Glasgow Math. J. 45 (2003) 401-413. © 2003 Glasgow Mathematical Journal Trust.
DOI: 10.1017/S0017089503001344. Printed in the United Kingdom

SEIBERG-WITTEN INVARIANTS AND (ANTI-)SYMPLECTIC
INVOLUTIONS

YONG SEUNG CHO and YOON HI HONG

Department of Mathematics, Ewha Women'’s University, Seoul 120-750, Korea
e-mail: yescho@ewha.ac.kr, yoonihong@hanmail.net

(Received 16 November, 2000; accepted 18 February, 2003)

Abstract. Let X be a closed, symplectic 4-manifold. Suppose that there is either a
symplectic or an anti-symplectic involution o : X — X with a 2-dimensional compact,
oriented submanifold ¥ as a fixed point set.

If o is a symplectic involution then the quotient X /o with b;(X /o)>11is a
symplectic 4-manifold.

If o is an anti-symplectic involution and ¥ has genus greater than 1 representing
non-trivial homology class, we prove a vanishing theorem on Seiberg-Witten invariants
of the quotient X /o with b3 (X /o) > 1.

If X is a torus with self-intersection number 0, we get a relation between the
Seiberg-Witten invariants on X and those of X/o with b7 (X), b5 (X /o) > 2 which was
obtained in [21] when the genus g(¥) > 1and X - ¥ =0.

2000 Mathematics Subject Classification. 53D05, 57M12, 57M50, 57R17, 57R57,
57S25.

1. Introduction. Let X be a closed, oriented Riemannian 4-manifold and let
L— X be a complex line bundle satisfying ¢;(L) = w,(TX) mod 2. Then there is
a principal Spin¢(4)-bundle & — X associated to L. We say & is a Spin‘-structure
associated to L. Let W*(£) be (j:%)—twisted spinor bundles associated to &. The
determinant bundle det W¥ is isomorphic to L.

Let A(L) be the set of all Riemannian connections on L. The gauge group
G(L) of all bundle automorphisms on L acts on A(L) x (W™ (§)) by g(4, )=
(A—2g7'dg, g), for all g e G(L) and (A4, ) € A(L) x T(W*(£)).

For a unitary connection 4 € A(L) and a positive spinor field ¢ € T'(W(§)) the
Seiberg-Witten equations are defined by

{FI = q(¥),
Dy =0,

where D4 : T(W*(§))— I'(W~(£)) is the Dirac operator associated with 4 and ¢ :
Co(W(§)) — QL(R) is a quadratic map defined by ¢(¥) =y ® y* — L 1d.

Let M(&) be the moduli space of the gauge equivalence classes of all solutions of
the Seiberg-Witten equations. Then M(&) is compact by [16].
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We consider perturbed Seiberg-Witten equations:

{FZ +i8 = q(¥),
Dy =0,

where § is a real valued, self-dual 2-form on X.

Then the perturbed moduli space M;(§) is a smooth manifold with its dimension
dim M;(&) = %{Cl(L)z[X] — (2x(X) 4+ 3Sign(X))}. If the metric on X is chosen so that
the perturbed Seiberg-Witten equations admit no reducible solutions, then Mj(§) is
compact. If dim M;(¢) = 2d, then the Seiberg-Witten invariant is defined by

/ A MsE0),
M;(&)

the integral of the maximal power of the Chern class of the circle bundle
M;s(&)o = Ms(&), where M(&)y is the framed moduli space.

If dim M;(§) is odd or negative then the Seiberg-Witten invariant is defined to be
zero. For details, see [23].

In general, there are infinitely many elements c;(L)e H*(X;Z) satisfying
¢1(L)=wy(TX) mod 2. Each such element induces a Spin‘-structure on X. However
there are only finitely many elements in H*(X;Z) such that their Seiberg-Witten
invariants are non-zero. Such an element in H*(X;Z) is called a basic class. Hence
the set of basic classes is finite. Furthermore X is said to have simple type if all basic
classes satisfy ¢ (L)’ [X]=2x(X) + 30 (X).

Using the Seiberg-Witten invariants, Taubes [23] proved the non-trivialness of
the Seiberg-Witten invariants on symplectic 4-manifolds with b5 > 1. In Section 2,
we consider a symplectic involution o over a closed symplectic 4-manifold X with
a symplectic structure w. We show that if the symplectic involution o has a 2-
dimensional, compact, oriented submanifold as a fixed point set, then the quotient
X /o with b3 (X /o) > 1 is a closed symplectic 4-manifold.

If a closed, oriented Riemannian 4-manifold X has a basic class, it gives a minimal
genus bound for the embedded surface, called the adjunction inequality.

THEOREM 1.1. (Adjunction Inequality [16,19]). Let X be a smooth 4-manifold with
by (X) > 1 and a basic class L, and let Ty be an embedded connected oriented surface
with Xy - Xy >0 and [Xx] # 0 € Hy(X; Z). Then we have an inequality

—Xx(Zx)= 2y Zx+|a(L)[Zx]|.

Ozsvath and Szabo [20] extended Theorem 1.1 for a 4-manifold X of Seiberg-
Witten simple type with 53 (X) > 1 and g(£y)>0and Ty - Zy <0.

Related with a symplectic 4-manifold, there is a Akbulut’s conjecture [15] (Problem
4.104) that if an anti-symplectic involution ¢ acts on a simply-connected, closed,
symplectic 4-manifold X (that is, o*w = —w for a symplectic structure w) with a 2-
dimensional smooth surface as a fixed point set, then X /o =rCP>tsCP? or nS> x S,
for somer, s,n, €N.

Akbulut [1] showed that if o is a complex conjugation over a complex algebraic
surface X with a real algebraic surface as a fixed point set then X /o =rCP?4sCP? or
nS? x S? for many cases.

In Section 3, we consider an anti-symplectic involution o over a symplectic 4-
manifold X with a 2-dimensional compact submanifold as a fixed point set. By using
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Theorem 1.1, we show that if the fixed point set contains a Riemann surface with
genus greater than 1 representing non trivial homology class in H>(X /o ; Z), then the
quotient X /o with b3 (X /o) > 1 has a vanishing Seiberg-Witten invariant.

Let X’ be a closed, smooth, oriented 4-manifold with a smoothly embedded 2-
torus 77 with self-intersection number 0 and let 7 : X — X’ be a double cover branched
along T2. In Section 4, we prove a relation between the Seiberg-Witten invariants on X
and those of X" when b3 (X), bJ (X’) > 2. Ruan and Wang [21] proved the same results
when the genus of the fixed point set is greater than 1 and the fixed point set has self-
intersection number 0. In particular, if o : X — X is an anti-symplectic involution on
a closed symplectic 4-manifold X whose fixed point set is a torus with self-intersection
number 0, we get a relation between the Seiberg-Witten invariants on X and those of
X/o.

In Section 5, we calculate Theorem 4.7 for some cases.

2. Seiberg-Witten invariant of the quotient manifold under a symplectic involution
with a 2-dimensional fixed point set. Let X be a closed symplectic 4-manifold with
a symplectic structure w. A smooth map o : X — X is a symplectic involution if and
only if c* o =w and 0> =1d on X.

PROPOSITION 2.1. Let X be a closed symplectic 4-manifold with a symplectic structure
w. Suppose that o : X — X is a symplectic involution with a 2-dimensional, compact,
oriented submanifold X.. Then X is a symplectic submanifold.

Proof. By definition, J is a w-compatible almost complex structure if and only
if w(v, Jv)>0, forall v#0e TX, and w(Jv, Jw)=w(v, w), for all v, we TX. It is
known that the set of all w-compatible almost complex structures is not empty and
contractible. Then we can find a w-compatible metric g such that g(v, w) = w(v, Jw)
and w is self-dual with respect to g.

Let TX and Ny be, respectively, the tangent and normal complex line bundles of
in X. The induced map o, on TX|x =TX @ Ny satisfies o, |ry =1d and o, |y, = —1d.

Then o acts as an isometry over 7X |y for the w-compatible metric g. Indeed, for
all v, v, € TY and wy, wy € Ny, g(v;, wj)) =0, i,j=1,2, and

o*g(v1, v2) = g(oyv1, 04v2) = g(v1, v2),

o*g(wy, wr) = glowwr, o,ws) = g(—wy, —wz) = g(wy, wa).
Then we have

g(Jov, w) = w(oww, w) = d*w(o.w, w) = w(v, o,w) = g(Jv, o,w)

=o*g(Jv, o,w) = g(o,Jv, w), forall v,we TX|s.

Thus g(Jo,v, w) = g(oxJv, w), for all v,w e TX|g, and Joo, =0,0J on TX|x.
Then forallv e TX, Jv € TY and so T'Y is a complex vector space.

For any non zero ve TZ, we have Jv e TE and w(v, Jv) =g(v, v) > 0. Thus the
restriction of w on X is a symplectic structure on X. U

PROPOSITION 2.2. Let X be a closed symplectic 4-manifold with a symplectic structure
. Suppose that o : X — X is a symplectic involution with a 2-dimensional compact,
oriented submanifold ¥ as a fixed point set. Then the quotient X /o with by (X /o) > 1is
a closed symplectic 4-manifold.
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Proof. Let m : X — X /o be the projection and the image of the fixed point set
m(X)=1X’. Then by [24] and [5], the quotient X /o is a closed, smooth 4-manifold.

By [4], there is a o-invariant tubular neighborhood N(X) of X in X such that the
restriction 7| y(x) : N(X) — 7w (N(X)) = N(X') is a double covering with the branch set
¥/ that is locally 7 (z, v) = (z, —v) =]z, v], for all z € T and v in the normal fiber.

Since 0*w=w, the o-invariant symplectic form » on X defines naturally a
symplectic form o’ on X/o by o'(v/, w')=w(v, w) if m.(v) ="', m.(w)=w’ for all
v,weTX.

Indeed, forall X € ¥’ C X /o, the tangent space Tv X' =T, X' & Nx/| and locally
o' =dx|dx} + dxydx,, where x' = (x}, x}) and (x}, x,) is a coordinate of the normal
fiber. Then there is an element x€ X C X such that 7(x)=x", T, X =T, & Nx|, and
locally w =dxdx; + dxzdxy.

Let v=(vy, v2), w=(wy, wr) € T\ X =T, ® Nx|, and m,v =1, m,w=w'. Then
o4(vy, v2) = (v, —v7) and we have

o(v, w) = (dx1dx; + dx3dxg)(v, w) = dxidx:(vi, wi) + dx3dx4(va, wa),
o*w(v, w) = w(ow, o,w) = o((vy, —v7),

(w1, —w2)) =dx1dx2(v1, wi) + dx3dxs(—v2, —w2) =dx1dxz(vi, wi) + dxzdxs(va, wa).

Thus o' is well-defined on X' C X/o. The other case xe X/o — X’ is clear since
o0 *w = w. Thus we have completed the proof.

EXAMPLE 2.3.[7]. Let X = 5% x S? be the symplectic 4-manifold with the standard
product symplectic form w = w; + w,, where w; and w; are the standard symplectic
forms on S2.

The involution o : X — X is given by o(x,y) = (y, x). Then o is clearly a
symplectic involution and its fixed point set is the diagram A(X)=S>. Then the
quotient X /o = CP? is symplectic. O

3. Seiberg-Witten invariant of the quotient manifold under an anti-symplectic
involution with a 2-dimensional fixed point set. Let X be a closed symplectic 4-
manifold with a symplectic structure w. A smoothmap o : X — X is an anti-symplectic
involution if and only if it satisfies 0 *w = —w and 0> = Id on X. If X is a Kéhler surface
then o is anti-symplectic if and only if ¢ is anti-holomorphic; that is, o, o J = — J o 0,
for the complex structure J on X. For an example of an anti-holomorphic involution,
we can consider a complex conjugation over a complex algebraic surface.

From now on suppose that there is an anti-symplectic involution o : X — X with
a 2-dimensional, compact submanifold X as a fixed point set. Then we have the
following result.

LEMMA 3.1. Each connected, oriented 2-dimensional component ¥ C X° is a
Lagrangian surface.

Proof. Since o is anti-symplectic, o *w = —w and so 0 *w|x = —w|x. However, over
the fixed point set 3, we have

ool =0lxx) =0ls.

Thus w|y =0 and X is a Lagrangian surface in X. O
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PROPOSITION 3.2. For an anti-symplectic involution o, we have o, 0 J = —J o 0, for a
w-compatible almost complex structure J as long as o is an isometry for the w-compatible
metric g.

Proof. Let g be a w-compatible metric such that g(v, w)=w(v, Jw), for all
v, we TX, and w is self-dual with respect to g.
Since o is anti-symplectic and acts as an isometry for the w-compatible metric g,

we have
g(Jov, w) = w(o,, w) = —c*w(ow, w) = w(—v, o,w) = g(—Jv, o, w)
=o*g(—Jv, oyw) = g(—o,Jv,w), forall v,we TX.
Thus we have Joo, = —0,0J on TX. |

LEMMA 3.3. Each connected, oriented 2-dimensional component ¥ € X° satisfies
x(Z)+X-2=0.

Proof. Let J be the w-compatible almost complex structure and g be the compatible
metric.

Over TX|x =T% & Ny, the induced map o, acts as o,|ry =1d and o, |y, = —1d
where 7Y and Ny are the tangent and normal complex line bundle of ¥ in X,
respectively. Then o acts as an isometry on 7X|y for the w-compatible metric g.
Indeed, for all vi, v2 € TS and wy, wy € Ny, g(v;, w;)) =0, fori,j=1, 2, and

o*g(vy, v2) = glowvy, o,v2) = g(v1, v2),
o*g(wy, wy) = glowwi, o,wz) = g(—wi, —w2) = g(wy, wy).

By Proposition 3.2, we have Joo,=—0,0J on TX|xz and so J is an orienta-
tion reversing isomorphism J : 7, X — Ny, for each xe€ X. Thus we have x(X)=
-2 - 2. O

THEOREM 3.4. Let (X, w) be a symplectic 4-manifold and o : X — X be an anti-
symplectic involution with a 2-dimensional compact submanifold as a fixed point set.
If the fixed point set contains a Riemann surface ¥ with genus g(X)>2 and 0 #£[X] e
Hy(X : Z), then the quotient manifold X /o with b;”(X/o) > 1 has a vanishing Seiberg-
Witten invariant.

Proof. Let w : X — X /o be the projection map and 7 (X) = X’. By [5] and [24], we
have X' - X' =2% - X.
If the quotient X'/o has a Seiberg-Witten basic class L then, by Theorem 1.1, we
have
lel(DIE] + 22 < —x(2). (D
By Lemma 3.3, x(X)+ X - ¥ =0 and so the equation (1) implies that
el (DIZ] +22 -2+ x(B) = la@)[E] +Z -2 <0.

Then we have

ler(D[X] < -% - X. (@)
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Since g(X) > 2, we have X - ¥ = —x(X) > 0 and so equation (2) yields a contradiction.
Thus there is no Seiberg-Witten basic class over X/o. O

REMARK 3.5. Let X be a closed, smooth, almost complex 4-manifold with
an almost complex structure J. Assume that o : X — X is an anti-holomorphic
involution with a 2-dimensional, compact submanifold as a fixed point set. Then,
since Joo,=—o0,0J on TX, we have an orientation reversing isomorphism J :
T.X — Nx|, forall xe X.

With the same conditions on ¥ as in Theorem 3.4, the quotient X /o with
b3 (X /o) > 1 has a vanishing Seiberg-Witten invariant. O

4. Relationship between Seiberg-Witten invariants on X and X’ when g(X) =1
and X - X =0. Let X’ be a closed smooth 4-manifold and 7 : X — X’ be a double
branched cover along a surface ¥’. Ruan and Wang [21] established a formula between
the Seiberg-Witten invariants on X and X’ with b5 (X”), b5 (X) > 1 when ¥’ has genus
greater than 1 and X’ - ¥’ = 0. Suppose that H>(X; Z) hasno 2-torsion. Letz (X)) = X
and Y, be the complement of a tubular neighborhood of ¥’.

THEOREM 4.1. [21]. Let 7w : X — X' be a double cover branched along a surface ¥’
with genus greater than 1, [£'* =0, and such that b3 (X"), b3 (X) > 1. Suppose that &
is a Spin®-structure on X' satisfying ci(det&)-[X']1 <0, and the virtual dimension of the
Seiberg- Witten moduli space and the adjunction term, |ci(det&)[Z]|+ X - X'+ x(¥')
both vanish. Moreover let & be a Spin‘-structure on X whose determinant bundle is
det& =n*(det£) @ PD[X]™! and whose restriction to Yo =n~'(Yy) is the pull-back of
&ly,. Then the following equality holds:

SWy(E) = SWy(§) + ke(X',Z) mod 2,

where k:(X', X') = X 1ex; SWe(Ely ® v) is an invariant of the triple (X', ¥, H) and
c=ci(det&)® —2x ().

Ruan and Wang proved Theorem 4.1 by using the relative Seiberg-Witten
invariants formula [19]. Their idea is to rewrite the Seiberg-Witten invariants on X and
X’ in terms of relative Seiberg-Witten invariants and relate the relative Seiberg-Witten
invariants using the Seiberg-Witten theory with a Z,-action. Under the conditions of
Theorem 4.1, all finite energy solutions of the Seiberg-Witten moduli space defined
over the cylindrical end space are irreducible. They exclude the case in which ¥’ is a
torus, because here we have reducible solutions of the Seiberg-Witten equations over
the cylindrical extensions of the complement of 772

In Section 4, we prove a formula between the Seiberg-Witten invariants of X and
X’ when the genus of X" is 1 and - ¥’ =0 by using [18] and [21].

Assume that X’ is a closed, smooth, oriented 4-manifold with a smoothly
embedded 2-torus 72 with self-intersection number 0. Then X’ is diffeomorphic to
a 4-manifold Y U(IJ(D2 x T?), where Y is a smooth, compact, oriented 4-manifold with
boundary dY = T3, ¢ : 8(D*> x T?)— 8 Y is an orientation reversing diffeomorphism
and D? is a disk in R? with dD? = S'. We identify X' = Y U,(D? x T?).

By Hirzebruch [14], if [7?]=2a, a € H»(X';Z), then there is a branched double
cover m : X — X’ along [T?]. Then X is a closed, oriented, smooth 4-manifold with
a smoothly embedded torus 72 =7 ~'(T?) with self-intersection number 0 and X is
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diffeomorphic to f’Uw(D2 x T?), where Y is an unramified 2-fold cover of Y with
aY =n~""(dY)and ¢ : 9(D* x T%)— 9(Y)is an orientation reversing diffeomorphism.

Suppose that b5 (Y), b5 (¥) > 1. Since b3 (X') = b5 (Y)+ 1 and b5 (X) =55 (V) + 1,
we have b3 (X"), b3 (X) > 2.

Let 7 be a representative of the homology class y,[dD* x {pt}]€ H (8 Y;Z).
Suppose that 3 € ker(7,), where 7, : H,(3Y;R) — H,(Y;R) is induced from the inclu-
sion7:9Y — Y. N N

Then we can fix a he Hy(Y,dY;R) such that the boundary db=y and
7.7 =y =¢,(2[0D* x {pt}]) € ker(i,). Thus there exists m,.b=bec Hy(Y,dY;R) such
that b=y, where i, : H|(0Y;R) —> H|(Y;R).

Let & be a Spin‘-structure over X’ with determinant bundle det&é =L and
the restriction &|p2y 72 of & to D> x T? is trivial. Take Yy=X'\(D?>x T?) and
Y() = JT_I(Y()).

LEMMA 4.2. In the same situations as above, there exists a Spin‘-structure § on X
whose restriction to D* x T2 is trivial, deté§ = L=n*L @ PD~'[T?] and | 7, =7 (Ely,)-

Proof. For the existence of the Spin‘-structure & with determinant bundle
m*L®PD[T?] and 7*&|y, Z£|y,, see Proposition 5.11 [21]. We only check that
E|pe 72 is trivial.

The subspace D> x 72 is a symplectic 4-manifold with a symplectic structure
w =dxdx> + dy\dy,, where (x|, x») € T? and (y1, y») € D* are coordinates. Then the
positive spinor field W*(£) and the determinant bundle L over D? x 72 can be
decomposed by

Wy =EQUS K} 7). Lipyp =E @K, .,

for some complex line bundle E — D? x T2, where Ky, 7- is the canonical class and
I is a trivial line bundle over D? x 72.

Since L|p2y72 is trivial and Z,|szj~z =m*L|p, i ®PD_1[T2]|D2XT2, L|D2xT2 is
trivial and 2¢(E) = c1(Kp2y 72)-

Because

c1(Kpoy72)[D? x T2 = —c1(T(D* x T?)[D* x T?] = —(x(T?) + T*- T?) = 0,

W*(E)|p2, 72 and L| p2x 72 are all trivial, where 7(D? xj"z) is the tangent bundle of
D? x T?. Since W(§) =& xspincayC*, we conclude that & |, 7 is trivial. O

From now on let &|y, =&, & =m*(&), det(&) =Ly, and det(éo)zﬂg. Denote
V=Y UpnT? x[0,00)=cl(Yo) U T3 x [0, 00). Fix a flat metric 7 on 73 and a
corresponding cylindrical end metric & on Y’ such that § =/ + d¢* near the end of
Y’ t€]0, oo).

Since &|7s is trivial, & is a Spin‘-structure on ¥’. Over the space A(Lg) x
F(W;(éo)), we define Seiberg-Witten equations. For any compactly supported, real-
valued, smooth, self-dual two-form ¢ € Q,%(Y";R), let M.(£, &, ) be the moduli
space of all finite energy solutions of the perturbed Seiberg-Witten equations by the
action of the gauge group, where the energy of a pair (4, ) is defined by [ v [Fa |>dvol.
Then, by [18], there is a continuous map 9., and a covering map p

Mo, 2. &) 2> xo(T?) s x(T7),
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where x(77) is the moduli space of the 3-dimensional Seiberg-Witten equations for
the trivial Spin‘-structure and a flat metric over 73 and xo(77) is a covering space of
x(T?) defined in Section 2 [18].

By Lemma 2.3 [18], there is a unique singular point 6= (90, 0) € x(T?) such that
ker D; #0 and M .(Lo, &, 7) has singularities induced from & and it is a compact
manifold with boundary, the boundary mapping to the singular point 4.

Let Cy be the set of isomorphism classes of Spin‘-structures & on the space
Y =cl(X\(D? x T?)) such that &, is trivial. By [18], p~'(d) is in one-to-one
correspondence with the set 7~!(&)), where 7 : Cy.sy — Cy is the forgetful map. For
the set Cy 5, see [18].

By definition [18], the Spin‘-structure &’ € A*(&) if and only if & € 7! (£) and for
all points in 72,

(er(D), b +1D* x ptl) < (er(det), b).
Then the relative Seiberg-Witten invariant S Wy.(£) over ¥ is defined by
S WY/(EO) = Zg’e/\+(§)ﬁ(M )7/(505 gv E) N D N 50_01 (éé’))a

that is the sum of tlge counting I}umbers of~ a smootNh, compact, zero-dimensional
manifold M y.(§o. 2. )N DN I (6z), where 0 € p~!(6) is the element corresponding

to & e 1(&)).

REMARK 4.3. D is a geometric representative of [L(pt)% that is similar to the
geometric representative defined in the Donaldson invariant and /i is a map

fu: Ho(Y';Q) - H* My (0, 2, ); Q)

defined by u(pt)_cl(I]_) where L=n*(Ly) is the bundle over MY,(EO g0 x Y,
g My,(éo 2. 0)x Y — Y is the projection map and d is given by
d —4(01(Lo)2 2x(¥) - 3Sign(¥)). U

Since X is a 2-fold branched cover of X’, there is an involution o : X — X
with a fixed point set 72. Then o acts freely over Y’ and there are involutions
F:& =n*— & and t=det7:Ly— Ly induced from the involution o, on the
orthonormal frame bundle of ¥’. Then we have an involution

T* . Mf//(go, g, E) - Mf”(g(]v g’ g)

and a Z,-invariant moduli space M (&, g, £)?2, which is the fixed point set of 7* and
is independent of the choice of .

PROPOSITION 4.4. The maps ds and p are Z»-equivariant. Furthermore the singular
point 6 € x(T*?.

Proof. Every Spin‘-structure &g, 73 — R x 73 is a pull back from a Spin‘-
structure &3 on T3. From the embedding Spin‘(3) — Spin‘(4) sending (g, x) to
(¢, ¢, x), we have an identification between the positive and negative spinor spaces
W G 2) = W (e 1) E 67,

Let det &gy 73 = L 73 and det €75 = Lgs. Then there is a gauge transformation g :
R x T3 — S! such that for all connections 4 € A(Lgy73), g(A4) has no dt-component,
t € R, which is said to be in temporal gauge. Then the Seiberg-Witten equations over
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R x T3 can be written as the gradient flow equations. The critical points of the gradient
flow equation are solutions of 3-dimensional Seiberg-Witten equations over 7°.

Thus if we consider a Z,-invariant solution of the Seiberg-Witten equations over
R x T3, then it induces a Z,-invariant solution of the 3-dimensional Seiberg-Witten
equations over 7°. Thus we have the restrictions of 9 and 7 such that

Mo, 3. 5P 2 xo(TH Ls x(T3Y.

If there is a u # 0 in ker Dj , then h(u) # 0, for all 1 € Z,, because  is an involution.
Since the Dirac operator D 4 is Z-equivariant, Dy h(u) = h(Dj u) =0, for all h € Z5.
Thus there is a i(u) # 0 such that h(u) € ker Dj,,). Since 6 = (6, 0) is the unique point
such that ker D;, # 0, we conclude that, for all h € Z,, h(6o) =6, in x(T°). O

REMARK 4.5. By [5] and [21], we can choose a generic, Z,-invariant
Riemannian metric § and a Z,-invariant self-dual two-form ¢ over ¥’ such
that (M (&, 2, Z)ZlﬂDﬂ(éoO)‘l(ég,)) is a smooth, compact, zero-dimensional
manifold, where D is the geometric representative of ;L(pt)ill i is given by
w: Hy(Y'; @) — HX (M y.(§o, &, £)2; @) and dim M 3. (&0, &. 0)2 = 4.

However, in this case, the space (M .(&, 3. E)ﬂf)ﬂf)gol(ég,)) may not be
smooth. U

As in Theorem 3.8 of [21], by comparing the Z,-invariant moduli space over Y’
with the moduli space over Y’, for g = p*g and ¢ = p*¢, there is a homeomorphism

Mf”(é:()v gv E)Zz = MY’(EO? 8 C) | (HWEKW MY’(EO dn, 8, g))v

where Ky is a subspace of H*(Y';Z) consisting of isomorphic line bundles n on Y’
that pull back to the trivial line bundle on Y’ and 75| is trivial.

Then by [18] there are continuous maps 9 : My (&0, g, ¢)— xo(T?) and
Ayt My (G @1, 8, 0)— xo(T).

Let D’ and D" be geometric representatives of u(pt) € H*(My (&, g, ¢) : Q) and
1'(pt) € H*(My (£ ® 1, g, ¢) : Q), respectively.

Then we can define the relative Seiberg-Witten invariant on Y’ by

SWy (&) = Seertet(My (&, g 0) N D NI 0:)),

i r —1 (1)
SWy(E ® 1) = Zg enteant(My(E ®n,g.0) N D" N3, (0)).

where 7 — X is an extension of the bundle n — Y.
By Proposition 4.4, we can define the Z-invariant, relative Seiberg-Witten
invariant S Wy.(&)%> by

SWi(E0)” = Zcpr (M0, 8. 0 N DN (3) 1 (02)).
where n*¢’' =n*§) = £
By using the me}hod of proof as in Theorem 2.2 of [21], for a generic, Z;-invariant,
self-dual two-form ¢, we have

SWy ()" = SWy (&) mod2. (@)

Letdeté =1/, detg’ =L, and det &=L,
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PROPOSITION 4.6. £’ € AT (€) if and only if
£ ent®) and (L)), mb) > (cr(L), mb + m[D? x pi]).

Proof. For all A € A(L) and all points pt € 72, we have

s = i
@D b+ xpl= [ E,
b+[D>xpt] <7

Since L], 72 and L]y 7 are trivial and 7*(&) = &, we have

(e1(D), b+ [D* x ptl) = (c1(Lo), b),

(c1(Lo), b) = (m*c1(Lo), b) = (c1(Lo), mb) = (e1(L), b + m.[D? x pt]).

Thus we have
(cr(L). b+ [D* x pt]) = (c1(L), mb + 7.[D* x pt]).
Furthermore,
(er(D), 1}) = (r* i (L), §> = (a(l), ”*7’2 = (cal(L), b),
(e1(D), b) = (w*ei(Ly), b) = (er(L}), mb) = (e1(L}), b),

where 0b = y € keri,. N
By equations (3) and (4) we conclude that &’ € AT (&) if and only if

§ent®) and (e, mb) > (ei(L), wb + m,[D* x pt]),
where 77§’ = 17§, = £

Let O, = (&) € r™' (50 ® ml{e1(L, md) > {e1(L), b + 7. [D? x pt])).
We now come to our main theorem.

A3)

(4)

THEOREM 4.7. Let w : X — X' be a double cover branched along a torus T? with
self-intersection 0 and b3 (X)), b;’(X ) > 2. Suppose that Hy(X; Z) has no 2-torsion and
& is a Spin“-structure on X' such that &|p>y 72 is trivial. Let & be a Spin‘-structure on
X whose restriction to D* x T? is trivial, the determinant bundle L = n*L @ PD~'[T?]
and €| v, =7 (&ly,). Then we have a relation between the Seiberg-Witten invariants of X

and those of X' such that
SWx(E) = SWy () + k(X', T*,a) mod 2,
where

k(X,v T29 (1) = EUE’CW EE,;eG)nﬁ(M Y’(go ® n, g, ;) nD"N (8;0)71(95,/,))

Proof. By Proposition 4.6 we have a homeomorphism between smooth, compact,

zero-dimensional spaces
H%’e/\*(é)(M Y’(éO’ g, E)Zz nbN (éoo)il(éé/))
= Uyenrey(My (0. £.0) N D' N (8o0) ' (O,
Wyeic, Ugreo,(My (Eo®n,g,£)ND" N (3&))71(95;))’

where 77§’ = "¢, = £
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Thus, under mod 2 we have
SWy(E0)? =SWy (&) + Tner, Tee0,H(My (G ®n, 8, )N D" N (0L) " (6)).  (5)
The equation (2) implies that
SWy (o)™ = SWy(E) mod2. ©6)
By using Theorem 4.1 of [18] we have
SWx(€) = SWy(&), SWx(§)=SWy(&) mod?2. (N
From equations (5), (6), and (7) we conclude that under mod 2,
SWy(§) = SWy (&) + Zyex, Tg o, H(My (G ® 1. 8.0) N D" N (3,) (6))

completing the proof. O

REMARK 4.8. By definition, £” € AT(§ ® 7) if and only if §” € HEQD)|y) =
r~'(§ ® n) and (ci(det&”), m.b) > (ci(det(§ @ 7)), mub + 7. [D* x pt]).

Because we do not know the action of the line bundle 7 over D* x 7% and £ in
Theorem 4.7 only satisfies

(e1(L)), ) > (er(L), b + m,[D* x pt]),
we conclude that in general, AT(§ ® ) # O, and
Zgc0,8My (5o ® 0,8, 6) N D" N (D) OE) # SWy(€ @ ).

Thus X,ex, Zgeo, My (o ®n,8,¢)ND'N (ago)*l(egé)) cannot be extended to a
Seiberg-Witten invariant S Wy (£ ® #) and, as in [21], it is an invariant of (X', T, a),
where 2a =[T?] € 2Hy(X"; 7). O

COROLLARY 4.9. Let X be a closed symplectic 4-manifold with b3 (X) > 2. Suppose
that o : X — X is an anti-symplectic involution with a torus T* as a fixed point set.
Under the conditions for the Spin‘-structures & and & of Theorem 4.7, we have a relation
between the Seiberg-Witten invariants of X and the quotient X Jo = X' with b;’(X’) >2
such that

SWx(E)=SWy (&) +k(X', T?, a) mod 2.

Proof. There is a branched double cover 7 : X — X’ along 7(7?) = T?, and so the
required result follows. O

5. Applications. To find the relationship between the Seiberg-Witten invariants
on X and X’ of Theorem 4.7, we have to calculate the invariant k(X’, 77, a). As in [21]
we can show that k(X’, T2, a) = 0 for many cases.

PROPOSITION 5.1. Let X be a Kihler surface with b3 (X) > 3 and with the canonical
class Ky satisfying K3 > 0. Let o : X — X be an anti-holomorphic involution with a
smoothly embedded torus as a fixed point set. Then the Seiberg- Witten invariant on the
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quotient X' is
SWy(E) = SWy(€) mod?2

for the Spin‘-structures & and & of Theorem 4.7.

Proof. Consider a projection map 7 : X — X' = X/o. Then, by [24], we have
b3 (X)=2b3(X")+ 1 and b5 (X')> 1.
Since o acts freely on Y’ and

2x(Y') 4 3Sign(Y’) = 2x(X') + 3Sign(X) = K3, >0,

by [25] there is no reducible or irreducible solution of the Seiberg-Witten equations
over the cylindrical end space Y’. Thus the moduli space My (& ® 1, g, 1) is empty
and hence the invariant

k(X' T?,a) = B¢ coByer, H(My (G ® n.g. ) N D' N3, (6)) = 0,
for all cases. Thus the Seiberg-Witten invariant on the quotient X’ is
SWx(§) = SWx(5) mod2

for the Spin‘-structures £ and & in Theorem 4.7. O

In the case considered in [21], g(¥’)>1 and ¥’- ¥’ =0. They did not find an
example such that k(X’, X', a) # 0 mod 2 although they believe such an example should
exist. When g(X')=1 and ¥’ X’ =0, there is an example such that k(X’, T2, a) #0
mod 2.

EXAMPLE 5.2. Let o : CP' x CP' — CP!' x CP' be an involution defined by
the diagonal complex conjugation. Then the fixed point set of o is a torus and
CP' x CP'/o = S§*. See Section 6 of [21] for this construction.

Let X’ be a closed symplectic 4-manifold with 53 (X’) > 1. Now we take a connected
sum X = CP! x CP'42X’ which is taken away from the branch set 72. Then there is a
double cover X — X’#S* = X’ branched along 7?.

By the Seiberg-Witten vanishing theorem [22], there is no Seiberg-Witten basic
class on X. Thus we have SWy(§) =0 and SWy (§) =k(X’, T?, a) mod 2.

Since X is a closed symplectic 4-manifold with b5 (X") > 1, SWy/(§) # 0 mod 2 for
a Seiberg-Witten basic class &. Thus we have

SWy(€)=k(X', T?,a) #0 mod 2. O
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