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Abstract

It is shown that various definitions of ¢-Connes amenability and ¢-contractibility are equivalent to older
and simpler concepts.
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1. Introduction

The fertile notion of amenability was introduced by Johnson in [5]. A generalisation
of amenability depending on homomorphisms was introduced and studied by Kaniuth
et al. [6] and independently by Monfared [8]. For a Banach algebra A, we write A(2)
for the set of all homomorphisms from U onto C. Let ¢ € A(N). An element m € W™ is
called a right [left] p-mean if m(¢) = 1 and m(f - a) = e(a)m(f) [m(a - f) = e(a)m(f)]
fora € Wand f € A*. A Banach algebra is right [left] p-amenable if it has a right [left]
¢-mean [6, 8]. We say that U is p-amenable if it is both left and right p-amenable.

The concept of ¢-contractibility was introduced by Hu ef al. in [4]. Let U be
a Banach algebra and E be a Banach U-bimodule. A continuous linear operator
D : U — E is a derivation if it satisfies D(ab) = D(a) - b + a - D(b) for all a,b € U.
Given x € E, the inner derivation ad, : A — E is defined by ad,(a) =a-x — x - a. Let
¢ € A(U). We write M, [,M] for the set of all Banach 2-bimodules E such that the
right [left] module action of A on E is given by x - a := p(a)x [a - x := ¢(a)x] fora € A,
x € E. We say that U is right [left] p-contractible if for each Banach A-bimodule
E e M, [E € ;M], every derivation D : A — E is inner. We say that A is ¢-contractible
if it is both left and right ¢-contractible.

Recently and motivated by these notions, several authors have defined and studied
the concept of ¢-Connes amenability of dual Banach algebras, where ¢ is a w*-
continuous homomorphism onto C (see [2, 7, 10]). However, these three variations
on ¢-Connes amenability are not actually new. We show that they coincide with ¢-
amenability and ¢-contractibility (in the particular contexts considered in [2, 7, 10]).
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We also show that p-contractibility is equivalent to an existing notion. In fact, a Banach
algebra 2 is ¢-contractible if and only if the one-dimensional Banach 2-bimodule C,
is projective. This concept goes back to Helemskii in the 1970s (see his book [3] and
the paper of White [11]).

2. p-Connes amenability

Let A be a Banach algebra. A Banach A-bimodule E is dual if there is a closed
submodule E, of E* such that £ = (E,)*. We call E, the predual of E. A Banach
algebra is dual if it is dual as a Banach U-bimodule. We write A = (A,)" if we wish to
stress that U is a dual Banach algebra with predual .. For a dual Banach algebra 2,
let A,,«(2) denote the set of all w*-continuous homomorphisms from A onto C.

We start with the definition of ¢-Connes amenability in the sense of [2]. Let
A = (A,)* be a dual Banach algebra and let ¢ € A,,-(U). A dual Banach UA-bimodule
E € ;M is normal if the module action a = x-a of A on E is w*-continuous. A
dual Banach algebra U = (U.,)" is left p-Connes amenable if for every normal dual
Banach U-bimodule E € ;M, every w*-continuous derivation D : A — E is inner. We
can make similar definitions for right ¢-Connes amenable and ¢-Connes amenable
Banach algebras. It is shown in [2, Theorem 2.3] that (left) ¢-Connes amenability of
A is equivalent to the existence of a (left) ¢-mean.

TueOREM 2.1. Suppose that A = (W,)* is a dual Banach algebra and ¢ € A,-(N). Then
the following statements are equivalent:

(1) Wis ¢-Connes amenable (in the sense of [2]);
(i1) Wis @-contractible;
(iii) W is p-amenable.

Proor. (i) = (ii)) By [2, Theorem 2.3], we can take a ¢-mean m € ™. Consider
the A-bimodule inclusion map 1 : A, — A*. Taking adjoints, we obtain a w*-w*-
continuous A-bimodule map & : A** — A. Now put u = &(m) € U. It is easily checked
that ¢(u) = 1 and ua = au = ¢(a)u for all a € A. Therefore, by Theorem 3.1 below, A
is p-contractible.

(i) = (i) Choose u € A as in Theorem 3.1. Then it is readily seen that u is a
¢-mean and hence U is p-amenable.

(iii) = (1) By [2, Theorem 2.3] again, every g-amenable Banach algebra is ¢-
Connes amenable. This is noted in [2] (see the remark following Definition 2.2).
Alternatively, we can appeal to [6, Theorem 1.1]. Let E = (E,)* be a normal dual
Banach A-bimodule with £ € ;M and let D : A — E be a w*-continuous derivation.
Since U is ¢-amenable, D is inner by [6, Theorem 1.1]. Hence, U is ¢-Connes
amenable. O

Now we consider the definition of ¢-Connes amenability in the sense of [10]. Let
A be a dual Banach algebra and let ¢ € A,,-(). According to [10, Definition 2.1], A
is (left) p-Connes amenable if there exists m € U such that m(p) = 1 and am = p(a)m
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for every a € A. By Theorem 3.1, left ¢-Connes amenability is nothing but right ¢-
contractibility. Hence, the following theorem is straightforward.

THEOREM 2.2. Suppose that W is a dual Banach algebra and ¢ € A,~(N). Then the
following statements are equivalent:

(i) Wis ¢-Connes amenable (in the sense of [10]);
(i1) Wis @-contractible;
(iii) Wis p-amenable.

Let A be a dual Banach algebra and let E be a Banach UA-bimodule. As in [9], we
write owc(E) for the set of all elements x € E such that the maps

a.x
AN—->E, am ’
xX.a
are w*-weak continuous.
The following lemma is immediate.

Lemma 2.3. Suppose that Wis a dual Banach algebra. Then A,,-(A) = A(A) N owe(A*).

The notion of ¢-Connes amenability as defined in [7] is based on Lemma 2.3.
Suppose that A is a dual Banach algebra and ¢ € A,,-(A). We call A (right) ¢-Connes
amenable if W admits a (right) p-Connes mean m, that is, there exists a bounded linear
functional m on owc(U*) satisfying m(¢) = 1 and m(f . a) = p(a)m(f) for all a € A and
f € owc(A*). Similarly, we may consider left ¢-Connes amenability. We say that U is
p-Connes amenable if it is both left and right ¢-Connes amenable.

THeEOREM 2.4. Suppose that A = (W,)* is a dual Banach algebra and ¢ € A,-(N). Then
the following statements are equivalent:

(i) Wis ¢-Connes amenable (in the sense of [7]);
(i1) Wis @-contractible;
(iii) Wis p-amenable.

Proor. Only (i) & (ii) needs proof. Let ¢ : A — owc(A*)* be the A-bimodule map
obtained by composing the canonical inclusion A — A** with the quotient map A** —
owc(U*)*, so that {«(a),¥) = Y(a) for all a € Wand ¢ € owc(W*).

(i) = (i) Since A is a dual Banach algebra, A, is an A-bimodule and A, C
owc(U*) (see [9, Corollary 4.6]). Taking adjoints gives a w*—w*-continuous -
bimodule map & : owc(U*)* — A. Notice that € o i(a) = a for all a € A. By the
assumption, there exists a ¢-Connes mean m € owc(U*)*. Set u = &(m) € A. Then
A is p-contractible by Theorem 3.1.

(i) = (i) Take u € U satisfying ¢(u) = 1 and ua = au = ¢(a)u for all a € A. Then
t(u) is a p-Connes mean on owc(U*). O
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For a given dual Banach algebra U, it would be interesting to determine the set
A, (). We give some illustrative examples. It is known that £($), the algebra of all
bounded linear operators on a Hilbert space $, is a dual Banach algebra. Let Uy be
the dual Banach algebra generated by the Volterra operator V € L(L*([0, 1])) defined
by Vf(x) = fox f(@® dt. In fact, Ay is the w*-closure of the algebra of all polynomials
p(V) in L(L*([0, 1])). In [I, Corollary 3.10], it was shown that A,.(Ay) = 0. Next,
for the discrete convolution algebra £' (Z*), it is well known that A(¢!(Z*)) = D, where
D denotes the open unit disc in C centred at O (see [6, Example 2.5(2)]). Indeed,
A(£'(Z")) consists precisely of the point evaluations ¢.(f) = f(z) for f € £'(Z*) and
z € D. Itis easy to check that ¢. is w*-continuous when z € D. Therefore, A,-(¢'(Z*))
is a dense subset of A(£'(Z")).

3. p-contractibility

It is known that right [left] ¢-contractibility of 2 is equivalent to the existence of a
right [left] p-diagonal for U, that is, an element m € AR A such that ¢(7(m)) = 1 and
a-m=@(a@)m [m-a=g(am] for a e N, where 7: AR A — A is the bounded linear
map determined by n(a ® b) = ab. If m is both a left and a right ¢-diagonal, it is called
a p-diagonal.

The following theorem is likely to be well known, but since we could not locate a
reference, we include a proof.

TueorREM 3.1. Suppose that W is a Banach algebra and ¢ € A(N). Then N is -
contractible if and only if there exists an element u € U satisfying

ow)=1 and wua=au=qglau foraecl. (*)
Proor. Suppose that u € U satisfies the conditions in (x). Let D : A — E be a derivation

for a Banach A-bimodule E € M,. Then D*(f - a) = D*(f) - a — (Da, f)¢ for each
feE andae U Putt:=DucE. For fe E*anda € ¥,

(fra-1)=(D"(f-a),uy ={D*(f),au) - (Da, f)
= @(a)XD"(f),u) = (Da, f) = p(a)f, 1) = (Da, ).

Therefore, a - t = p(a)t — Da for a € A. Thus, D = ad_, and A is right ¢-contractible.
Notice that to get right ¢-contractibility, we use only au = ¢(a)u. A similar argument
shows that 2 is also left ¢-contractible.

Conversely, suppose that m € AR A is a p-diagonal for A. Put u := 7(m) € . It is
easily checked that u has the properties in (). O

Let A be a Banach algebra with the unitisation A and let P be a left Banach -
module. We recall that P is a projective left A-module if the multiplication map
ﬂZQIﬁEG?P—)P, alx—a-x forae‘)lﬁ,xeP,

has a right inverse which is also a left A-module homomorphism. Similar definitions
hold for projective right 2A-modules and projective A-bimodules.

For ¢ € A(Q), the space C, = {ap : a € C}is a Banach U-bimodule with module
actions a - ¢ = ¢ - a := p(a)yp for a € A.
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TueEOREM 3.2. Suppose that W is a Banach algebra and ¢ € A(N). Then N is ¢-
contractible if and only if C, is a projective Banach W-bimodule.

Proor. Without loss of generality, we may assume that 2 is unital. Let C, be projective
as a left W-module. Then there exists a bounded linear map p : C, — AR C,, satisfying
np(e) = ¢ and a - p(p) = p(a)p(y) for each a € A. We have p(p) = 377, a, ® ¢, where
ap, €Wforn=1,2,...and )7, lla,l| < co. Putu:= 3" a, €A Then ¢u) =1 and
au = ¢(a)u for a € A. By Theorem 3.1, A is right ¢-contractible.

Conversely, let 2 be right ¢-contractible. Take u € A with ¢(u) = 1 and au = p(a)u
for all a € A. Then it is easy to verify that the map p: C, — %@ng defined by
p(p) ;= u® @is aleft A-module homomorphism which is a right inverse of . It follows
that C, is a projective left A-module.

Similarly, one can see that C, is a projective right 2-module if and only if 2 is left
@-contractible. O
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