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§1. Introduction

Recently, systematic applications of the Scott-Solovay Boolean valued
set theory were done by several authors; Takeuti [25, 26, 27, 28, 29, 30],
Nishimura [13, 14] Jech [8] and Ozawa [15, 16, 17, 18, 19, 20] in analysis
and Smith [23], Eda [2, 3] in algebra. This approach seems to be providing
us with a new and powerful machinery in analysis and algebra. In the
present paper, we shall study Banach space objects in the Scott-Solovay
Boolean valued universe and provide some useful transfer principles from
theorems of Banach spaces to theorems of Banach modules over commu-
tative AW*-algebras. The obtained machinery will be applied to resolve
some problems concerning the module structures of von Neumann
algebras.

Since Sakai [21] succeeded in characterizing von Neumann algebras
by their Banach space structures, the structure of the predual space was
an intrinsic tool for studying von Neumann algebras. However, it was
recognized that there are certain limitations of this tool for the case
with non-trivial center as pointed out by Halpern [5, p.183]. In this
connection, he stated in [32] that the dual spaces of C*-algebras are too
small to characterize intrinsically the different type of algebras and cited
the following results as evidence: For a C*-algebra A, the set {af|f is
a pure state of 4, 0 < a < 1} is weak*-compact if and only if A is CCR,
A has a Hausdorff structure space, and A modulo the closure of the ideal
of elements with continuous trace is commutative (Glimm [33, Theorem
6]): The pure state space of A is equal to the state space of A if and
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only if A is NGCR and the ideal (0) is prime (Tomiyama and Takasaki
[34]). He proposed the investigation of module structures over the cen-
ter as an intrinsic tool instead of Banach space structures. In fact, he
showed that a von Neumann algebra is of type I if and only if it is the
second dual module of some Banach module over the center [5, Theorem
9] and that an AW*-algebra can be embedded in a type I AW*-algebra as
its own bicommutant with the same center if and only if it is the dual
module of some Banach module over the center [6, Theorem 7]. These
results are pertinent generalizations of the well-known facts concern-
ing factors and Banach spaces. Further, he succeeded in characterizing
CCR, GCR and NGCR algebras in terms of the topology of the dual
module over the center of enveloping von Neumann algebras [32]. How-
ever, this approach requires somewhat cumbersome tasks to build a theory
of Banach modules parallel with Banach space theory; see [5] and [32].
Thus, it will be much desirable to obtain more direct methods which
transfer theorems of Banach spaces to theorems of Banach modules. The
purpose of this paper is to establish such transfer principles using the
methods of mathematical logic and Boolean valued set theory.

In Section 2, we present main results concerning module structures
of von Neumann algebras and AW#*-algebras without any invoking of
Boolean valued set theory. We shall present the following generaliza-
tions of Halpern’s results cited above: Let Z be a commutative AW*-
algebra. A C*-algebra can be embedded in a type I AW*-algebra with
center Z as its own bicommutant if and only if it contains Z in the
center as a unital C*-subalgebra and it is the Z-dual of some normed
Z-module. We call such C*-algebras Z-embeddable. A C*-algebra with
center Z is a type I AW*-algebra if and only if it is the second Z-dual
of some normed Z-module. A C*-algebra with center Z is a finite type
I AW#*.algebra if and only if it is the Z-dual of itself.

Since the predual of a von Neumann algebra (i.e., a C-embeddable
C*-algebra) is unique in the category of Banach spaces, the problem of
the uniqueness of the Z-preduals of Z-embeddable C*-algebras arises natu-
rally. To resolve this problem we introduce the concept of Kaplansky-
Banach modules following the spirit of Kaplansky’s AW*-module [11].
Then we obtain that the Z-preduals of Z-embeddable C*-algebras are
unique in the category of Kaplansky-Banach modules. This suggests
that the precise analogue of a Banach space among Z-modules is a
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Kaplansky-Banach module.

Let B be the complete Boolean algebra of projections in Z. In Sec-
tion 3, we give necessary preliminaries on the Scott-Solovay Boolean
valued universe V® of set theory. In Section 4, we construct a functor
from the category of Banach spaces in V® to the category of Kaplansky-
Banach modules. In Section 5, we construct its adjoint functor. Even-
tually, we show that these two categories are equivalent. In Section 6,
we examine the subcategory of C*-algebras in V® and show that, for a
unital C*-algebra A which contains Z as a unital C*-subalgebra of the
center, the following three conditions are equivalent: (1) A can be em-
bedded in a C*-algebra C in V® (in such a manner that A is a C*-
subalgebra of the bounded global section algebra of C). (2) Every element
x of A has the smallest projection e in B such that ex=x. (3) 4
can be embedded in a type I AW*-algebra with the center Z as a C*-
subalgebra containing the center Z. This result improves the character-
ization of C*-algebras in V® previously obtained by Takeuti [30]. In
Section 7, we study the Z-duals of normed Z-modules. Applying these
transfer principles, we prove in Section 8 the results concerning module
structures of von Neumann algebras and AW*-algebras presented in Sec-
tion 2.

§2. Main results in applications

Let Z be a commutative AW*-algebra; denote by ||-|l.. the norm of
Z. Let B be the complete Boolean algebra of all projections in Z. Let X
be a unital Z-module. In this paper, every Z-module will be assumed to
be unital. Then X has a linear space structure over C by defining the
scalar multiplication as ax = (al)x for any a¢e C and xe X. A Z-module
X with norm ||| will be called a normed Z-module, if |ax|| < | a|.||x]| for
every a€Z and xe X. If a normed Z-module is a Banach space it will
be called a Banach Z-module

Obviously, a C*-algebra which contains Z as a unital C*-subalgebra
of the center is a Banach Z-module.

Let X, Y be two normod Z-modules. Denote by Hom, (X, Y) the
space of all bounded Z-linear maps from X into Y. We shall write
X* = Hom, (X, Z), We shall call X* the Z-dual of X. An element of X*
will be called a Z-functional on X. We say that X and Y are isometri-
cally Z-isomorphic if there exists a surjective bounded Z-linear map 7T e
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Hom, (X, Y) such that || Tx| = ||x|| for all xe X and write X = Y. We say
that a C*-algebra A which contains Z as a unital C*-subalgebra of the
center is Z-dual if there is a normed Z-module X such that A = X* Z-
bidual if there is a normed Z-module X such that A = X* and Z-self-dual
if A = A%

Our main purpose is to characterize those C*-algebras that are Z-dual,
Z-bidual and Z-self-dual, respectively.

A C*-algebra A will be called Z-embeddable if there is a type I
AW#*-algebra L with center Z and a *-monomorphism z: A — L such
that #(A) = =(4)”, where z(A)” stands for the bicommutant of z(A4) in L.
In this case, A is an AW%*-algebra which contains Z as a unital AW*-
subalgebra of the center. For the detailed account of Z-embeddable C*-
algebras, we refer the reader to [19].

The first application of our machinery is the following.

THEOREM A. Let Z be a commutative AW*-algebra and let A be a
C*-algebra which contains Z as a unital C*-subalgebra of the center.
Then A is Z-dual if and only if it is Z-embeddable.

The second application of our machinery is the following theorem,
which generalizes [5; Theorem 9] due to Halpern to the case of AW*-
algebras.

THEOREM B. Let Z be a commutative AW*-algebra and let A be a
C*-qlgebra with center Z. Then A is Z-bidual if and only if it is a type I
AWH*-qglgebra.

The Z-self-dual C*-algebras with center Z are characterized as fol-
lows.

TueoreM C. Let Z be a commutative AW*-algebra and let A be a
C*-algebra with center Z. Then A is Z-self-dual if and only if it is a
finite type 1 AW*-algebra.

Theorem A is reduced to Sakai’s characterization of von Neumann
algebras [21] for the case Z = C and it was proved for the case that Z
is the center of A, by Halpern [6; Theorem 7]. However, this result is
far from the uniqueness of the predual X even if we restrict X in the
category of Banach Z-modules. What is the proper category for which
the uniqueness holds? Intuitively, the solution is the precise analogue
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of Banach spaces for the scalars Z. One of our motivations in the fol-
lowing sections is to establish this ‘precise analogue’ using the methods
of mathematical logic. Now, we shall present our solution.

A function ||-||z: X — Z is called a Z-valued norm on X if it satisfies
the following conditions:

(N1 lx + yllz < llxllz + 13|z

(N2) [ax|lz = |a|llx]|z,

(N3) ||x|l; >0, and ||x|; = 0 only if x =0,
for all x,y e X and a € Z, where |a| stands for the absolute value of ¢ in
Z. A Z-module with a Z-valued norm will be called a Z-normed Z-module.

The Z-valued norm | -||; defines a scalar valued norm | -|| on X by the
relation |x| = ||||x||lz]l. for all xe X, which will be called the induced
norm from | -|l;. By the relation |lax|| = |[lax]z[.. = lla|ll*]zll. < lal.|x]

for all ae Z and xe¢ X, every Z-normed Z-module is a normed Z-module
with its induced norm.

We say that a unital C*-algebra A which contains Z as a unital
C*-subalgebra of the center is Z-scalable if, for any x e A, there is the
largest projection e in Z such that ex = 0. By [1, p. 14, Proposition 6],
every AW#*.algebra which contains Z as an AW*-subalgebra of the center
is Z-scalable. Every Z-scalable C*-algebra A is also Z-normed Z-module
(Theorem 6.1). The Z-valued norm is defined by

lxllz = inf{a € Z|x*x < a?, a > 0}

for all xe A and its induced norm coincides with its original norm.
Every C*-subalgebra of a type I AW*-algebra with center Z which
contains Z is a Z-scalable C*-algebra and every Z-scalable C*-algebra
has such an embedding in a type I AW#*-algebra (Theorem 6.5).
A family {b,} of elements of B is called a partition of unity of B if
bb, =0 for i # j, and sup,; b, = 1. A Z-normed Z-module X will be called
a Kaplansky Z-module if it enjoys the following property:

(K1) Let {b;} be a partition of unity of B, and {x;} a bounded family
in X; then there exists in X an element x with b,x = b,x; for
all 1.

If b,x =0 for all i, then b;||x|; =0 for all i and hence x = 0. It
follows that the element x of (K1) is unique, and we shall write x = >, b.x;.
A Kaplansky Z-module X will be called a Kaplansky-Banach Z-module if
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X is a Banach space with respect to the scalar valued norm ||-|| induced
from the Z-valued norm |- |,.

An AW#*-algebra which contains Z as a unital AW*-subalgebra of the
center is a Kaplansky-Banach Z-module [1, p. 53, Proposition 2].

In [11], Kaplansky introduced AW#*-modules. In this paper, we
shall call them Kaplansky-Hilbert modules. A Z-valued norm ||-||; on a
Kaplansky-Hilbert Z-module H is defined by the relation |x|; = {x|x)¥*
for all x € H, where <-|-)>; is the Z-valued inner product on H. Then we
have [[Kx|x)2[4? = |Kx|x>¥|.. = x|z ]l. for all xe H, by the C*-condition
of the norm on Z. Thus it is easy to see that H is a Kaplansky-Banach
Z-module.

A Z-functional f on a Z-embeddable AW#*-algebra A will be called
positive if f(x*x) > 0 for all xe A. A positive Z-functional f on A will be
called normal if, for any uniformly bounded increasing directed family
{a;} of positive elements in A, f(sup,a,) = sup,f(a;). Denote by A, the
set of all Z-functionals f on a Z-embeddable AW*-algebra A such that
there are four positive normal Z-functionals f,, f;, fi, fi such that f = f, — f,
+ i(f; — f). A bounded Z-linear map 7: X — Y from a Z-normed Z-module
X to a Z-normed Z-module Y will be called a Z-isometry if |Tx||; = || x|z
for all x€e X. We say that X is Z-isometrically Z-isomorphic to Y if there
is a surjective Z-linear Z-isometry 7 € Hom,(X, Y), and write X =, Y.
Then for any Z-normed Z-modules X and Y, if X = Y then X =, Y (Prop-
osition 7.5).

THEOREM D. Let A be a Z-embeddable C*-algebra. Then A, is a
Kaplansky-Banach Z-module and A is the Z-dual of A,. If A is the Z-dual
of another Kaplansky-Banach Z-module X then X is Z-isometrically Z-
isomorphic to A,.

Thus we have reached the uniqueness of the predual of a Z-embed-
dable C*-algebra. Let A be a von Neumann algebra. Then A is Z-embed-
dable for any AW#*-subalgebra Z of the center of A. In fact, we have
the following.

THEOREM E. Let A be a Zy-embeddable C*-algebra for an AW*-
subalgebra Z, of the center of A. Then A is Z-embeddable for every AW*-
subalgebra of the center with Z, C Z.

Thus our results will illustrate much the module structures of von
Neumann algebras.
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§3. Preliminaries on Boolean valued analysis

Throughout this paper B denotes a complete Boolean algebra. Let
2 be the Stone representation space of B. Denote by Z the commutative
AW*-algebra C(2) of all complex-valued continuous functions on 2. Then
the set of all projections in Z is a complete Boolean algebra under the
natural ordering of Z which is isomorphic to B. Thus we may assume
that B is the complete Boolean algebra of projections in Z. The symbol 0
signifies both the least element of B and the zero of Z. The symbol 1
signifies both the greatest element of B and the unit of Z. For b, ce B,
bV ¢ denotes the supremum, b Ac or bc denotes the infimum, 1 — b
denotes the complement of b, and b =>¢ = (1 — b) Ve

For each ordinal «, let

VP = {u|u: dom(u) —> B and dom(v) = (J V{P}.
B<la

The Scott-Solovay Boolean valued universe V® is defined by

ve = ve,

a€0n

where On is the class of all ordinals. An element of V® will be called
a B-valued set. The language which describes V® is the language of
set theory augmented by all B-valued sets as constant symbols and de-
noted by L(V®),

To each statement ¢ in L(V®) we assign a B-valued truth value [¢]
by the following recursive rules:

(D [uev] = sup,caomm@(y) A [u = y]),

@) [u =] = inf,cooma@®) = [x € V]) A inf,ciomm@(y) = [y € w]),

@ [—¢]=1-[4],

@ (& A ¢l = 18] A [l

B[4V ] =1[a]V sl

6) [(v0)g(x)] = inf,erm[g@)],

(M [Ex)¢(x)] = supueram[g(w)].

If a statement ¢ is inferred from a statement « in the first-order
predicate calculus then [+] < [¢]. The basic theorem of the Scott-
Solovay Boolean valued set theory is the following [31, Theorem 13.12,
Theorem 14.25].

THEOREM 3.1 (Scott-Solovay). If ¢ is a theorem of ZFC, then [¢] = 1.
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We say that a statement ¢ in L(V®) holds in V®, if [¢] = 1. From
the above theorem, every theorem of ZFC holds in V', and hence every
theorem of mathematics based on ZFC does.

The original universe V of ZFC can be embedded in V® by the
following operation v defined by the e -recursion: For each yeV, y =
{£)x ey} X {1}. Then we have the following [31, Corollary 13.19].

TaEOREM 3.2. If ¢(x,, ---,x,) is a bounded formula in L(V®) then
for u, - -, u,eV,

d(uy, + -+, u,) if and only if [¢(ty, -+, 8,)] = 1.

The following theorem is called the maximum principle [31, Theorem
16.2].

TaeoreM 3.3. If ¢(x) is a formula in L(V'®) then there is some ue
V® such that [¢(w)] = [(Ax)g(x)].

We say that an element we V®, satisfying some property, exists
uniquely if there is another w' e V® gatisfying the same property then
[u=v]=1

Let {b,} be a partition of unity and let {u,} be a family of B-valued
sets with a common index set. Then there is a unique element ue V®
such that [u = u,] > b, for any i. We denote this u by >, u;b,.

A B-valued set u e V® is called definite if u(x) = 1 for all x e dom (u).
If ueV® is definite then [xeu] =1 for all xedom(x). The global
section set u® of a B-valued set ue V® is defined by

u® = {x'|[xeu] =1},

where x’ is some representative from the equivalence class {ye V®|[x =
y¥] = 1}. In the sequel, we shall omit the symbol ’/ in &/, conventionally.
Although {ye V®|[x = y] = 1} is a proper class, we can avoid the use
of a uniform choice function in the selection x — x’ by considering in-
stead the subset {ye V®|[x =3] =1 and y is of the least rank with
[x =y] =1} (cf. [25, p. 14]). If ue V® is nonempty in V@, i.e., [u =+ 0]
=1, then

[w=u®x{1}] =1.

If ue V® is definite, then
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u® = {3 u;b,|{u,} is a family in dom ()

and {b;} is a partition of unity of B}.

The following .theorems are useful for manipulation of Boolean values
([31, Theorem 13.13], [25, p. 14]).

THEOREM 3.4. For any formula ¢(x) in L(V®) and ue V®, we have
(1) [(Vx e wd(x)] = inf,csoma(@(x) = [$(x)]),
@ [Axewd®)] = sup;ciomw(®x) A [§®)]).

THEOREM 3.5. For any formula ¢(x) in L(V®) and nonempty set u
in V®, we have:

1) [(Vxewd(x)] =1 if and only if, for any xcu®, [¢(x)] = 1.

2) [@Exewed(x)] =1 if and only if there is some x e u® such that
[¢®)] = 1.
If u is definite then:

3 [(Vxeuwg(x)] =1 if for any x e dom (u), [¢(x)] = 1.

Let d be a subset of V¥, a function f: d - V® is called extensional
if [x =y] < [f(x) = f(»)] for all x, yed. Functions in V® are char-
acterized as follows [25, Proposition 4.2, p. 22].

THEOREM 3.6. Let u, ve V® be definite. The relation
[f(x) =gx)] =1

for all x € dom (u) sets up a one-to-one correspondence between all functions
ffromutovin VP ie, [f: u—v] =1, and all extensional functions
g: dom (u) — v'®,

Since our metalanguage manipulating the language L(V‘®) and the
model V® ig also based on set theory, the situation is sometimes very
confusing. For instance, the symbol C will be used to denote the complex
number field both in the language L(V‘®) and in our metalanguage. To
avoid the confusion, we shall use the following notational convention.
Let F(x,, ---, x,) be an n-ary function symbol which may be introduced
in L(V®) by a definition. Let u,, ---,u,e V®, By the maximum prin-
ciple, there is a unique u € V® gsuch that [u = F(y,, ---,u,)] =1. We
shall denote one of such u by F(u,, - - -, u,)s and call it the interpretation
of F(u,, -+, u,). The global section set of F(u, - -, u,)s will be denoted
by F(uy, - -+, u,)®. For example, C is a 0-ary function symbol standing
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for the complex number field, C, is the complex number field in V&,
and C® is the global section set of the complex number field in V®,
For any uw,ve V®, define {u,v}; and (u,v); as follows: {u, v}, =
{@, 5} X {1}, u, vy = {{u, uls, {4, V}z}s. Then [(u, V) = (u, V)] =1 [30.
Theorem 14.14]. For any u,ve V®, define (u X v)z e V® as follows:

dom ((u X v)5) = {<%, ¥)»|<x, y> € dom (v) X dom (v)},
(u Xv)s(x, y5) = [xeu] A [yev],

for all (x,y> edom(u) X dom(v). Then [(v X v); = u X v] = 1 [23, p. 285].
Let d, e be subsets of V¥, A function f: d X e > V® is called exten-
stonal if [x = TN\ [y =y] < [f(x, ) = f(x,y)] for all {x,y), {(x/,y¥>e
dXe.

THEOREM 3.7. Let u,v,we V'® be definite and let f be an extensional
function from dom(u) X dom(v) to dom(w). Then there exists some ge V®
such that

[g: uxv—>w]=1 and [gKx,y)p) =f(x, )] =1,
for all {x,y)» € dom(u) X dom(v).

Proof. Since u and v are definite, (z X v)p is also definite. Let A
be a function from dom((u# X v)z) to dom(w) such that A((x, y>z) = f(x,y)
for all {(x,y) edom(u) X dom(v). From Theorem 3.6, we have only to
show that A is extensional. Let {(x,y>s {(x/,y>z be in dom((z X v)p).
Then (x, y>, {x/,y’> e dom(u) X dom(v) and hence we have

K, 905 = <&, y0s] = [x = 2] A [y =]
< [f(x, 3) = (=, ¥)]
= [({x, ¥)5) = h({x',5")5)] -
Thus A is extensional. Q.E.D.
Denote by N the set of all natural numbers and by @ the rational
number field. Then we have [[I\VI = Nz] =1 and [[é = @3] = 1. Moreover,
the rational number r in V® is ¥ and the correspondence preserves the
usual operation of numbers [25, p. 11]. The situation is much different

for the real number field R and the complex number field C. Denote by
¢ the bounded part of the global section set C® of C in V®, ie.,

C={aecC®|@K eR)[la|; < K] =1},
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where |a|z i1s the absolute value of ¢ in V. Then ¢ has a natural
commutative AW*-algebra structure which is *-isomorphic to Z [17, The-
orem 3.5]. Denote by x+— % this *-isomorphism from Z onto €. Then
we have the following: Let «eC and u,x,yeZ.

1) [Csr={a|lueZ} X {1}]] =1.

2) [a=da] =1if and only if u = «al.

3 [a=x%+35]=1if and only if u = x + y.

4) [a = xy] =1 if and only if u = xy.

5) [a = (¥)*] = 1 (where x is the complex conjugate) if and only if
u = x* (where * is the involution of Z).

6) [@eRs] =1if and only if u is self-adjoint.

7 [£<¥] =11if and only if x < y.

8) [x = 5] = sup{be B|bx = by}.
Thus, in the sequel we shall always identify x € Z with % e . Under this
identification we have

) [Cx=2Zx{1}] =1,

2) [x=y] = sup{beB|bx = by}, for all x,ye Z
From the above, we have also [{0,1}; = B X {1}] =1 and {0, 1}'» = B.

§ 4. Banach spaces in V®

Let (X, +, -, |-z be a normed linear space in V®. Let X® be
the global section set of X, i.e.,

X® = {ue VO |[ueX] = 1}.
The bounded part X of X® is defined by
X={ueX®|@KeR[|ul. < K] =1}.

It is easy to see that, X is the set of all x € X*® such that %z € Z.
By [16, Lemma 3.1, p. 594], we have [[XX 11=X]=1

The bounded global section module <X’, 4+, «, || - llz) (or simply denoted
by }?) of X is defined as follows:

1) For every x,ye€ X, the sum u of x and y is defined as the unique
element u ¢ X such that [u = x + y] = 1, which is also denoted by x + y.

2) For every xeX and a e Z, the product v of ¢ and x is defined
as the unique element ueX such that [u=a-x] =1, which is also
denoted by a-x or ax.

3) For every xe X, lxllz = llx]z

https://doi.org/10.1017/5S0027763000001793 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000001793

12 MASANAO 0ZAWA

THEOREM 4.1. Let X be a normed linear space in V®. Then the
bounded global section module Xisa Kaplansky Z-module. Further, X
is a Kaplansky-Banach Z-module if and only if X is a Banach space in
Ve,

Proof. It is easy to see that X is a Z-normed Z-module (see [30,
Proposition 1.1, p. 208], for the similar discussions). Let {b,} be a partition
of unity of B, and {x,} a bounded family in X Let x = >uxb, e VA,
Then [x = x,€ X] > b, for all i and hence x € X® and || x|z < sup, | x;].
Thus xeX. For any, i, we have [b,=1] =05, and [b,=0]=1— b,
and hence

[bx = bx,] = [(b; =1Ax=x,)V b, = 0]
= ([b; = 1] A [x = x,]) V [b, = 0]
=b,V(1 - by
=1.

It follows that b,x = b,x, for all i. Thus X is a Kaplansky Z-module.
The last part of the assertions follows from [30, Proposition 1.2, p. 208].
Q.E.D.

Let X, Y be two normed linear spaces in V®. Consider the normed
linear space L(X, Y)p; of all bounded linear maps T: X—Y in V&,
Denote by L(X, Y)® the global section set of L(X, Y); and by L(X, Y)"
its bounded global section module. Let 7€ L(X, Y)®. Denote by || Tz
the operator bound of 7" in V®. Then it is easy to see that

1T = inf{a € R® ||| Tx|s < a|lx|z for all xe X®}.

Let T® be the extensional map 7'®: X® — Y® gsuch that [[T‘B’(x) T(x)]
=1 for all xe X*®. Denote by T the restriction of 7® on X.

Let X, Y be two Z-normed Z-modules. A Z-linear map T: X— Y is
called Z-bounded if there is some a € Z such that ||Tx|; < a|/x||; for all
x€X. The Z-bound |T|; of T is defined by

T, = inf{a € Z||| Tx|; < a|lx|; for all xe X}.

LEmMA 4.2. Let X, Y be two Z-normed Z-modules. Then a Z-linear
map T: X— Y is Z-bounded if and only if it is bounded.

Proof. Suppose that T is Z-bounded and ||Tx|; < a|x|; for aeZ
and xeX. Then we have ||Tx|; <|a|.||x||]1 so that |Tx| < | e|.|x].
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Thus T is bounded. Conversely, suppose that 7' is bounded. Let ¢>0
and let xeX. Let y = x/(e1 + [[x[z). Then [yl = [[yllzll. = Illlx]lz/(c1 +
lzllz)ll. < 1, and by the boundedness of T, we have

1 Txllz = (1 + [|x[I)] Ty Il
< Tyl + flx]l2)
<N TEL + llxllz) -

Since e is arbitrary, we have ||Tx|; < || T||l|x|lz. Thus T is Z-bounded.
Q.E.D.

THEOREM 4.3. Let X, Y be normed linear spaces in V®. For any
Tel(X, )N, T is a bounded Z-linear map from X into Y. The corre-
spondence T — T sets up a one-to-one correspondence between L(X, Y)"
and Hom(X, ¥) satisfying:

1) (@T + bS) %) = oT(x) + bé(x), for all T,Sel(X,Y)", a,beZ
and xeX.

@ Tl = 1T,
for all Te L(X, Y)". Moreover, for any three normed linear spaces X, Y,
Win V@ and Se (X, Y)\, TeL(Y, W), we have

(3) (TS)(x) = TS(x),
for all x eX.

Proof. Let TeI(X, Y)*. By the relation || T/ < || Tllsl%ls T(x) e ¥
for all xeX. Thus obviously, T is a Z-bounded Z-linear map from X
into ¥ and it is bounded by Lemma 4.2. Let S eHomz(X, f'). Then by
[16, Lemma 2.3, p.593], S is extensional. Thus there is some T'e V®
such that [T: X — Y] =1 and [Tx = Sx] =1 for all xe X. By Lemma
4.2, S is Z-bounded. Since [Z X {1} = C;] = 1, we can easily check that
[TeLX, Y);] =1 We have

| Tx|ls = || Sxllz = |Sxllz < Sl /%5,
for all xeX. Since I[XX {1} = X] =1, we have
[Vx e X(| Tx|s < [|Slz|xlx)] =1,

whence T € L(X, Y)". Thus we have shown that for any S e Homz()?, 17),
there is some T € L(X, Y)" such that T =8. By the relation [[X' X {1}
=X]=1, T=8 for T, Se L(X, Y)", then [Vx e X(Tx = Sx)] = 1 so that
[T = 8] =1. Therefore, the correspondence 7T — T is a one-to-one
correspondence between L(X, L) and Homz()?, f’). The rest of the asser-
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tions can be checked by a straightforward verification. Q.E.D.

§ 5. Construction of Banach spaces in V©®

Denote by Norm® the category of normed linear spaces in V® and
bounded linear maps 7T in V® with ||T|;€Z: An object is a B-valued
set X such that [X is a normed linear space] =1, an arrow 7: X — Y
is a B-valued set T such that

[T is a bounded linear transformation from X to Y] =1,

and such that ||T);e Z. The composition of arrows is the function com-
position in V®, Then a hom-set of Norm®® is L(X, Y)" for objects X, Y.
Denote by Z-Kaplansky the category of Kaplansky Z-modules and bounded
Z-linear maps. In the preceding section, we have constructed a functor
X~ X, T~ T from Norm® to Z-Kaplansky. In the following, we con-
struct its adjoint functor. Eventually, it will be shown that this pair
of adjoint functors is an equivalence of these two categories.

THEOREM 5.1. Let (X, +, -, ||-|lz) be a Z-normed Z-module. For any
xe X, define xe V® by

dom(%) = {§|y € X},
%y =[x —yllz = 0] .

Then [% < X 1 =1 for all xe X and the correspondence x — X is bijective
in the sense that x =y if and only if [ =5] =1 for all x, ye X. Define
Xev® by

X = {®|xe X} x{1}.

Then there is a unique normed linear space structure (X, +, -, ||-|s> on
X in V® such that

[E+i=@C+y)]1=1[a%=(x]=1and [[Zl:=lx]] =1,
for all x,ye X and a € Z.

Proof. Let xeX. Since dom (%) = dom(X), we have

[#cX]=[Vyei(rez=>yeX)]
= inf (%)= [yeXD

yE€dom (&

= inf G > [ye X7
=1,
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Thus [# < X] = 1for all xeX. Consider the function (&, ¥y —llx — ¥z
from dom(X) X dom (X) to Z. Then it is obviously extensional, and hence
from Theorem 3.7 there is a function d € V® such that [d: X x X— Cj]
=1 and [d(%, §) = |lx — yllz] =1 for all x,yeX. By the properties of
the Z-valued norm, it is easy to see that [d is a semi-metric on X 1=1
By interpreting the property of a semi-metric that

(vzeX(d(x,2) =0 d(y,2) =0} d(x,y) =0,
we have

inf [d(%, 2) = 065 d(§, ) = 0] = [d(&, ) = 0],
2€X

for all x,ye X. Thus we have
[#=5] =[VzeX(zex & ze )]
= inf (%(3) & §(3))
2€EX
= inf [d(¥, 9 = 06 d(3, 9 = 0]
z2€
= [llx =yl = 0],
for all x,yeX. Thus, if ¥ =35 then |[x —y||l; =0 so that x=y. It
follows that the correspondence x — % is bijective. Let x, &/, y, ¥ ¢ X.
Then

(x + ) — & + Mz = l(x — %) + (v — )z
<llx =2z +lly —¥lz-
It follows that
[F=ANi=¥]=Tlx =2 =0y — ¥l =0]
=[x — 2|z + lly — [l = 0]
< [lix + ) — & + ¥z = 0]
=[x+~ =& +¥)].

Consequently, the function (&, > — (x + y)~ from dom(X) X dom(X) to
dom(}?) is extensional so that from Theorem 3.7 there is a function + in
V& gsuch that [+: X x )?—»X]] =1land [ +§J=(x+y"]=1 for all
x,yeX. Leta, aeZ and x,x’€¢X. Then

la'-x" — a-x|; < |a|l|x" — x|z + la — ||| 2] .
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It follows from the similar manipulations that
le=dAN2=%]<[( %) =(a-x)].

Consequently, the function {a,X) — (a-x)~ from Z X dom(X) to dom(X)
is extensional so that there is a function - in V® such that [-: C; X X

—>X']] =1land [a-x=(a-x)"]=1for all aeZ and xeX. Let x, ¥ e X.
Then

Hxllz — 1%z < llxe — &' llz s
and hence we have
ﬂ:x = x,]] <[x,= Hx/Hz]] .

Consequently, the function % — ||x||; from dom(X) to Z is extensional, so
that there is a function |||z in V® such that [|-|5: X C]=1 and
Li%lz = llx]lz] = 1 for all xe X. Now it is a matter of straightforward
verification that the structure <X, +, -, |-z 18 a normed linear space
in V® and that it is uniquely determined. Q.E.D.

Let X be a Z-normed Z-module. The normed linear space X con-
structed by Theorem 5.1 will be called the Boolean embedding of X into
v,

TueoreM 5.2. Let X be a Z-normed Z-module and let X be the Boolean
embedding of X into V®. Then the relation [Jx(x) = %] =1 for all xe X
sets up a Z-linear Z-isometry Jx from X into (X)’\. Further, Jy is surjective
if and only if X is a Kaplansky Z-module.

Proof. By Theorem 5.1, x = y if and only if [ = 35] =1 for all x,
y € X, and hence the relation [Jx(x) = %] = 1 for all x € X defines an injec-
tion Jy from X into X®. For any xeX, we have [||Jx(%)|s = |%|z =
lx,] =1 by Theorem 5.1, so that ||Jz(x)|z€Z, and hence Jx(x)e (X)"
Now it is easy to check that J; is a Z-linear Z-isometry from X into
(X)N. If Jy is surjective then X =, (X)" and hence X is a Kaplansky
Z-module by Theorem 4.1. Conversely, suppose that X is a Kaplansky
Z-module. Let x e (X)". Since X = {%|x e X} X {1}, there is a family {x;} in
X and a partition {b,} of unity with a common index set such that [x = %]
> b, or equivalently [b,x = (bx,)~] = 1 for all i. Since x e (X), there
is some K € R such that [||x|; < K] =1 and hence [||(b,x)~z < K]} =1
for all i. It follows that {b,x;} is a bounded family in X. Since X is a
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Kaplansky Z-module, there is some y € X such that b,y = b,x, for all i.
We have b, Jx(y) = Jx(b,y) = Jx(bix;) and hence [bJ(y) = (bx,)~ = bx]
=1 for all i. Consequently, we have [Jx(y) = «x] = 1. Thus, Jy is
surjective. Q.E.D.

We shall call J, the embedding map of X.

TurorEM 5.3. Let X be a Z-normed Z-module and let Y be a normed

linear space in V®, For every T e Hom,(X, 17), there is a unique Se€
L(X, V)" such that T = Sody.

Proof. Let T ¢ Hom,(X, f/'). Since [[ff X {1} = Y] = 1, we can assume
without any loss of generality that dom(Y) = Y. By the bijective corre-
spondence x — %, we can define 7”: dom(X) — dom(Y) by 7"% = Tx for
all xeX. Let x,yeX. Then |[Tx — TY|; < ||T|llx — y|lz so that

[£ =51 = [Ix = yll: = 0]
< [ITx — Tyl = 0]
= [Tx = Ty]
= [T'% = T'5].

It follows that T is extensional so that there is some S € V® gsuch that
[S: X— Y] =1 and [Tx = S%] = 1 for all xeX. Since [[X'X {1} = X]
=1, such an S is unique in V®, By the similar arguments as in the proof
of Theorem 4.3, we have SeI(X, Y). By the relation [Tx = S%] =1
for all xe X, we obtain that 7 = Sod,. Q.E.D.

THEOREM 5.4. Let X, Y be two Z-normed Z-modules and let Te
Hom,(X, Y). Then there is a unique Te V® such that TeIL(X, Y)",
[T® = (Tx)~] =1 for all xe X and |T|z = | Tz

Proof. The assertion follows from the similar arguments as in the
proof of Theorem 5.3. Q.E.D.

Let X, Y be two Z-normed Z-modules and let 7€ Hom,(X, Y). The
bounded linear map 7: X — ¥ in V® obtained by Theorem 5.4 will be
called the Boolean embedding of T into V®.

Denote by Z-Norm the category of Z-normed Z-modules and bounded
Z-linear maps. Then Z-Kaplansky is a full subcategory of Z-Norm. Now
we can summarize the functorial properties of the Boolean embedding
as follows.
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TuEOREM 5.5. The Boolean embedding E: X X, E: T—T is a
functor from Z-Norm to Norm'® such that

(1) E(T + bS) = aE(T) + bE(S),

@ NEMDs = 11Tz
for all a,beZ and T, SeHom,(X,Y) and X, Ye Z-Norm. The functor
E is a left adjoint functor of the functor R: X — f(, R:T—T from Norm®
to Z-Norm constructed in Section 4. The corresponding natural trans-
formation 1 > RE on Z-Norm is {Jy|X e Z-Norm} obtained in Theorem
5.2. If we restrict E to Z-Kaplansky then this adjoint pair establishes
an equivalence between Z-Kaplansky and Norm®.

Proof. Immediate consequences from our results in Sections 4 and 5;
see [12, Theorem IV. 1.2, p. 81; Theorem IV. 4.1, p. 91] for the consequences
from category theory. Q.E.D.

By the above theorem, the correspondence RE: X +— (}Z')/\, RE: T
(T) is a functor from Z-Norm to Z-Kaplansky and the embedding map
Jx is a universal arrow from X to this functor RE. Thus we have the
following corollary.

COROLLARY 5.6. Let X be a Z-normed Z-module. Then the Kaplansky
Z-module (}?)A is a unique Kaplansky Z-module up to Z-isometric Z-isomor-
phism such that, for any Kaplansky Z-module Y, every T e Homz((}?)/\, Y)
is obtained from a unique S € Hom,(X, Y) by the relation T = Sody. The
correspondence S +— Sody is a Z-isometric Z-isomorphism from Hom,(X, Y)
onto Hom,(X", Y).

For any normed linear space X, denote by UB(X) the unit ball of X.
For a normed linear space X in V‘®, UB(X); will stand for the unit ball
of X in V®. In this case, denote by UB(X)® the global section set of
UB(X)3, ie., UBX)® = {xe V®|[x e UB(X);] = 1}. The following theo-
rem shows that the concept of the unit ball is preserved by the Boolean
embedding.

TueoreM 5.7. (1) For any normed linear space X in V®, UB(X)®
= UBX).

(2) For any Kaplansky Z-module X, Jx(UB(X)) = UB(X)®,

Proof. (1) Let xe UB(X)®. Then |x|z <1 and hence x € X. Since

lxll = [[llx]ls]l. < 1, we have xeUB(X). Let xeUB(X). Then xeX®
and x|z < |lx]]1 < 1, so that x € UB(X)®.
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(2) From Theorem 5.2, Jy is a Z-isometric Z-isomorphism from X
onto (X)* and hence Jx(UB(X)) = UB((X)"). From (1), we have J(UB(X))
= UBX)>®. Q.E.D.

THEOREM 5.8. Let X be a Kaplansky Z-module and let ¢(x) be «a
formula in L(V®). Then we have:

(1) [(vx e UBX)p)¢(x)] = 1 if and only if for all u e UB(X), [¢(2)] = 1.

@) [[(EIerB(X)B)qS(x)]] =1 if and only if there is some ue UB(X)
such that [§(@)] = 1.

Proof. Immediate consequences from Theorem 5.7 and Theorem 3.5.
Q.E.D.

§6. Boolean embeddings of C*-algebras

Consider a unital C*-algebra A in V® and its bounded global section
module A. By the property [(Vae C)(Vxe A)(al)x = x(al,)] =1 and
the identification ¢ = Z, we have (al,)x = x(al,) for all e Z and x € A,
where 1, is the unit of A in V®. Let 1, be the unit of Z. Then by
the identification ¢ = Z, 1, is the numeral one in V®. By the property
[(vxe A)l,x = x] = 1, we have 1,1, = 1,. Thus the set of all elements
of the form al, for @ € Z will be identified with Z and hence we can see
that A contains Z as a unital C*-subalgebra of the center.

Let xeA and be{0,1}® = B. Then [b=0Vb=1] =1 Suppose
bx = 0. Then [bx = 0] = 1 and, by the property [bx =0Ab=1=x = 0]
=1, we have b = [b = 1] < [x = 0]. Thus if bx = 0 then b < [x = 0].
Further, if b = [x = 0], we have b =[x =0] < [bx=0], and 1 — b =
[b=0] < [bx=0], and hence [bx =0] =1, that is bx =0. Thus
[x = 0] is the maximum element of the set {b € B|bx = 0}.

We say that a unital C*-algebra A which contains Z as a unital C*-
subalgebra of the center is Z-scalable if, for any x e A, there is the
largest projection e in Z such that ex = 0. It should be noted that e is
the largest projection in Z such that ex = 0 if and only if 1 — e is the
smallest projection in Z such that (1 — e)x = x. In the case that Z is
the center of A such a projection 1 — e is usually called the central
cover of x. For the above observations, the bounded global section module
of a C*-algebra in V® is Z-scalable. By [1, p. 14, Proposition 6], every
AW*-algebra which contains Z as an AW*-subalgebra of the center is
Z-scalable.
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From now onward, let A be a unital C*-algebra which contains Z
as a unital C*-subalgebra of the center. Then A has a natural Z-module
structure.

THEOREM 6.1. Let A be a unital C*-algebra which contains Z in the
center as a unital C*-subalgebra. For any x e A, define | x|z by

llx]l; = inf{a e Z|x*x < d’, a > 0}.

Then ||x||z > 0 and || -||; has the following properties:
@ Nxlzlle < N,
@) x4+ yllz <llxllz + lI3llz,
(3 llax|z = |a|llx||z,
@ Nxylz < lxlizllyllz,

®) fx*xlz =[xz,
for all x,yeA. Moreover, if A is Z-scalable, it satisfies the following
properties:

® lllxllzll. = =l
(M lxllz =0 only if x =0,
for all xe A, and hence | - |z is a Z-valued norm on A.

Proof. Since Z is a commutative AW*-algebra, the infimum in the
definition of ||x); always exists and obviously | x|, > 0.

(1) By the relation x*x < ||x*x||1 = ||x|*1, we have [x|; < |x]|1 so
that [[([x]|z]l.. < (x|

(2) By a faithful *-representation, we can assume that A is a C*-
algebra of bounded operators on a Hilbert space H. Since Z is in the
center of A, we have A C Z’, where ’ stands for the commutant in L(H).
Since Z” is an abelian von Neumann algebra, there is a localizable
measure space (I, p) and a *-isomorphism 2 from Z” onto L=(I', y). Let
& ne H. The linear functional i(a)— <{a&|yp) on L=(I", y) is bounded and
completely additive on projections, and thus by the Radon-Nikodym
theorem there is a p-integrable function F(¢, ) uniquely in LYI", p)
such that

tlny = [ 2@OFE DO,

for all ¢ € Z”. Then it is easy to check that the map (&, p) — F(E, 7)
from H X H to LI, p) has the following properties: For any xe Z’ and
a, beZ”, and &, 9 e H,
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(F1) F(ag + by, O) = A@)F (&, O) + Ab)F(z, 0),

(F2) F(& n* = F(r, &),

(F38) F(5,8€ >0 and F(¢ &) =0 only if £ =0,

(F4) F(xg, ) = F(&, x*7).
Let G(&) = F(g, £)V* for all ée H. Then G(¢) e L*(I’, 1) and the map & e
H — G(¢) has the following properties [15, Lemma 4.1]: For any a ¢ Z”
and & peH,

(GD) GE + 9 < GE) + G,

(G2) G(a&) = | ()| G(®).
Now we shall claim the following: For any x,ye Z’,

(G3) x*x < y*y if and only if G(x&) < G(y¢) for all & € H.
If x*x < y*y then {ax*x£|&> < {ay*y€|&) for all a e Z” with ¢« > 0 and
& e H, and hence F(x*xg&, &) < F(y*y&, &) so that G(x£) < G(y€) by (F4).
Conversely, if G(x€) < G(yé) then it is easy to see that (x*x£|&) <
{y*y&|&>. Thus property (G3) is concluded. To prove (2), let x,yc A
and a, b e Z be such that x*x < o? y*y < b* and a, b > 0. Then by prop-
erties (G1)-(G3), we have, for all £ € H,

G((x + y)&) < G(x&) + G(¥8) < G(ag) + G(bg)
= Ha)G(€) + AD)GE) = Aa + b)G(E)
= G((a + b)),

so that (x + y)*(x + y) < (a + b)’. It follows that ||x + y|z < x|z + ||¥]lz-

(3) Let x = byx; + byx, with x;, x, € A and b,, b, € B such that b, = 0.
Let a, a,, a, be positive elements of Z such that x*x < @?, x¥x, < @? and
xfx, < a2. Then

x*¥x = bixfx, + byafx, < bal + bai = (b + byay),

so that |x||; < b,a; + ba,, and hence x|z < b||x1]z + b.[|x:[, by taking
the infima of @, and @, in Z. On the other hand, we have

x¥e, < buka, + (1 — b)xFx, + byxifx, = a*x + (1 — b)xx,
<a+ 1+ b)ai.

It follows that ||« ][} < a® + (1 — byai so that [|x [} < [[xI7 + (1 — b))l ][%.
Thus, by multiplying the both sides by b,, b,||x,|% < bi|x|Z and hence
biflxllz < byllxellz.  Similarly, byx,|z < bylx[z and thus bylx(z + bellx:|2
< ||x)lz. Therefore, we have shown |x|; = b,||x|lz + b,]|%;]lz. By induc-
tion, for any pairwise orthogonal projections b, b,, ---,b,€ B and «x,,
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Xy -+, X, € A, we have |27, b,x)lz = D%, bs]jx,)lz. Now we shall prove
the general case. Let ae€Z and xe€ A. Let ¢ be an arbitrary positive
number. Since Z is generated by projections [1, p. 45, Proposition 1],
there is an element @’ € Z of the form & = > 7, a;b, with @, € C and b, € B
such that ||a — d’|.. < e Obviously, we can assume that b,’s are pairwise
orthogonal. Thus we have

o'l = |

i b(aix)

= |d'|l|x]lz -

|, = Dbl = 3ladbdls

By the triangular inequality |a¢| — |d/| < |a — @’| and (1), we have
lallxz — | |lI%lzll. < llle] — |&'|ll %]l
<la — allllxl
<elxl.
By (1) and (2) we have

[Naxllz — la’xlzll. < llllax — @'xl|z ]l
<llllex — @x[| < llo — o'ffix]|

<ellx.
Thus we have
laxllz — le]lxlzll. = llax|lz — lla’xllz + ||l x]lz — |a]llx]|z ]l
< llexllz — lla’x|lzll. + lla’lllxllz — lalllxlz ]l
< 2¢elxf.

Therefore, we have proved |ax|z = ||| x]z.
(4) Let x,ye A and let a, and @, be positive element of Z such that
x*x < a2 and y*y < al. Then we have

(xy)*(xy) = y*(x*x)y < y*aly < a(y*y)a, < (a,0,).

It follows that ||xy|; < a,a, and hence [xy|z < |[x[z]y|z-

(5) Let xe¢ A and a€Z with ¢ > 0. Since Z is in the center of A,
x*x < a® iff (x*x)*(x*x) < (@*)’. Thus the conclusion follows from the
order isomorphic property of a +— o for the positive elements of Z.

(6) From (1) it suffices to show that x*x < |x|% for all xe A. Let
xeA and let I' be the maximal ideal space of the commutative C*-
algebra C*(Z U {x*x}) generated by Z and x*x. By the Gelfand transform,
C*(Z U {x*x}) is *-isomorphic to C(I"), and we shall simply write a(r) for
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the value at 7 € I' of the Gelfand transform of @ € C*(Z U {x*x}). Obviously,
it suffices to show that, for any 7 € I' and positive number «, if x*x(r) > «
then ([x|%() > a«. Let « > 0 and set S = {r e I'|x*x(r) > a}. By Z-scala-
bility of A, there is a projection c € B such that

¢ = max {b € B|b[x*x — o«l1]* = 0},

where [ -]* stands for the positive part. Let U={rel'|c(r)=1}. IfreS
then [x*x — «1]*(r) # 0, hence c¢(r) = 0 so that 7 e '\U. It follows that
S IM\U. On the other hand, let a € Z be such that ¢ > 0 and x*x < o’
and let

d = max {b € B|b[a* — al]* = 0}.

By the relation x*x < a?, we have [x*x — «l1]* < [a® — «l1]* so that d < c.
Now let £ be the maximal ideal space of Z and consider the Gelfand
transform of Z. Then £ is a Stonean space in which the closure of
every open set is clopen. Let V = {we 2|d(w) = 1}. By taking comple-
ment, we have

1 — d = min{b e B|b[a* — a1]* = [@* — al]*},

and hence 2\V is the smallest clopen subset of 2 such that {v € 2|a*(w)
>a} € 2\V. It follows that 2\V is the closure of {we2|a*(w) > a},
which is clopen since 2 is Stonean. Thus we have 2\V C {w € 2|a*(w)
> a}, and hence a(1 — d) < @*. By the relation d < ¢, we have a(l — ¢)
< a*. Thus we have shown that, for any a € Z with ¢ > 0 and x*x < a?, we
have v a(1 —¢) < a. Since v a(l — c¢)e Z, we conclude that v/ a (1l — ¢)
< |lx|lz. Thus ||x|%¥) > « for all ¥ € I'\U, but S < I'\U, and therefore we
have proved that ||x|%(Y) > « for all ¥ e I' with x*x(r) > a. Q.E.D.

Let A be a Z-scalable C*-algebra. From Theorem 6.1, A is a Z-
normed Z-module. Thus we can construct the Boolean embedding A of
A by Theorem 5.1. A normed *-algebra A will be called a pre-C*-algebra
if ||x*x| = ||x|? for all xe A. Obviously, the metric completion of a pre-
C*-algebra is a C*-algebra.

THEOREM 6.2. Let A be a Z-scalable C*-algebra. Then the Boolean
embedding A of A is a unital pre-C*-algebra in V‘®, where the product
operation X and the involution x satisfy that [X X ¥ = (xy)"] =1 and
[@)* = (x*)"] =1 for all x,ye€ A.
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Proof. By Theorem 5.1, A is a normed linear space in V®. Let
x,x,y,yeA. Then

lxy — &y'llz < xllzlly — ¥llz + 1Y llzllx — 2|7 .

By the similar argument as in the proof of Theorem 5.1, the function
(Z, §> — (x X y)~ from dom(A) X dom(A) to dom(A) is extensional, so that
there is a function X in V® such that [X: A X A - A] =1 and [ X ¥
= (xy)~] = 1 for all x,ye A. Similarly, there is a function * in V‘® such
that [*: A —» A] =1 and [(®)* = (x*)~] =1 for all xe A. With these
operations, it is easy to see that A is a *-algebra with unit 1. By
Theorem 6.1, it is easy to see that A is a pre-C*-algebra. Q.E.D.

A Z-scalable C*-algebra A is called a unital Z-C*-algebra if its
Z-normed Z-module structure is a Kaplansky-Banach Z-module, i.e., it
satisfies condition (K1). From [1, p. 53, Proposition 2], every AW*-algebra
which contains Z as a unital AW*-subalgebra of the center is a unital
Z-C*-algebra.

Let <A, 4+, -, X, %, ||z be a unital C*-algebra in V®. The
bounded global section algebra (A4, +, -, X, |-z || - > (or simply denoted
by A) of A is defined as follows:

1) The partial structure (A, +, -, || - ||lz> is the bounded global section
module of the Banach space structure (A, +, -, | |z> in V&,

2) For every pair x, y e A, the product u of x and y is defined as
the unique element u € A such that [u = x X y] = 1, which is also denoted
by x X ¥ or xy.

3) For every xeA, the adjoint u of x is defined as the unique
element u € A such that [u = x*] = 1, which is also denoted by x*.

4) For every x e A, the scalar valued norm | x| is defined by | x| =
%z |-

THEOREM 6.3. Let A be a unital C*-algebra in V®. Then the bounded
global section algebra A is a unital Z-C*-algebra. Conversely, for any
unital Z-C*-algebra A, the Boolean embedding A is a unital C*-algebra
in V® such that (A)" is Z-linearly *-isomorphic to A.

Proof. The first part of the assertion can be checked easily. The
second part follows from Theorem 5.2 and Theorem 6.2: For the similar
result, compare with [30, Theorem 1.1, p. 214] and [20, Theorem 2].

Q.E.D.
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General descriptions of non-unital C*-algebras in V‘® are obtained in
[30].

ProposITION 6.4. Let A be a Z-scalable C*-algebra. The Boolean
embedding A has the following properties:

(1) For any x€ A, x is a self-adjoint (partial isometry, unitary, projec-
tion) element if and only if [X is a self-adjoint (partial isometry, unitary,
projection) element] = 1.

(2) For any x,ye A, x <y if and only if [¥ <§] = L
Further, if A is a unital Z-C*-algebra then we have the following:

(8) For every self-adjoint (positive) x € UB(A); in V®, there is a
self-adjoint (positive) y € UB(A) such that [x = §] = 1.

(4) For every projection (partial isometry, unitary) x € A in V® there
is a projection (partial isometry, unitary) y € A such that [x = 5] = 1.

Proof. Immediate consequences from Theorem 6.2; assertions (3) and
(4) follows from Theorem 5.7. Q.E.D.

Now we have the following characterization of Z-scalable C*-algebra.

THEOREM 6.5. Let A be a C*-algebra which contains Z as a unital
C*-subalgebra of the center. Then the following conditions (1)-(7) are all
equivalent.

(1) A is Z-scalable.

(2) There is an AW#*-algebra L of type 1 with center Z and a *-
monomorphism wn: A — L such that Z = n(Z) < n(A) < L.

(8) For any x € A, there is a projection P of norm one from A onto
Z such that x*x < P(x*x).

(4) For any xe A, x*x < | x]|%.

(6) For any xe A, x| < |[l|x]z /.

(6) For any xe A, ||x|z =0 only if x =0, and hence | .|z is a Z-
valued norm on A.

(7) For any bounded family {x;} in A and partition of unity {b;} in
B with a common index set I, the relation b,y = b;x, for all iel holds
for at most one element y € A (if such a y exists).

Proof. (1) = (2): Suppose that A is Z-scalable. By Theorem 6.2, the
Boolean embedding A of A is a pre-C*-algebra in V® and hence there
is a C*-algebra C in V® which is the metric completion in V® of A.
By Theorem 5.2 it is easy to see that there is a Z-linear *-monomorphism
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h: A — C such that h(x) = & for all xe A. By the theory of C*-algebras,
[There is a Hilbert space H and a *-monomorphism j: C — L(H)] = 1.
Then [|ljllz = 1] = 1 so that j e L(C, L(H))" and it is easy to check that
i C— L(H)" is a Z-linear *-monomorphism (cf. Theorem 4.3). From
[17, Theorem 4.1] His a Kaplansky-Hilbert module over Z and L(H)" is
identical with the AW¥*-algebra Endz(I:I ) of type I with the center Z.
Now it is obvious that the composition 7 = joh is a Z-linear *-monomor-
phism from A to Endz(I:I ). By Z-linearity and the property z(1) = 1, it
is obvious that z(Z) = Z.

(2) > (3): Suppose (2). Then we can assume without any loss of
generality that A itself is an AW#*-algebra of type I. Since every AW*-
algebra is a Z-C*-algebra, from Theorem 6.3 we can assume that A is the
bounded global section algebra C of a unital C*-algebra C in V®, Let
xeA=C By the Hahn-Banach theorem of states of C*-algebras, [There
is a positive linear functional f on C such that ||fllz =1, f(1) =1 and
that x*x < |x*x|s1 = f(x*x)1] = 1. Then it is easy to see that f is a
positive Z-linear map from C to Z such that f(1) =1 and that x*x <
f(x*x)1. Thus, by setting P(y) = f(y1 for all yeé’, P is a projection
from C onto the center Z of C such that x*x < P(x*x). In order to see
that P is of norm one, let ye C. Then we have

1P = IFL = IFDI = IF )]
< AUl llslle = 117151
= |yl

Thus P is of norm one.

(8)=>(4): Let xe A and a e Z satisfy x*x < a® and ¢ > 0. Let P be
a projection of norm one from A onto Z such that x*x < P(x*x). Then,
by the Tomiyama theorem [24, p. 131, Theorem 3.4], P is a positive linear
map and hence we have x*x < P(x*x) < P(a?) = a*. Since P(x*x)c Z,
we have x*x < P(x*x) < ||x|f%.

(4) = (5) and (5) = (6) are obvious.

(6) = (7): This is obvious. For if b,y = 0 for all i, then b,|y|; =
1b:¥]lz = 0 so that ||y|l; = 0, and hence y = 0 from assumption (6).

()= (@1): Let xe A. Suppose (7). Let {b;} be a maximal pairwise
orthogonal family of projections in B such that b,x = 0 for all i. Let
¢ = sup{b;}. Then {b)} U{l — ¢} is a partition of unity in B and cx sat-
isfies b,(cx) = 0 for all i and (1 — ¢)(cx) = 0. By assumption (7), we have
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cx = 0. If de B satisfies dx = 0 then (1 — ¢)d = 0 by maximality of {b,}
so that d = c¢d. Thus ¢ = max{b e B|bx = 0}. Q.E.D.

An example of a C*-algebra which contains Z as a unital C*-sub-
algebra of the center but is not Z-scalable is obtained as follows. Suppose
that B is the complete Boolean algebra of regular open subsets of the
unit interval [0, 1] and Z = C(2) where £ is the Stone representation
space of B. Let A be the commutative W¥*-algebra [~(£2) of bounded
functions on 2. Then A contains Z as a unital C*-subalgebra. Since Z
has no minimal projections, for any minimal projection e of [~(2), there
is no largest projection b € B such that be = 0. Thus A is not Z-scalalbe.
From a similar consideration, it is easy to see that, from any C*-algebra
A which contains Z as a unital C*-subalgebra of the center, the universal
atomic representation = of A always produces a C*-algebra =(A)” which
is not Z-scalable, provided that B is not totally atomic (cf. [24, p. 176]).

Theorem 6.1 generalizes Takeuti’s result [30, p.212, Proposition 3]
in weakening his assumptions. Our proofs of statements (2) and (3) of
Theorem 6.1 are alternative proofs of the corresponding statements in
his result and the proofs of Theorem 6.1 (6) and Theorem 6.5 [(7) = (1)]
will compensate for his omission of a proof of the statement x*x < | x|%
for all x € A.

§7. Dual modules of Banach modules

For a normed linear space X in V®, denote by X* the dual space
of X in V¥, ie., X* = L(X, C);.

LEMMA 7.1. For any normed linear space X in V&, (X*)" = (X')*'.

Proof. It follows from Theorem 4.3 that L(X, C)" is Z-isometrically
Z-isomorphic to Homz(}z’, ). Since € = Z, we have
(X*¥) = L(X, C)* = Hom(X, Z) = (X)*. Q.E.D.

Let X be a normed Z-module. For any fe X! we can define a Z-
module action by of(x) = a(f(x)), for all a€Z and xe€X. Then X* is a
Z-module.

LEMMA 7.2. Let X be a normed Z-module. For any fe X* define |||z
by

Ifllz = sup{|f(®)| | x| < 1, x e X}.
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Then X* is a Kaplansky-Banach Z-module with Z-valued norm | -|.
Further, we have

A lzlle = IF1l
for all fe X¥, where ||f| = sup{|f(x)].. |l <1, x e X}.

Proof. Since ||[f(x)|l.. < ||f|l for all x € X with ||x|| < 1, the supremum
Ifllz always exists. It is a matter of routine verification to check that
ll-llz is a Z-valued norm and |||f]z|l. = ||f]| for all fe X%. To check con-
dition (K1), let {b,} be a partition of unity in B and {f;} a bounded family
in X*. Let f be a function from X to Z such that f(x) = >, b,fi(x) for
all xeX. Then ||f|| < sup|/f:|| and hence it is easy to see that fe X*
Thus (K1) holds. Since [|||fllzll. = ||f]l for all fe X* it follows from a stand-
ard argument that X* is a Banach space. Thus X* is a Kaplansky-
Banach Z-module with Z-valued norm |- |,. Q.E.D.

Lemma 7.3. Let X be a Z-normed Z-module. Then for any fe X!
Ifllz = inf{a e Z||f(®)| < a||x|z @ >0, xeX}.

Proof. Since ||x|| < 1 if and only if ||x|; < 1 for all x € X, the asser-
tion follows from a standard argument. Q.E.D.

LEemma 7.4. Let X be a Z-normed Z-module. For any x € X, we have

lxllz = sup {f@)] [IIfl <1, fe X*.

Proof. Let X be the Boolean embedding of X into V®. Let xe X.
Then by the Hahn-Banach theorem

[3f e X*(f(®) = |Zs Alfls = D] = 1.

Thus by Lemma 7.1, there is some f € X* such that f(x) = ||x||z and ||f]| = 1.
For any fe X* if ||f|| <1 then ||f|; <1 and |f(x)| < ||x|l;. Therefore the
assertion follows. Q.E.D.

ProposiTioN 7.5. Let X, Y be two Z-normed Z-modules. Every iso-
metric Z-isomorphism T. X — Y is Z-isometric.

Proof. Let xe X. Since the correspondence f+> fo T is an isometric
Z-isomorphism from Y* onto X* we have from Lemma 7.4,
| Tx||z = sup{|f(T0)||IfIl <1, fe Y%

= supf{lg)||llgll <1, ge X%
=[xz - Q.E.D.
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By the above result, in the sequel, we shall not distinguish the
relation X =, Y from X = Y for Z-normed Z-modules X, Y.

LEmMMA 7.6. Let X* be the Z-dual of a normed Z-module X. Then
there is a Z-normed Z-module Y such that X* is Z-isometrically Z-isomor-
phic to Y*

Proof (cf. [5, p.188]). Let X’ be the reduced module X/K with the
norm ||x + K|| = inf{|x + k||| ke K}, where K = N {kernel of f|fe X*. It
is standard to show that X* is Z-isometrically Z-isomorphic to X”* under
the correspondence f — f’ where f'(x + K) = f(x) for all x e X. By replac-
ing X by X’ if necessary, we can assume that K = {0}. For each xe X,
the function f~ f(x) defines an element F, of X*. The correspondence
x— F, is a Z-isomorphism of X onto a submodule Y of the Z-module X*
with | F,|| < ||x|. Then Y is a Z-normed Z-module. Setting f'(x) = f(F,)
for all fe Y* and x € X, we obtain a Z-functional f’ of X. It then follows
that

Ifllz = sup {|f(F)|| I F.I| <1, F,e Y}
> sup {|f'(x)|]lIx]| < 1, xe X}

= If'llz.
By Lemma 7.3, for any Fe X* with |[F| <1,

[ < NFNNF 1z < NFIF N2

<Nl -
Consequently,
Ifllz = sup{|F([[ I F|| < 1, Fe X*}
= sup {|[f(F)| || F.l| <1, F,e Y}
= ”f”Z ’
whence |f’|l; = ||fllz. Therefore, the correspondence f — f’ is a Z-isometric
Z-isomorphism from Y* onto X* Q.E.D.

§8. Proofs of Theorems A-E

In this section, we shall prove Theorems A-E presented in Section 2,
using those results obtained in the preceding sections.

THEOREM A. Let Z be a commutative AW*-algebra and let A be a
C*-algebra which contains Z as a unital C*-subalgebra of the center.
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Then A is Z-dual if and only if it is Z-embeddable.

Proof. Suppose that A is Z-embeddable. Then A can be identified
with a Z-von Neumann algebra on a faithful Kaplansky-Hilbert Z-module
H. By [19, Theorem 2.3], there is a von Neumann algebra A on a Hilbert
space Hin V®, such that (A = A. Since A is a von Neumann algebra
in V® there is a Banach space Y in V® such that A is isometrically
isomorphic to Y*. By Theorem 5.5 and Lemma 7.1, A is Z-isometrically
Z-isomorphic to the Z-dual (l?')“ of the Kaplansky-Banach Z-module Y.
Conversely, suppose that A is the Z-dual of a normed Z-module. Then
by Lemma 7.6, we may assume that A is the Z-dual X* of a Z-normed
Z-module X. Then A is the dual of a normed linear space X in V®.
Thus 4 is a Banach space in V® and, by Theorem 6.2, A is a C*-algebra
which is a dual space in V®, and hence it can be regarded as a von
Neumann algebra in V®. By [19, Theorem 2.3], (A" is a Z-von
Neumann algebra so that it is Z-embeddable. Since A is a Z-dual, it
follows from Lemma 7.2 that it is a Kaplansky-Banach module. By
Theorem 5.2, A = (A)", and hence A is Z-embeddable. Q.E.D.

TurorREM B. Let Z be a commutative AW*-algebra and let A be a
C*-algebra with center Z. Then A is Z-bidual if and only if it is a type
I AW#*-glgebra.

Proof. Suppose that A is a type I AW*-algebra. Then by [19, The-
orem 2.3, Theorem 3.1], there is a type I factor A in V® such that A
is Z-linearly *-isomorphic to (A)". Since every type I factor is the second
dual of some Banach space, there is some Banach space X in V‘® such
that [A = X**] = 1. Thus we have A = (A)" = (X**)" = (X)* by Lemma
7.1, and hence A is the second Z-dual of a normed Z-module X. Con-
versely, suppose that A is the second Z-dual X* of a normed Z-module
X. By Lemma 7.6, we may assume that X is a Z-normed Z-module. Let
A and X be their Boolean embeddings. Since A = X*, it follows from
Theorem 5.4 and Lemma 7.1 that [A = X**] = 1. Thus by Theorem 6.2,
A is a W*-algebra in V®. Since the center of A is Z, A is a W*-factor
in V® by [19, Theorem 2.3]. Since every second dual C*-algebra has a
minimal projection, A is a type I factor. By [19, Theorem 3.1], (A)" is
a type I AW*-algebra. Since A = X*, A is a Kaplansky-Banach Z-module,
it follows from Theorem 5.2 that A = (A)". Therefore A is a type I
AW#*-algebra. Q.E.D.
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THEOREM C. Let Z be a commutative AW*-algebra and let A be a
C*-algebra with center Z. Then A is Z-self-dual if and only if it is a
finite type 1 AW*-algebra.

Proof. Suppose that A is a finite type I AW*.algebra. Then by [20,
Theorem 5, Theorem 7], there is a finite type I factor A in V® such
that A is Z-linearly *-isomorphic to (4)". Since every finite type I factor
is self-dual, we have [A = (A)*] = 1. Thus we have A = (A" = (A)»"
=~ (AN = At Tt follows that A is Z-self-dual. Conversely, suppose
that A is Z-self-dual. Then A is Z-bidual and hence A is a type I
AW=*.algebra. Thus by [19, Theorem 2.3] there is a type I AW*-factor A
in V® such that A = (A)*. Since A is Z-self-dual, we have [A = (A)*]
= 1. It follows that [A is finite] = 1. By [20, Theorem 7], we can
conclude that A is finite. Q.E.D.

LeEmMmA 8.1. Let A be a unital Z-C*-algebra and let D be a non-empty
increasing directed subset of UB(A); in V®. Let Dc A be such that
D= {xe A|[x € D] = 1}. Then we have the following:

(1) D is an increasing directed subset of UB(A).

(2 If u=supD then [# = sup D] = L.

(3) If [u = sup D] = 1 then there is some ve UB(A) such that v =
sup D and that [u=10]=1

Proof. Let xeD™®,i.e., [xeD] =1. Since D® < UB(A)®, it follows
from Theorem 5.7, that there is some y e UB(A) such that [x = §] = 1.
Then obviously y e¢D. From Theorem 5.7, we can conclude that the
correspondence x — ¥ 1s a bijection from D to D® such that x < y if
and only if [# < 7] = 1. Thus it is easy to see that D is an increasing
directed subset of UB(A) and hence (1) holds. Now it is a matter of
routine verification that (2) and (8) follows from the order preserving
nature of the bijective correspondence x ~— %. Q.E.D.

LemmA 8.2. Let A be a unital Z-C*-algebra and let D be a non-empty
increasing directed subset of UB(A). Let D e V® be such that D = {%|x € D}
X {1}, Then we have the following:

(1 [[ﬁ is an increasing directed subset of UB(A);] = 1.

(2) If u=sup D then [ = sup D] = 1.

3 If [u=sup ﬁ] =1 then there is some ve UB(A) such that v =
sup D and that [u = 0] = 1.
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Proof. Obviously, [[f) C UB(A)z] =1. Since D is an increasing
directed set, for any x,y € D, there is some ze D such that x <z y<z.
From Proposition 6.4, we have

inf sup[¥ <ZAJ <L 2] =1.

z,yED z€ED

It follows that
[(Vx,yeD)@zeD)x < zAy<z] =1,

and hence it is easy to see that D is an increasing directed subset of
UB(A); in V®, Thus (1) holds. Suppose that u = sup D. Then u e UB(4A)
and obviously # is an upper bound of D. Let x e UB(A)® be an upper
bound of D in V®. By Theorem 5.7, there is some y ¢ UB(A) such that
[x=%] = 1. It is easily seen that y is an upper bound of D so that
u<y. It follows that [ < x] =1 and hence [& = sup D] = 1. Thus
(2) holds. Suppose that [u = sup D] = 1. Then [u e UB(A);] = 1. From
Theorem 5.7, there is some ve UB(A) such that [0 = sup 13]] = 1. For
any x € D, we have [# < U] = 1 so that x < v, and hence v is an upper
bound of D. Let xeUB(A) be an upper bound of D. Then % is an
upper bound of D in V® and hence [ < %] =1 so that v<x. It fol-
lows that v = sup D. Thus (3) holds. Q.E.D.

Lemma 8.3. Let A be an Z-embeddable C*-algebra. For any normal
positive Z-functional f on A, f is a normal positive linear functional on A
in V®. Every normal positive linear functional on A in V® which is
Z-bounded arises in this way.

Proof. Let f be a normal positive Z-functional on A. Then it is
easy to see that 7 is a positive linear functional on A in V®, To see
that f is normal in V®, let D be a non-empty increasing directed subset
of the unit ball of A in V®, Let D be such that D = {pe A|[pe D] = 1}.
Then by Lemma 8.1, Dis a non-empty increasing directed subset of the
unit ball of A and [(sup D)y~ = sup D] = 1. By the normality of f, we
have f(sup ﬁ) = sup {f(p)|p e 13}. It is easy to see that

[sup{7(p)|p e D} = sup {f(p)|pe Dy ] = 1.

It follows that

[f(sup D) = sup{f(p)|pe D}] = 1.

Thus f is normal in V®. Conversely let g be a normal positive linear
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functional on A in V® such that ||g|z€Z. Then there is a positive Z-
functional f on A such that [g = f] = 1. Let D be an increasing directed
subset of the unit ball of A and let D be such that D = {%|xe D} X {1}.
By Lemma 8.2, D is an increasing directed subset of the unit ball of A
in V® and that [(sup D)~ = sup D] = 1. Since f is normal in V®, we
have [[f(sup D) = sup{f(x)|xeD~}1] = 1. It is easy to see that f(sup D)
is an upper bound of the set f(D) = {f(x)|xe D}. Let u be an upper
bound of f(D). Then for any x e f(D), [% < @] = 1 and hence [sup {f(x)|x
eD} < @] = 1. By the preceding arguments, we have [7((sup D)™) < ]
= 1. Thus we have f(sup D) < u. It follows that sup f(D) = f(sup D)
so that f is normal. Q.E.D.

THEOREM D. Let A be a Z-embeddable C*-algebra. Then A, is a
Kaplansky-Banach Z-module and A is the Z-dual of A,. If A is the Z-
dual of another Kaplansky-Banach Z-module X then X is Z-isometrically
Z-isomorphic to A,.

Proof. Let A be a Z-embeddable C*-algebra. Obviously, A, is a
Z-submodule of A* Consider their Boolean embeddings (4,)~ and (A4%~.
Then [(A,)~ is a linear subspace of (A49)~] =1 and [(4%)~ = (A)*] = 1.
By Lemma 8.3, (A,)~ is the linear space generated by all normal positive
linear functionals on A in V®, By a certain theorem of W#*-algebras,
we have [(4,)~ = (A),] = 1. Now we shall show that (A)")" = A,. Let
fe({(A)™)". Then f is a linear combination of normal positive linear
functionals in V®. By Lemma 8.3, there are four normal positive Z-
functionals f,, f;, f:, f. such that [f = 8] = 1, where g = (f, — fo) + i(f; — f)).
It follows that the correspondence f— f from A, to ((4,)~)" is surjective
and hence from Theorem 5.2, ((A)™)" = A,. Thus A, is a Kaplansky-
Banach module and A is the Z-dual of A,. Suppose that A is the dual
of another Kaplansky-Banach Z-module X. Then we have [A is the
dual of }Z']] = 1. By the uniqueness theorem of preduals of W*-algebras,
we have [[X' is isometrically isomorphic to A,] = 1. Since X is a
Kaplansky-Banach Z-module, the following relations holds:

X=X = @)= (A" = 4.
Thus X is Z-isometrically Z-isomorphic to A,. Q.E.D.

THEOREM E. Let A be a Z-embeddable C*-algebra for an AW*-sub-
algebra Z of the center of A. Then A is Z-embeddable for every AW*-
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subalgebra of the center with Z, C Z.

Proof. Let A be a Z-embeddable C*-algebra for an AW*-subalgebra

Z, of the center of A. Let Z be an AW*-subalgebra of the center of A
such that Z, © Z. By the assumption, we can assume that A is an
AW*-gubalgebra of a type I AW=*-algebra L with center Z,, Let Z’ be
the commutant of Z in L. Since Z is an AW%*-subalgebra of L which
contains the center of L, it follows from [19, Theorem 3.1] that Z’ is of
the same type as Z and hence Z’ 1is a type I AW*-algebra. Since Z is
commutative, the center of Z’ is Z. Since Z is contained in the center
of A, we have A'NZ' = A’ and that (A’'NZYNZ =A"NZ =ANZ
= A so that the bicommutant of A in Z’ is A. Thus A is Z-embeddable.
Q.E.D.

COROLLARY 84. Let A be a von Neumann algebra. Then A is Z-
embeddable for any AW*-subalgebra Z of the center of A.

Proof. Since every von Neumann algebra is C-embeddable AW*-
algebra, the assertion follows immediately from Theorem E. Q.E.D.
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