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GLOBAL HOLOMORPHIC APPROXIMATION ON THE
PRODUCT OF CURVES IN C*

EL MOSTAPHA FRIH AND PAUL M. GAUTHIER

ABSTRACT. We prove that every continuous function on the product of certain
curves can be asymptotically approximated by entire functions.

1. Introduction. Let? be the image in C™ of the real axis under a proper continuous
imbedding. It was shown by Alexander in [1], that if v is smooth, then every continuous
function on Y can be asymptotically approximated on Y by a holomorphic function in
C™. The term “smooth” means “piecewise C'”.

The aim of this work is to prove asymptotic approximation of continuous functions
on the product of smooth curves by entire functions.

Before stating the result, we fix some notation. For X a compact subset of C", let C(X)
be the Banach algebra of continuous complex valued functions on X with the supremum
norm and P(X), the closure in C(X) of polynomials. The polynomially convex hull X
of X is

{z € C" | p(2)| £ || pllx for every polynomial p} .

Fori = 1,...,k T" will denote a smooth properly imbedded image in C" of the real
axis. Letn = Y% | n;and T’ = [T, T". Let B! denote the open ball in C" centered at
the origin and with radius r. By “arc” we mean a homeomorphic image of the closed unit
interval.

In this note we establish the following.

THEOREM. For every continuous function fon I" and every positive continuous func-
tion € on T, there exists a function g holomorphic in C" such that | f(p) — g(p)| < e(p)
foreachpinT.

2. Preliminaries. For the proof of the theorem, we shall need some preliminary
lemmas.
The following is a consequence of Stolzenberg’s result [2]. For the proof see [1].

LEMMA 2.1.  Let X be a compact polynomially convex subset of C" and let o and 8
be disjoint smooth arcs in C" such that « N X and 3 N X each contains a single point.
Then,

a) XU a U g is polynomially convex;
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b)CXU aU B)N PX) =PXU aU B).

In the following lemma, we establish an approximation result on the union of two
products of compacts sets

LEMMA2.2. Fori=1,...,k let X' be a compact polynomially convex subset of C"
and Y a smooth arc in C". Suppose that X' U = X' U a'U B, where a' and 3’ are
disjoint smooth arcs in C" such that o' N X' and ' N X' each contains a single point.
FX:=T, XUTIL, 7', then

cxX)npP <ﬁ X") = P(X).
i=1

PROOF. Let y a measure on X orthogonal to polynomials. By the Hahn-Banach The-
orem, it suffices to show that p is orthogonal to the space C(X)N P(I'[f.‘=l X*). For this it
suffices to show that the support of y is contained in [T, X'. Let ¢ then be a continu-
ous function on X such that the support of ¢ doesn’t meet Hf;l X' we must show that
pu(p)=0.Letn =¥ | n;andforz € C", write z = (z,...,7*), where z € C". For

i=1

Jj=1,...,k, define 6; on C" by
0:(z) = inf ||/ —w].
i(2) inf Iz —w||

Let A be the function of C" which is equal to ¢ / ¥, 6; on supp ¢ and which is zero
elsewhere. Note that % is continuous and has the same support as ¢ . Since ¢ = Ef-;] 0:h,
it suffices to show that jp = Oforj = 1,... k.

Considered as a function of #,§; vanishes on X’ and is continuous everywhere. Then
by Lemma (2.1) and the assumption on X/ U Y/, §; is the uniform limit of polynomials
on X/ U 7/ and hence on X. If we combine this with the fact that y is orthogonal to
polynomials, it follows that 8;u is orthogonal to polynomials. Note also that the support
of §;u is contained in [T*_; ¥'since §; =0on 1%, X'.

Let f be a continuous function on [T¥_; ‘. Using the Stone-Weirstrass Theorem
and the polynomial approximation on smooth arcs, we can approximate f uniformly on
T, 7 by polynomials and then §;u(f) = 0 since 6;u is orthogonal to polynomials.

3. Proof of the theorem. We may assume that I" contains the origin. For each i,
define as in [1], 7, to be the subarc of I' N B: which contains the origin and ¢! the set
I\ { the two unbounded components of I \ B.}. Then 7,’ and o/ are bounded open
arcs in C".

For each i, define by induction a sequence of real numbers (r(}, i));= ¢ as follows: put
r(0,i) = 1 and r(j,i) > r(j — 1,i) + 1 for j > 0 such that

(3.1 oki-14 C Bl

(3.2) Byj-10Y Grjm1.) N Griy \ Vi) = 0.
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Condition (3.1) can be achieved since o/ is bounded and (3.2) since the first set in com-
pact and the second goes to infinity since IV does. For simplicity, we write ji, aj" and B;
for ¥, ;4 0y and By i respt_:gtively. '

For each i, define X} = (B;_, U 7. )" forj Z 2. It can be shown as in [1], that
X; UV, =X U (af U B/), where a; and j; are disjoint smooth arcs each intersecting
X; at a single point. Forj = 2,let X; = 1L, Xland ¥; = [T, X U I, 7,

We are now ready to prove the theorem in the case where e(x) = 1. Choose a sequence
(€:);z o of positive numbers such that "= €¢; = 1. Let f be a continuous function on I'.
We may suppose thatf is in fact continuous on C". By the Stone-Weirstrass Theorem and
by the polynomial approximation on smooth arcs in each C™, there exists a polynomial
go such that

(33) I/ = gollg, 5, < o

Letay € C®(C"),0< a; £ 1,y = lon[lX, B and a; = 0 outside [T, BY. Let
fi = o180+ (1 — ay)f. By Lemma (2.2), there exists a polynomial g; such that

B34 I1Ai—gllr. <e.
This gives in particular

(3.5 llgr — gollx, < e,

since each X} is contained in B.
Since f — fi = a1 (f — go), it follows from (3.3) and (3.4) that

(3.6) ”f'_gl”r[é;l »73i < €g+e€q.

since f; = f on the complement of IT¥_, B} and this complement contains [T%_, 7} \ TT%_,
74, it follows from (3.4) and (3.6) that

7 — . )
3.7) “f gl“nile o < € +e€;

Suppose that there exist polynomials go, g1, . .., gm—1 satisfying

(3.8) llgi —gi-illx., <€, for 1SS m—1
and
J
(3.9) Hf——ngHk 7 <> €, for 0Sj=Sm—1.
i=1 'j+3 v=0

Leta, € C®(CN,0S ap £ Loy = 1onIlY, B, and o, = O outside 1%, B.,,.
Let fin = apugm—1 + (1 — ap)f. In the same way as we established (3.4), there exists a

polynomial g,, such that
”fm - gm“Ym+l < €m.
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This gives (3.8) forj = m and from the induction hypotheses and an argument similar to
the proof of (3.7) we also have (3.9) forj = m
Since the inequality (3.8) is satisfied for all j and since X; contains [I%_, Bj’i_z, it
follows that the sequence (g;);>o converges uniformly on compacts subsets of C". Let
g = lim gj, then g is holomorphic in C". We show now that g approximates f on I'". Fix
2 0. Then for m > j, we have g,, = g; + i (8 — &-1) and

(3.10) If— g’””H" 71 s |f- gj”nk 7! + _Zﬁ; e — 8- l”Hk 'yl
Since TIL_, 7, is contained in [T, 75 and also in X;;; and since (3.8) and (3.9) are
satisfied for all j and from (3.10), it follows

7=l , 5= = N7 —sllppe it _Zm e < ;0 e+ g“ e =1
Since the set TT_; 7, expand to cover T, it follows that |f(p) — g(p)| < 1,forp € T.
We have proved the theorem in case of €(p) = 1. Suppose now that ¢ is a continuous
positive function on I' and f is continuous on I'. Then there exists a function g holomor-
phic in C" such that | —1 +log e — g| < 1 onT. This implies Re g < log € on T. Also
there exists a function Ay holomorphic in C" such that |hy — f exp (—g)| < 1 onT. If
we put i = hg exp (g), then h approximates f on I" within e(p).

REFERENCES

1. H. Alexander, A Carleman theorem for curves in C", Math. Scand. 45 (1979), pp. 70-76.
2. G. Stolzenberg, Uniform approximation on smooth curves, Acta Math. 115 (1966), pp. 185-198.

Département de Mathématiques et de Statistique
Université de Montréal

https://doi.org/10.4153/CMB-1991-035-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1991-035-1

