=1,2,3,...,2" " —1;
() 7K (Kpe) =D fori=1,2,3,...,2"%

The proof of lemma 1 given in [11] is based on the equalities |@,+)— Gpea| =
""n‘yn - anL |an+2_ bn‘ = }.(.,,‘8,, - 'Yn+l|: ‘an+l - an| = MnYn and Anl‘i = Hn+a- These
equalities are also true with our values of a,, b,, 8,, ¥, . and A,. The proof of
lemma 2(a)-(f) is the same as in [11]. Property (g) is not true here. Instead of lemma
2(g) and lemma 3 of [11], we have:

LEMMA 3. Foreachi=1,2,...,2" " write i=1+3_ &(i)2*" with £,(i)=0 or 1.
Put
1 6y Or+1

&(0 =Z—0ﬁ(—’ | fk(1)=0—k.
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Then foralln=1,i=1,2,...,2""",

|F (K| = kH L)),

Proof. We use induction on n. The conclusion of lemma 3 holds for n = 1. Suppose
now that it holds for n = m; we shall prove it for r=m+1.

Observe that for i=1,...,2™", f'(K,,) is a disjoint (modulo end points) union
of f'(Km+1), f'(Ly) (equal to f2""'*'(K,.+1)) and a remaining gap G, .

Observe also that f*~' is linear on f(K,,) so that the lengths of these intervals are
in the same proportions as:

|f(Km+l)|=7m+1____1_ 0m+l |f(Lm)| =7m—8m___0m+l
AKD) Ym A O KD Ym Om
The induction follows clearly from these two observations. O

and

Lemma 3 gives us information on the lengths of the intervals building the attractor.
We also have information on the lengtk of the gaps. Set

-(i*ﬂ)_'
B=\c "a :

Clearly, 8>0.
LEMMA 4. Forallm=2 and i=1,2,...,2™!
Ifi(Km+l)I < |f'(Lm)| = BlGi,ml-

Proof. Observe again that by linearity of f' 'k, the above inequalities are
equivalent to

K| 1)l _ [1 Y (Kmen)| If(L...)I]
KD KD R 1AK)

i.e.

1 0pss  Opir [ ( l)eml]
—_—_—— < 1—{1+— .
A 6, 0, B Al 0,

The first inequality holds and to prove the second inequality, we have to show that

_ 6, A+1
pl=
0m+1 A
This is equivalent to 1/C =< 6,,/9,,,,, which is clearly true. Od

We write S=ﬂf=l Uf;_llfi(K,,). By lemma 3 and since ((A+1)/A)C <1, Sis a
Cantor set of zero Lebesgue measure. We define a probability measure x on S by
assigning to every f(K,,) i=1,2,...,2™ " the measure u(;/*(K,))=2""". The
measure u is clearly non-atomic and invariant.

For each x € S, we define a 0-1 sequence £(x) = (¢,(x)) -, following the construc-
tion in lemma 3: if xe f'(K,,,), 1=i=<2", then ¢,(x)=0 if i=2"" ¢,(x)=1 if
i>2""1, With the measure u, the sequence (&,(x))5_, is an independent sequence
of variables in {0, 1} with the same distribution (3, 3).
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It is also clear that (S, u, f) is isomorphic by the map x - £(x) to the system
called adding-machine and thus is ergodic and has entropy 0 (see [10], [4]).

3. Dimension of the invariant measure
We shall now prove theorems 1 and 2 and discuss corollaries 1 and 2. From the
properties of f in § 2, we get the following:

LEMMA 5. Forall xe S,

: logm([x—mn,x+n]) . —nlog2
lim sup =lim sup =
n-0 lOg n n->oo j=1 lOg Q(sj(x))
—m, x+ ~nlog2
lim inp 108 MEX = x+0) _ e —nlog
7-0 IOg n n-> Zj:l 10g .Zj(ej(x))

Proof. We set for x€ f/(Kn.y), i=1,2,...,2" 1,(0)=|f (Kpe)| =ITi<, Lelex(x))
(see lemma 3) and we fix n, such that 8 < C~". Clearly, the interval [x —7,(x),
x+ n.(x)] contains f(K,.,). For each k<n, there is i(k) such that 1=i(k)=2*
and x € f“®(K,.,). By lemma 3, we have | f*®(K,.,)| = C™""®| f(K,+:)| and hence
if k< n—ny, then | f*®(K;,,)| = Bn.(x). By lemma 4, we see that if k= n — n,, then
| Giry.xl = M (x). Consequently, the set [x —n,(x), x+7n,(x)]n S is contained in
f("‘"°)(K,,_,,o+,) (remember that the sets G, are ‘gaps’ and hence are disjoint
from S). Therefore,

27" < pu([x = (), X+ (X)) =277,
Lemma 5 follows immediately from this relation, taking into account that foralln =1,

0<Bat=l®_ oy m

N (x)
We now can prove theorem 1: we have to consider the behaviour of the sequence
(1/n) Z;;, log {;(;(x)) when n - +00, knowing that ¢;(x) is an independent station-
ary sequence, log £;(0)=1log (6;.+./6;)—log A, log {;(1)=log(6;.,/6;). For u-a.e.
x € S, we have
1 1
lim sup - Y. log {;(¢;(k)) =lim sup - log 6, —3log A,
j=1 n

1=z 1
lim inf;l- Y log {i(g;(x)) =1lim inf; log 8, —3 log A.
n j=1 n

If we choose the sequence 6, such that

0n | . 1
Bso—“sC and logB=11mmf;log0,,511msup;log0,.=logC,

we can apply the preceding construction and lemma 5 gives the conclusions of
theorem 1.

We get corollary 1 as soon as we can find A, B, C satisfying A7V V< B<C<
A/(A+1)if r=2and 0<B<C<A/(A+1), A>1if r=1. This is possible for any
r=1 by choosing A large eiough.
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To prove corollary 2 for r=1, we have to estimate the possible values of
log 2/log («/Z/x) where A>1 and 0<x<A/(A+1). For A fixed, x/«/z takes all
values in (O, s/Z/ (A+1)) and hence log2/log (J A/x) takes all values in
(0,10g 2/log ((A+1)/~/Z). We can choose A arbitrarily close to 1 so that d,=
lim,.,, log 2/log ((A+1)/\/Z)=l. When r>1, we have to estimate the possible
values of x/vA for A"V < x < A/(A+1). One can easily see for all r>1 that
there exists a unique A(r)>1 such that

—yor-ny__Ar)
A(r) =AM +1 (x%)
and that A™V“"Y< A/(A+1) for A>1 if and only if A> A(r). Thus the possible
values for x/«/z are

U (A-l/(r—l)—l/2 ‘/X ) _ (0 vA(r) >
A>A(r) *A+1 *A(r)+1
Solving (**) for r =2 gives A(2)= (1+\/§)/2. Therefore

log 2 _ log 4
AR+ log (2+/5)
o)

The equation (**) is equivalent to

r—i;A(r) log A(r) = A(r) log (l+ﬁ)-

Fix a number @, 0<a < 1. We have
lim r*log (1+(1/r%)) =1

and
I 1 *log r* {+oo ifa=1
im = .
rer_1' '°87 0 ifa<l

Hence, if a <1 and r is sufficiently large, then r* < A(r) <r. We get for such an r:

log2 - < log 2

l r+1- r_lo re+1
og ——
g \/; g ra/2
Hence
dlogVr 1
'ISIiminfi'—li—g\/;sl'm u ——ous—.
r>+o log 2 r-»+0o lOg 2 a

This holds for all @ € (0, 1) and hence lim,_ d, log J;/ log2=1. O

Let us indicate also how we can estimate dimension and exponent in theorem 2.
The example is exactly the map f described in [11] and the dimension is computed
as in theorem 1. Our lemma 3 is still valid, but with new functions {i:

k
() =7—7

£4(0) = =

_k
(k+1)®

(Notice that in the last line of the proof of lemma 2 of [11], where the similar
computations are made, there is a misprint: 1—a,,, and 1—a, should be replaced
by 1—f(a,+,) and 1—f(a,), respectively.)
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For all x in S, let us define
N (%) = | f(Knsi)l = kl:ll Lien(x)).

We again have [x — 1,(k), x + 0,(x)] > f*(K,+,) and thus u([x — 7.(x), x+ 7,(x)]) =
27". But now for u-a.e. x, we have

—— = —00,
k+1

and thus for all t>1, 7,(x) <t™" when n is sufficiently large. Hence we have, for
u-a.e. x and for all t>1,

- , R
lim = ¥ log {i(ex(x)) = lim — 3 (1-&(x)) log
n k=1 n>+©0 N =1

n—>+oo

. log u([x—nm,x+7n]) . 1 -n —n
lm’}_.s&lp fog 1 = Tog 1 llﬂigp " logu([x—t™", x+¢t™"])
1 . 1
=——limsup——log u([x — 7.(x), x + 1,(x)])
logt notveo N
- log 2.
log ¢

The dimension estimate follows by letting ¢ > +o00.
Finally, since forall n=1, |f|=A,=(n+1)/nton L, and u(L,) =1/2", an easy
calculation gives [ log |f'| du =0.

4. Proof of theorem 3
Let fe W*. We follow the description of the Cantor set J and the invariant measure
w in [4, page 222], introducing minor modifications.

We recall that f(0) = 1, f(1) = —a(f), f(—a(f)) =f(a(f)) = b(f) and 0 < f(b(f)) <
a(f) < b(f). We define also c(f) and d(f) by c() >0, f(c( ) =a(f) and d(f)>0,
f(d(f))=d(f). Then we set K(f)=[b(f), 1], L(f) =[c(f), 1]. We have

AK(N)=[-a(N),f(b(N]), L) =[-a(f),a(f)]

(see figure 2). A

—a(f) Jb()) 1alf) d(f) c(f) blS)

f(K(f))
f(L'(f)) L(f)

5___
b

FIGURE 2
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Since b(f)> a(f), we have 0<a(f) <d(f) < b(f). Hence, c(f)> d(f), and since
the fixed point d(f) is repelling (see [4], [10]), a(f) <c(f) <b(f). Hence, L(f) >
K (f) and L(f) is disjoint from f(L(f)).

Set JiI(f)=K(NHVf(K(Sf)) and I,(f)=L(f)Vf(L(f)). We define =, on
FIL(f)vld(N),1]1> L(Sf) by

—a("f) if x € f(L(f)),
Zx= P
X .
_a(j) if xe[d(f),1].
Notice that X, maps both f(L(f)) and L(f) diffeomorphically onto [—1, 1], (see

figure 3).

)

—a(f) a(fy dfyfe(f) 1

FIGURE 3

According to [4], the formula J,(f) = E}‘(J,,_l( Tf)) defines a descending sequence
of invariant closed sets. We denote J(f)=(),., J.(f). Analogously, the formula
I( f)=2}’(I,,_,(Tf)) defines also a descending sequence of invariant closed sets.
Since the set

_Sb(f)
a(f)

is disjoint from I(Tf), we have (), ., I.(f) = J(f) and therefore instead of consider-
ing the sets J, we may consider the sets I, (when applying lemma 6).

I\ = [—1, ) =[-1, ~a(T))
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Let xe J(f) and denote inductively ofx=x, ofx=27-1(0} 'x). Denote by
g7(x) = (£,(x)) =0 the sequence such that

x) {1 if ofxe L(T"f),
en{x)=
0 if ofx e (T")(L(T"S)).
By definition, I,(f) is made of 2" intervals, each of them consisting of points with

the same sequence ¢, . . . , £,_;. The invariant measure u, assigns to any such interval
the measure 27",

Our idea is to replace the dynamics of f, which has Lyapunov exponent zero, by
the dynamics of oy which has positive Lyapunov exponent. If fe %, then J(f) is
3 invariant, p, is Z-invariant, 2|, is the full 2-shift, |2 =1/a(f)>1, and
therefore by (*) and by the definition of 2, we obtain the statement of theorem 3.
However, if f¢ %, then the dynamics is time-dependent and we cannot use (*).

Let fe W*(g), ge % For xe J(f), denote by w(x) the point in J(g) with the
same sequence associated: £,(x)=g,(m(x)). We shall use the closeness of g and
T"f to compare x and 7(x).

LEMMA 6. Forn=1, 2, ..., let M,, N, be closed subintervals of [—1, 1] such that
M, c N,; let ¢, be a diffeomorphism of M,, onto [—1, 1] and ¢, a diffeomorphism of
N, onto y,(N,)>[—1, 1]; let

inf inf |¢l(x)=c>1, (0)

n=1 xeN,

and let Sup,.,SuUpxcm, |@a(X)—¥.(x)| be finite. Then for each x such that all
@n 0o, are defined at x, the limit

p(x)=lim (@ite o g ){(@no o @)(X)) (1)

exists, and for each k=0

[(@os o @)(X)= (oo th)(P(x))ISCL_1 sup sup |, (x) = ya.(x). (2)

n>k xeM,

Proof. For m=n, write & =@, 0@y, ¥y =t o0, Set

1
ak=sup Sup l‘pn(x)_wn(x)l, §k(t)=2(t+ak)'

n>k xe M,

If n>k and y, ze[-1, 1] then
D) = @ =1¢n" Wa(en D)~ (0al @ OO+ (9) — 7 ' (2))

lon

<2 (sup W)= a0+ 1y =21 ) = &ully =2,

xeM,

Since & is increasing, we obtain by induction on n, for m=n=k,
(@) ' (M) - (TN (@)= (ly - 2.

In particular, for y = z=®g(x) and n =k, we obtain

IDX(x) ~ (U) (D (x)] < £84(0) = (%+§+- : -+cm1_k) a=——a ()
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Hence, if m = k then we have

.

[(F&)HDE(x)) — (¥ (PF(x))| S——*ck(:_ 1

Therefore, since a;, =@, and c¢>1, if all ®g5(x) are defined then the sequence
((¥5) " (P5(x))) -0 satisfies the Cauchy’s condition, and consequently the limit (1)
exists.

By (3) we have for m>k

[®5(x) = ¥o((¥5) " (@s'(x)))| <

Q,
c—1
and by (1) we obtain (2). 0O
LemMma 7. If fe W*(g), then
lim sup |ofy—agm(y)|=0. (4)
n-»co yeJ(f)

Proof. Assume first that f is sufficiently close to g, and so are all T"f. Then all d(T"f)
are close to d(g) and we may assume that d(T"f) < c(g) for all n. Fix y e J(f). We
use lemma 6 with

{L(g) ife,_(y)=1,

g(L(g)) if e,04(y)=0;

~ {L(g)u L(f) if e,y (y) =1,
gL VS ifena(y)=0;
@n =2g|m, Yn=Zrr-1gn,.

n

Clearly, we have
lim sup |@n(x) =~ ,(x)|=0. (5)

n-»o xeM,

It remains to check that (0) holds. If T"f is close to g then a(T"f) is close to a(g)
and a(g) <1. Therefore, taking into account that 1/V|(T"f)'| is convex for all n, it
is enough to check that inf,., min (|[(T")'(1)|, [(T")'(d(T"f)])>a(g). The
point d(T"f) is repelling and hence |(T"f)'(d(T"f))|=1. Since Tg =g, we get by
differentiating this equation

. g'(x)
! =1 S\’ _
lg'(1)] lim  a(g)x)’

and using convexity of 1/v|g’| and the (in-)equalities

1

lim =400 and 0<a(g)<l,
=0 [g'(x)| (®)
we obtain |g'(1)]=1. Therefore, if all T"f are sufficiently close to g, then
inf,-, |(T")'(1)| > a(g). Hence, the assumptions of lemma 6 are satisfied.

Since for x = w(y) all maps ¢, °- - - ° @, are defined at x, the limit (1) of lemma
6 exists. But all maps ¢, o - - - o ¢, are defined at p(x) and such point is unique by
(0). Therefore p(x) = y. By (2) and (5), and in view of the fact that (¢, o - - - ° ¢,)(x) =
of(x) and (Yo - - - o ¥,)(y) = of(y), we obtain (4).
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Now, if f and g (or some T"f and g) are not necessarily close, we replace f by
T*f and x by ofx for k sufficiently large. Since o}y =55 (ofy) and opm(y)=
oy *(aim(y)), we obtain (4) in this case too. |

LEMMA 8. Let f€ W*(g) and let n,,(x) be the length of the interval of J,,(f) containing
x (for xe J(f)). Then for us-a.e. x
1 1
lim ——log n,(x) =log——+ .
lim —"log . (x) =log 75+ v(8)
Proof. Let us use C(&y, €, ..., €,—;) to denote the interval in J,(f) corresponding
to the sequence (&, €4, - .-, £,_1). By the definition of ¢, we have
nn(x) = ICf(EO(x)’ L) En—l(x))l
n2 ICTij'(si(x)a ) en—-l(x))l
=|Cynt Ep—1(x .
| T f( i ))l -'I=]0 |CT“"f(8i+l(x)9 cees En—l(x))l
n=2 ICT"f(Ei(x), £i41(X), ..., Ear(X))| i
= |Cyn—t ga_1(x . -a(Tf).
ICr f( il ))| il;‘o lCT‘f(O, gin(x), ..., En—n(x))| (TN
By the mean value theorem, there exists y; € Cri{1, £,41(X), ..., €,-1(x)), such that
|C'r"f(1, gia(X),..., 5n—1(x))| i -1
=[(TA)Y ()™
ICr0, eraa(0)r o en sG] |

Thus,
log 7u(x) =10g |Crr-teas(x)] + T log a(T) = % &:(x) log (T (3.

As T'f> g and (Tf)' > g’, the sequence ((—1/n) log 1,(x)) -, has the same limit as
the sequence

[+

(—log a(g)+% g ei(x) log Ig’(y.-)l)

If i is large enough then there is a constant ¢>1 such that for all n> i,
—(n—i)

n=1

|Crie, ..., enm1)lSc
(cf. (0)). Hence, if t> 0, then by lemma 7 and the above inequality, there exists k
such that if i=k, n—i=k and &(x) =1, then |y,—ojx| <t and |ojx — o} w(x)| <t
Since b(T"f)~ b(g) and |g’| is bounded and bounded away from 0 on [d(g), 1], we
see that the sequence ((—1/n)log 1.(x))7-, has the same limit as the sequence
(—log a(g)+(1/n) L2 &:i(x) log |g'(agm(x)) =1
Since Tg=g, we have o, =2;. The system (J(g), Z,|;¢), #g) is isomorphic to
the 1-sided Bernoulli shift (1/2, 1/2) (denote it ({2, &, »)) and this isomorphism is
given by €,. If #(x) =y, then £/(x) is the ith coordinate of £,(y), and hence
ei(x) log|g'(ahm(x))| = G u,

where for o =(w,){%0€Q, G(w)=w,log|g'(e;'(w))]. By the ergodic theorem, we
have for »-almost every w €},

n—1
lim 1 Y (Gou')w)= -[ Gdy,
n->oo n i=0 a
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and consequently for u.-almost every y

- 1 — ! i 1|
lim— Y &(77'(y)) loglg (Ggy)l=J log |g'| dug = ¥(g).
K(g)

n—>oo N i=0

Since the image under 7 of u, is u,, we obtain the statement of the lemma. O
We now prove theorem 3. Assume that fe W*(g). Set B(g)=1log (1/a(g))+ y(g).

By lemma 8, for us-a.e. x, all £>0 and m large enough we have

pr([x —exp (—m(B(g)—¢)), x+exp (-m(B(g)—¢€)))=2""
Thus,

-, x+
limsuPIOg#f([x mx+7n]) __log2

= for up-a.e. x. 6
70 log 7 B(g)—«¢ Hr (6)

Fix £€>0. Set 8, =exp (—n(B(g)+ ¢)). Denote by Z, the union of components of
J.(f) whose lengths are not larger than 8, and set M,={J,., Z,. By lemma 8,
lim, .0 ps(M,) =0.

Fix ny such that u (M, )=<e. Since u,-a.e. point of S\M,_ is a point of density
of S\M,,, and lim,,, 8, =0, we have for u,-a.e. point x in S\M,,,

L B((S\Ma) Ax =5, x+8,]) _
n u([x—86, x+38,])

By definition if n = n, there are at most 3 components of J,( f) intersecting (S\M,, ) n
[x—8,, x+8,] and thus u((S\M, ) N[x—8,, x+8,])=3.27" if n= n,. Therefore on
a set of measure=1-¢ we have

lim inf log us([x—n, x+7n]) o _log2 _
-0 log B(g)+e
Theorem 3 follows from (6) and the above inequality by letting € go to zero.
Finally let us prove corollary 3. Since a(g) >0 and |g'| is bounded, log (1/a(g))+
¥(g) is finite and thus dim u,> 0. If we had [ log | f| du, > 0, as h, (f) =0, we should
have, by formula (x), dim u, = 0. Therefore | log |f'| du; =0, and also {log |g'| du, =
0.

1.

Appendix: proof of (*)

Relation (*) in the uniformly hyperbolic case is an easy consequence of the Shannon-
McMillan-Breiman theorem (see [1]). In the non-uniformly hyperbolic case, partial
results with a weaker notion of convergence were given in [9]. The arguments from
[9] also give relation () for a certain class of maps, as we indicate briefly now. We
shall consider a C'-map f:[0, 1]-[0, 1]and an invariant ergodic probability measure
w. We denote by h, (f) the metric entropy of the system ([0, 1], u, f), and by A,,(f)
the Lyapunov exponent A, (f) =max (flog |f’| du, 0).

ProposITION Al. Consider a C'-map f:[0,1]-[0,1] and u an invariant ergodic
probability measure, then for u-a.e. x,

I — oy x+
by () = A (f) - lim inf 8L =M X+ 1]
n-0 log n
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Proof. By Ruelle’s formula [12], h,(f) < A,(f) and we may thus suppose A, (f)>0.
A result of Brin and Katok [2] says that for u-a.e. x,

1
lim lim inf—;log w(B(x, n, 8))=h,(f),

50 n-

where B(x, n, 8) is the set of y in [0, 1] such that | f'y — fix|<8 fori=0,1,...,n—-1.
Therefore, we have only to show that for any 8> 0, there exists a sequence of
functions (B8,(x))n-; such that [x — B, (x), x+ B,(x)]< B(x, n, 8) and

1
lim sup—;log Ba(x)=A,(f)+8 p-a.e.

Fix 6> 0 and choose r> 0 such that

J log (max (|f'], r)) = A (N+8/2.

Write | /7|, = max (|f|, r). Since log | /|, is a uniformly continuous function, we choose
£ >0 such that if |[x — y{ < ¢, then

LN =|f(¥)l, exp 8/2.
Set for n=1,
exp (—nd/2) - min (8§, €)
max (1, max; <<, H;;lo If(ka)lr)

Bn(x)=

Then for p-a.e. x

1 é 1 izl
lim—;log B,,(x)=§+lim;max (0, max Y log {f”(f’;)|,)

1=i=n k=0

é
—_-§+max (0, J log |f’[,dp) =A.(N+6.

Besides, if |x — y| = B,.(x), it is easy to check inductively on i< n that | f*x — f*y| <
min (8, ¢) for k=0, 1, ..., i—1. The sequence (B,(x));-, has the required proper-
ties. O

PROPOSITION A2. Consider a C'-map f:[0, 11-[0, 1] and suppose that there exists
a partition Q of [0, 1] into intervals such that the functions f and f' are monotonic on
each element of Q. Consider an invariant ergodic probability measure p such that
H,(Q)<+oo. Then for p-a.e. x

AL(f) - lim sup log u([x—~n, x+7])
-0 log
Proof. We may suppose A, (f) > 0. Fix € > 0. Since the function log | f'| is integrable,
the partition P={P,, meZ} has finite entropy, where P, ={x]exp —me=<|f|<
exp —(m—1)e}.
Denote by p(n, x) the atom of the partition \/?_, f~'(P v Q) containing x. By the
Shannon-McMillan-Breiman theorem, we have for u-a.e. x

=h,(f).

lim—— log 1 (p(n, X)) = b, ().
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Since p(m x) is an interval where f" is monotonic and where |(f")|=
[(f")(x)| exp (—ne), we have |p(n, x)|=exp (ne)/|(f")(x)|. Since for u-a.e. x
lim, (1/n) log [(f")'(x)| = A, (f), the inequality follows.

CoroLLARY. Consider a C'-map f:[0,1]1-[0, 1] such that f and f* are piecewise

monotonic and an invariant ergodic probability measure u. Suppose that A, (f)>0.
Then for p-a.e. x:

. log u(lx—m,x+7))  h.(f)
£11-13(1) log 7 —Au(f).
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