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Abstract

In this paper our aim is to deduce some sharp Turán type inequalities for modified Bessel functions of the
first and second kinds. Our proofs are based on explicit formulas for the Turánians of the modified Bessel
functions of the first and second kinds and on a formula which is related to the infinite divisibility of the
Student t-distribution.
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1. Introduction

Since the publication in 1948 by Szegő [29] of the famous Turán inequality for
classical Legendre polynomials [31], many authors have deduced analogous results
for classical (orthogonal) polynomials and special functions. In the last 60 years it has
been shown by several researchers that the most important special functions satisfy a
Turán inequality; see, for example, the most recent papers on this topic written in the
last two years [2, 3, 5–11, 15] and the references therein. The Turán type inequalities
now have an extensive literature and some of the results have been applied successfully
in problems which arise in information theory, economic theory and biophysics. For
more details the interested reader is referred to the papers [9, 11, 20, 26].

Motivated by these applications, the Turán type inequalities have recently come
under the spotlight once again and it has been shown that, for example, the classical
Gauss and Kummer hypergeometric functions, as well the generalized hypergeometric
functions, satisfy naturally some Turán type inequalities [5, 7, 11]. We note that
since the spherical functions on a sphere (that is, the Legendre polynomials) approach
the spherical functions on the plane (the Bessel functions) as the radius approaches
infinity, it was natural to find analogous inequalities for Bessel functions. In the

Research supported by the János Bolyai Research Scholarship of the Hungarian Academy of Sciences.
c© 2010 Australian Mathematical Publishing Association Inc. 0004-9727/2010 $16.00

254

https://doi.org/10.1017/S000497271000002X Published online by Cambridge University Press

https://doi.org/10.1017/S000497271000002X


[2] Turán type inequalities for modified Bessel functions 255

1950s important contributions to the subject were the papers [25, 27, 28, 30], where
it was shown, among other things, that the Bessel and modified Bessel functions of
the first kind satisfy naturally some Turán type inequalities. Some of the results
related to Turán type inequalities concerning Bessel and modified Bessel functions
of the first kind were rediscovered later in the papers [4, 6, 17, 19] by using different
approaches. Recently, the author [9] used the corresponding Turán type inequalities
for the modified Bessel functions of the first and second kinds in order to present a
simpler proof of a monotonicity problem, which arises in biophysics. In this paper our
aim is to complete the results from [9] by proving that the corresponding Turán type
inequalities are valid for a wider range of the parameter.

The paper is organized as follows. In Section 2 we reconsider the Turán type
inequalities for the modified Bessel functions of the first kind and show that these
inequalities are sharp and hold for a wider range of the parameter. This gives in fact a
partial affirmative answer to a conjecture of Lorch [19]. In Section 3 we reconsider the
Turán type inequalities for the modified Bessel functions of the second kind by proving
a recent conjecture of the author [9] and by showing that these inequalities are sharp
too. As far as we know the sharpness of the Turán type inequalities for modified Bessel
functions has not been discussed in the literature. The key tools in our proofs are some
explicit formulas for the Turánians of the modified Bessel functions of the first and
second kinds and an integral representation of Grosswald [13] and Ismail [14], which
was the chief tool in the proof of the infinite divisibility of the Student t-distribution.
Finally, in Section 4 we improve the main results of [9, 23, 24] and present an open
problem and a conjecture, which may be of interest for further research.

2. Turán type inequalities for modified Bessel functions of the first kind

In this section our aim is to point out that the region of validity of the Turán-type
inequalities for modified Bessel functions of the first kind can be extended by using
the ideas of Mukherjee and Nanjundiah [21]; see also the paper by Skovgaard [25] for
further details.

THEOREM 2.1. Let Iν be the modified Bessel functions of the first kind. Then the
following Turán-type inequalities hold for all ν >−1 and u ∈ R:

0≤ I 2
ν (u)− Iν−1(u)Iν+1(u)≤ I 2

ν (u)/(ν + 1). (2.1)

In each of these inequalities equality holds if and only if u = 0. Moreover, these
inequalities are sharp in the sense that the constants αν = 0 and βν = 1/(ν + 1) are
the best possible such that the inequalities

αν I 2
ν (u)≤ I 2

ν (u)− Iν−1(u)Iν+1(u)≤ βν I 2
ν (u)

hold for all u ∈ R and ν >−1.

We note that inequality (2.1) for ν ≥ 0 is well known. As far as we know it was
deduced first in 1951 by Thiruvenkatachar and Nanjundiah [30]. The left-hand side

https://doi.org/10.1017/S000497271000002X Published online by Cambridge University Press

https://doi.org/10.1017/S000497271000002X
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of (2.1) was also deduced by Amos [4] in 1974, and later by Joshi and Bissu [17]
in 1991. Note that, as was shown in [10, 19], the function ν 7→ Iν+a(u)/Iν(u) is
decreasing for each fixed a ∈ (0, 2] and u > 0, where ν >−1 and ν ≥−(a + 1)/2.
Consequently, the function ν 7→ Iν(u) is log-concave on (−1,∞), as the author
pointed out in [10]. However, this implies just that the left-hand side of (2.1) holds for
all ν > 0. All the same, in 1994 Lorch [19] proved that the left-hand side of (2.1) holds
for all ν >−1/2. Moreover, Lorch [19] conjectured that the generalized Turánian
I 2
ν (u)− Iν−a(u)Iν+a(u) is positive for all u > 0, a ∈ (0, 1] and ν ∈ (−1,−1/2]. We

note that our result stated in Theorem 2.1 gives an affirmative answer to Lorch’s
conjecture for the case a = 1.

Note that the right-hand side of (2.1) for ν ≥ 0 was also proved in [17] and recently
in a more general context by the author [6]. Finally, we note that the new proof
presented below for the left-hand side of (2.1) is actually a slight modification of the
proof stated in [17] by using the ideas of Mukherjee and Nanjundiah [21]. In [17] the
authors had already deduced the explicit formula (2.2), but they overlooked the well-
known fact that for ν >−1 all the zeros of the Bessel function of the first kind Jν are
real and there is no need to assume in (2.2) that ν ≥ 0. The proof, stated below, of the
right-hand side of (2.1) is somewhat different from the proof given in [17] and has the
advantage that there is no restriction on the parameter ν being positive.

PROOF OF THEOREM 2.1. Since the expressions in (2.1) are even in u, in what
follows we suppose without loss of generality that u ≥ 0. Let us consider the
Turánian 1ν(u)= I 2

ν (u)− Iν−1(u)Iν+1(u), which in view of the recurrence relations
Iν−1(u)= (ν/u)Iν(u)+ I ′ν(u) and Iν+1(u)=−(ν/u)Iν(u)+ I ′ν(u), can be rewritten
as 1ν(u)= (1+ ν2/u2)I 2

ν (u)− [I
′
ν(u)]

2. On the other hand, it is known that Iν is in
fact a particular solution of the second-order differential equation u2v′′(u)+ uv′(u)−
(u2
+ ν2)v(u)= 0, and consequently we obtain that

I ′′ν (u)= (1+ ν
2/u2)Iν(u)− (1/u)I ′ν(u).

These relations together imply that [17]

1ν(u)=
1
u

I 2
ν (u)

[
uI ′ν(u)

Iν(u)

]′
.

Now, by again using the recurrence formula

I ′ν(u)/Iν(u)= ν/u + Iν+1(u)/Iν(u)

and the Mittag–Leffler expansion

Iν+1(u)

Iν(u)
=

∑
n≥1

2u

u2 + j2
ν,n
,

where jν,n is the nth positive zero of the Bessel function Jν, we obtain that[
uI ′ν(u)

Iν(u)

]′
=

∑
n≥1

4u j2
ν,n

(u2 + j2
ν,n)

2
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and consequently [17]

1ν(u)= 4I 2
ν (u)

∑
n≥1

j2
ν,n

(u2 + j2
ν,n)

2 . (2.2)

Since for ν >−1 all the zeros of Jν are real, this in turn implies that the left-hand side
of (2.1) holds. Now consider the function ϕν : [0,∞)→ R, defined by

ϕν(u)=
1ν(u)

I 2
ν (u)

= 1−
Iν−1(u)Iν+1(u)

I 2
ν (u)

=

∑
n≥1

4 j2
ν,n

(u2 + j2
ν,n)

2 .

Clearly,

ϕ′ν(u)=−
∑
n≥1

16u j2
ν,n

(u2 + j2
ν,n)

3 ≤ 0

for all u ≥ 0 and ν >−1, which implies that ϕν is decreasing for all ν >−1. On the
other hand, by using the Rayleigh formula∑

n≥1

1

j2
ν,n
=

1
4(ν + 1)

(2.3)

and the asymptotic formula [1, p. 377]

Iν(u)∼
eu

√
2πu

[
1−

4ν2
− 1

1!(8u)
+
(4ν2
− 1)(4ν2

− 9)

2!(8u)2
− · · ·

]
,

which holds for large values of u and for fixed ν >−1, we obtain

ϕν(0)=
∑
n≥1

4

j2
ν,n
=

1
ν + 1

and lim
u→∞

ϕν(u)= 0.

Thus we have proved that for all u ≥ 0 and ν >−1,

lim
u→∞

ϕν(u)= 0≤
1ν(u)

I 2
ν (u)

≤
1

ν + 1
= ϕν(0),

that is, the Turán-type inequalities in (2.1) hold. Moreover, from this discussion
we conclude that the results are sharp. More precisely, the constants αν = 0 and
βν = 1/(ν + 1) are the best possible such that the inequalities

αν I 2
ν (u)≤ I 2

ν (u)− Iν−1(u)Iν+1(u)≤ βν I 2
ν (u)

hold for all u ≥ 0 and ν >−1. 2
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3. Turán type inequalities for modified Bessel functions of the second kind

Let us consider the modified Bessel function of the second kind Kν, which is
sometimes called the MacDonald or Hankel function. It is known that Kν satisfies
the Turán type inequality

K 2
ν (u)− Kν−1(u)Kν+1(u) < 0 (3.1)

for all u > 0 and ν ∈ R. This was proved in 1978 by Ismail and Muldoon [16]. For
ν > 1/2 inequality (3.1) was also deduced by Laforgia and Natalini [18] in 2006.
Ismail and Muldoon [16], by using the Nicholson formula concerning the product
of two modified Bessel functions of different order, proved that [16, Lemma 2.2] the
function ν 7→ Kν+a(u)/Kν(u) is increasing on R for each fixed u > 0 and a > 0. As
Muldoon [22] pointed out, this implies that ν 7→ Kν(u) is log-convex on R for each
fixed u > 0. Recently, by using the classical Hölder–Rogers inequality, the author [10]
pointed out that the function ν 7→ Kν(u) is in fact strictly log-convex on R for each
fixed u > 0.

Now, consider the Turán type inequality [9]

(2ν − 1)K 2
ν (u)− (ν − 1)Kν−1(u)Kν+1(u) > 0, (3.2)

which holds for all positive integers ν = n ≥ 1 and for u > 0. We note that in [9] it was
conjectured that (3.2) holds for all real ν ≥ 0 and u > 0. Now suppose that ν = 0. In
this case (3.2) becomes K 2

0 (u)− K−1(u)K1(u) < 0, which in view of (3.1) is true for
all u > 0. Similarly, when ν = 1 the inequality (3.2) clearly holds. When ν ∈ (0, 1),
we can easily see that (3.1) implies (3.2). To see this, just rewrite (3.2) as

K 2
ν (u)− Kν−1(u)Kν+1(u) <

ν

1− ν
K 2
ν (u).

Thus, the conjecture stated in [9] for the case ν ∈ [0, 1] follows immediately from
(3.1). In this section our aim is to prove the remaining part when ν > 1 by improving
the inequality (3.2). Moreover, we give an alternative proof for (3.1), and we show
that in a sense inequality (3.1) is sharp. The new proof given below for (3.1) actually
clarifies the connection between (3.1) and the improved version of (3.2) when ν > 1,
that is, in this case the sharp version of (3.2) is the counterpart of (3.1).

THEOREM 3.1. Let Kν be the modified Bessel function of the second kind. Then the
following Turán type inequalities hold for all ν > 1 and u > 0:

K 2
ν (u)/(1− ν) < K 2

ν (u)− Kν−1(u)Kν+1(u) < 0. (3.3)

Moreover, the right-hand side of (3.3) holds for all ν ∈ R. These inequalities are sharp
in the sense that the constants αν = 1/(1− ν) and βν = 0 are the best possible such
that the inequalities

ανK 2
ν (u) < K 2

ν (u)− Kν−1(u)Kν+1(u) < βνK 2
ν (u)

hold for all u > 0, ν > 1 and ν ∈ R, respectively.
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Observe that when ν > 1, inequality (3.2) becomes

K 2
ν (u)− Kν−1(u)Kν+1(u) >

ν

1− ν
K 2
ν (u).

This is an immediate consequence of the left-hand side of (3.3). Thus our main result
not only gives an affirmative answer to the conjecture stated in [9], but even improves
the conjectured result. Another interesting fact here is the following: we believe, but
are unable to prove, that the following conjecture is true.

CONJECTURE 3.2. The function

ν 7→
2ν−10(ν)u−ν

Kν(u)

is strictly log-convex on (0,∞) for each fixed u > 0.

If our present conjecture were correct, then this would lead to a generalization of
the left-hand side of (3.3).

PROOF OF THEOREM 3.1. Our strategy here is as in the proof of Theorem 2.1. Let us
first consider the corresponding Turánian,

1ν(u)= K 2
ν (u)− Kν−1(u)Kν+1(u).

Observe that, since Kν(u)= K−ν(u), the Turánian 1ν(u) is even in ν. Thus,
it is enough to show inequality (3.3) for ν ≥ 0. In this spirit, in what follows,
we assume without loss of generality that ν ≥ 0. Now, by using the recurrence
relations Kν−1(u)=−(ν/u)Kν(u)− K ′ν(u) and Kν+1(u)= (ν/u)Kν(u)− K ′ν(u),
clearly1ν(u)= (1+ ν2/u2)K 2

ν (u)− [K
′
ν(u)]

2. On the other hand, recall that Kν is a
particular solution of the second-order differential equation

u2v′′(u)+ uv′(u)− (u2
+ ν2)v(u)= 0,

and this in turn implies that

K ′′ν (u)= (1+ ν
2/u2)Kν(u)− (1/u)K ′ν(u).

Consequently,

1ν(u)=
1
u

K 2
ν (u)

[
uK ′ν(u)

Kν(u)

]′
,

which in view of the recurrence relation

uK ′ν(u)/Kν(u)=−ν − uKν−1(u)/Kν(u),

can be rewritten as

1ν(u)=−
1
u

K 2
ν (u)

{
Kν−1(u)

Kν(u)
+ u

[
Kν−1(u)

Kν(u)

]′}
. (3.4)
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Now consider the integral representation

Kν−1(
√

u)
√

uKν(
√

u)
=

4

π2

∫
∞

0

γ (t) dt

u + t2 where γ (t)=
t−1

J 2
ν (t)+ Y 2

ν (t)
(3.5)

and u > 0, ν ≥ 0. Here Jν and Yν stand for the Bessel functions of the first and second
kind. The above integral representation was given implicitly by Grosswald [13] and
written in the form (3.5) by Ismail [14]. Let φν : (0,∞)→ R be defined by

φν(u)=
1ν(u)

K 2
ν (u)
= 1−

Kν−1(u)Kν+1(u)

K 2
ν (u)

.

Then by using relations (3.4) and (3.5),

φν(u) = −
1
u

[
4

π2

∫
∞

0

uγ (t) dt

u2 + t2 +
4

π2

∫
∞

0

u(t2
− u2)γ (t) dt

(u2 + t2)2

]
= −

4

π2

∫
∞

0

(u2
+ t2
+ 1)γ (t) dt

(u2 + t2)2
< 0,

and consequently,

φ′ν(u)=
8

π2

∫
∞

0

u(u2
+ t2
+ 2)γ (t) dt

(u2 + t2)3
> 0

for all u > 0 and ν ≥ 0. Thus, we have proved that φν maps (0,∞) into (−∞, 0) and
is strictly increasing. These in turn imply that for all u > 0 and ν ≥ 0,

lim
u→0

φν(u) < φν(u) < lim
u→∞

φν(u).

By using the asymptotic expansion [1, p. 378]

Kν(u)∼

√
π

2u
e−u

[
1+

4ν2
− 1

8u
+
(4ν2
− 1)(4ν2

− 9)

2!(8u)2
+ · · ·

]
,

which holds for large values of u and for fixed ν ≥ 0, we obtain

βν = lim
u→∞

φν(u)= 0,

which shows that in (3.3) the constant βν = 0 is the best possible. With this the proof of
the right-hand side of (3.3) is done. Now let us focus on the sharpness of the left-hand
side of (3.3). Suppose that ν > 1. Recall that when ν > 0 is fixed and u tends to zero,
the asymptotic relation [1, p. 375] 2Kν(2u)∼ u−ν0(ν) holds. Using this relation, we
easily obtain

αν = lim
u→0

φν(u)=
1

1− ν
for all ν > 1, which shows that in this case the constant αν is the best possible. 2
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4. Concluding remarks and open problems

4.1. Concluding remarks. In this section we present an immediate consequence of
the main results of the previous sections in order to improve the main result of [9].

COROLLARY 4.1. If ν >−1 and u > 0, then

u I ′ν(u)/Iν(u) <
√

u2 + ν2. (4.1)

Moreover, u 7→ Iν(u)Kν(u) is strictly decreasing on (0,∞) for all ν >−1.

For the sake of completeness recall that (4.1) for ν > 0 was first proved by
Gronwall [12] in 1932, motivated by a problem in wave mechanics; in 1950 it also
appeared in Phillips and Malin’s paper [24] for positive integers ν ≥ 1. Moreover,
in [9] we proved that (4.1) holds for all ν ≥−1/2 real. We note that the monotonicity
of u 7→ Iν(u)Kν(u) was also studied for integer ν ≥ 1 by Phillips and Malin [24].
Recently, in 2007, it was reconsidered by Penfold et al. [23] for ν ≥ 0 real, motivated
by a problem which arises in biophysics.

In order to extend the above result to the case where ν ≥−1/2 and shorten the proof
given in [23], the author [9] recently pointed out that in fact (4.1) is equivalent to the
left-hand side of (2.1). Thus, in view of Theorem 2.1 with this the proof of (4.1) is
complete. Now consider the monotonicity of u 7→ Iν(u)Kν(u). Recall that in [9] it
was shown that (3.1) is equivalent to

uK ′ν(u)/Kν(u) <−
√

u2 + ν2, (4.2)

where u > 0 and ν ∈ R. Consequently, by using (4.1) and (4.2), it follows that

u[log(Iν(u)Kν(u))]′ < 0,

that is, the function u 7→ Iν(u)Kν(u) is strictly decreasing on (0,∞) for all ν >−1,
as we required.

There is another proof which follows from the results of the previous sections. From
the proofs of Theorems 2.1 and 3.1 it is clear that the function u 7→ uI ′ν(u)/Iν(u) is
strictly increasing on (0,∞) for all ν >−1 and the function u 7→ uK ′ν(u)/Kν(u) is
strictly decreasing on (0,∞) for all ν ∈ R. Thus, by using the Wronskian recurrence
relation

uI ′ν(u)

Iν(u)
−

uK ′ν(u)

Kν(u)
=

1
Iν(u)Kν(u)

,

we conclude that u 7→ Iν(u)Kν(u) is strictly decreasing on (0,∞) for all ν >−1.
Now recall that Phillips and Malin [24] showed that for each u > 0 and positive

integers ν > 1 the inequality

uK ′ν(u)/Kν(u) >−
√

u2ν/(ν − 1)+ ν2 (4.3)

holds. In [9] we pointed out that (4.3) is equivalent to (3.2). Since the left-hand side
of (3.3) implies (3.2), we conclude that (4.3) holds for all ν > 1 real.
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262 Á. Baricz [9]

4.2. On a conjecture and an open problem. Consider the Bessel function of the
first kind Jν and consider the Turánian 1ν(u)= J 2

ν (u)− Jν−1(u)Jν+1(u). In 1950
and 1951 Szász [27, 28], by using recursions, proved that for all u ∈ R and ν > 0 the
Turán type inequality

J 2
ν (u)− Jν−1(u)Jν+1(u) > J 2

ν (u)/(ν + 1) (4.4)

holds. In 1951 Thiruvenkatachar and Nanjundiah [30] proved the weaker result
that, for all u ∈ R and ν > 0, the Turán type inequality 1ν(u) > 0 holds. We note
that Szász’s proof [28] from 1951 was reproduced in 1991 by Joshi and Bissu [17].
Skovgaard [25] showed in 1954 that in fact 1ν(u) > 0 holds for all ν >−1. The key
tool in Skovgaard’s proof was the identity [25]

1ν(u)= 4J 2
ν (u)

∑
n≥1

j2
ν,n

(u2 − j2
ν,n)

2 ,

which is analogous to (2.2). Now consider the function 8 : (0,∞)\4→ (0,∞),
defined by

8ν(u)=
1ν(u)

J 2
ν (u)

= 1−
Jν−1(u)Jν+1(u)

J 2
ν (u)

=

∑
n≥1

4 j2
ν,n

(u2 − j2
ν,n)

2 ,

where 4= { jν,n | n ≥ 1} is the set of the zeros of the Bessel function of the first kind
of order ν. We easily obtain

8′ν(u)=−
∑
n≥1

16u j2
ν,n

(u2 − j2
ν,n)

3 > 0 ∀ν >−1, u ∈ (0, jν,1),

8′′ν(u)=
∑
n≥1

16 j2
ν,n(5u2

+ j2
ν,n)

(u2 − j2
ν,n)

4 > 0 ∀ν >−1, u ∈ (0,∞)\4.

Thus, the function 8ν is strictly increasing and convex on (0, jν,1) and is strictly
convex on ( jν,n, jν,n+1) for each n ≥ 1. Consequently, we have that 8ν(u) > 8ν(0+)
for all ν >−1 and u ∈ (0, jν,1). On the other hand, by again using the Rayleigh
formula (2.3), we obtain 8ν(0+)= 1/(ν + 1), which shows that (4.4) holds for all
ν >−1 and u ∈ (0, jν,1), and the constant 1/(ν + 1) is the best possible. Moreover,
since8ν is strictly convex on ( jν,n, jν,n+1) for each n ≥ 0, we conjecture that Szász’s
result (4.4) can be improved significantly as follows.

CONJECTURE 4.2. Let ν > 0. Then the equation8′ν(u)= 0 has infinitely many roots.
Denoting these roots by αν,n , where αν,n ∈ ( jν,n, jν,n+1) for all n ≥ 1, the Turán type
inequality (4.4) can be improved as follows:

J 2
ν (u)− Jν−1(u)Jν+1(u) > βν,n J 2

ν (u),

where u ∈ ( jν,n, jν,n+1), βν,n =8ν(αν,n) for all n ≥ 0 and the sequence {βν,n}n≥0 is
strictly increasing, where αν,0 = jν,0 = 0 and βν,0 =8(α

+

ν,0)= 1/(ν + 1).
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Now consider the Bessel function of the second kind Yν, which is sometimes called
the von Neumann function. By using the recurrence formulas

Yn+1/2(u)= (−1)n+1 J−n−1/2(u) and Y−n−1/2(u)= (−1)n Jn+1/2(u),

from (4.4) we obtain the following inequality, corresponding to (3.3):

Y 2
ν (u)− Yν−1(u)Yν+1(u) > Y 2

ν (u)/(1− ν), (4.5)

where u > 0, ν =±(n + 1/2) < 0 and n is an integer. This suggests the following
open problem.

OPEN PROBLEM. Is it true that the Turán type inequality (4.5) holds for all ν ∈ R?
For those values of ν for which (4.5) holds, is the constant 1/(1− ν) the best possible?
Moreover, can (4.5) be improved in the spirit of the above conjecture?

Furthermore, we note that by using the asymptotic relation [1, p. 360] πYν(2u)∼
−u−ν0(ν), which holds when ν > 0 is fixed and u tends to zero, the expression
1− Yν−1(u)Yν+1(u)/Y 2

ν (u) tends to 1/(1− ν) if ν > 1 is fixed and u tends to zero.
This shows that if (4.5) holds for ν > 1 then the constant 1/(1− ν) is the best possible.
As far as we know the Turán type inequalities for the Bessel function of the second
kind have not been discussed in the literature.
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