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ON THE LINEAR INVARIANCE
OF LINDELOF NUMBERS

JAN BAARS AND HELMA GLADDINES

ABSTRACT. Let X and Y be Tychonov spaces and suppose there exists a continuous
linear bijection from C,(X) to C,(Y). In this paper we develop a method that enables us
to compare the Lindelof number of Y with the Lindel6f number of some dense subset
Z of X. As a corollary we get that if for perfect spaces X and Y, C,(X) and C,(Y) are
linearly homeomorphic, then the Lindel6f numbers of X and Y are equal. Another result
in this paper is the following. Let X and Y be any two linearly ordered perfect Tychonov
spaces such that C,(X) and C,(Y) are linearly homeomorphic. Let Phe a topological
property that is closed hereditary, closed under taking countable unions and closed un-
der taking continuous images. Then X has property Pif and only if Y has. As examples
of such properties we consider certain cardinal functions.

1. Introduction. Let.Xand Y be Tychonov spaces. By C(X), we denote the set of all
real-valued continuous functions on X. We endow C(X) with the topology of pointwise
convergence and we denote that by C,(X). The function space C,(x) is a topological
vector space which is a dense subspace of R¥ with the product topology. The topological
and linear structure of C,(X) have widely been investigated. Arkhangel’skii’s papers [1]
and [3] and his book [4] contain a survey of results.

Our main interest is in the question of which topological properties are £-invariant.
We say that a topological property Pis {-invariant if for all Tychonov spaces X and Y
such that C,(X) and C,(Y) are linearly homeomorphic we have X has property P if and
only if ¥ has. Two function spaces C,(X) and C,(Y) are linearly homeomorphic if there
exists a homeomorphism between them which is also linear. Among properties that are
¢-invariant are, for example, compactness, o-compactness and pseudocompactness (cf-
[2]). Many other properties have been proved to be so as well (see for example [1] and
(6.

In [1], Arkhangel’skii announced the result of Velicko that Lindelofness is an £-
invariant property. It seems that his proof cannot be generalized for higher Lindelof
numbers. In [5], it is shown that for the class of paracompact first countable spaces,
the Lindelof number is £-invariant. In the next section we will develop a method that
allows us to decide that the Lindelo6f number for another class of spaces is £-invariant.
We will show that the Lindel6f number is £-invariant for the class of perfect Tychonov
spaces. In fact we prove a much stronger result: Suppose C,(X) and C,(Y) are linearly
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homeomorphic. Let £ be the Lindeldf number of ¥ and assume that in Y each closed
subset can be written as the intersection of k-many open subsets of Y. Then the Lindel6f
number of X is less than or equal to k.

In the last section of this paper we prove the following result. Let X and Y be any
two linearly ordered perfect Tychonov spaces such that C,(X) and C,(Y) are linearly
homeomorphic. Let P be a topological property that is closed hereditary, closed under
taking countable unions and closed under taking continuous images. Then X has property
Pif and only if ¥ has. Of course there are many topological properties that satisfy these
conditions. Section 4 will mention some specific cardinal functions that apply.

2. The main tools. Let X and Y be Tychonov spaces, let ¢: C,(X) — Cn(Y) be
a continuous linear map and let y € Y be fixed. The map ¢,: C,(X) — R defined by
V() = ¢(f)(») is continuous and linear. So 1), € L(X), the dual of C,(X). Since the
evaluation mappings &x(x € X) defined by &,(f) = f(x) for f € C,(X) form a Hamel basis
for L(X) (cf. [4] or [6]), there are for iy, # 0, xi,...,x, € Xand \y,..., A, € R\{0} such
that ¢, = =%, A&, We define the support of y in X to be the finite set {x,...,x,} C X.
If ¢, = 0, the support of y is defined to be the empty set (notice that whenever ¢ is onto,
Yy # 0 for every y € Y). For 4 C Y we denote |, supp(y) by supp 4.

LEMMA 2.1 ([6]). Let X and Y be Tychonov spaces and let ¢: C,(X) — Cp(Y) be a
continuous linear map. Then fory € Y,
(1) for everyz € supp(y), there is X, € R such that $(N)(¥) = T.esuppy) Nof (@), for
everyf € Cp(X),
(2) iff,g € Cp(X) coincide on supp (y), then (/)(y) = H(&)()-

LEMMA 2.2 ([6]). Let X and Y be Tychonov spaces and let ¢: C,(X) — C,(Y) be a
continuous linear injective map. Then supp Y is dense in X. If ¢ is a linear homeomor-
phism, then supp Y = X.

LEMMA 2.3 ([6]). Let X and Y be Tychonov spaces and let ¢: C,(X) — Cp(Y) be a
continuous linear map. Then the set valued map supp: Y — P(X) is LSC. That is, for
every open subset O of X, the set {y € Y : supp(y) N O # 0} is openin Y.

Let X and Y be Tychonov spaces and let ¢: C,(X) — C,(Y) be a continuous linear
map. By card 4, we denote the cardinality of a set A. For every n € N we define ¥, =
{y € Y : card{supp(»)} < n}.Clearly Y, C Y, for all n € N. Since supp(y) is finite
forally € Y, Y = |J52, Y. Note that if ¢ is onto, then Y, is the set of elements of Y that
have exactly one element in their support.

Let X, = supp Y, foralln € N. Thensupp ¥ = |J32, X, and X,, C X,,+; foralln € N.

LEMMA 2.4. The set Y, is a closed subset of Y for alln € N,

PROOF. Lety € Y\ Y,. Thencard{supp(y)} > n.Letsupp(y) = {x1,...,xn}, Where
m > nand x; # x; if i # j. Find open subsets O; (1 < i < m) in X such thatx; € O; and
O,NO;=0ifi#j. LetU={y € Y:supp(y) NO; # 0} (1 <i < m). By Lemma2.3,
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U;isopenin Y. Note thaty € U;. Let U = (L, U;. Then Uis openin Yandy € U. If
z € U, then supp(z)NO; # B forall 1 <i < m. Hence card{supp(z)} > m. We conclude
that UN'Y, = 0. .

Suppose that ¢ is onto. In that case, the map f;: ¥; — X, defined by f;(y) = x, where
supp(y) = {x}, is well defined.

LEMMA 2.5. The map f is continuous.

PROOF. Lety € Y; and let supp(y) = {x}. Take an arbitrary open O in X such that
x € 0. By Lemma 2.3, the set U = {y € Y : supp(y) N O # @} is open in Y. Note that
y € U. It easily follows that f{(UN Y;) C O. [

Let n > 1 and let 4 be an arbitrary subset of ¥, \ Y,_;. We define an equivalence
relation ~ on A as follows: for y;,1» € 4 we have y; ~ y, if and only if supp(y;) =
supp(y2).

Let A/~ denote the quotient space and let g4 : 4 — A/~ denote the corresponding
quotient map. Define '

By = {(x,,...,x,,) €X": 3y €A, supp(y) = {xl,...,x,,}}

and define p4: B4y — A/~ by p4(x1,. ..,x») = q4(y) where y € A is such that supp(y) =
{x1,...,x,}. The map p, is well defined. Note that if 0: {1,...,n} — {1,...,n} isa
permutation, then p4(xy,...,%,) = pa(¥sq),---,Xsn) and that the fibers of points are
finite.

LEMMA 2.6. The map p4 satisfies the following conditions:
(a) p4is closed.

(b) p4is open.
(¢c) pais locally injective.

PROOF. For (a) let F be an arbitrary closed subset of B4 and suppose y € 4 is such
that g4(y) € pa[F] \ p4[F]. Since y € Y, \ Y,_;,card{supp(y)} = n. So supp(y) =
{x1,...,x,} wherex; # x; fori # j. For every permutation o: {1,...,n} — {1,...,n}it
follows that p4(Xs(1), - - - s Xom)) = qa(¥) 50 (Xo(1), - - - » Xo(m)) ¢ F. Hence we can find open
sets Uy,...,U, in X suchthatx; € U; forevery 1 < i <n, UNU; = Bfori #j
and for every permutation o: {1,...,n} — {1,...,n}, Usqy X - +» X Upy N F = 0. Let
O;={z €Y :supp(z) N U; # 0} for every 1 <i < n. By Lemma 2.3, O; is open in Y
andy € 0;.So O =\, O;isopenin Yandy € O.

CLaM. q;'[q4[0)] = 0.

Letz € g [qA [O]]. Then there is w € O such that g4(z) = g4(w). Hence supp(z) =
supp(w). Since supp(w) N U; # 0 for every 1 <i < n we get the same for supp(z). This
gives z € O which proves the claim.

The claim gives us that g4[O] is open in 4 /~. Since g4(y) € q4[O], qu[O1Np4[F] #
(. Letz € Oand (z),...,2s) € Fbe such that g4(z) = p4(z1,...,z,). Hence supp(z) =
{z1,...,24}. Since supp(z) N U; # 0 forevery 1 <i < n, z; # z;and U; N U; = { for
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every i # j, there exists a permutationo: {1,...,n} — {1,...,n} suchthat(zy,...,z,) €
Usq1y X - -+ X Uy(ny. But then (zy, . ..., z,) ¢ F. This completes the proof of part (a) of this
lemma.

For (b) let O be an arbitrary open subset of B4. Put U = py' {pA[O]}. Then U is
also an open subset of By, because if (xi,...,Xx,) € U, then there exists a permuta-
tion o: {1,...,n} — {1,...,n} such that (x,),...,Xsmn) € O. We can find open sets
Uy,...,U,in X such thatx; € U; forevery 1 <i <n, UyNU; = Qfori # jand
Uoy X - X Usy) "By € O. Then (Uy X --- x Uy) N B4 C U. It is clear that
p[U] = p4[O]; hence it suffices to prove that p4[U] is an open subset of 4 /~. By part
(@), (4/ ~) \ pa[B4 \ U] is open in A/ ~. To finish the proof of part (b), observe that
(A/~) \ palB4 \ Ul = pa[U].

For (c) let (xy,...,x,) € B4 and let O be open in B4 such that (x;,...,x,) € O. We
canfind opensets Uy, ..., U, in X suchthatx; € U; forevery 1 <i<n, UNU; = () for
i#jand (U X -+ x U,)NB4 C O. We claim that p 4|, x--xv,)8, 1S injective. Suppose
paziy-..,2n) = pa(wi, ..., wy), where (zy,...,z,) and (wy, .. ., w,) are elements of U; X
-++ X U, N By. Then there exists a permutation o: {1,...,n} — {1,...,n} such that
(215 -+ 52n) = (Wo(1), - - . , Wo(m))- But since the sets U; are pairwise disjoint we must have
that o is the identity. ~

We emphasize that the map p4 is not continuous in general. We do not use property
(b) and (c) of Lemma 2.6 in this paper, but we think these properties are interesting in
themselves.

Let m4 denote the restriction of B4 of the projection 7: X” — X onto the first coordi-
nate.

LEMMA 2.7. IfA=1Y, \ Y1, then X, \X,,_l C my[B4] C X,.

PROOF. The set m4[B,4] is obviously contained in X,. Let x € X, \ X,—;. Then
x € supp(y) for some y € Y, \ Y,—1. Let supp(y) = {x1,...,x,}, where x; = x. Then
(1, X) € pz'(94()) and x = ma(x1, ..., x,). Hence x € m4[p7'(¢40)) | .

3. Results on Lindel6f numbers. We will use the notation of the previous section
without explicit reference. The following well known lemma will be used in our first
results. Recall that the Lindel6f number /(X) of a topological space X is defined to be the
smallest cardinal £ > ¥y such that each open cover of X has a subcover of cardinality
less than or equal to .

LEMMA 3.1. Let X and Y be topological spaces and let f be a closed map of X onto
Y such that f~'(y) is compact for everyy € Y. Then

(a) Xis o-compactif'Y is,

(b) I(X) < IY).

A continuous map having the properties of this lemma is usually called a perfect map
(cf. [7]). We want to emphasize that when we apply Lemma 3.1 in this paper we usually
don’t deal with a continuous map.

Recall that a topological space X is perfect if every closed subset of X is a G5 in X.
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THEOREM 3.2. Let X and Y be Tychonov spaces and let ¢: Cp(X) — Cy(Y) be a
continuous linear bijection. Suppose that Y is a perfect a-compact space. Then X contains
a dense g-compact subset.

PROOF. Since ¢ is injective it suffices to show, by Lemma 2.2, that supp(Y) is o-
compact. We will do that by showing that each X,, is o-compact. Lemma 2.4 gives us
that Y; is o-compact. Then, since ¢ is onto, Lemma 2.5 implies that X; is o-compact.
Let n > 1 and suppose we showed that X,,_; is o-compact. Since Y is perfect, ¥, is a
G; subset of Y. Hence Y, \ Y, is an F,,-subset of Y so that ¥, \ ¥, is o-compact. Let
A=Y, \ Y,—1. Then 4 / ~ is also g-compact. By Lemma 3.1 (a), B, is o-compact; hence
m4(B,) is a o-compact subspace of X. Then Lemma 2.7 shows that X, = X,,—; U m4[B4]

is o-compact. n
In [2], Arkhangel’skii showed that o-compactness (and also compactness) is an ¢-
invariant property.

For a cardinal function / we denote sup{f(4) : 4 C X} by hf(X).

THEOREM 3.3. Let X and Y be Tychonov spaces and let ¢: C)(X) — Cy(Y) be a
continuous linear bijection. Then X contains a dense subset Z such that (Z) < hi(Y).

PROOF. We follow the same strategy as in the previous theorem by showing that for
eachn € N, I(X,) < hi(Y). It then easily follows that [(supp Y) < Al(Y). Lemma 2.5
shows us that I(X]) < I(Y}) < hl(Y). Let n > 1 and suppose we showed that I(X,_;) <
hi(Y). Let A = Y, \ Y,—1. Then I(4/ ~) < I(4) < hl(Y). Lemma 3.1 (b) then gives
I(B4) < hl(Y); hence l(vrA(BA)) < hKY). Since X, = X, U my[B4] it follows that
I(X) < hI(Y). .

COROLLARY 3.4. Let X and Y be Tychonov spaces and let ¢: C,(X) — C,(Y) be a
continuous linear bijection. If Y is hereditary Lindelof, then X contains a dense Lindelof
subset.

Let X be a topological space and let & > R, be a cardinal. A subset 4 of X is of type
G, if A is the intersection of k¥ many open subsets of X. Then Al(X) < « if and only if
I(X) < k and in X every closed subset is of type G,. Note that X is perfect if and only if
each closed subset of X is of type Gs(= Gy,).

COROLLARY 3.5. Let X and Y be Tychonov spaces and let ¢: C,(X) — C,(Y) be a
continuous linear bijection. Let k = I(Y) and suppose in Y every closed subset is of type
G. Then X contains a dense subset Z such that (Z) < k.

COROLLARY 3.6. Let X and Y be Tychonov spaces and let ¢: Cp(X) — Cy(Y) be
a continuous linear bijection. If Y is a perfect Lindelof space, then X contains a dense
Lindelof subset.

If Z is a dense subset of a paracompact space X, then I(X) = I(Z) (c¢f. [7]). This
observation gives us four other corollaries.
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COROLLARY 3.7. Let X and Y be Tychonov spaces and let ¢: Cp(X) — Cy(Y) be a
continuous linear bijection. If X is paracompact, then I(X) < hI(Y).

COROLLARY 3.8. Let X and Y be Tychonov spaces and let ¢: C,(X) — Cp(Y) be a
continuous linear bijection. If Y is hereditary Lindelof and X is paracompact, then X is
Lindelof.

COROLLARY 3.9. Let X and Y be Tychonov spaces and let ¢: C,(X) — Cp(Y) be a

continuous linear bijection. Let k = I(Y) and suppose in Y every closed subset is of type
G.. If X is paracompact, then [(X) < K.

COROLLARY 3.10. Let X and Y be Tychonov spaces and let ¢: Cp(X) — Cp(Y) be a
continuous linear bijection. If Y is a perfect Lindelof space and X is paracompact, then
X is Lindelof.

THEOREM 3.11. Let X and Y be Tychonov spaces such that C,(X) and C,(Y) are
linearly homeomorphic. Then I(X) < hl(Y) and I(Y) < hl(X).

PROOF. Let ¢: Cp(X) — Cp(Y) be alinear homeomorphism. In the proof of Theorem
3.3 we showed that I(supp Y) < hl(Y). Lemma 2.2 gives us I(X) < hl(Y). =

COROLLARY 3.12. Let X and Y be Tychonov spaces such that C,(X) and C,(Y) are
linearly homeomorphic. Let k = max{l(X), (Y)} and suppose that in X and Y every
closed subset is of type Gy.. Then I(X) = I(Y).

COROLLARY 3.13. Let X and Y be perfect Tychonov spaces such that C,(X) and
C,(Y) are linearly homeomorphic. Then I(X) = I(Y).

In [1], Arkhangel’skii announced the following theorem proved by Velicko: Lin-
deldfness is an £-invariant property. His proof doesn’t seem to generalize to higher Lin-
delof numbers. Corollaries 3.12 and 3.13 show that the Lindel6f number is £-invariant
in at least a class of spaces that contains all perfect Tychonov spaces. In [5], it was
shown that the Lindel6fnumber is £-invariant for the class of first countable paracompact
spaces.

4. Other results. In this section we consider a class of spaces for which topologi-
cal properties that are closed hereditary, closed under countable unions and continuous
images, are {-invariant. The class of spaces under consideration is the class of all lin-
early ordered perfect Tychonov spaces. There are many topological properties that are
closed hereditary, closed under countable unions and continuous images: for example,
the properties we considered in the previous section. Those are not of special interest for
the above class of spaces since they are now known to be /-invariant in a larger class of
spaces, the class of all perfect Tychonov spaces. There are however properties for which
it is unknown if they are £-invariant for all perfect Tychonov spaces, but for which we
can show that they are for the class of all linearly ordered perfect Tychonov spaces. Of
course this leaves some open questions. We will mainly be interested in certain cardinal
functions, that is, the spread, the extent, the cellularity, the hereditary density and the
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hereditary Lindelof number. Note that all these cardinal functions do not increase under
taking closed subsets, countable unions and continuous images. Of course there are many
other cardinal functions that satisfy our assumptions: for example the width, the depth
and the height of a topological space. For a survey of cardinal functions we refer to [8].

Again we use the notation of Section 2 without explicit reference. In addition if X is
a Tychonov space, if » € Nand if 1 < i < n, then 7; : X" — X denotes the projection
on the i-th factor. Let 4 be a subclass of the class of all Tychonov spaces. A Tychonov
space Y is related to 4 if

for all X € A, for all continuous linear bijections ¢: C,(X) — C,(Y) and for all

n > 1,if A =Y, \ Y,—1, then there exists a continuous map r4: 4 — B4 such that

X \ Xn1 C Uiy (mi 0 rg)[A].

LEMMA 4.1. Let X and Y be Tychonov spaces and let ¢: C,(X) — C,(Y) be a con-
tinuous linear bijection. Suppose that Y is related to some class A for which X € A. Let
Pbe a topological property that is hereditary, closed under taking countable unions and
continuous images. If Y has property P, then X contains a dense subset that has property
P

PROOF. We will show that supp Y has property P. Since P is closed under taking
countable unions it suffices to show that for each n € N, X, has property ?. Since Pis
closed under taking continuous images and since Y has property P, Lemma 2.5 gives us
that X; has property . For n > 1, suppose that X,,_; has property P. Let 4 = Y, \ Y,
and let r4: A — B, be a continuous map such that X, \ X,,_; C U%,(m; o r4)[4]. Since P
is hereditary and closed under taking continuous images, it follows that forall 1 <i <
n, (m; o r4)[4] has property P. Since Pis also closed under taking countable unions, we
are done. ]

COROLLARY 4.2. Let A4 be a class of Tychonov spaces. Let X and Y be elements of
A that are both related to A and such that C,(X) and Cy(Y) are linearly homeomorphic.
Let P be a topological property as in Lemma 4.1. Then X has property Pif and only if Y
has.

For perfect Tychonov spaces, Lemma 4.1 and Corollary 4.2 also hold for topological
properties that are closed hereditary instead of hereditary. In general we have

LEMMA 4.3.  Let X and Y be Tychonov spaces and let ¢: Cp(X) — C,(Y) be a con-
tinuous linear bijection. Suppose that Y is related to some class A for which X € A. Let
k > N be a cardinal and suppose that in Y each closed subset is of type G,. Let ‘P be
a topological property that is closed hereditary, closed under taking k-many unions and
continuous images. If Y has property P, then X contains a dense subset that has property

P

PROOF. Note that by the assumptions on P, all layers Y, \ Y,—; have property P.
Hence we can proceed as in the proof of Lemma 4.1. n
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COROLLARY 4.4. Let A be a class of Tychonov spaces. Let X and Y be elements of
A that are both related to A and such that Cp(X) and Cy(Y) are linearly homeomorphic.
Let k > Wy be a cardinal and suppose that in X and Y each closed subset is of type G.
Let Pbe a topological property as in Lemma 4.3. Then X has property ‘Pif and only if Y
has.

Corollary 4.4 applies to the class of all linearly ordered Tychonov spaces.

LEMMA 4.5. Tychonov spaces are related to the class of all linearly ordered Ty-
chonov spaces.

PROOF. Let (X, <) be a linearly ordered Tychonov space and let Y be an arbitrary
Tychonov space. Let ¢: C,(X) — C,(Y) be a continuous linear bijection, let n > 1
andlet A = Y, \ Y,—;. Define #;:4 — X by hj(y) = the first element of supp(y).
We claim that 4, is continuous. Let y € 4 and let x; < --- < x, in X be such that
supp(y) = {x1,...,Xn}. S0 hy(y) = x;. Let U be an arbitrary open neightborhood of x;.
Find disjoint open intervals U, ..., U, in X such that U; C U and such that for each
1 <i<n, xi€U.LetO=(Y_{z € 4: supp(y) N U; # (}. Then O is an open
neightborhood of y such that 4;[0] C U. So actually 4; is a continuous selection of
the LSC map supp. If we define 43, ..., A, by hi(y) = x;, i.e., hi(y) is the i-th element
of supp(y), then we have in the same way that 4, ..., A, are continuous, and moreover
that for eachy € 4, supp(y) = {hi(»),...,h.(»)}. Define rg:4 — By by rq(y) =
(h;(y), e ,h,,(y)). Then clearly 7,4 is a well defined continuous mapping. We have to
show that X, \ X,—1 € UL, (m; org)[4]. For that, letx € X, \ X,—. By Lemma 2.7, there
is (x1,...,X,) € B4 such that 74 ((xl, .. ,x,,)) = x. Hence x = x. Let y € 4 be such that
supp(y) = {x1,...,x,}. There exists a permutation o: {1,...,n} — {1,...,n} such that
foreach 1 <i <n, hy;)(¥) = xi. S0 x € (Ty(1) © r4)Y)- ]

LEMMA 4.6. Let X be a linearly ordered Tychonov space and let Y be an arbitrary
Tychonov space. Let ¢: Cp)(X) — Co(Y) be a continuous linear bijection. Let P be a
topological property as in Lemma 4.1. If Y has property ‘P, then X contains a dense
subset that has property P.

PROOF. Apply Lemmas 4.1 and 4.5. u

COROLLARY 4.7.  Let X and Y be linearly ordered Tychonov spaces such that C,(X)
and C,(Y) are linearly homeomorphic. Let P be a topological property that is hereditary,
closed under taking countable unions and continuous images. Then X has property Pif
and only if Y has property P.

LEMMA 4.8. Let X be a linearly ordered Tychonov space and let Y be an arbitrary
Tychonov space in which each closed subset is of type G, where k > ¥y is a cardinal.
Let ¢: Cp(X) — C,(Y) be a continuous linear bijection. Let P be a topological property
as in Lemma 4.3. If Y has property P, then X contains a dense subset that has property
P

PROOF. Apply Lemmas 4.3 and 4.5. m
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COROLLARY 4.9.  Let X and Y be linearly ordered Tychonov spaces such that Cy(X)
and Cy(Y) and linearly homeomorphic. Let k > ¥y be a cardinal and suppose that
in X and Y each closed subset is of type Gk. Let P be a topological property that is
closed hereditary, closed under taking rk-many unions and continuous images. Then X
has property Pif and only if Y has property P.

COROLLARY 4.10. Let X and Y be linearly orderedperfect Tychonovspaces such that
Co(X) and Cy(Y) are linearly homeomorphic. Then the spread, the extent, the cellularity,
the hereditary Lindelof number and the hereditary density number of X and Y are equal.

In [10], Tkachuk already showed that cellularity is /-invariant for the class of all
Tychonov spaces, so this corollary does not give us anything new on cellularity. We
finish this paper by posing some open questions

QUESTION 4.11.  Are the spread, the hereditary Lindel6f number and the hereditary
density number £-invariant properties for all Tychonov spaces? For all perfect Tychonov
spaces ?

In [9], Okunev gave an example of two Tychonov spaces X and ¥ such that C,(X) and
C,(Y) are linearly homeomorphic, but with unequal extents for X and Y. Both spaces are
pseudocompact, but one of them is not normal. This example and Corollary 4.10 imply
the following question

QUESTION 4.12.  For which class of spaces is the extent of £-invariant property? For
the class of normal spaces? For all perfectly normal spaces?
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