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Dual Creation Operators and a Dendriform
Algebra Structure on the Quasisymmetric
Functions

Darij Grinberg

Abstract. The dual immaculate functions are a basis of the ring QSym of quasisymmetric functions
and form one of the most natural analogues of the Schur functions. The dual immaculate function
corresponding to a composition is a weighted generating function for immaculate tableaux in the
same way as a Schur function is for semistandard Young tableaux; an immaculate tableau is defined
similarly to a semistandard Young tableau, but the shape is a composition rather than a partition, and
only the first column is required to strictly increase (whereas the other columns can be arbitrary, but
each row has to weakly increase). Dual immaculate functions were introduced by Berg, Bergeron,
Saliola, Serrano, and Zabrocki in arXiv:1208.5191, and have since been found to possess numerous
nontrivial properties.

In this note, we prove a conjecture of M. Zabrocki that provides an alternative construction for
the dual immaculate functions in terms of certain “vertex operators”. The proof uses a dendriform
structure on the ring QSym; we discuss the relation of this structure to known dendriform structures
on the combinatorial Hopf algebras FQSym and WQSym.

1 Introduction

The three most well-known combinatorial Hopf algebras that are defined over any
commutative ring k are the Hopf algebra of symmetric functions (denoted Sym), the
Hopf algebra of quasisymmetric functions (denoted QSym), and that of noncommu-
tative symmetric functions (denoted NSym). The first of these three has been studied
for several decades, while the latter two are newer; we refer the reader to [HaGuKil0,
Chapters 4 and 6] and [GriReil5, Chapters 2 and 5] for expositions of them.! All three
of these Hopf algebras are known to carry multiple algebraic structures and have sev-
eral bases of combinatorial and algebraic significance. The Schur functions, forming
a basis of Sym, are probably the most important of these bases; a natural question is
thus to ask for similar bases for QSym and NSym.

Several answers to this question have been suggested, but the simplest one appears
to be given in a 2013 paper by Berg, Bergeron, Saliola, Serrano, and Zabrocki [BB-
SSZ13a], in which they define the immaculate (noncommutative symmetric) functions
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Historically, the origin of the noncommutative symmetric functions is in [GKLLRT95], whereas
the quasisymmetric functions were introduced in [Gessel84]. See also [Stanle99, Section 7.19] specifi-
cally for the quasisymmetric functions and their enumerative applications (although the Hopf algebra
structure does not appear in this source).
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(which form a basis of NSym) and the dual immaculate (quasi-symmetric) functions
(which form a basis of QSym). These two bases are mutually dual and satisfy ana-
logues of various properties of the Schur functions. Among these are a Littlewood-
Richardson rule [BBSSZ13b], a Pieri rule [BSOZ13], and a representation-theoretical
interpretation [BBSSZ13c]. The immaculate functions can be defined by an analogue
of the Jacobi-Trudi identity (see [BBSSZ13a, Remark 3.28] for details), whereas the
dual immaculate functions can be defined as generating functions for “immaculate
tableaux” in analogy to the Schur functions being generating functions for semistan-
dard tableaux (see Proposition 4.4).

The original definition of the immaculate functions ([BBSSZ13a, Definition 3.2])
is arrived at by applying a sequence of so-called noncommutative Bernstein operators
to the constant power series 1 € NSym. Around 2013, Mike Zabrocki conjectured that
the dual immaculate functions can be obtained by a similar use of “quasi-symmetric
Bernstein operators”. The purpose of this note is to prove this conjecture (Corollary
5.5). Along the way, we define certain new binary operations on QSym; two of them
give rise to a structure of a dendriform algebra [EbrFar08], which seems to be inter-
esting in its own right.

This note is organized as follows. In Section 2, we recall basic properties of qua-
sisymmetric (and symmetric) functions and introduce the notations that we will use.
In Section 3, we define two binary operations, < and ¢, on the power series ring
k[[x1, X2, x3,...]] and show that they restrict to operations on QSym that interact
with the Hopf algebra structure of QSym in a useful way. In Section 4, we define the
dual immaculate functions, and show that this definition agrees with the one given in
[BBSSZ13a, Remark 3.28]; we then give a combinatorial interpretation of dual immac-
ulate functions (which is not new, but has apparently never been explicitly stated). In
Section 5, we prove Zabrocki’s conjecture. In Section 6, we discuss how our binary
operations can be lifted to noncommutative power series and restrict to operations
on WQSym, which are closely related to similar operations that have appeared in the
literature. In the final Section 7, we ask some further questions.

An expanded version of this note is available on the arXiv (as ancillary file to
preprint arXiv:1410.0079 ); it contains more details in some of the arguments.

2 Quasisymmetric Functions

We assume that the reader is familiar with the basics of the theory of symmetric and
quasisymmetric functions (as presented, e.g., in [HaGuKil0, Chapters 4 and 6] and
[GriReil5, Chapters 2 and 5]). However, let us define all the notations that we need
(not least because they are not consistent across literature). We shall try to have our
notations match those used in [BBSSZ13a, Section 2] as much as possible.

We use N to denote the set {0,1,2,...}.

A composition means a finite sequence of positive integers. For instance, (2,3) and
(1,5,1) are compositions. The empty composition (i.e., the empty sequence ( )) is de-
noted by @. We denote by Comp the set of all compositions. For every composition
o = (a1, a2, .., ), we denote by |« the size of the composition «; this is the non-
negative integer a; + ap + -+ + ap. If n € N, then a composition of n simply means a
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composition having size n. A nonempty composition means a composition that is not
empty (or, equivalently, that has size > 0).

Let k be a commutative ring (which, for us, means a commutative ring with unity).
This k will stay fixed throughout the paper. We will define our symmetric and qua-
sisymmetric functions over this commutative ring k.> Every tensor sign ® without a
subscript should be understood to mean ®.

Let x1, X2, x3, ... be countably many distinct indeterminates. We let Mon be the
free abelian monoid on the set {x;, X3, x3, .. .} (written multiplicatively); it consists of
elements of the form x;" x5 x5 - - - for finitely supported (a;, a2, a3, ... ) € N* (where
finitely supported means that all but finitely many positive integers i satisfy a; = 0). A
monomial will mean an element of Mon. Thus, monomials are combinatorial objects
(without coeflicients), independent of k.

We consider the k-algebra k[[x;, X3, x3, ... ]] of (commutative) power series in
countably many distinct indeterminates x;, X3, X3, ... over k. By abuse of notation,
we shall identify every monomial x;"x;x3*--- € Mon with the corresponding ele-
ment x;" - x3% - x3° - -+ of K[[x1, X2, x3, . .. ]| when necessary (e.g., when we speak of
the sum of two monomials or when we multiply a monomial with an element of k);
however, monomials don’t live in k[[x, x2, x3, ... ]] per se.®

The k-algebra k[[ x;, x2, x3, . . . ]] is a topological k-algebra; its topology is the prod-
uct topology, which is defined as follows (see also [GriReil5, Section 2.6]). We en-
dow the ring k with the discrete topology. To define a topology on the k-algebra
k[[x1, X2, x3, ... ]], we (temporarily) regard every power series in k[[x;, X2, x3, ... ]]
as the family of its coefficients. Thus, k[[x, x2, X3, . .. ]] becomes a product of infin-
itely many copies of k (one for each monomial). This allows us to define a product
topology on k[[x1, x2, x3, . .. ]|. This product topology is the topology that we will be
using whenever we make statements about convergence in k[[ x;, x, X3, . .. ]] or write
down infinite sums of power series. A sequence (a, ),y of power series converges to
a power series a with respect to this topology if and only if for every monomial m, all
sufficiently high # € N satisfy

(the coeflicient of m in a,,) = (the coefficient of m in a).

Note that this is not the topology obtained by completion of k[x;, x, x3, ... ] with
respect to the standard grading (in which all x; have degree1). Indeed, this completion
is not even the whole k[[x1, x2, x3, . .. ]

The polynomial ring k[x;, x2, X3, ... ] is a dense subset of k[[x1, x,, x3, ... ]] with
respect to this topology. This allows us to prove certain identities in the k-algebra
k[[x1, X2, x3, . .. || (such as the associativity of multiplication, just to give a stupid ex-
ample) by first proving them in k[x;, x2, x3, ... | (that is, for polynomials), and then
arguing that they follow by density in k[[x;, 3, x3, ... ]|

2We do not require anything from k other than being a commutative ring. Some authors prefer to
work only over specific rings k, such as Z or Q (for example, [BBSSZ13a] always works over Q). Usually,
their results (and often also their proofs) are nevertheless just as valid over arbitrary k. We see no reason
to restrict our generality here.

3Thisis a technicality. Indeed, the monomials 1 and x; are distinct, but the corresponding elements
1and x; of k[[x1, X2, x3, ... || are identical when k = 0. So we could not regard the monomials as lying
in k[[x1, x2, x3, ... ]] by default.
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If m is a monomial, then Supp m will denote the subset

{i€{1,2,3,...} | the exponent with which x; occurs inmis >0}

of {1,2,3,...}; this subset is finite. The degree degm of a monomial m = x;"x;2x3° - --

isdefinedtobe a; +a; +as +--- € N.

A power series P € K[[x1, x2, X3, ... ]] is said to be bounded-degree if there exists
an N € N such that every monomial of degree > N appears with coeflicient 0 in P.
Let K[[x1, X2, X3, . . . [|baa denote the k-subalgebra of k[ x1, x2, X3, . .. ]| formed by the
bounded-degree power series in k[[ x1, x2, x3, . . . ]].

The k-algebra of symmetric functions over k is defined as the k-subalgebra of
k[[x1, X2, 3, . .. ||Jpaa consisting of all bounded-degree power series that are invari-
ant under any permutation of the indeterminates. This k-subalgebra is denoted by
Sym. (Notice that Sym is denoted A in [GriReil5].) As a k-module, Sym is known to
have several bases, such as the basis of complete homogeneous symmetric functions
(hy) and that of the Schur functions (s, ), both indexed by the integer partitions.

Two monomials m and n are said to be pack-equivalent if they have the form
m = x'x?ox]f and n = x7'x7? - x¢ for some ¢ € N, some positive integers

ie 172 j
oy, 0, ..., 0, SOMe positive integers i, iz, . .., ip satisfying i; < i, < -+ < g, and
some positive integers ji, j2,. .., je satisfying j; < j» < --- < je. A power series

P e k[[x1, x2, x3, ... ]| is said to be quasisymmetric if any two pack-equivalent mono-
mials have equal coefficients in P. The k-algebra of quasisymmetric functions over k is
defined as the k-subalgebra of k[[x;, x2, x3, . . . [Jbaa consisting of all bounded-degree
power series that are quasisymmetric. It is clear that Sym ¢ QSym.

For every composition « = (a5, a3, ..., &g), the monomial quasisymmetric func-
tion M, is defined by
_ a0 ap
My= ) xix e xit e k[[x1, %2, %3, - .- Jlbda-

1<i1<iy<-<ip

One easily sees that M, € QSym for every a« € Comp. It is well known that
(Mg ) aecomp is a basis of the k-module QSym; this is the so-called monomial basis of
QSym. Other bases of QSym exist as well, some of which we are going to encounter
below.

It is well known that the k-algebras Sym and QSym can be canonically endowed
with Hopf algebra structures such that Sym is a Hopf subalgebra of QSym. We refer
to [HaGuKil0, Chapters 4 and 6] and [GriReil5, Chapters 2 and 5] for the definitions
of these structures (and for a definition of the notion of a Hopf algebra); at this point,
let us merely state a few properties. The comultiplication A : QSym — QSym ® QSym
of QSym satisfies

for every o = (a1, &, ..., ag) € Comp. The counit &: QSym — k of QSym satisfies

1 ifa=g,
0 fa+tg,

S(Mtx) = {

for every a« € Comp.
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We will always use the notation A for the comultiplication of a Hopf lgebra, the no-
tation ¢ for the counit of a Hopf algebra, and the notation S for the antipode of a Hopf
algebra. Occasionally we will use Sweedler’s notation for working with coproducts of
elements of a Hopf algebra.*

If o = (a1, a2, . .., &) is a composition of an n € N, then we define a subset D(«)
of {1,2,...,n -1} by

D(‘x):{051>(X1+(X2,(X1+062+(X3,...,(X1+0€2+~"+(X€_1}.

This subset D(«) is called the set of partial sums of the composition «; see [GriReil5,
Definition 5.10] for its further properties. Most importantly, a composition « of size
n can be uniquely reconstructed from »n and D(«).

Ifa = (a1,az,...,0p) is a composition of an n € N, then the fundamental qua-
sisymmetric function Fy € K[[x1, X2, X3, .. . ]|bad can be defined by
(21) Fa = Z Xl'lx,'z ---xi".

11<ip <<y
ij<ijy if jeD(a)

(This is only one of several possible definitions of F,. In [GriReil5, Definition 5.15],
the power series F, is denoted by L, and defined differently, but [GriReil5, Proposi-
tion 5.17] proves the equivalence of this definition with ours.”) One can easily see that
F, € QSym for every a € Comp. The family (Fq)aecomp is @ basis of the k-module
QSym as well; it is called the fundamental basis of QSym.

3 Restricted-product Operations
We shall now define two binary operations on k[[x1, x2, x3, ... ]].

Definition 3.1 We define a binary operation
<:Kk[[x1, %2, %3, ... [| x k[[x1, %2, %3, ... ]| — K[[x1, %2, %3, ... ]]

(written in infix notation®) by the requirements that it be k-bilinear and continuous
with respect to the topology on k[[x1, x5, x3, . . . ] and that it satisfy

3. m<nolmon if min(Suppm) < min(Suppn),
' o if min(Supp m) > min(Suppn),

for any two monomials m and n.

“In a nutshell, Sweedler’s notation (or, more precisely, the special case of Sweedler’s notation that
we will use) consists in writing 3.y ¢(1) ® ¢(2) for the tensor A(c) € C ® C, where ¢ is an element
of a k-coalgebra C. The sum ¥ ) ¢(1) ® c(2) symbolizes a representation of the tensor A(c) as a sum
Zfi 1 €1,i ®Ca,; of pure tensors; it allows us to manipulate A(c) without having to explicitly introduce the
Nandthec; ; and the ¢, ;. For instance, if f: C — kisak-linear map, then we can write 3 . fleay)e)
for Zf’: L f(eri)cai. Of course, we need to be careful not to use Sweedler’s notation for terms that
do depend on the specific choice of the N and the ¢;; and the ¢, ;; for instance, we must not write
2o e

5In fact, [GriReil5, (5.5)] is exactly our equality (2.1).

6By this we mean that we write a < b instead of < (a, b).
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Some clarifications are in order. First, we are using < as an operation symbol (rather
than as a relation symbol as it is commonly used). 7 Second, we consider min & to
be oo, and the symbol oo is understood to be greater than every integer.® Hence,
m < 1=m for every nonconstant monomial m, and 1 < m = 0 for every monomial m.

Let us first see why the operation < in Definition 3.1 is well defined. Recall that the
topology on k[[x1, x5, x3, . . . || is the product topology. Hence, if < is to be k-bilinear
and continuous with respect to it, we must have

( > Amm)<( > ynn): > > Adnpam<n

meMon neMon meMon neMon

for any families (A )memon € KM°™ and (pn)nemon € kMO of scalars. Combined
with (3.1), this uniquely determines <. Therefore, the binary operation < satisfying
the conditions of Definition 3.1 is unique (if it exists). But it also exists, because if we
define a binary operation < on k[[x1, x2, x3, . . . ]| by the explicit formula

( > Amm) <( > ynn) = > Amfnmn
meMon neMon (m,n)eMon x Mon;;
min(Supp m)<min(Supp n)

for all (A )memon € KM°™ and (pn ) nemon € kM7, then it clearly satisfies the condi-
tions of Definition 3.1 (and is well defined).

The operation < is not associative; however, it is part of what is called a dendriform
algebra structure on k[[x;, x2,x3,...]] (and on QSym, as we shall see below). The
following remark (which will not be used until Section 6, and thus can be skipped by
a reader not familiar with dendriform algebras) provides some details.

Remark 3.2 Letus define another binary operation > on k[[ x1, x, X3, . .. ]] similarly
to < except that we set

meno ™ if min(Supp m) > min(Suppn),
~ o if min(Suppm) < min(Suppn).

Then the structure (k[[x1, X2, X3, - . . ]|, <, >) is a dendriform algebra augmented to sat-
isfy [EbrFar08, (15)]. In particular, any three elements a, b, and ¢ of K[ x1, x2, X3, . . . |]

satisfy
a<b+ax>b=ab, (a<b)<c=a<(bc),
(axb)<c=ax(b<c), ax>(bxc)=(ab)>c.

Now, we introduce another binary operation.

Definition 3.3 We define a binary operation
:Kk[[x1, X2, X3, ... ] x K[[x1, %2, %3, . .. ]| — K[[x1, x2, %3, ... ]]

70f course, the symbol has been chosen because it is reminiscent of the smaller symbol in
“min(Supp m) < min(Supp n)”.
8but not greater than itself
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(written in infix notation) by the requirements that it be k-bilinear and continuous
with respect to the topology on k[[x1, x5, x3, .. . ] and that it satisfy

oo Jmon if max(Supp m) < min(Suppn),
o if max(Suppm) > min(Suppn),

for any two monomials m and n.

Here, max @ is understood as 0. The welldefinedness of the operation ¢ in Defini-
tion 3.3 is proved in the same way as that of the operation <.

Let us make a simple observation that will not be used until Section 6, but provides
some context.

Proposition 3.4  The binary operation ¢ is associative. It is also unital (with 1 serving
as the unity).

Proof of Proposition 3.4 We will only sketch the proof; see the detailed version for
more details.

To show that ¢ is associative, it suffices to prove that (m$n)®p = mé(ndp) for
any three monomials m, n and p (since ¢ is bilinear). But this follows from observ-
ing that both (m®n)®dp and m®d (ndp) are equal to mnp if the three inequalities
max(Suppm) < min(Suppn), max(Suppm) < min(Suppp), and max(Suppn) <
min(Supp p) hold, and are equal to 0 otherwise.

The proof of the unitality of ¢ is similar. ]

Here is another property of ¢ that will not be used until Section 6.

Proposition 3.5 Every a € QSym and b € QSym satisfy a < b € QSym and adb €
QSym.

For example, we can explicitly describe the operation ¢ on the monomial basis
(My)yecomp of QSym. Namely, any two nonempty compositions « and f3 satisfy
Mo ®Mp = Miqp) + Maop, where [a, ] and & ® 8 are two compositions defined
by

[(061,062,. ..,(Xg), (‘81,[32,.. -aﬁm)] = (0(1,062,. .. ,Oég,ﬁl,ﬁz,. ..,/))m),
(061,062,. ..,(Xg) © (ﬂ],ﬁz,.. .,ﬁm) = (0(1,0(2,. ey Op_1, Kp +ﬁ1,ﬁ2,ﬁ3,. .. ,ﬁm).

If one of & and B is empty, then M, Mg = M, )
Proposition 3.5 can reasonably be called obvious; the following proof owes its
length mainly to the difficulty of formalizing the intuition.

Proof of Proposition 3.5. 'We will first introduce more notation.

If m is a monomial, then the Parikh composition of m is defined as follows. Write
m in the form m = x"x> ---x{* for some £ € N, some positive integers a1, ay, ...,
ae, and some positive integers iy, iz, . .., ig satisfying i; < i, < --- < i,. Notice that
this way of writing m is unique. Then the Parikh composition of m is defined to be

the composition (&, ay, ..., ap).
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We denote by Parikh m the Parikh composition of a monomial m. Now, it is easy to
see that the definition of a monomial quasisymmetric function M, can be rewritten
as follows. For every a € Comp, we have

(3.2) Me= > m.
meMon;
Parikh m=«a
(Indeed, for any given composition « = («;, &, . .., &), the monomials m satisfying
Parikhm = « are precisely the monomials of the form xz‘xgz . -xf‘ee with iy, iy, .. ., ip

being positive integers satisfying i; < ip <--- < ip.)

Now, pack-equivalent monomials can be characterized as follows. Two monomials
m and n are pack-equivalent if and only if they have the same Parikh composition.

Next, we come to the proof of Proposition 3.5.

Let us first fix two compositions « and 3. We will prove that M, < Mg € QSym.
Write the compositions a and S as « = (ay, aa,...,a¢) and f = (B1,B25- .-, Bm). Let
8o denote the £-element set {0} x {1,2,..., £}. Let §; denote the m-element set {1} x
{1,2,...,m}. Let 8 denote the (£ + m)-element set 8o US;. Letincy: {1,2,..., ¢} = 8
be the map that sends every p € {1,2,...,€} to (0,p) € 8 < 8. Let ing :
{1,2,...,m} — 8 be the map that sends every q € {1,2,...,m} to (L,q) € 8§ € S.
Define a map p:8 — {1,2,3,...} by setting

p(0,p) =a, forallpe{l,2,...,¢€},
p(Lgq) =B, forallge{1,2,...,m}.

For every composition y = (1, Y2, ..., ¥x ), we define a y-smap to be a map f:8 —
{1,2,..., n} satisfying the following three properties:
* the maps f o incy and f o inc; are strictly increasing;
* we have’ min(f(8¢)) < min(f(8;));

e everyu €{1,2,...,n} satisfies

Z p(s) = yu.
sef~!(u)
These three properties will be called the three defining properties of a y-smap.
Now, we make the following claim:

Claim 1: Let q be any monomial. Let y be the Parikh composition of . The coefficient
of qin M, < Mg equals the number of all y-smaps.

Proof of Claim1 We will give a brief outline of this proof; for more details, we refer
to the detailed version of this note.

Write the composition y in the form y = (y1,¥2,...,¥x). Write the monomial g
in the form q = xZIx,’:j x}:" for some positive integers ki, kz, . .., k, satisfying k; <
ky < -+ < ky. (This is possible because (y1, y2, ..., yx) = ¥ is the Parikh composition
of q.) Then Suppq = {ky, k2, ..., kn}.

From (3.2), we get
Me= > .

meMon;
Parikh m=«a

9Keep in mind that we set min & = co.
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Similarly, Mg = 3. nemon; . Hence,

Parikh n=p
Ma<Mﬁ:( > m)<( > n): > mn
meMon; neMon; (m,n)eMon x Mon;
Parikh m=«a Parikh n=p Parikh m=a;

Parikh n=p;
min(Supp m)<min(Supp n)
(by the explicit formula for <). Thus, the coefficient of q in M, < My equals the
number of all pairs (m,n) € Mon x Mon such that Parikhm = «, Parikhn = f,
min(Suppm) < min(Supp n), and mn = q. These pairs shall be called g-spairs.

Now, we construct a bijection @ from the set of all y-smaps to the set of all q-spairs.
This is a simple exercise in re-encoding data, so we leave the details to the reader (they
can be found in the detailed version of this note). Let us just state how the bijection
and its inverse are defined.

o If f:8 - {1,2,...,n} be ay-smap, then the g-spair ®( ) is defined to be

4 . m 8
(H x " S T )
kico.p)’ k
pat Kren’ o ks
e If (m,n) is a g-spair, then the y-smap ®~(m,n) is defined as follows. Write the
monomial m in the form
m= x,‘i‘:l xl‘::z --~x,‘::e
for some elements 1 < u; < up < --- < up < n. (This is possible, since Suppm ¢
Suppq = {ki,kz,...,k,} and Parikhm = «.) Similarly, write the monomial n in
the form

for some elements 1 < v; < v < -+ < v, < 1. Now, the y-smap ®~*(m, n) is defined
as the map f:8 - {1,2,...,n}, which sends every f(0, p) to u, and every f(1,q)
to vg.
This bijection @ shows that the number of all g-spairs equals the number of all y-
smaps. Since the coefficient of q in M, < My equals the former number, it thus must
equal the latter number. This proves Claim 1. ]

Claim 1 shows that the coefficient of a monomial q in M, < Mg depends not on
q but only on the Parikh composition of q. Thus, any two pack-equivalent monomi-
als have equal coefficients in M, < Mg (since any two pack-equivalent monomials
have the same Parikh composition). In other words, the power series M, < Mg is
quasisymmetric. Since My < Mg € k[[x1, x2, x3, . . . []pad, this yields that M, < Mp €
QSym.

Remark 3.6 At this point, let us observe that we can give an explicit formula for
M, < Mg; namely,

(3.3) Me<Mg= > s M

a, V>
yeComp #

where 52’ is the number of all y-smaps. Indeed, for every monomial g, the coefficient
of q on the left-hand side of (3.3) equals 5&) 5 where y is the Parikh composition of ¢
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(because of Claim 1), whereas the coeflicient of q on the right-hand side of (3.3) also
equals 52’ 8 (for obvious reasons). Hence, every monomial has equal coefficients on
the two sides of (3.3), and so (3.3) holds. Of course, (3.3) again proves that M, <
Mg € QSym, since the sum 3 ccomp 52’ My has only finitely many nonzero addends
(indeed, y-smaps can only exist if |y| < |a| + |f]).

Now, let us forget that we fixed « and 8. We have thus shown that every two com-
positions « and  satisfy M, < My € QSym.

Since (Ma)aecComp is @ basis of QSym (and since < is k-bilinear), this shows that
a < b € QSym for every a € QSym and b € QSym. The proof of a$b € QSym is

similar.'° ]

Remark 3.7 'The proof of Proposition 3.5 given above actually yields a combinato-
rial formula for M, < Mg whenever a and 8 are two compositions. Namely, let « and
B be two compositions. Then

(3.4) Mo<Mg= ), s, M,
yeComp

where 52, is the number of all smaps (&, 3) — y. Here a smap(a, ) — y means
what was called a y-smap in the above proof of Proposition 3.5.

This is similar to the well-known formula for M, M (see, for example, [GriReil5,
Proposition 5.3]), which (translated into our language) states that
(3.5) MoMg= ), ) ;M,,

yeComp

where "Z, g s the number of all overlapping shuffles («, 8) — y. Here, the overlapping
shuffles («, ) — y are defined in the same way as the y-smaps, the only difference be-
ing that the second of the three properties that define a y-smap (namely, the property

min(f(8¢)) < min(f(8;))) is omitted. Needless to say, (3.5) can be proved similarly
to our proof of (3.4) above.

Here is a somewhat nontrivial property of ¢ and <.

Theorem 3.8 Let S denote the antipode of the Hopf algebra QSym. Let us use Sweed-
ler’s notation 3,y b1y ® b(yy for A(b), where b is any element of QSym. Then

Z(S(b(n)‘bd) b(z) =a<b
(b)

for any a € K[[x1, X2, X3, ... ]] and b € QSym.

Proof of Theorem 3.8 Let a € k[[x;, x2, X3, ... ]]. We can assume without loss of
generality that a is a monomial (because all operations in sight are k-linear and con-
tinuous). So assume this. That is, a = n for some monomial n. Consider this n. Let
k = min(Suppn). Notice that k € {1,2,3,...} U {oo}.

10 Alternatively, of course, a®b € QSym can be checked using the formula M, ¢ M g = Mpp) +
M, ep (which is easily proved). However, there is no such simple proof for a < b € QSym.
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(Some remarks about oo are in order. We use oo as an object that is greater than
every integer. We will use summation signs like }1; <;,<..cip<k a0d Xjciiciyconci, N
the sequel. Both of these summation signs range over (i1, iz, ..., i¢) € {1,2,3,...}¢
satisfying certain conditions (1 < i; < i < --- < ip < k in the first case, and k < i} <
ip < --- < ip in the second). In particular, none of the iy, i, ..., ip is allowed to be oo
(unlike k). So the summation }7;; <;,<..<;,<k is identical to 3°1; <;,<..<;, when k = oo,
whereas the summation Y _; ;,<..<;, is empty when k = oo unless £ = 0. (If £ = 0,
then the summation Y ;_; ;,...;, ranges over the empty 0-tuple, no matter what k
is.)

We will also use an additional symbol oo + 1, which is understood to be greater
than every element of {1,2,3,...} U {oo}.)

Using the definitions of < and M,, (and recalling that a = n has min(Suppn) = k),
itis now straightforward to check that every composition « = (o, a2, . . ., &) satisfies
(3.6) a<M,= ( Z x“‘x“2-~~x“") -a.

iy 7ip ie
k<iy<ip<-<ip

Let us define a map By:K[[x1, X2, 3, ... ]| = K[[x1, X2, x3,... ]| by
Br(p) = p(x1,x2,...,%£,0,0,0,...) forevery p € k[[x1, x2, %3, ... ]]

(where p(x1,%2,...,%k,0,0,0,...) has to be understood as p(x1,x2,%3,...) = p
when k = o0). Then By is an evaluation map (in an appropriate sense) and thus a
continuous k-algebra homomorphism. Clearly, any monomial m satisfies

m  if max(Suppm) < k,

B -
k(m) {0 if max(Suppm) > k.

Using this (and the definition of ¢), we see that any p € k[[x1, x5, x3, . . . || satisfies
(3.7) pda=a-Bi(p)

(indeed, this is trivial to check for p being a monomial, and thus follows by linearity
for all p). Also, every composition a = (a1, &z, . . ., &z ) satisfies

(3.8) B (M) = Z xMx . x ™

iy iy ie
1<i1<ip<-<ip<k

(as follows easily from the definitions of B and M,).
Let us now notice that every f € QSym satisfies

(3.9) ﬂf=(zf;%k(f(1))(a<f(2))-

Proof of (3.9) Both sides of equality (3.9) are k-linear in f. Hence, it is enough to
check (3.9) on the basis (M, )yecomp of QSym, that is, to prove that (3.9) holds when-
ever f = M, for some y € Comp. In other words, it is enough to show that

aM, = Z Bir((My)w))-(a<(My)p)) foreveryyeComp.
(My)
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But this is easily done. Let y € Comp. Write y in the form y = (y1, 2, ...

D. Grinberg

,y¢). Then

Z %k((My)(l)) : (a < (My)(Z))

(My)

¢
=2 Bi(Mgypsyp)
=0

(a< M(Yj+1:yj+z)~~-)w))

_ n,v2, i _
’zlsi1<i2<~--<i}-gk'x‘ Xiy i *(zk<i1<i2<~--<ig,j ip iy

il Tip
(by (3.8))

Yj+1 Yj+2
J Jr2 ke )-a
,e*j‘

(by (3.6))

4
(since D% (M) ® (My)2) = AMy) = D Myrpasecn) © Miysenysinnoye)

(My) j=0
= z z x?,lx},z .-.x?’-j Z x?’l+1x'y',+z..-x}le . -a
ip 7ip ij i iz ie_j
j=0 1<ii<iz<<ij<k k<ii<iz<-<ip_;j
_ Yj+1 Yi+2 ve
=Deijpr<ijra i Fijyy Fijey i
: . 2
= Z( Z xl}'lx}’l,,,x?{)( Z x}";ﬂx}/# ”.x}/e) .a
£ 1 12 1j Li+1 ~ 1j+2 le
j=0 " 1<ij<iz<-<ij<k k<ijpi<ijia<-<ie
11
VP2 Y (VLYY
> > > (i) ox ) (T ) a
j=01<i;<ip<<ij<k k<iji1<ijya<-<ie
=x"x?2..x7¢
1 1 1
=Zl£"1<"z<‘“<ie Z:jE{O,l,.A.,E}; v ¢
ijSk<ij+1
(where ij is to be understood as 1, and ipy; as co+1)
_ Vi ve Ve o _ Yi¥r ooy ve
= X )y Xy Xip " Xg, 4= > Xiy Xi, X, 4
I<ii<iz<<ip  je{0,1,...,€}; 1<i1<ip<-<ip
ijSk<ij+1
=M,
this sum has precisely one addend,
and thus equals xx?'ll ”-uxiy:
=M,-a=aM,.
Thus, (3.9) is proved. |

Now every b € QSym satisfies

> (S(bqy) ®a) b(2)

(b) —_—
=a-Br(S(bay))
(by (3.7), applied to p=S(b(y)))

=2 a-Bi(S(bay))bey = Y- Bir(S(b(y)) -
(b) (®)

ab(z)

——
=2 (b)) B ((b2y) ) (a<(b2y)(2y)
(by (3.9), applied to f=b(,))

=Y B Y Be( (b)) w)(a<(ba)))

(b) (beay)
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=2 20 Bi(S(b))Br((be)m)(a < (b))
(&) (b))

=3 > Br(S((bay) 1)) Bi((by) 2))(a < bzy)
(b) (by)

since the coassociativity of A yields
2 2 by (be)m @ (bey))@) =2 2. (b)) @ (b)) ® by
(b) (b(2)) (b) (bqy)

Since By is a k-algebra homomorphism, this rewrites as

> (8(by)®a) bz

(b)

=2 Br( Y S((bay)m)(bay)2))(a< b))
(b) (by)

=e(bqy)
(by one of the defining equations of the antipode)

=Y Bi(e(by)) (a<b)) =) e(bay) (a<bp)
) — (®)
=e(by)
(since By is a k-algebra
homomorphism, and
e(b())ek is a scalar)

= Z a< (S(b(l))b(z)) =a< (Z S(b(l))b(z)) =a<b.
(b) (b)
—_— — ——
=b

This proves Theorem 3.8. u
Let us connect the ¢ operation with the fundamental basis of QSym.

Proposition 3.9  For any two compositions « and f3, define a composition « © f3 as
follows.

o If ais empty, then set a © ff = .

o Otherwise, if  is empty, then set « © = a.

* Otherwise, definea® B as (ay, ay, ..., ap-1, &g+ P1, B2, B3s - o> Bm ), where a is writ-
tenasa = (a1, a,...,ap) and where 8 is written as $ = (B1, Ba> -+ > fm)-

Then any two compositions « and B satisfy Fy ®Fg = Faop.

Proof of Proposition 3.9. If either « or f3 is empty, then this is obvious (since ¢ is
unital with 1 as its unity, and since Fy = 1). So let us assume without loss of generality
that neither is. Write o as &« = (a1, @2, ..., atp), and write S as 8 = (1, B2, --» Bm)-
Thus, £ and m are positive (since & and f are nonempty).

Let p = |a| and g = |B|. Thus, p and q are positive (since & and § are nonempty).
Recall that we use the notation D(«) for the set of partial sums of a composition a. If
G is a set of integers and r is an integer, then we let G+ r denote the set {g+7 | g € G}
of integers.
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Applying (2.1) to p instead of #n, we obtain
(3.10) F, = S xax e

i1<ip<<ips
ij<ijy if jeD(a)

p*

Applying (2.1) to g and f instead of n and «, we obtain

Fg = Z XiyXip = Xig = Z KipnXipe " Xipig
i1<iy<<igs ipr1<ipra<Sipigs
ij<ijs1 if jeD(B) ij<ijy if jeD(B)+p

(here, we renamed the summation index (i1, i, ..., ig) as (ips1, ip+2s - - - » ipsq)). This,
together with (3.10), yields

FD,¢F[;
= ( Z xilxiz"'xip)¢( Z xip+lx"1>+2”'x"p+q)
i1<ip<<ips ip1<ipra<Sipygs
ij<iju if jeD(a) ij<iju if jeD(B)+p

> > (xinxi, = X3, ) @ (Xip o Xy = X))

i1<ip<<ips  ipr1Sipra<Sipegs
ij<ijnif jeD(a) ij<ijy if jeD(B)+p

XiyXiy Xy Xy Xipy ** Xipyys i ip Sipy1s

0, if ip > ipar,

(by the definition of ¢ on monomials)

Z Z XiyXiy Xy Xy Xipy ** Xipyys i Bp Sdpy1s
h<irssip  ipnSipras-<iprg (05 ifip > ips,
ij<ijy if jeD(a) ij<ijq if jeD(B)+p

= Z xilxiz T xipxip+1xip+2 T 'xip+q
i1<ip < <ips
ij<ijy if jeD(a); =Xig XiyXip g

ip+1<ip42<<ipigs
ij<ijy if jeD(B)+p;
ip<ipi
————
== i<y <Sipags
ij<ijqy if jeD(a)u(D(B)+p)

i1<iy < <ipigs
ij<ija1 if jeD(@)U(D(B)+p)

On the other hand, a ® f3 is a composition of p + g satisfying D(a © ) = D(a) U
(D(B) + p). Thus, (2.1) (applied to @ ® § and p + q instead of « and n) yields

Faop = Z XiyXiy =" Xipyy = Z XiyXiy =" Xiyyg
1<y < Sipags i1<iz<Sipigs
ij<ij1 if jeD(a®p) ij<ij1 if jeD(a)u(D(B)+p)
(since D(a®p) = D(a)u(D(p)+p)). Compared with (3), this yields Fo ¢ Fg = Faop.
This proves Proposition 3.9. |

For our goals, we need a certain particular case of Proposition 3.9. Namely, let us
recall that for every m € N, the m-th complete homogeneous symmetric function h,, is
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defined as the element
Z Xig Xy« X,
11 iy S
of Sym. It is easy to see that h,, = F,,) for every positive integer m. From this, we
obtain the following corollary.

Corollary 3.10  For any two compositions o and f, define a composition o @ f3 as in
Proposition 3.9. Then every composition o and every positive integer m satisfy

(3.11) Fao(m) = Fa®hpm.

Remark 3.11 We can also define a binary operation
X:Kk[[x1, %2, x3, . .. ]| x K[[%1, %2, X3, ... ][] — K[[x1, %2, %3, ... ]]

(written in infix notation) by the requirements that it be k-bilinear and continuous
with respect to the topology on k[[x1, x5, x3, . . . ] and that it satisfy

m¥n o jmon if max(Suppm) < min(Suppn),
o if max(Supp m) > min(Suppn),

for any two monomials m and n. (Recall that max @ = 0 and min & = cc.)
This operation X shares some of the properties of ¢ (in particular, it is associative
and has neutral element 1); an analogue of Theorem 3.8 says that

Z(S(b(l))Xa)b(z) =ax<b

(b)
for any a € k[[x1,x2,%3,...]] and b € QSym, where a < b stands for b > a. (Of
course, we could also define < by changing the “<” into a “<” and the “>” into a “>” in
the definition of <.)

4 Dual Immaculate Functions and The Operation <

We will now study the dual immaculate functions defined in [BBSSZ13a]. However,
instead of defining them as was done in [BBSSZ13a, Section 3.7], we give a different
(but equivalent) definition. First, we introduce immaculate tableaux (which we define
as in [BBSSZ13a, Definition 3.9]), which are an analogue of the well-known semistan-
dard Young tableaux (also known as “column-strict tableaux”).1!

Definition 4.1 Leta = (o1, ay, ..., o) be a composition.
(i) The Young diagram of « will mean the subset
{(i,j)eZ?|1<i<f1<j<a;)
of Z2. It is denoted by Y («).

(ii) An immaculate tableau of shape a will mean a map T:Y(a) — {1,2,3,...}
that satisfies the following two axioms:

Ugee, e, g., [Stanle99, Chapter 7] for a study of semistandard Young tableaux. We will not use them
in this note; however, our terminology for immaculate tableaux will imitate some of the classical termi-
nology defined for semistandard Young tableaux.
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(a) Wehave T(i,1) < T(j,1) for any integers i and j satisfying 1< i < j < €.
(b) We have T(i,u) < T(i,v) for any integers i, u, and v satisfying 1 < i < € and
1<u<v<a;.

The entries of an immaculate tableau T mean the images of elements of Y («) under
T.

We will use the same graphical representation of immaculate tableaux (analogous
to the “English notation” for semistandard Young tableaux) that was used in [BB-
SSZ13a]. An immaculate tableau T of shape a = (a3, ay, ..., ap) is represented as a
table whose rows are left-aligned (but can have different lengths), and whose i-th row
(counted from top) has «; boxes, which are respectively filled with the entries T(i,1),
T(i,2), ..., T(i,a;) (from left to right). For example, an immaculate tableau T of
shape (3,1,2) is represented by the picture

a1 611,2|ﬂ1,3‘

asz,1

03,103,2‘

where a; ; = T(i, j) for every (i, ) € Y((3,1,2)). Thus, the first of the above two
axioms for an immaculate tableau T says that the entries of T are strictly increasing
down the first column of Y («), whereas the second of the above two axioms says that
the entries of T are weakly increasing along each row of Y («).

(iii) Let = (B1,PBa2s---,Pr) beacomposition of |a|. An immaculate tableau T of
shape « is said to have content f if every j € {1,2,3,...} satisfies

T = 1B sk
0 ifj>k

Notice that not every immaculate tableau has a content (with this definition), because
we only allow compositions as contents. More precisely, if T is an immaculate tableau
of shape a, then there exists a composition § such that T has content § if and only if
there exists a k € N such that T(Y(«)) = {L,2,...,k}.

(iv) Let 8 be a composition of |a|. Then K, g denotes the number of immaculate
tableaux of shape & and content f3.

For future reference, let us notice that if « is a composition, if T is an immaculate
tableau of shape «, and if (i, j) € Y («) is such that i > 1, then
(4.1) T(1,1) < T(i,1) < T(4,j).

Definition 4.2 Let a be a composition. The dual immaculate function &), corre-
sponding to « is defined as the quasisymmetric function

> KapMp.
felel

This definition is equivalent but not identical to the definition of &}, used in [BB-
SSZ13a], as the following proposition shows.

https://doi.org/10.4153/CJM-2016-018-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-018-8

Dual Immaculate Creation Operators 37

Proposition 4.3  Definition 4.2 is equivalent to the definition of G, used in the paper
[BBSSZ13a].

Proof of Proposition 4.3. Let <, denote the lexicographic order on compositions.
Let a be a composition. From [BBSSZ13a, Proposition 3.15 (2)], we know that K, 3 = 0
for every B & |«| that does not satisfy § <, a. Hence, in the sum ¥ 5.4 Ko,pMp, only
the compositions f satisfying 8 <, « contribute nonzero addends. Consequently,
2, KapMg= 3, KapMp.
Br=lal Belal;
B<ea
The left-hand side of this equality is &, according to our definition, whereas the right-
hand side is G}, as defined in [BBSSZ13a] (by [BBSSZ13a, Proposition 3.36]). Hence,
the two definitions are equivalent. ]

It is helpful to think of dual immaculate functions as analogues of Schur functions
obtained by replacing semistandard Young tableaux by immaculate tableaux. Defini-
tion 4.2 is the analogue of the well-known formula s; = 3, 3 k,um, for any parti-
tion A, where s, denotes the Schur function corresponding to A, where m, denotes
the monomial symmetric function corresponding to the partition y, and where k, ,
is the (A, p)-th Kostka number (i.e., the number of semistandard Young tableaux of
shape A and content y). The following formula for the &, (known to the authors of
[BBSSZ13a] but not explicitly stated in their work) should not come as a surprise:

Proposition 4.4  Let a be a composition. Then

6; = Z XT.

Tis an immaculate
tableau of shape «

Here, xr is defined as T1(;, jyey(a) X1(i,j) when T is an immaculate tableau of shape a.
Before we prove this proposition, let us state a fundamental and simple lemma.

Lemma 4.5 (i) If I is a finite subset of {1,2,3,...}, then there exists a unique
strictly increasing bijection {1,2,...,|I|} — L Let us denote this bijection by ry. Its
inverse r;' is obviously again a strictly increasing bijection.

Now, let o be a composition.

(ii) If T is an immaculate tableau of shape «, then r}l(y(a)) o T (remember that
immaculate tableaux are maps from Y (a) to {1,2,3,...}) is an immaculate tableau of
shape o as well and has the additional property that there exists a unique composition
B of || such that r}l(Yw)) o T has content f.

(iii) Let Q be an immaculate tableau of shape a. Let B be a composition of |a| such
that Q has content 3. Then

(4.2) Mg = > XT.

Tis an immaculate
tableau of shapea;

"1(r(a))°T=Q

Proof of Lemma 4.5. (i) Lemma 4.5(i) is obvious.

https://doi.org/10.4153/CJM-2016-018-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-018-8

38 D. Grinberg

(ii) Let T be an immaculate tableau of shape a. Then r;l( Y(a))© T is an immaculate

tableau of shape « as well.'? Let
R = r}l(Y('x)) oT: Y((X) i {1, 2, ey |T(Y(0¢))|}.
Then
R (Y(a)) = (Fr(y(ayy © T(Y (@)

=r;l(y(u))oT

= 1y (T(Y () = {12, | T(Y ()1}

Hence, ([R71(1)],|[R71(2)],...,|[R7Y(|T(Y(«))])]) is a composition. Therefore, there
exists a unique composition 8 of || such that R has content f3, namely,

B= (IR WLIR@)L...[R(IT(Y (@)])])-

In other words, there exists a unique composition f3 of |«| such that r;l(y( ap°T has
content f3 (since R = ry y(a)) © T)- This completes the proof of Lemma 4.5(ii).

(iii) If T is a map Y(a) — {1,2,3,...} satisfying r}l(y(a)) oT = Q, then T is
automatically an immaculate tableau of shape a."> Hence, the summation sign

>

T is an immaculate
tableau of shape «;

r;}uu))oT:Q

on the right-hand side of (4.2) can be replaced by

T:Y (a)—{1,2,3,...};
"rir@»°T=Q

S ox= Y x

T is an immaculate T:Y(a)—{1,2,3,...};
tableau of shape a; -1 T=
Tr(r()°T=Q

r;l(y(a))oTzQ

Hence,

Now, let us write the composition f3 in the form (1, B2, . .., B¢). Then we have

ifk<¢,
(4.3) Q7' (k)| = gk ;fk e for every positive integer k
(since Q has content ). Hence, Q(Y(a)) = {1,2,...,¢}. As a consequence, the
maps T: Y (a) - {1,2,3,...} satisfying r}l(y(a)) o T = Q arein I-to-1 correspondence
with the £-element subsets of {1,2,3,...} (the correspondence sends a map T to the

127This is because the map r;l(y () is strictly increasing, and the inequality conditions that decide

whether a map Y(a) — {1,2,3,...} is an immaculate tableau of shape « are preserved under compo-
sition with a strictly increasing map.

B3proof. Let T be a map Y (a) — {1,2,3,...} satisfying r;l(y(a)) 0T =Q. Thus, T = ry(y(a)) © Q.
Since Q is an immaculate tableau of shape «, this shows that T is an immaculate tableau of shape «
(since the map ry(y(q4)) is strictly increasing, and the inequality conditions that decide whether a map
Y(a) - {1,2,3,...} is an immaculate tableau of shape « are preserved under composition with a
strictly increasing map).
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2-element subset T(Y («)), and the inverse correspondence sends an £-element sub-
set I to the map r; o Q). But these latter subsets, in turn, are in 1-to-1 correspondence
with the strictly increasing length-£ sequences (i; < i < --- < i,) of positive integers
(the correspondence sends a subset G to the sequence (rg(1),76(2),...,rc(£)); of
course, this latter sequence is just the list of all elements of G in increasing order).
Composing these two 1-to-1 correspondences, we conclude that the maps T: Y (a) —
{1,2,3,...} satisfying r}l(y(“)) o T = Q are in 1-to-1 correspondence with the strictly
increasing length-¢ sequences (i; < i < -+~ < ip) of positive integers (the correspon-
dence sends a map T to the sequence (rr(y(a)) (1) 1(v(a))(2)s-->T1(v(a)) (€)))s
and this correspondence has the property that x; = xfl ‘xﬁ : xi ‘ whenever some
map T gets sent to some sequence (i < iy < -+ < ig) (because if some map T gets
sent to some sequence (i < i < -+ < iz), then

(il, iz, ey ie) = (rT(Y(oc)) (1), rT(Y(oc)) (2), ey rT(y(“)) (€)),
so that every k € {1,2,..., £} satisfies ix = rr(y(a))(k), and now we have

4
Xr = H X7(ij) = H H XT(i,f)
(i,j)eY (a) k=1(i,j)eY(a); —
Q(i,j)=k TXrr(r(ay) (QG0)
(since T(i,j)=rr(y(a)) (Q(i>5))
(because r;l(y(a))OT:Q
and thus T=rr(y(4))°Q))

(since Q(Y(a)) ={1,2,...,¢})

14
= H H Xrrev(ay (QUEHJ))
k=1 (i,j)eY(a);
Q(i,j)=k =x'r(y(a))(k)
~———(since Q(i,j)=k)
=i, pee-tx

T S SN (O [R  N J N *
= kH [T v = kH Xik = kaik =X, )
=1 =1 =1

(i,j)eQ (k) —_—
_ Pk
O ) ik

Terr(ay 0 (since | Q7" (k)[=Bx

(Y(a)) k by (4.3)))

(since rr(y(ay) (k)=ik) (by (4.
Hence,
_ BB Be _
> Xr = >, X; X, X, = Mg

T:Y(a)—{1,2,3,...}; 1<iy<ip<<ip

i °T=Q
(by the definition of Mpg). Altogether, we thus have
Z X = Z Xr=M B-

T is an immaculate T:Y(a)—{1,2,3,...};
tableau of shape «a; -1 T=
Tr(r)°T=Q

r;l(y(a))oT=Q

This proves Lemma 4.5(iii). [ |

Proof of Proposition 4.4. For every finite subset I of {1,2,3,...}, we use the no-
tation ry introduced in Lemma 4.5(i). Recall Lemma 4.5(ii); it says that if T is an
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immaculate tableau of shape «, then r}l(y(a)) o T is an immaculate tableau of shape
o as well, and has the additional property that there exists a unique composition f3 of
|| such that r}l(y(a)) o T has content .

Now,
*
(4.4) Gi= 2 KegMg = ), S Mg
Belal ~— BE|a| Q is an immaculate
=2Q is an immaculate Mpg tableau of shape «

tableau of shape a and content f3

and content 8
(by the definition of K,,p)

But (4.2) shows that every composition 8 of |« satisfies

M= ¥ S oowe Y

Q is an immaculate Q is an immaculate T is an immaculate T is an immaculate
tableau of shape « tableau of shape a tableau of shape a; tableau of shape a
-1 -1
and content and content Tr(v(ay)°T=Q such that 17y (40T

has content 8

(because for every immaculate tableau T of shape «, the map r}l(y(a)) o T is an im-
maculate tableau of shape o as well). Substituting this into (4.4), we obtain

&= 2, 2 My =) 2 xr

BE=|al Q is an immaculate BE|a| T is an immaculate
tableau of shape « tableau of shape «
-1
and content such that rT(Y(a))oT

has content

=2 Tis an immaculate XT

tableau of shape a
-1
such that r7y 40T
has content 8

- Y x

T is an immaculate
tableau of shape «

(because for every immaculate tableau T of shape «, there exists a unique composition
B of || such that r}l(ﬂu)) o T has content 3), whence Proposition 4.4 follows. ]

Corollary 4.6 Leta = (a1, az, ..., ap) be a composition with £ > 0. Let o denote the
composition (&z, &3, ..., &e) of |a| — ay. Then &}, = ho, < &%. Here, h, denotes the
n-th complete homogeneous symmetric function for every n € N.

Proof of Corollary 4.6. Proposition 4.4 shows that

*
(4.5) S = 3 X = > XqQ
T is an immaculate Q is an immaculate
tableau of shape a tableau of shape «

(here, we have renamed the summation index T as Q).
Letn = oy. If iy, i3, . . ., i, are positive integers satisfying i < i <--- < iy, and if T
is an immaculate tableau of shape «, then

(xiyxiy -+ x3,) < X1

X Xiy -+ xi, Xy if min(Supp(x;,x;, -+ x;,)) < min(Supp(xr)),
0 if min(Supp (x;,x;, -~ x;,)) > min(Supp(xr)),
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(by the definition of < on monomials )

Xy Xiy - xi, Xy if i <min(T(Y(«))),

(4.6) o, if iy > min(T(Y («))),

(since min(Supp(x;, x4, -+ x;,)) = iy and Supp(xr) = T(Y(«)) ).
But from n = &y, we obtain h, = h,,, so that
ho=ha= ), xyxi--x;, and &%= > X7

i1<ip <<y T is an immaculate
tableau of shape «

(by Proposition 4.4). Hence,
(4.7) hao<65=( Y xxnoxm,) < > x)

i1<ip<<iy T is an immaculate
tableau of shape «

Z Z (x,-lxiz-«-x,-n) <XT

i1<iy<-<i, T is an immaculate
tableau of shape o

Z XiXi, o xi, Xy (by (4.6)).
1112 << p;
T is an immaculate
tableau of shape «;
i<min(T(Y(«)))

We need to check that this equals
S r = Z XQ-

o

Q is an immaculate
tableau of shape a

Now, let us define a map @ from

{((il, i3, ...yiy), T) | 0<i;<ip<---<i,and T is an immaculate
tableau of shape « satisfying i; < min(T(Y («))) }

to the set of all immaculate tableaux of shape a.

Namely, we define the image of a pair ((i1,i2,...,i,), T) under ® to be the im-
maculate tableau obtained by adding a new row, filled with the entries iy, i3, ..., iy
(from left to right), to the top'* of the tableau T.

This map @ is a bijection,'® and has the property that if Q denotes the image of a
pair ((i1,i2,...,in), T) under the bijection ®@, then xq = x;,x;, - -- x;, X7. Hence,

Z XQ = Z X,’lxiz"'xinXT.

Q is an immaculate 11<i<<ips

tableau of shape « T is an immaculate
tableau of shape «;
ii<min(T(Y(«)))

14Here, we are using the graphical representation of immaculate tableaux introduced in Definition
4.1.

BFormally speaking, this means that the image of ((i1,iz,...,in), T) is the map Y(&) —
{1,2,3,...} that sends every (u,v) € Y(a) to i, ifu = 1, or to T(u — 1,v) if u # 1. Proving that
this map is an immaculate tableau is easy.

16proof. The injectivity of the map @ is obvious. Its surjectivity follows from the observation that
if Q is an immaculate tableau of shape a, then the first entry of its top row is smaller than the smallest
entry of the immaculate tableau formed by all other rows of Q. (This is a consequence of (4.1), applied
to Q instead of T.)
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In light of (4.5) and (4.7), this can be rewritten as &}, = h,, < &Z. [ |

Corollary 4.7 Leta = (ay, a3, ..., ap) be a composition. Then
6; = hlxl < (hllz < ( < (h‘Xe < 1)))

Proof of Corollary 4.7. Since &; = 1, this follows by induction from Corollary 4.6.
|

5 An Alternative Description of 4, <

In this section, we will also use the Hopf algebra of noncommutative symmetric func-
tions. This Hopf algebra (a noncommutative one, for a change) is denoted by NSym
and has been discussed in [GriReil5, Section 5] and [HaGuKil0, Chapter 6]; all we
need to know about it are the following properties:

* There is a nondegenerate pairing between NSym and QSym, that is, a nondegener-
ate k-bilinear form NSym x QSym — k. We will denote this bilinear form by ( -, ).
This k-bilinear form is a Hopf algebra pairing, i.e., it satisfies

(5.1) (ab,c) = > (a,cuy) (b, c(a))
(c)

for all a e NSym, b € NSym and ¢ € QSymy;
(L) =¢(c) for all ¢ € QSymy

Z(a(l)’ b)(a(),c) = (a, bc)
(a)
for all a e NSym, b € QSym and ¢ € QSymy;

(a,1) = ¢(a) for all a € NSymy;
(S(a),b) =(a,S(b)) for all a € NSym and b € QSym

(where we use Sweedler’s notation).

o There is a basis of the k-module NSym that is dual to the fundamental basis
(Fa)aecomp of QSym with respect to the bilinear form (-, -). This basis is called
the ribbon basis and will be denoted by (Ra ) aeComp-

Both of these properties are immediate consequences of the definitions of NSym
and of (R ) aecomp given in [GriReil5, Section 5] (although other sources define these
objects differently, and then the properties no longer are immediate). The notations
we are using here are the same as the ones used in [GriReil5, Section 5] (except that
[GriReil5, Section 5] calls L, what we denote by F,), and only slightly differ from
those in [BBSSZ13a] (namely, [BBSSZ13a] denotes the pairing (-, - ) by (-, - ) instead).

We need some more definitions. For any g € NSym, let L,: NSym — NSym denote
the left multiplication by g on NSym (that is, the k-linear map NSym — NSym, f ~
gf). For any g € NSym, let g*:QSym — QSym be the k-linear map adjoint to
Lg:NSym — NSym with respect to the pairing (-, -) between NSym and QSym. Thus,
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for any g € NSym, a € NSym and ¢ € QSym, we have

(a.g°¢) = (Lga,c) = (ga,c).

The following fact is well known (and also is an easy formal consequence of the defi-
nition of g* and of (5.1)).

Lemma 5.1 Every g e NSym and f € QSym satisfy

(5.2) g f=>(& f)fe:
€3]
Proof of Lemma 5.1.  See the detailed version of this note. |

For any composition «, we define a composition w(«) as follows. Let n = ||, and
write o as « = (ay, &y, ..., ap). Let reva denote the composition (ae, ap—g, ..., 1)
of n. Then w(a) shall be the unique composition f3 of # that satisfies

D(B)={1,2,...,n -1} \ D(reva).

(This definition is identical with that in [GriReil5, Definition 5.22]. Some authors
denote w(a) by a’ instead.) We notice that w(w(«)) = a for any composition «.

The notion of w(«) gives rise to a simple formula [GriReil5, Proposition 5.23] for
the antipode S of the Hopf algebra QSym in terms of its fundamental basis.

Proposition 5.2 Let a be a composition. Then S(Fy) = (—1)1*F,,(,).
We now state the main result of this note.

Theorem 5.3 Let f € QSym and let m be a positive integer. For any two compositions
o and f3, define a composition a ©  as in Proposition 3.9. Then

hw<f= % (-1 FaomRimf-

aeComp

(Here, the sum on the right hand side converges, because all but finitely many composi-
tions a satisfy R (@) f =0 for degree reasons.)

The proof is based on the following simple lemma.
Lemma 5.4 Leta € QSym and f € QSym. Then
> (D) (Fe®a)Ry f=a<f.

aeComp

Proof of Lemma 5.4. 'The basis (Fa)accomp 0f QSym and the basis (R4 )xecomp Of
NSym are dual bases. Thus,

(5.3) > Fa(Ra»g) =g foreverygeQSym.

acComp
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Let us use Sweedler’s notation. The map Comp — Comp, a — w(«) is a bijection
(since w(w(a)) = a for any composition ). Hence, we can substitute w(«) for « in
the sum ZaeComp(_l)‘al(FlX 4>a)Ri)(a)f. We thus obtain

Z (_1)‘a‘(Fa¢a)Ri(rx)f

aeComp
= 2 (PO (B ®a) Ry f
acComp S~——— —_—
:(_1)\04 =R;
(since |w(a)|=|a|) (since w(w(a))=a)

= Y (D) (Fya)®a) iii

aeComp
=25 (Rasfy) 2
(by (5.2))
= Y (DN(Fy)®a) Y (R f) fr2)
acComp (@2
=> > (_l)lal(Fw(a)¢a)(Ra’f(1))f(2)
(f) aeComp
:(Zf;(( CZ: (_l)llxle(a) (Raaf(l)))¢a)f(2)
acComp “—o— —

=S(th )
(by Proposition 5.2)

(2 SR fi)) 0a) fio

@2 acComp

zz(s( » Fa(Rowf(l)))¢a)f(2):(%(S(f(l))¢a)f(2):a<f

f) aeComp

=fa)
(by (5.3), applied to g=f(1))

(by Theorem 3.8, applied to b = f). This proves Lemma 5.4. ]

Proof of Theorem 5.3. We have

Z (_l)llxl Foo(m) Ri,(a)f = Z (—1)|a|(Fa¢hm)R:(a)f =h,<f

aeComp ~—— aeComp
=Fy O hy
(by (3.11))
(by Lemma 5.4, applied to a = h,,). This proves Theorem 5.3. ]

As a consequence, we obtain the following result, conjectured by M. Zabrocki (pri-
vate correspondence).

Corollary 5.5  For every positive integer m, define a k-linear operator W,: QSym —
QSym by

W= 2 (D FaomRi,

acComp
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(where Fuo(m) means left multiplication by Foo(my). Then every composition a =
(o1, a2, . .., g ) satisfies

6; = (Wdl owaz O owlxe)(l)'

Proof of Corollary 5.5. For every positive integer m and every f € QSym, we have

Waf= 3 (_l)mlpa@(m)Ri(a)f =hm<f (by Theorem 5.3).

aeComp

Hence, by induction, for every composition a = (ay, &3, . . ., a¢), we have

Wa (Was (- (Wa (1)) ) = oy < (hay < (- < (ha <1)---) ) = &5
(by Corollary 4.7). In other words,
S, :Wﬂtl(wﬂtz(”'(wlxe(l))”')) = (Wﬂtl OWDCz O"'Owae)(l)'

o

This proves Corollary 5.5. ]

Let us finish this section with two curiosities: two analogues of Theorem 5.3, one
of which can be viewed as an “m = 0 version” and the other as a “negative m version’”.
We begin with the “m = 0 one’, as it is the easier one to state.

Proposition 5.6 Let f € QSym. Then
e(f)= Y (-D¥FRL . f.

aeComp

Proof of Proposition 5.6. 'This proof can be found in the detailed version of this
note; it is similar to the proof of Theorem 5.3. ]

The “negative m” analogue is less obvious."”
Proposition 5.7 Let f € QSym and let m be a positive integer. For any composition
a=(ag,a,...,ap), we define an element F;"™ of QSym as follows.
o If¢=0o0rap<m,then F;™ = 0.
o Ifap=m,then F;™ = Fo, a5, a01).
* Ifag > m, then F;™ = Flay 0z, te1s0e—m):
(Here, any equality or inequality in which o, is mentioned is understood to include
the statement that € > 0.)

Then
(D" Y (DERG (o f = e(Riumy )-
aeComp
Here, (1) denotes the composition (1,1,...,1).
[ —
m times
Proof of Proposition 5.7.  See the detailed version of this note. ]

7proposition 5.7 does not literally involve a negative m, but it involves an element Fy™ that can be
viewed as “something like F(4)o(—m)™
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6 Lifts to WQSym and FQSym

We have so far been studying the Hopf algebras Sym, QSym, and NSym. These are
merely the tip of an iceberg; dozens of combinatorial Hopf algebras are currently
known, many of which are extensions of these. In this final section, we will discuss
how (and whether) our operations < and ¢ as well as some similar operations can
be lifted to the bigger Hopf algebras WQSym and FQSym. We will give no proofs, as
these are not difficult and the whole discussion is tangential to this note.

Let us first define these two Hopf algebras (which are discussed, for example, in
[FoiMall4]).

We start with WQSym. (Our definition of WQSym follows the papers of the
Marne-la-Vallée school, such as [AFNTI3, Section 5.1];'® it will differ from that in
[FoiMall4], but we will explain why it is equivalent.)

Let X;, X, X3,... be countably many distinct symbols. These symbols will be
called letters. We define a word to be an ¢-tuple of elements of {X;, X5, X3,...} for
some £ € N. Thus, for example, (X3, X5, X,) and (Xg) are words. We denote the
empty word () by 1, and we often identify the one-letter word (X;) with the symbol X;
forevery i > 0. Forany twowordsu = (X, Xj,,..., X;,) andv = (Xj,, Xj,,..., Xj, )
we define the concatenation uv as the word (X, Xj,,..., X, X, Xj,,..., Xj,).
Concatenation is an associative operation and the empty word 1 is a neutral element
for it; thus, the words form a monoid. We let Wrd denote this monoid. This monoid is
the free monoid on the set {X;, X5, X3, ...}. Concatenation allows us to rewrite any
word (X;,, X, ..., X;,) in the shorter form X; X;, --- X;, .

Notice that Mon (the set of all monomials) is also a monoid under multiplication.
We can thus define a monoid homomorphism 7: Wrd - Mon by 7(X;) = x; foralli €
{1,2,3,...}. Thishomomorphism 7 is surjective. We define k{X}) to be the k-module

kWrd; its elements are all families (Aw)wewrd € kW4 We define a multiplication on
k(X) by
(6.1) (/\w)wEWrd : (.”w)weWrd = ( Z Au,‘f‘v) wewrd

(u,v)eWrd?; uv=w

This makes k(X)) into a k-algebra, with unity (8,.1)wewrd. This k-algebra is called
the k-algebra of noncommutative power series in X1, X5, Xs,.... For every u € Wrd,
we identify the word u with the element (8, , ) wewra of k(X)) * The k-algebra k(X))
becomes a topological k-algebra via the product topology (recalling that k(X)) =
kWrd a5 sets). Thus, every element (A, ), ewra of k(X)) can be rewritten in the form
> wewrd Aww. This turns the equality (6.1) into a distributive law (for infinite sums),
and explains why we refer to elements of k(X)) as “noncommutative power series”
We think of words as noncommutative analogues of monomials.

18y QSym is denoted by WQSym in this reference.
19This identification is harmless, since the map Wrd — k{(XY, t ~ (8,4 )wewrd is 2 monoid ho-
momorphism from Wrd to (k(X}), - ). (However, it fails to be injective if k = 0.)
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The degree of a word w will mean its length (i.e., the integer n for which w is an
n-tuple). Let k{(X)),qa denote the k-subalgebra of k(X)) formed by the bounded-
degree noncommutative power series’® in k(X)). The surjective monoid homomor-
phism 7: Wrd — Mon canonically gives rise to surjective k-algebra homomorphisms
k(X)) — k[[x1,x2, %3, ... ]] and k{X})vaa = k[[x1, %2, X3, . . . [Jaa> which we also de-
note by 7. Notice that the k-algebra k{(X)),4q is denoted R(X) in [GriReil5, Section
8.1].

If w is a word, then we denote by Supp w the subset

{ie{1,2,3,...} | the symbol X; is an entry of w}

of {1,2,3,...}. Notice that Supp w = Supp(7(w)) is a finite set.

A word w is said to be packed if there exists an ¢ € N such that Suppw =
{1,2,...,¢}.

For each word w, we define a packed word pack w as follows. Replace the smallest
letter”! that appears in w by X, the second-smallest letter by X;, etc..”* This word
pack w is called the packing of w. For example, pack(X3X; XeX;) = X, X; X3 X).

For every packed word u, we define an element M,, of k(X ))p44 by

M, = Z w.

weWrd;

packw=u
(This element M, is denoted P, in [AFNT13, Section 5.1].) We denote by WQSym
the k-submodule of k{X )44 spanned by the M,, for all packed words . It is known
that WQSym is a k-subalgebra of k{X )44, which can furthermore be endowed with
a Hopf algebra structure (the so-called Hopf algebra of word quasisymmetric func-
tions) such that 7 restricts to a Hopf algebra surjection WQSym — QSym. Notice
that 7(M,) = Mpqrikh(z(u)) for every packed word u, where the Parikh composition
Parikh m of any monomial m is defined as in the proof of Proposition 3.5.

The elements M, with u ranging over all packed words form a basis of the k-module

WQSym, which is usually called the monomial basis.>> Furthermore, the product of
two such elements can be computed by the well-known formula**

(6.2) MM, = > M,,
w is a packed word;
pack(w[:€])=u; pack(w[&:])=v
where ¢ is the length of 4, and where we use the notation w [: €] for the word formed
by the first £ letters of w and we use the notation w [£ :] for the word formed by the

20A noncommutative power series (Ay )wewra € k(X)) is said to be bounded-degree if there is an
N e N such that every word w of length > N satisfies A,, = 0.

2lyWe use the total ordering on the set {X;, X5, X3,...} given by X; < X5 < X3 <---.

22Here is a more pedantic way to restate this definition: Write w as (Xj , Xi,,..., Xj,), and let
I = Suppw (so that I = {i1,iz,...,ip}). Let r; be the unique increasing bijection {1,2,...,|I|} - L.
Then pack w denotes the word (Xrl—l(il), Xrl—l(iz) yeens Xrl—l(ie) ).

23Sometimes it is parametrized not by packed words but instead by set compositions (i.e., ordered
set partitions) of sets of the form {1,2,...,n} with n € N. But the packed words of length n are in a
1-to-1 correspondence with set compositions of {1,2, ..., n}, so this is merely a matter of relabelling.

24This formula appears in [MeNoThll, Proposition 4.1].
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remaining letters of w. This equality (which should be considered a noncommuta-
tive analogue of (3.5), and can be proven similarly) makes it possible to give an al-
ternative definition of WQSym, by defining WQSym as the free k-module with basis
(My) 4 is a packed word and defining multiplication using (6.2). This is precisely the ap-
proach taken in [FoiMall4, Section 1.1].

The Hopf algebra WQSym has also appeared under the name NCQSym (“qua-
sisymmetric functions in noncommuting variables”) in [BerZab05, Section 5.2] and
other sources.

We now define five binary operations <, o,>, ¢, and X on k{X}).

Definition 6.1 (a) We define abinary operation <: k(X)) xk{(X}) — k(X)) (writ-
ten in infix notation) by the requirements that it be k-bilinear and continuous with
respect to the topology on k(X)) and that it satisfy

U L if min(Supp u) < min(Supp v),
~ |0 if min(Supp #) > min(Suppv),
for any two words u and v.
(b) We define a binary operation o:k{X)) x k(X)) — k(X)) (written in infix no-
tation) by the requirements that it be k-bilinear and continuous with respect to the
topology on k(X)) and that it satisfy

R L if min(Supp u) = min(Suppv),
oV =
0  if min(Suppu) # min(Suppv),
for any two words u and v.
(c) We define a binary operation >: k(X)) x k(X)) - k(X)) (written in infix no-
tation) by the requirements that it be k-bilinear and continuous with respect to the
topology on k{X)) and that it satisfy

N wv  if min(Supp #) > min(Suppv),
u>v=
0  if min(Suppu) < min(Suppv),
for any two words u and v.
(d) We define a binary operation ¢: k(X)) x k(X)) - k{X}) (written in infix no-
tation) by the requirements that it be k-bilinear and continuous with respect to the
topology on k(X)) and that it satisfy

IS L if max(Supp #) < min(Suppv),
|0 if max(Supp u) > min(Suppv),

for any two words u and v.

(e) We define a binary operation X:k{X) x k(X)) — k{X)) (written in infix no-
tation) by the requirements that it be k-bilinear and continuous with respect to the
topology on k(X)) and that it satisfy

N L if max(Supp u) < min(Suppv),
|0 if max(Supp ) > min(Suppv),

for any two words u and v.

https://doi.org/10.4153/CJM-2016-018-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-018-8

Dual Immaculate Creation Operators 49

The first three of these five operations are closely related to those defined by Novelli
and Thibon in [NoThi05]; the main difference is the use of minima instead of maxima
in our definitions.

The operations <, ¢ and X on WQSym lift the operations <, ¢ and X on QSym.
More precisely, any a € k(X)) and b € k{X)) satisfy

n(a) <n(b) =n(a<b)=mn(b>a),
n(a)on(b) =n(adb),
(a)Xn(b) = n(aXDb)

(and similar formulas would hold for o and > had we bothered to define such opera-
tions on QSym). Also, using the operation > defined in Remark 3.2, we have

n(a)=n(b)=n(a>b+aob) for any a € k(X)) and b € k(X)).

We now have the following analogue of Proposition 3.5.

Proposition 6.2  Every a € WQSym and b € WQSym satisfy a < b € WQSym,
aobeWQSym, a > b e WQSym, adb ¢ WQSym, and aXb ¢ WQSym.

The proof of Proposition 6.2 is easier than that of Proposition 3.5; we omit it here.
In analogy to Remark 3.7 and to (6.2), let us give explicit formulas for these five op-
erations on the basis (My, ) is a packed word Of WQSym:

Remark 6.3 Let u and v be two packed words. Let € be the length of u. Then we
have

(a) M, <M, = Z M,,,
w is a packed word;
pack(w[:€])=u; pack(w[€:])=v;
min(Supp(w[:€]))<min(Supp(w[€:]))
(b) M, oM, = > M,,
w is a packed word;
pack(w[:€])=u; pack(w[e€:])=v;
min(Supp(w[:¢]))=min(Supp(w[&]))
(C) M,>M, = Z M,,
w is a packed word;
pack(w[:€])=u; pack(w[e:])=v;
min(Supp(w[:e]))>min(Supp(w[e]))
(d) Mu 4>N[v = Z Mw .
w is a packed word; pack(w[:€])=u; pack(w[€:])=v;
max(Supp(w[:€]))<min(Supp(w[€:]))
The sum on the right-hand side consists of two addends (unless u or v is empty),
namely M,,, +s-1 and M+, where i = max(Supp u), and where v*/ denotes the word
obtained by replacing every letter X in v by Xy ;.
(e) We have
M, XM, = > M,,.
w is a packed word;

pack(w[:€])=u; pack(w[e:])=v;
max(Supp (w[:€]))<min(Supp(w[£:]))
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The sum on the right-hand side consists of one addend only, namely M, +x.

Let us now move on to the combinatorial Hopf algebra FQSym, which is known

as the Malvenuto-Reutenauer Hopf algebra or the Hopf algebra of free quasi-symmetric
functions. We shall define it as a Hopf subalgebra of WQSym. This is equivalent to
but not identical to the definition in [GriReil5, Section 8.1].

For every n € N, we let &, be the symmetric group on the set {1,2,...,n}. (This
notation is identical with that in [GriReil5]. It has nothing to do with the &, from
[BBSSZ13a].) We let & denote the disjoint union | |,,cy S,,. We identify permutations
in G with certain words; namely, every permutation 7 € & is identified with the word
(Xr1)> Xn(2)> - - - » Xn(n) )» Where n is such that 7 € &,,. The words thus identified with
permutations in & are precisely the packed words that do not have repeated elements.

For every word w, we define a word stdw € & as follows. Write w in the form
(Xi, Xi,,...,X;,). Then stdw shall be the unique permutation 7 € &,, such that,

whenever u and v are two elements of {1,2, ..., n} satisfying u < v, we have (7(u) <
n(v) if and only if i, < i,). Equivalently (and less formally), std w is the word that is
obtained by

* replacing the leftmost smallest letter of w by X;, and marking it as “processed”;

* then replacing the leftmost smallest letter of w that is not yet processed by X5, and
marking it as “processed”;

* then replacing the leftmost smallest letter of w that is not yet processed by X3, and
marking it as “processed”;

* etc., until all letters of w are processed.

For instance, std(X3;X5X,X3X,X3) = X3XX; X4 X, X5 (which, regarded as per-
mutation, is the permutation written in one-line notation as (3,6,1,4,2,5)).

We call std w the standardization of w.

Now, for every o € G, we define an element G, € WQSym by

G, = 2 M, = Z w.

w is a packed word; weWrd;
stdw=¢ stdw=0

(The second equality sign can easily be checked.) Then the k-submodule of WQSym
spanned by (G, )see turns out to be a Hopf subalgebra, with basis (G )ses. This
Hopf subalgebra is denoted by FQSym. This definition is not identical with the one
given in [GriReil5, Section 8.1]; however, it gives an isomorphic Hopf algebra, as our
G, correspond to the images of the G, introduced in [GriReil5, Section 8.1] under
the embedding FQSym — R({X;}cs) also defined therein.

Only two of the five operations <, o, >, ¢, and X defined in Definition 6.1 can be
restricted to binary operations on FQSym.

Proposition 6.4 Every a € FQSym and b € FQSym satisfy a > b € FQSym and
a$b e FQSym.

Moreover, we have the following explicit formulas on the basis (G ) es-
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Remark 6.5 Leto € G and 7€ G. Let € be the length of ¢ (so that 0 € G;). We
have

(a) GU > G‘r = Z Gm
neS;
std(n[:€])=0; std(n[€:])=7;
min(Supp(7[:€]))>min(Supp(7[£:]))
® Gr ®G. = > G..

1eS;
std(n[:€])=0; std(n[€:])=1;
max(Supp(n{:€]))<min(Supp(x[£1))

The sum on the right-hand side consists of one addend only, namely G, ,+.

The statements of Remark 6.5 can be easily derived from Remark 6.3. The proof
for (a) rests on the following simple observations:

* Every word w satisfies std(pack w) = std w.
* Every n € N, every word w of length n and every € € {0,1,..., n} satisfy

std((stdw)[: £]) = std(w[: £]) and std((stdw)[€:]) = std(w[€:]).

* Every n € N, every word w of length n and every € € {0,1,.. ., n} satisfy the equiv-
alence

(min(Supp(w[: €])) > min(Supp(w[€:])))
<= ('min(Supp((stdw)[: €])) > min(Supp((stdw)[€:]))).

The third of these three observations would fail if the greater sign were to be re-
placed by a smaller sign; this is essentially why FQSym ¢ WQSym is not closed un-
der <.

The operation > on FQSym defined above is closely related to the operation > on
FQSym introduced by Foissy in [Foissy07, Section 4.2]. Indeed, the latter differs from
the former in the use of max instead of min.

7 Epilogue

We have introduced five binary operations <, o, >, ¢, and X on k[[x;, x5, x3, ... [] and
their restrictions to QSym; we have further introduced five analogous operations on
k(X)) and their restrictions to WQSym (as well as the restrictions of two of them to
FQSym). We have used these operations (specifically, < and ¢) to prove a formula
(Corollary 5.5) for the dual immaculate functions &}. Along the way, we have found
that the &, can be obtained by repeated application of the operation < (Corollary
4.7). A similar (but much more obvious) result can be obtained for the fundamental
quasisymmetric functions: For every a = (a1, a3, . .., &tg) € Comp, we have

Fy = hoy Xhoy X -+ Xhg, X1

(we do not use parentheses here, since X is associative). This shows that the k-algebra
(QSym, X) is free. Moreover,

Foa) = €ay®ea,, - ey, 01,
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where e, stands for the m-th elementary symmetric function; thus, the k-algebra
(QSym, ¢) is also free.” (Incidentally, this shows that S(aXb) = S(b) $S(a) for any
a, b € QSym. But this does not hold for a, b € WQSym.)
One might wonder what “functions” can be similarly constructed using the oper-
ations <, o,>, ¢, and X in WQSym, using the noncommutative analogues
Hun= Y, XiXi-Xi,=Gaa..m»
i1<ir<Sip,
Emw= Y,  XiXi,-Xi, = Gmmor,...1)
i1> 0> >0y
of h,, and e,,. (These analogues actually live in NSym, where NSym is embedded into
FQSym as in [GriReil5, Corollary 8.14], but the operations do not preserve NSym, and
only two of them preserve FQSym.) However, it seems somewhat tricky to ask the
right questions here; for instance, the k-linear span of the >-closure of {H,,, | m > 0}
is not a k-subalgebra of FQSym (since H,H; is not a k-linear combination of Hj,
H, > (H, > Hy), (H, > Hy) > Hy, H; > H, and H, > Hj).

On the other hand, one might also try to write down the set of identities satisfied
by the operations -, <, o, >, ¢ and X on the various spaces (k[ x1, x2, X3, ... ]|, QSym,
k{X)), WQSym, and FQSym), or by subsets of these operations; these identities could
then be used to define new operads, i.e., algebraic structures comprising a k-module
and some operations on it that imitate (some of) the operations -, <, o, >, ¢, and X.
For instance, apart from being associative, the operations ¢ and X on k(X)) satisfy
the identity

(71) (adb)Xc+ (aXb)dc=ad(bXc)+aX(bdc)

for all a, b, c € k{X)). This follows from the (easily verified) identities
(adb)Xc—ad(bXc)=¢e(b)(aXc-adc),
(aXb)dc—aX(bdc) =¢e(b)(adc-aXo),

where e: k(X)) — k is the map that sends every noncommutative power series to its

constant term. Equality (71) (along with the associativity of ¢ and X (k{X}), ¢, X)

into what is called an As<2>-algebm (see [ZinbielO, p. 39]). Is QSym or WQSym a

free As(?-algebra? What if we add the existence of a common neutral element for the
operations ¢ and X to the axioms of this operad?
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