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ON A DUAL RELATION FOR ADDITION FORMULAS
OF ADDITIVE GROUPS, I
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Introduction

This is the first in a series of papers concerned with a relation between
a representation in the polynomial ring of additive groups and its trans-
lation invariant operators. The present study is to observe several proper-
ties of a polynomial sequence p.(x) satisfying the binomial identity:

(1) p(x +y) = H;ZBJHpa(x)pr(y) ,

by means of some translation invariant operators. For example, to take
the very simple case, that is, x*/a!, the set of translation invariant opera-
tors is {9/dx,, - - -, 3/6x,}. This technique is the so called “umbral calculus”
or “‘symbol calculus” widely used in the past century (cf. [2], [7]). This
gives an effective technique for expressing a set of polynomials in terms
of another.

In this series, we call it the dual relation for addition formulas of
the additive groups. In the case of a polynomial sequence of one variable,
G.C. Rota etc. [9] deals with the dual relation. In this series, we investi-
gate the case of generic n variables.

Let us give a brief description of the contents of this paper.

Section 1 deals with one to one correspondence between a polynomial
sequence with the binomial identity (1) and a set of n translation invariant
operators.

Section 2 deals with the expansion theorem by a polynomial sequence
with the binomial identity (1). Then as corollaries of this theorem, we
obtain a characterization of the polynomial sequence by a numerical
sequence, and a generating function of the polynomial sequence.

Section 3, that is a main result, deals with an analogy of the classical
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Rodrigues’ formula. Also, we obtain the so called “transfer formula” to
connect x/a! with the other polynomial.

Section 4 gives some nontrivial examples.

Let us enumerate symbols and notations used in this paper. The
symbol Z" is the subset in the n dimensional integral lattice Z", in which
each point has all nonnegative entries. Let the Greek letters «, B, - --
be vectors in Z" and, for example, the components of @ be written in the

form
Ol:(O(I, ’.')an)-
Let {e,, - - -, e,} be a unit coordinate system, that is,
61:(1:0, "'70), "'7en:(07 "',0’1)-

For we Z" and the variable x = (x,, -- -, x,), the length &, + --- + a, of
« is denoted by ||, and the polynomial x*/a! is x{1/a,! - - - xn/a,!. Instead
of the partial differential operators d/ox,, - - -, 8/dx,, we use the symbol
0y, -+, 0, Also the vector (9/ox,, - - -, d/ox,) is denoted by the symbol a.
Let P, ---, P, be translation invariant operators. Then the multiple

P .- Pr» is denoted by P*. The notation §,f is a generalization of the
Kronecker’s delta symbol §,;; such that

1 if @ =4,
5aﬁ: .
0 if «£8.

Chapter 1. Basic Polynomials

§1. Fundamental properties

We shall be concerned with the algebra (over a field K of character-
istic zero) of all polynomials p(x) in n variables to be denoted P.

By a polynomial sequence we shall denote a sequence of polynomials
p.(x), where the parameter « is always in Z%. A polynomial sequence p,.(x)
is called to be of binomial type if it satisfies the followings:

(i) the degree of p.(x) is |al;

(ii) setting p, () = > i a,% + b, i=1,---,n,
the determinant |a,;l;;.s,...,, does not vanish;

(ii) (Binomial Identity) p,(x + 3) = Yle-ss, PAOD,()-

The simplest sequence of binomial type is, of course, x*/a!, but we give
some nontrivial examples in Section 4.
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ProposiTioN 1.1.1. The polynomial sequence p,(x) of binomial type has
the following properties:

(1) pox) =1, 0=1(0,---,0);
(ii) p.0) =0 whenever a€ Z" — 0;
(iii) the sequence p.(x) generates the set of all polynomials.

Proof. Setting y = 0 in (iii) of the binomial properties, we obtain
P(%) = p.(0p0) + p.Op(x), i1=1,---,n.

Since each p,,(x) is exactly of degree 1, it follows that

p,(0) =1 and ,hence, p(x) =1 and p,(0) =0, fori=1.---,n.
Hence, using (ii) of the binomial properties, and changing the coordinate,
we get
(1.1.1) D.(x) = x,, i=1---,n.
Fix the coordinate to satisfy (1.1.1). Let p.(x) be written in the form

Po(x) = 2 ale; Ax?[p! .
Iterating (iil) of the binomial properties, we obtain for g =8, + --- + B,
alw; B) = 7] ka(al; B - alae; B -

ayteeeta

Hence, by (1.1.1), a(«; ) in the highest degree |«| of p.(x) is equal to d,;.
So, we obtain (iii). Also, setting y = 0 in (iii) of the binomial properties,
and comparing the monomial of the highest degree of p,(x), we have (ii).

Q.E.D.

We introduce the another algebra > to be the algebra of translation
invariant operators. All operators we consider, are assumed to be linear
and act the algebra of polynomials. Setting the translation operators E,,
that 1is,

(1.1.2) E,p(x) = p(x + a),

an operator T to commute with E, is said to be translation invariant.

The following proposition gives an isomorphism between the algebra
of translation invariant operators and the algebra of all formal power
series in the partial derivation d,, i =1, ---, n.

ProposiTioN 1.1.2. If T is a translation invariant operator, then T is
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written in the form of a formal power series in the partial derivation 0,,
i=1---,n
Proof. Set the operator T in the following:
Tx*|e! = 3 asx?/p!.
;

Since T is translation invariant, we have

TE x*|a! = E,Tx"[a! .
By the linearity of T and the binomial property of x*/a!,

TE x*[a! = T(x + y)*[a! = > alxr[1! y°[! .
a=8+4

On the other hand, we have
E,Txla! = E, > agxf|p! = 3 agxr[r! »°/5! .
I3 B=r+3d

Hence, comparing the coefficients of the both sides, we get

a—3§

a;

=a,,.
Setting 7 = 0, we have
a;™’ =ai .
Here, we note that if « — 6 does not belong to Z7,
a; =0.
Hence we obtain

Tx*ja! = 37 a;~*xf|B! = 3 afotx/al .
7 7

Q.E.D.

Let P, ---, P, be translation invariant operators. Proposition 1.1.2
gives differential expressions p,() of P, i =1, ---, n, respectively. A set
of the translation invariant operators {P,, ---, P,} is called the delta set

if
(i) pz(O):(), izl;"'3n;

(i1) the Jacobian at the origin

{apl(o)/agb ) apn(o)/aSI ‘
| : #0.
}apl(o)/agm Tt apn(o)/BSn
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Remark. The symbol {p,(&), -- -, p.(6)} of the delta set {P,, ---, P,} is
a regular homeomorphism fixing the origin. Hence, there exists the unique
delta set {@,, ---, @,} such that the symbol {q,(&), - - -, q,(£)} satisfies

qz(pl(‘s), "'ypn(S)):&i: l=1: e,
The delta set {P,, ---, P,} to satisfy
ap(0)/3&; = 4y;

is said to be normal.
Let {P,, ---, P,} be a delta set. A polynomial sequence p.(x) is called
the sequence of the basic polynomials for {P,, - - -, P,} if:

(ii) p.(0) =0 whenever o€ Z% — 0;
(iii) for each i =1, .-, n
pa—e'(x) ’ if @ — e; € ZZ‘- ’
Pi ax = ' .
P¥) { 0 if «a —e; g2 .

ProrosiTioN 1.1.3. The followings are equivalent:
(1) the delta set {P,, ---, P,} is normal;
(ii) the basic polynomials p.(x) for {P,, ---, P,} satisfy

DP.(x) = x;, i=1-,n;

(iii) the coefficients a(a; p) of the highest degree of the basic polynomial
px) for {P, ---,P,} is equal to 9.

Proof. We shall prove (i) = (iii). Inducing on the degree of p,(x),
we assume that (iii) holds for p.(x) of the degree less than I. Set p.(x)
in the form

p(x) = > ala; P[B!,

1810

and the differential expression {p,©), - - -, p,)} for {P,, - --, P,} as the fol-
lowing

P@©)=0,+ > c;,.0".

la|>1

Hence, by (iii) of the basic polynomials, a(«; f) of the highest degree
satisfy

a(a;ﬁ):a(a—ei;ﬁ—ez), i:]-y""n’
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if « — e, and B — e, belong to Z%. But the right side of the above rela-
tion is a coefficient of the highest degree of p,..(x). Therefore we obtain
(iii). It is clear (iii) = (ii). Also, (i) and (iii) of the basic polynomial give
i) = @). Q.E.D.

CoroLLARY. The monomial of the highest degree of the basic polynomial
px) for the normal delta set is equal to x*/a!.

The basic polynomial p,(x) for the normal delta set {P,, ---,P,} is
called the normal basic polynomial.

ProprosITION 1.1.4. Every delta set has a unique sequence of basic
polynomials.

Proof. By a change of the coordinate, we may consider the normal
delta set. Inducing on the degree of polynomials, we assume that, for
la| < I, p.(x) satisfies the conditions of the basic polynomial. We show
that, for |a| =, p.(x) also exists and is unique. Let p,(x) (a] =1) be
written in the form

DPo(x) = x%[a! + 37 cppy(x) .

181<1

Now, for i =1, ---, n, we have

p’é(a)pa(x) = pO)x[e! + Cﬁpﬂ—ei(‘x) s

181<t

where, for 8 — e, & Z", p,_.(x) is regarded as vanishing. Each p,(d)x*/a!
is at most of degree I — 1. Hence, Proposition 1.1.3 and (iii) of the basic
polynomial give a unique choice of the constants c,. Q.E.D.

The typical example of a basic polynomial sequence is x°/a!, basic
for {d,, - -+, d,}. Several properties of the polynomial sequence x*/a! can
be generalized to an arbitrary sequence of basic polynomials. A basic
property of x?/a! is of binomial type. This turns out to be true for every
sequence of basic polynomials.

TueoreMm 1.1.5. (i) If p.x) is a basic sequence for some delta set
{P,, ---, P}, then it is a sequence of polynomials of binomial type.

(i1) If p.(x) is a sequence of polynomials of binomial type, then it is
a basic sequence for some delta set.

Proof. (i) By Proposition 1.1.3, the proof of (i) and (ii) of the
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binomial property is clear. We prove the binomial identity (iii). Iterating
the property (iii) of basic polynomials, we see that

Pip(x) = po-4(%) ,
where for « — fe Z", we regard it as vanishing. Hence, for « =,
[Pp()]so =1
while, for, a #+ 8,
[PPp(®)]z=g = 0.
Thus, we may trivially express p.(x) in the form

pu(%) = };jpﬁ(x)[P/’pa(x)]ho :

By Corollary of Proposition 1.1.3, this expression also holds for all poly-
nomials p(x), that is,

p(®) = 2, PAOPP()]:-0 -
Now suppose p(x) is the polynomial p.(x + y) for fixed y. Then
Po(x +9) = 2 pAR)PPox + Plavo -
But by the translation invariant property of P’, we see
Px+ )= 2, Pap,(y) .

Hence, the sequence p,(x) is of binomial type.

(ii) Suppose now p.(x) is a sequence of binomial type. By Propo-
sition 1.1.1, we have only to define a delta set for which such a sequence
p.(x) is the sequence of basic polynomials. Let P, i =1, ---, n, be the
operator defined by the following:

Da-e(x)  if @ —e;eZt
Pi a xX) = ' "
P®) { 0 if & —e& 20 .
We may trivially write (iii) of binomial type in the form
px +y) = §pﬂ(x)Pﬂpa(y) ;

and, using (iii) in Proposition 1.1.1, this may be extended to all poly-
nomials:

plx +y) = 4? p(X)P?p(y) .
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Now replace p by P,p, and we obtain
wma+w:§mﬂwwww, i=1---,n.
But
(P.p)(x + y) = E(P.p)y),
and
Zﬁ] pX)P*cip(y) = Pi(Eﬂ_.“ px)P?p(y))
= P(p(x + ¥)) = P.E.p(y) .

Therefore each P, is a translation invariant operator. Using Proposition
1.1.2 and P,p,(x) = 0, we obtain (i) of the delta set. Hence, each differ-
ential expression p,(@) of P, is expressed by

pz(a):iczkak-‘r Z Ci,ﬁaﬁ, i:l’...,n.
k=1 181>1

By (ii) of binomial type, the determinant |cl; ;-;...,, does not vanish.
Hence, (ii) of the delta set holds. Q.E.D.

§2. The expansion theorem

We study next the expansion of a translation invariant operator in
terms of a delta set and its multiple powers. The difficulties caused by
convergence questions are minimal, and we refuse to discuss them in this
paper.

The following theorem generalizes the Taylor expansion formula to
delta sets and their basic polynomials.

TueorEM 1.2.1. (First Expansion Formula). Let T be a translation

invariant operator, and {P,, ---, P,} be a delta operator with a basic set
px). Then

T=3 aP°
with

@ = [Tp.(%)].- -

Proof. Since p,(x) are of binomial type, we may write the binomial
identity as

px +y) = 4? Ps(0)P?p(y) ,
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where, for « — ge Z%, we regard P®p,(x) as vanishing. Apply T to the
both sides regarding x as the variable and y as a parameter and get

Tp(x +y) = z; Tp()Pp.(y) .
By Proposition 1.1.3, this expansion can be extended to all polynomials.
Setting x equal to zero, we obtain the expansion formula. Q.E.D.

This theorem gives an explicit interpretation to the generating func-
tion of a sequence of basic polynomials.

CoroLLARY 1.2.2. Let {P,, ---, P,} be a delta set with basic polynomials
Px), and set P, =p, ), i =1, ---, n. Let {q\8), ---, q,(6)} be the inverse
formal power series. Then

S PR = exp 3 xa®) -

Proof. Expand the translation operator E, in terms of {P, ---, P,}
by the first expansion formula. Then, we have

Zpa(a)Pa = Ea ’

a formula which can be considered as a generalization of Taylor’s formula.
By Proposition 1.1.2, we get

2,p)p (€)= exp 2, al,,
whence the conclusion, upon setting & =p¢), i=1,---, n, and a = «x.
Q.E.D.

Next, we obtain a useful characterization of basic polynomials as the
following:

CoroLLARY 1.2.3. Given any sequence of constants c(e), i=1, -+, n

b

(a € Z% — 0) with the determinant |c;(e,)]; j-1,..... # 0, there exists a unique
sequence of basic polynomials p.(x) such that

[0:p.(0)],0 = ) .
Proof. Set

qi(&)zgci(a’)ga3 i:17"'7n'

The above corollary gives a unique sequence of basic polynomials p.(x)
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to satisfy
€xp ;1 %, 2 e = 3] p(x)g” .

Operating 9, to the both sides and setting x equal to zero, we get the
relation of this corollary. Q.E.D.

§3. Closed forms

For the first time we introduce operators that are not translation
invariant. Let p(x) be a polynomial. Multiplying each term of p(x) by
the variables x;,, i =1, ---, n, we obtain a new polynomial x;p(x). Call
this multiplication operator and we denote it by x,, i =1, --., n.

LemmA 1.3.1. Let the symbol of f(@) be f(€). Then its commutator
[f@, x] =f@x, — x.f©@, i=1--,n,
corresponds to a translation invariant operator with the symbol (3,f)(§).

The proof is a straightforward verification.
In this section, let (9;/)(0) be the differential operator corresponding
to the symbol (3,1)(8).
As well known, the delta set {3,, - - -, 9,} and the multiplication opera-
tors x;, i =1, -- ., n, satisfy the Heisenberg Weyl relation, that is,
[ai, a]] = [xi; xj] = 0 ]
and

[at,Xj]=5ij, i,j:]_,...’n'

Now we construct another operators for generic delta set to satisfy the
Heisenberg Weyl relation.

THEOREM 1.3.2. Let {p,(&), - --, p.(§)} be a symbol of the differential
expression of the delta set {P,, ---, P,}. Setting the inverse Jacobi matrix:

alpl(E)a Tty anpl(s) -
. = (bij(e))i,jsl,---,n )
alpn(E), ] anpn(S)

then we have the following relations for i, j=1,---,n:
(i) [p@), p,d)] = 0;
(ii) [ZLl x,.b,9), Dk xkbkf(a)] = 0;
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(i) [p@), 2ik-1 %:0:5(9)] = 0y

Proof. By Proposition 1.1.2, the proof of (i) is trivial. We can show
(iii) immediately. Indeed, by Lemma 1.3.1,

[p.@. 33 0,0

=P 3 %5 @) — 3 x5, O)p.(0)

=32 (P, — xNb.,)
= 3} 0.p)@)5..0)
=38y

Lastly we prove (ii). The left side of (ii) is the following:

[Z x,b.,0), Z xkb,”(a)]

=1

= > 2,5 (0)xb,,(0) — x.b,,(0)%,b,.0)

= i:l Xy {é [bki(a), x,] sz’(a) - [bkj(a)> xl]bli(a)} .
Therefore we have only to prove the following:
(L31) 3L Qb )@bE) — 0b)EbE) = 0.

Setting the inverse functions of {p.(&), -- -, p.(&)} by {g(D), - - -, .0}, we
have

Hence, setting

(El, Ty gn) - (ql(C)a ] qﬂ(C)) ’

we have
(1.32) 3 0pOOAI) = b

and so, for 7, j =1, -, n,

b.i(8) = (0,490) -
Using (1.3.2) and
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008, = 33 (3.0 XEWAC ,

we can replace the left side of (1.3.1) as the following:

3 0b)EbLE) — 0.b)EbE)

— 3. 304,006, 0,00 — 3(0,a.)/0g G.a)®)
=z,§:"11 (0.:P)(€)(023:9)()@;9)() — @.Pn)(E)(00; 2:)E)(3:q)()
= 31 30,0900 — 3.:2,2,40)
=0.
Hence, we obtain (1.3.1). Q.E.D.

Now, we obtain a creation operator for a sequence of basic poly-
nomials. In the theory of classical polynomials [11], it is well known as
Rodrigues’ formula.

CororrLARY 1.3.3 (Rodrigues’ Formula). Using the notation of Theorem
1.3.2, we have for the basic polynomial p,(x) of {P,, ---, P}

pa+e¢(x) = (ai + 1)'1<kz731 xkbki(a)) p,,(x) , 1= 1,---,n.

ProposiTioN 1.34. Let {P,, ---, P,} be a normal delta set and p,(x)
be the normal basic polynomials for {P,, ---, P,}. Then the differential ex-
pression {p,@), - - -, p,(d)} of {P,, ---, P,} satisfies the following conditions:

(1.3.3) p9) = 3,q,0) ,
and
(1.3.4) q,000 =1, i—1,.-,n

if and only if the constants [0,p.(x)],., = aa), i =1, ---, n, in Corollary
1.2.3 satisfy the following

(1.3.5) afa) =0 whenever a« — e, ¢ Z" .
Proof. Set
pl(a) = Z ci(a')aa ’ i = 1’ ) n

and
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Pu(x) = § ala; p)xB! .

The property (iii) of the basic polynomial gives

(1‘3‘6) Z ci(ﬁ)a(a; 18 + T) = a(oz — € T) ’ i = 1’ cr, I
?

Setting 7 = 0 in (1.3.6) and using Proposition 1.1.3.

1.8.7) ci@) —I-WZ<‘,| ]a(oz; BelB) = 4,., .

Iterating (1.3.7), we obtain
ci(a') = kZ::o(_l)k Z a(a; 181) ce a(ﬁk—l; ‘Bk)aﬂk,ei 5

la|>[B1]>=+> |8kl

(1.3.8)
i=1---,n.

Also the binomial identity (iii) gives, for =8, + --- + 8, ,
(1.3.9) a(a; p) :a=a »;.Mla(al; B - ala; B) .

Suppose that (1.3.5) holds. Note that a(x;e;) = a(a). By (1.3.9), if
B — e, is contained in Z7, a(a; p) vanishes except the case of « — ¢, € Z".
Hence, by (1.3.8), we see that if @« — e, is not contained in Z", c¢(a) is
equal to zero. So, (1.8.3) and (1.3.4) hold.

Conversely, suppose that (1.3.3) and (1.3.4) hold. For |a]=1, it is
trivial to prove (1.3.5). Inducing for the length of «, that is, |a|, we
assume that for |«] << ¢ — 1, (1.3.5) holds. By using (1.3.8) and (1.3.9), we
easily prove (1.3.5) similar to the proof of the sufficient condition. Q.E.D.

To prove the transfer formula, we need a property of a determinant
with noncommutative entries.

Let A,;, i,j =1, ---, n, be linear operators. We define the determinant
with the noncommutative entries A;; such that

All, ] Aln

4 A =>e0)Anw  Anen s
nly " nn

¢

where ¢ runs in the permutation group of order n, and ¢(s) is the signa-
ture of o.

Let € be an algebra generated by operators A, B;,i,j =1, ---,n and
the identity operator I. Then we define the operators A, éi and Ig‘;k,
i,j=1,---,n, on © such that for XS,

(1.3.10) AX=AX, BX=BX

and
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(1.3.11) BrX = XB,.

LemMa 1.3.5. Suppose that B, commutes B, for i,j =1,-..,n. Then
we have following

ABy —[A,B), —I[4,B) -, —[4,B,]
- [AAZ’ Bl]’ AAZB;k - [A\z, BZ]} ity T [ A.Z, Bn] I
A Bl e ,AB*_[A, B,
(1.3.12) (A, A‘]A A [ ] .
BA,BA, - , B, A,

where [A,, B)] is the commutator:
A.B, — B/A,
Proof. From the definition of the determinant, we have only to prove

the identity:
3 @A G BF — B,w)GuwdBf — [4y, B,o))

@19 = o OuuwAdBE — (A, BuyDI = 0.
Using

[BI,E‘]] =0, Lji=1.--,n,
we have

(1 3 14) Z E(U)A\l(alo(l)él* - Bé\vl(l))(ala(Z)BEKi/,< - Ba(z))/iz@a,,@)/iségk
- [A3’ B"(3)]) e (gno(n)Aan - [Am Ba(n)])I =0.

Hence, adding the left side of (1.3.13) to (1.3.14), we obtain

(1 3 15) 2 E(G)Al(ala(l)é;k - Ba(l))AZ((alo(Z)Bf + 520(2)B§) - éa@))
X (6317(3)14:«)-31;k - [AS, Bu(a)]) et (5mr(n)14nB7>i< - [An7 Ba(n)])-['
Going on the similar method, we obtain
3 €0 A BE — B,)(0n B — [A,, B,o))
ttt (6no(n)AnB\;‘: - [Am ]—:}v(n)])I
=3 (A6, Bf — B,)Al(10BF + 8:0BY) — B.)

ot An (kZ::I 5ka(n)éf - Ba(n)>1'

(1.3.16)
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Using

(kZ::lakO(n)B\;ck _ Bv(n)>1 =0 ’

we obtain (1.3.13). Q.E.D.
Now, we obtain a useful formula, that is, “Transfer Formula”.

TueoreM 1.3.6. (Transfer Formula). Let p.(x) be a normal basic poly-
nomial for the normal delta set {P,, ---,P,}. Then for some differential
operators P(a; 0) with constant coefficients depending on a parameter «, p,(x)
is represented by

(1.3.17) p(x) = Pla; d)x*/a!,

if and only if the i-th component of the differential expression {p,@d), ---,
p.@)} is divided by 9,: for some differential operators {q,(), - - -, q.(9)},

(1.3.18) p:0) = 3,9.09), i=1---,n
So, we have the followings:

@:p)@), -, 0.0)0)
) Pu(x) = : :

@.2)@), - -, @..)@)
QI(a)-arl Tt Qn(a)_anklxa/a! ’

(ii) in the algebra © generated by the operators q0) * and x,, i,] =
1, -- -, n, setting A; = ¢,(3)"* and B, = x;, and using the notation in Lemma
1.3.5, we have
PAIR A N
(Il(a)—.mxfk — @.9:)0@), -, — (anq.f‘“)(a)
p(x) = aE I-xemem=trjal
P o~ N
- (alq;an)(a)’ R} Qn(a)¥anx:( - (anq;an)(a)

(i1i) by using notations of (ii),

" TN “ S
xlql(a)”“l, ......................... , anl(a)—“l
TN Py n P N
P®) = | — (3,g7°)0), ¢:0)"=%F — (g7 @), - - -, — (3,q5*)(3)
PR PO N
_ (alq;“n)(a), ...................... R qn(a)‘“nx;k _(anq;“n)(a)

X I xr-a=r=enjg |
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Proof. First, we shall prove the necessary condition. Set the fol-
lowings

P(a; 0) = ; b(a; p)o* ,
and
Po%) = ; ale; P)x?/pl.
By (1.3.17), we have
(1.3.19) ale; ) = bla; o — ) if a — pezn.
(1.3.20) ala: p) =0 if @ — fezn.

Therefore setting g = e, in (1.3.20), Proposition 1.3.4 gives (1.3.18).
Next, we show that the right sides of (i) and (ii) define the same
sequence. Indeed,

(alpl)(a)’ -+, (0,p)()
: O a@ @l

@p)@), - -+, 0.2)@)
= 2 D)) - QP OGO ™ -+ 4,(0) 7w
= 2 d0)0u0@:0) + 30,0 a)O)
o+ (Croy@a(0) + 0,0,y @)@ONG@) = - -+ @, (3) ' fex!
= 3 )01 w@ 0 — a7 0,0,0ar "))
o (Crem @@ — 0770, (0, (nyqr “)(0))x[ex!
= DY B @) (g )O)

o (05,0,570) - qu@) T matCar

Here the permutation ¢ of the last equation is an element in the permu-
tation group of order k. By using the notations of (ii), the last equation
is equal to (ii). The proof of (ii) = (iii) is straightforward verification in
virtue of Lemma 1.3.5. Lastly we prove the sufficient condition. Replace
the right side of (i) by p.(x). Then it is easy to see

POBAD) = Puol®),  i=T,-m.

By (iii), we have

P0) =0 for ¢eZ2® — 0.
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For a = 0, (i) and the conditions of the normal delta set give
DPo(x) = 1.

Therefore we see that p,(x) is a basic polynomial for {P,--- P,}, and by
Proposition 1.1.4, p.(x) is equal to p.(x). Q.E.D.

§4. Examples

In this section, we discuss a generalization of typical nontrivial
examples to appear in the theory of combinatorics and stochastic proc-
esses, that is, the Abel polynomials and the Gould polynomials (cf. [3],
[4], [5], [6], [8], [10]). In the case of one variable, it is known in Rota,
etc. [9] that the Abel polynomial x(x — na)"~'/n! is the basic polynomial
for the delta operator d/dx exp (ad/dx), and the Gould polynomial
x(x + bn)~'(x + bn),/n! is the basic polynomial for the delta operator
(exp (d/dx) — 1) exp (—b d/dx). Here the symbol (x), is equal to the lower
factorial x(x — 1)-.- (x — n + 1). We generalize the delta operator and,
by using the transfer formula, give the basic polynomial for the delta set.
In this section we use, for convenience, e(x) in stead of exp x.

(1) A generalization of the Abel polynomials.

We consider the following normal delta set:

) = d.e(a;, 3)) = 0,9.,0) , i=1,--,n,

where {a;, ) is equal to D> %.,a;0,. Then by the transfer formula (iii),
the basic polynomial p.(x) is calculated as follows:

o TN TS
xlql(a)_“ly ........................... , anl(a)“"l
P S R S
pa(x) = | — [sz(a)_m, xl]’ qz(a)—agf;k - [Cb(a)_”, x2]1" Tty T [Qz@)_az, xn]
o RPN : o~
- [qn(a)ﬁa”’ x1]9 """"""""""" ) Qn(a)_an-f:zk - [qn(a)‘a"’ xn]
X I go-ei= =
xle(.—al<al, a>)’ ........................... , xne(_a1<a1’ a))
e T — N T T
= “2‘1213(.—052(“2, 0y), (£F + szazz)e(_“2<a2,.a>)’ ) “2a2ne(—“2<a2, )
: e — : . T —
ananle(’_an<am a>)? """"""""" ’ (fj + anarm)e(—an<am a>)
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a"”\‘\\

1 (e(Zaka, NIz~ al

Replacing the above equation by the determinant of commutative entries,
we have

pu(x) = "ZJ:* b ®nirjor ** s Xy,
k=0 1=j0< < . .

-

O3 Qjrjor ** s X5

n

[T (e(—alay, ))x==cn=*%/a!

i=1
Xy o , Xy,
_ Q5 Qj g+ 05 Qg @y, 5,
F20 1= o< <in
Q@i * " s X Qi

n n ap—=0pjy = =01y
11 (xl_zaiail> /a!-
=1 i=1

Hence, we obtain the Abel polynomials with n variables:

Xy wvre e , X,
g, Xy — D 0y, » Cplay,
J— k#2
pn(x) - *
OpQyyy *re e e » Xn Z A Qyp
k#n

Let us give some properties of the Abel polynomials with n variables.

(a) A generalization of the Abel’s identity (cf. [1]).
In virtue of Theorem 1.2.1, the Abel’s identity is stated as

@+l = 3 2@ [ (v + 3 prau) /120

(b) A generalization of the first Abel inverse relation ([8], p. 93).
Using Corollary 1.2.2, we obtain
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a, = Z pﬁ(x)br s

a=8+7

ba = Z pﬁ(—x)ar .

a=8+r

{c) The orthogonal relation is the following:

buee = 2o DPO)D(—x).

a—ap=f+7
The other properties of the Abel polynomials with n variables will

be taken in the following papers.

(i) A generalization of the Gould polynomials.
We consider the following normal delta set:

pz(a) = (e(ai) - 1)8(-—— <ai, a>) ’ i = 1’ P (2

where {a,, ) is equal to > 7., a9, .

As well known, the lower factorial (x),/n! is the basic polynomial
for the delta operator e(d/dx) — 1. Hence, by the transfer formula (i) in
the case of one variable, we see

(1.4.1) (d/dx(e(d/dx) — 1)-)"*'e(d/dx)x" = (x), .

In virtue of the transfer formula (i) and (1.4.1), the basic polynomial p.(x)
is calculated as follows:

— ay(e@) — 1) + e(ax)f - alz(e.(al) -1, -, = aln(ff(al) -1
Pu(x) = - azl(e(?z) - 1), . .
— @,(e(@,) = 1), oo )= @, (@) — 1) + e(d,)

I el (e, 9) T1 (0:(e(@) — D7) 1l

— ay(e(@) — 1) + (@), — ay(e(@;) — 1),' Tty T aln(e(al) -1
- azl(e(?z) — 1), —ay(e@) — 1) + e@,), . )

—a(e@) — 1), e , —a,,((,) — 1) + e@,)
]ljl <xj -1+ iaiau) /a! .

Here, we note that

(—ayle(@) — 1) + e(al))(xl -1+ Jf_“:l “jajz)a

11

n -1 n
= (xl + 2] ozjaﬂ)<xl + 2 oz]-a,-l> (xl + 2. ajaj,) .
J#l j=1 j=1 a

13
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Hence, we obtain the Gould polynomials with n variables:

x; + Z CpQyy, — Qg vy — 018y,
k=1
— Gy, Xy + Z OpQpgy * vy — Uy,
(1.4.2) P.(x) = . =
Oy * o nmrsmee e e s Xy -+ Z a,Q,
i#n

n n -1 n
I (xl + 2 aja”> (xl + 2 a,aﬂ> /a!.
=1 Jj=1 j=1 a;
Let us give some properties of the Gould polynomials with n vari-

ables.

(a) A generalization of Gould’s inversion formula (cf. [5] (3.1) and

(3.2)).

Since

r@= 3 C07(§)e(D - Zaca, ),

a=B+7 k3

by Theorem 1.2.1, we find that

F@ = % (=05 )6~ <aa™)

is the inverse of

f(@) = 2. p(0)F(a) ,

where the notation <g’> is equal to <,0§1>' . -(%”), and the vector {«, a*)
1 n
is (ZLl iy - vy Dt Q).

(b) Setting p(x)=p.(x; a) in (1.4.2), we give the connection constants
of p.(x; @) in terms of p(x; a — b) (cf. [5], (5.5)).
Now,

e({b; — a;, 3))(e(d,) — Dp.(x; a)
= Po-e(x + b5 a)

and, therefore
e(é Bib; — ay, 6>) J]i (e(d,) — 1)Pip.(x; a)

= pa-ﬁ(x + ;;Bibi; a),
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whence, by Theorem 1.2.1,

149 ptyia) = T pleia—bpy+ 38k a).

By a change of parameters, we also obtain

(1.4.9) px +y;a —b) = ) :Zﬂ] Tpﬂ(x; a)p,<y — é B:bi; a — b) .

(c) A generalization of Gould’s main theorem (cf. [5] (5.3) and (5.4)).
Using (1.4.3) and (1.4.4), we obtain the inversion formula:

fe+y) = 3 Fiop(y - Npbsa—b),
Fx+3) = 3 f@p(y+ 3 8bia).

The other properties of the Gould polynomials with n variables will
be taken in the following papers.
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