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Banaschewski (1963) and Frink (1964) generalized the compactification
procedure of Wallman to obtain Hausdorff compactifications of Tychonoff
spaces. Numerous papers have been devoted to the problem whether all Hausdorff
compactifications may be obtained in this way, and for many classes of com-
pactifications an affirmative answer has been given. This note is a contribution
in this direction. We show that if a (Hausdorfl) compactification aX of X is the
quotient space of a Wallman compactification yX in such a way that the set of
multiple points of X with respect to yX is not too large, then X too is a Wallman
compactification. The results are generalizations of earlier results of Steiner and
Steiner (1968) and by the author (1966) for the special case that yX is the Stone-
Cech-compactification.

1. Preliminaries

Let «X be an arbitrary (Hausdorff) compactification of the (Tychonoff)
space X . We shall identify X with a subset of «X . Interior, closure, and boundary
in «X are denoted by °, 7, and 4.

We start by presenting some general auxiliary results.
LemMA 1.1. If G is open in aX, then G = (G N X)™°.

PRroOOF. Let x € G, and let U be an arbitrary neighbourhood of x. Then GN U
is a neighbourhood of x, and hence contains a point y € X, since X is dense in
X . Clearly ye G N X, and so xe(G N X)~. This means that G = (G N X)~,
from which follows that G < (G N X)~°, since G is open.

COROLLARY 1.2, If F is closed in aX , then (F°NX)°=(FNX)™° = F°,
ProOF. Obviously (FCNX)" =(FNX)" <F, hence (FONX)°c

(FAX)"' cFo,
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On the other hand, F° c (F° N X)~° by Lemma 1.1, from which the result
follows.

CoroLLARY 1.3. IfF isclosed inaX ,then [(FCNX)"] c J[(F N X)~] < oF

Proor. By Corollary 1.2 wehave d[(F° N X)"] = (F°NX)" — (F°NX) %=
(FPNX)" —F°c(FNX)"—F'= (FNX)" - (FNX)° = J[(FNnX)].
Similarly we have J[(FNX)"] = FNX)" —F°cF —F° = 0F.

A base on a space shall always mean a base for the closed sets. A ring base
is a base which is closed under finite unions and intersections.

PROPOSITION 1.4. If # is a base on aX, then B = |[#NX]" is also a
base on aX.

ProoF. Let H be closed in aX and x ¢ H. Since «X is a normal space, there
is a closed set F such that x¢ F, H =« F°. Let Be % be such that F < B, x¢B.
Then x ¢ (B N X)~, since (BN X)~ < B. According to Corollary 1.2 we have
(BNX)" > B% and B°> F°> H. Since (BNX)~€#’, this completes the
proof.

(From Corollary 1.2 follows that if F is regular, then F = (F N X)~.
So #' = % if # consists of regular sets.)

Now let X be a compactification of X such that yX = aX, and let = be the
natural map of yX onto aX . (That is: = is a continuous, hence closed, map of
yX onto «X which reduces to the identity on X .)

PrROPOSITION 1.5. Let & be a ring base on yX. If N is a neighbourhood
of the closed set F in aX, then there is a set Be # such that F cn(B) = N
(In particular n(#) is a base on aX.)

Proor. Let N be an open neighbourhood of the closed set F in «X. Then
n~1(F) and n~*(— N) are disjoint compact sets in X . Since the base & is a ring,
there is a set Be # such that n~'(F) =« B, BNa~!(—N) = . Clearly F c n(B)
and n(B) = N . By applying this result to the situation that N = aX — {x}, where
x ¢ F, we conclude that n(%) is a base.

COROLLARY 1.6. If # is a ring base on yX,then B =[#NX]" is a base on a.X.
Proor. Clearly # N X = n(#) N X, and so the result follows from Propo-
tion 1.4 and Proposition 1.5.
2. Multiple points and reduced bases

In the following we assume that yX is a Wallman compactification, and wish
to show that under certain conditions aX is a Wallman compactification too.
It suffices to show that aX has a base #Z with the trace property with respect to X.
(That is: If N7-;B: # &, then (Ni-; B)NX # &, for every finite col-
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lection By, -, B,€ % .) Then the ring generated by Z N X is a normal base on X
corresponding to aX . See for example Steiner (1968) and Steiner and Steiner
(1969) . Furthermore we know that since yX is a Wallman compactification, yX
has a ring base %~ with the trace property with respect to X (f. ex. #" = ¢l x.&,
where % is a normal base on X corresponding to aX). See for example Steiner
(1968). In the following we consider one fixed such base on yX.

We define the reduced base #™* on aX corresponding to #~ by

W*={Z":Ze(W NX)&n ' (Z7)<B
for some Be ¥  for whichZ = BN X}.
Lemma 2.1, #°* has the trace property with respect to X.

PrOOF. Let Z; e #™* and let B;e # such that Z, = B,N X, n~'(Z;) < B;,
i=1,-,n. Then Ny7n'(Z7)< Ni-1Bi, and XN N B, = NI, Z;
=XnNn N/{Z . Now assume that X N N/L,Z = . It follows that
N'_,B;, = &, since # has the trace property. Thus NI,z '(Z]) = &,
and hence (/-1Z; = . This completes the proof.

We shall say that a point x in «X is a multiple point with respect to pX if
7~ Y(x) consists of more than one point. The set of such points will be denoted
by M,,. (This generalizes the concept of multiple point in Njastad (1966), where
yX is assumed to be the Stone-Cech-compactification.)

, PROPOSITION 2.2. Let Ze# N X, and assume that 0Z~ NM,, = . Then
Z- eW™*.

ProofF. Let B be an arbitrary set in %" suchthat BN X = Z. By Lemma 1.1,
7Y Z7%) c cdx(n T Z7]NX) = cly(Z7°NX) ccly(Z™ N X) = clxZ<B.
Next let xen~'(0Z~). We observe that n(B) > Z~ since # is a closed mapping.
So n(x) is the image of some point y in B. But n(x) ¢ M, since 02~ "M, = &,
hence x must be equal to y. This means that n~*(0Z~) < B.

Thus we have shown that both n~!(6Z~) < B and n~}(Z~°) = B, which
means that n~1(Z~) = B. This completes the proof.

(We observe that n~'(Z~) = B for every Be#  for which BNX =Z.)

3. Zero-dimensional embedding of the multiple points

Let # be a family of closed sets in a space Y. We shall say that a subset 4
of Yis #-embedded (#-zero-dimensionally embedded) in Y if # contains a base
A, for Y such that 0B < Y— A for every Be #,. Thus zero-dimensional em-
bedding means #-embedding, where & is taken to be the family of all closed
sets. The condition of zero-dimensional embedding generally is weaker than
that of Z-embedding. We notice that every subset of a #-embedded set is #-em-
bedded.
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THEOREM 3.1. Let W~ be a ring base on yX with the trace property with
respect to X . Assume that M, is #-embedded in 0 X , where & is some (closed)
family on aX such that ZNX c# NX. Then #* is a base on «X, and
oX is a Wallmann compactification.

ProoF. Since #°* has the trace property with respect to X (Lemma 2.1),
it suffices to show that #°* is a base in order to know that «X is a Wallman
compactification. By assumption # contains a base %, such that ¢B < aX — M,,
for every Be %,. For every such B, BNXe# NX, and ¢[(BNX)~ ] < IB
according to Corollary 1.3. From Proposition 2.2 follows that (B N X)~ e #7%,
and from Proposition 1.4 follows that (Z, M X)~ is a base on aX . Hence #°*
is a base on «X, which completes the proof.

COROLLARY 3.2. If M, is n(#")-embedded in aX, then aX is a Wallman
compactification.

Proor. The result follows immediately from Theorem 3.1 and the obser-
vation that #(#)NX =% NX.
As usual, X shall denote the Stone-Cech-compactification of X .

PrROPOSITION 3.3. If X is a normal space and My, is zero-dimensionally
embedded in 0X , then oX is a Wallman compactification.

Proor. Let # denote the family of all sets of the form clzxC, C closed in X,
Then % N X consists of all closed sets in X . #” is a base on X and has the trace
property with respect to X, since X is normal. Let & denote the family of all
closed sets in aX. By assuptionM,, is #-embedded in aX, and ZNX=¥"NX.
So the result follows by Theorem 3.1.

We recall that two sets in «X are said to be far (with respect to the corres-
ponding proximity) if their closures in X are disjoint. We shall say that a set A
is weakly p-embedded in aX if every two disjoint (open-closed) sets in a partition
of A are far. Clearly every closed set (and every connected set) is weakly
p-embedded. _

LeEMMA. 3.4. Let & be a base on aX such that if N is a neighbourhood of
a closed set C then there is a set Be # suchthat C «c B < N . If a set Q is weakly
p-embedded in aX , then Q is #-embedded in o X .

PRrROOF. Let 4 be a closed set in X and let x ¢ A. Then there is a closed set F
such that A NF° x¢ F, and by the zero-dimensional embedding there is a
closed set H such that F < H®, x¢ H, 0HNQ = . Now consider the sets
B=QNH,C=Q—-H. B and C are closed in Q, hence B- N"C~ = ¢ by
the weak p-embedding. We have (x UC)" N(AUB)"=(x UC)N(B~ UA4) =
(xNBYUC"NBYUKXNAU(C™ NA). Obviously xNB~ =&, xNA
= . Thus (A UB)~ caX —[(x UC)™], and so there is by assumption (and
the normality of X) a set K in # such that (A U B)" <« K°, K caX —~ [(x V(O)"].
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It follows that K NQ > (AUBNQ =B, @ X—-K)NnQo(xulC)NQ>C.
This means that K N Q = (F. Since A = K, x ¢ K, this shows that Q is #-em-
bedded in «X , which was to be proved.

THEOREM 3.5. If yX is a Wallman compactification and M., is contained
in a weakly p-embedded and zero-dimensionally embedded subset Q of aX,
then aX is a Wallman compactification.

PrOOF. According to Lemma 3.4 and Proposition 1.5, Q and hence M,,
is n(#")-embedded in aX , where #” is a ring base on yX wiht the trace property
with respect to X. So the result follows by Corollary 3.2.

CoroLLARY 3.6. If yX is a Wallman compactification, and M,, is contained
in a set Q which is normally and zero-dimensionally embedded in aX, then
oX is a Wallman compactification.

Proor. Let A and B be disjoint open-closed sets in Q. The function f which
islonA,0o0nQ— A, is continuous on Q. The normal embedding of Q implies
that f has a continuous extension to «X . From this follows that A~ "B~ = (J.
Thus Q is weakly p-embedded in «X, and the result follows from Theorem 3.5.
(This result is in Njastad (1966) for the case that yX = $X.)

4. Countable sets of multiple points

A family £ of continuous functions on a set Y is said to be separating if
for every closed set F and point x not in F there is a function fe . such that
Sf(F) = {0}, f(x) = 1, f(Y) =[0,1]. In particular ¥(«X) is a separating family
on «X . For every real number r we write Z,(f) = {z: f(z) < r}, and we denote
by F[#] the family of all sets Z,(f), fe .#. We denote by £(X,aX) the family
of all functions on X which are continuously extendable to X . It is easily seen
that F[&(X,aX)] = F[€@X) N X.

LemMMA 4.1. A countable set M in a space Y is ¥ ﬂ'[f] -embedded for every
separating family £,

PrROOF. Let F be closed in Y, x¢ F, and let f be a function in # such that
f(x) =1, f(F) = {0}, f(Y) =[0,1]. We observe that 3Z,(f) = {z:f(z) = r},
hence the sets 0Z,(f) are disjoint. So M NIZ.(f) = J for at least one r,
since M is countable. This shows that M is #[.#]-embedded in Y, which was
to be proved.

The spaces which admit separating families are the completely regular ones,
so in particular we conclude that every countable set in aX is zero-dimensionally
embedded.

PROPOSITION 4.2. Let W be a ring base on yX with the trace property with
respect to X,and assume that there is a separating family £ on aX such that
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FlFINX c#W NX. Then aX is a Wallman compactification if M,, is
countable.

Proor. The result follows from Theorem 3.1, since by Lemma 4.1, M,, is
F[F)-embedded.

ProposiTioN 4.3. If yX is a Wallman compactification, and M., is count-
able and weakly p-embedded in aX , then aX is a Wallman compactification.

PrROOF. From Lemma 4.1 follows that M, is zero-dimensionally embedded
in X, and so the result follows by Theorem 3.5.

COROLLARY 4.4. If yX is a Wallman compactification and M, is countable

and closed (in particular if M,, is finite), then aX is a Wallman compactifi-
cation.

Proor. Every closed set is weakly p-embedded, and Proposition 4.3 applies.

PrROPOSITION 4.5. Let W~ be a ring base on yX with the trace property
with respect to X, and assume that F[E(X,0X)] =« # NX. Then aX is a
Wallman compactification if M,, is countable.

Proor. M,, is F[€(«X)]-embedded in oX by Lemma 4.1, and so the result
follows by Theorem 3.1 and fact that F[€(X)]NX = F[E(X,aX)].

COROLLARY 4.6. Assume that #" is a ring base on yX with the trace property
with respect to X, and that W N X o F[&(X,7X)]. Then aX is a Wallman
compactification if M,, is countable.

ProOF. The result immediately follows from Proposition 4.5, since
Fl6(X,aX)] = F[6(X,yX)].
We remark that if yX = fX, then by choosing

W = iy F[€(X)] = clpxF[EX, BX)]

we have #" N X = F[&(X,pX)]. Hence it follows that if My, is a countable
set, then aX is a Wallman compactification. (This is the result of Steiner and
Steiner (1969)).

5. Conclusion

Important classes of compact spaces which are Wallman compactifications
(of their dense subspaces) are the compact metric spaces (see, for example,
Aarts (1968), Steiner and Steiner (1969)) and the compact linearly ordered spaces
(see, for example, Biles (1970), Hamburger (1971)). Let T be such a compact
space, and X a dense subspace. Then the compactification yX = T is usually not
the Stone-Cech-compactification of X. Let aX be a compactification of X such
that «X < yX. Then M,, may be sufficiently small (with respect to the con-
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ditions of the theorems in this note) to insure that aX is a Wallman compactifi-
cation, while My, may be rather large. Thus in some situations it is possible
to conclude from properties of M., that «X is a Wallman compactiffication,
while the same conclusion may not be obtained by considering M,,. Simple
examples are obtained for example by identifying a finite number of points in a
closed subset of a Euclidean space (the closed set being a compactification of
some dense subset not containing the identified points).
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