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Abstract

We characterize the Hardy spaces H?(G) of a compact Lie group G by means of S-functions in analogy
with the theorem of Fefferman-Stein for R"”. We also characterize H?(G) by means of the g} -functions.
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1. Introduction

The characterization of H”(R") by means of S-functions is a well-known result of
Fefferman-Stein [4, Theorem 8]. Using previously obtained atomic characterizations
of H?(G) [1], we prove an analogous result for compact connected semisimple Lie
groups G. As an application, we show that || g ",, < C || fllyr () - This inequality
gives us another characterization of H”(G) by means of the g}-function.

The Hardy space H?(G) of distributions on a connected simply-connected compact
group G is defined to be H?(G) = {f e L (G) | u; € L”(G)} where u}(x) =
SUP(, nerco | P * f(¥)I, P is the Poisson kernel associated with the Casimir operator
of G, and I'(x) = {(y, e G xR |dx,y) < t} is the cone with vertex x € G
defined by a bi-invariant metric d on G. For suitable radial functions ¢ on the Lie
algebra t of a maximal torus T of G (see (3.1) for a complete description), we define
the S-function by

1/2
Sp f(x) = (f |(f * ) (P2~ dydt) :
T'(x)

Our main result concerning the S-function is:
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THEOREM 3.3. For f € ' (G), f € HP(G) if and only if S4(f) € L?(G).
Moreover, |uz|| = [|S4(f)] -

For f a distribution on G and A > 1, we define the g;-function of f by

o ; n 172
* _ 2 ~(l+n)
& (Hx) = (/0 _/G[——t+d(x,y)] I(f *é) DIt d)’df) :

The g} -function characterization of H?(G) that we obtain in Section 4 is contained in
these two theorems:

THEOREM 4.1. Suppose that f € ' (G). For0 < p < land » > 2/p, f €
H?(G) if and only if g; (f) € L?(G). Moreover |[gz ()], 2 lISs (F)ll, = |u}] -

THEOREM 4.2. For p > land ) > 2/p, “g;(f)”p <CIfll,.

In fact, in this paper we will show that these are characterizations of atomic Hardy
space H? (G) as defined in Section 2. The authors have previously demonstrated the
equivalence of atomic Hardy space H? (G) and H? (G).

2. Notation and definitions

Let G be a connected simply-connected compact Lie group of dimension n. Let g
be the Lie algebra of G and let t be the Lie algebra of a fixed maximal torus T of G
of dimension £. Let A be a system of positive roots for the pair (g, t). Then Card(A)
=Mn-40/2. Lets =), /2.

If |-| is the norm on g induced by the negative of the Killing form B on g°, the
complexification of g, then |-| induces a bi-invariant metric d on G. Furthermore,
since Blic¢c is non-degenerate, for each complex linear functional A € hom¢(t¢, C)
there is a unique Hj € t€ such that A(H) = B(H, H,) for H € t¢. The inner product
and norm on { give rise to an inner product {-, -) and norm ||-|| on hom¢ (%, iR) by
means of this canonical isomorphism.

The weight lattice P is defined by P = {A € hom¢(t, iR) : A(X) € 2niZ}. The
set A of dominant weights is definedby A = {A € P : (A, ) > O fora € A}. The set
G of equivalence classes of irreducible unitary representations of G is parameterized
by A : G = {lU:]1},cs- The representation U; has dimension d, and character x; (X)
given by

A4S, a " £(w)e! WAHX)
an(———)' XA(X)=Z W (X €t)

o (8’ a) ’ Zwew E(w)ei<w5,X> ’
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where W is the Weyl group and £(w) is the signature of w. Let {X,,..., X,} be an
orthonormal basis of g. The Casimir operator

A= Z:’:l X12

is an elliptic bi-invariant operator on G that is independent of the choice of basis. Let
W, and P, be the Gauss-Weierstrass and Poisson kernels definedon G = G x Rt =
G x (0, 00) by

W) =Y e Uiy, (1) (x,1) € G*

A€A

and

P(x) =) e VIl 5 (x)  (x,1) € G*

AEA

The solutions to the heat equation

0
3—‘f<x, 1) =Dp(x, 1) (g, 0% = f(x)

and the Poisson equation

3% N
W(x,tHAfp(x,t) =0 ¢E07)=fx)

for f € L'(G) are givenby W, x f and P, * f respectively. Here and elsewhere, Haar
measures on compact groups are normalized to have total mass one. All Lebesgue
spaces to be discussed will be with respect to such measures.

LetT'(x) = {(y.1) € G* | d(x, y) < t}. For adistribution f in .#'(G), let

us(x,t) =P, x f(x) and u}(x) = sup |uf(y,t)‘.

y.0€lr(x)

Then, for 0 < p < o0,
H?(G) ={f € &#'(G) | u}; € L*(G)}.

The ‘norm’ || f || y»(q, of f in H?(G) is the Lebesgue norm | u} ||p. Although ||| 56,
is not a norm in general, it induces a complete metrizable topology on H?(G). Since
H?(G) = L?(G) for p > 1, we will restrict our attention to the case 0 < p < 1.

We will also need the atomic Hardy spaces as originally defined by Coifman-
Weiss [3] in the context of spaces of homogeneous type. We will actually use the
modification for compact groups found in Clerc [2]. For each y in G, let L, denote
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left translation by y in G. Let ¢, and §, be positive numbers such that exp™ oL, is
a diffeomorphism from the G-ball B(x, ) into the ball B(0, §,) of g for all x in G.
Let T,.(G) be the tangent space of G at x. For a positive integer k£ and an element y
of G, let

P (y)={P: P =gqoexp ' oL, for some polynomial q on g of degree < k}.

Let0<p<l<g=<ooSetk(p)=I[n{/p— 1] Aregular (p,q) atomon G
is a function a(x) supported in some ball B(y, p) (0 < p < &) such that

@) lall, < p""/471/P (size condition);

(i1) fG a(x)P(x)dx =0, P € P (y) (cancellation condition).
An exceptional atom is a function bounded by 1. The atomic Hardy space H"4(G)
is the space of all f € .%(G) of the form

f=)aa, Y lalf <o,
k k

the decomposition being in terms of regular (p, ¢) and exceptional atoms. The
paa Of fin H?9(G) is defined to be inf [(ZA |ck|")]/p} taken over all
atomic decompositions of f. It is known in the more general context of spaces
of homogeneous type that for fixed p, identical atomic Hardy spaces arise for all
g € [1, o©]. We therefore need only consider the g = oo case. We denote H”*(G)
by H?(G). We will denote the norm of this space by || - ||, ..

‘norm’ || f

3. The S-function characterization of H”(G)

Let ¢ be a radial function in .%(R*) which satisfies
i) $0)=0

G.1) I
(i) / b (s ds/s = c(@) # 0.
0

We define a central function in C*°(G) by its restriction to 7" :

(3.2) 8.0 = 36 (¢ Ix+ 81 dixa (o).

AEA

Let R be defined as in [2] and let u® denote the number of singular positive roots (as
defined in [2, p. 87]). Let DR(H) = [1, sina(H)/2, the product being over all pos-
itive non-singular roots. For a multi-index J = (ji, ..., j,),let X/ = X {‘ Xéz - X ;
andlet|{J|=ji+ -+ Ja-
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LEMMA 3.1. Suppose that x € G is conjugate to exp H for H € t. Then there is a
constant C independent of x and t such that for any multi-index J and m € N

i |X'¢)| <CtT"ift > g,
(3.3) ) [X'¢ )| < e,
i) |X*¢(0] < o (IHI 1 DRGHY™) if I H) > 1.

The proof of this lemma is the same as the proof of [2, Theorem 5.4]. We
will continue to denote unimportant constant by C, without distinguishing between
different constants, if they have no crucial dependence on objects under consideration.

Forany f € §'(G), we define the S-function of f by

1/2
(3.4) S f(x) = </ I(f * @) DI dy dt)
I'(x)
and the g-function of f by
oo 1/2
(3.5) g(f)x) = (/ I(f * ) (O dt/t) .
0

LEMMA 3.2, [ig(fHll, = c(@) - I f i,

PROOF. Since [g()I} = c(@) f;~ [ 1(f * ¢) ()’ dxdt/t, the lemma follows
from (3.1) and the Plancherel Theorem.

THEOREM 3.3. For f € S'(G), u} € LP(G) if and only if S4(f) € L?(G).

Moreover, u}’: , =~ llS¢(f)“P.

PROCF. If ui € L?(G), then f € HP(G) [1]. Therefore f has an atomic decom-
position f =Y, c;a; with Y |¢;|” < C |Ju} |l,f . Now

[Ssr e, = /G (/m

p/2
521@11’/ (/ |(a; * @) ()e="*+V2)? dydt) dx.
j G I'(x)

p/2

2
Z ¢; (a; % @) N1~V dydt dx
J

If we show that

p/2
(3.6) / (/ I(a * ¢,) ()| 7+ dydt) dx <C
G Ix)
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for a constant C independent of the atom a, then

ISsf @l =C Y lel” < Cifif. < Cluil; -
J

As the proof of (3.6) for p € (0, 1) is the same as for the case p = 1, we will
assume that p = 1 for notational simplicity. The proof for exceptional atoms a is an
easy consequence of Holder’s inequality and Lemma 3.2:

ISs@], = C|Ss@],

o0 1/2
< ( f f / |(a*¢,)<y)|2r<"+”dydrdx)
G JO d(x,y)<t

<Clig@ll, =Cllal, = C.

Now let a(x) be a regular (1, co) atom supported, without loss of generality, in
B(l, p). Using (i) of (3.3) we may assume that t < g, for some fixed &. We
break up f ¢ !Sd, (a)(x)| dx into two pieces according to whether d(x, I) > 8Lp or
d(x, I) < 8Lp where L is the largest root length. Then

f |Se(@)(x)| dx < Cp"?*||g(@)ll, < Cp"*fall, < C.
d(x,1)<8Lp

The remaining piece [, Iys8Lo |S¢(@)(x)| dx of ||Ss(a)], is itself broken into two
pieces by partitioning each ['(x) into I'/(x) = {(y,¢) :d(y,x) <t <2Lp} and
Co(x) ={(y,t) : d(y, x) < t,2Lp < t}. We will show that each

2
J = f / ( / a(&)@(&“y)d&) 0D dydr
d(x,1)>8Lp |JTi(x) B(l.p)

is bounded independently of a. For &, x and (y, ¢) in the integration in J,,

1/2
dx (=12

d¢, 1) zdx, 1) —d(y,§) —d(x,y) 2d(x,1)/4 > 2Lp > 1.

Therefore, by (iii) of (3.3),

1/2
[Ji] < C/ [f sup d(I,%')_z("“)t'_" dydt} dx
d(x,n>2Lp LI (x) €B(y.p)

2L, 1/2
+C”"”°°f {f ffDR(g-'y)-zdsﬂ"—ldydz} dx.
G 0 GJG

The second summand is obviously bounded; for the first,

1/2

2Lp 12 2Lp
f d(I,x)~"+V {/ f th" dydt} dx < Cp~! U tdt} <C.
d(x,1)>2Lp dx,y)<t JO 0
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We estimate J, by partitioning each I",(x) into two pieces
YI(x) = {()’, t) : d()’,x) <t, d()’, B(I’ p)) = 4Lp9 t > 2LP}

and
a(x) ={(y,t) : d(y,x) <t, d(y, B, p)) <4Lp, t > 2Lp}.

Write J, < I, + I, where

2
= ./ f (f a(E)¢:(§_1y) d§'> t—(n+1)dy dt
d(x,D>8Lp |Jyi(x) \JB(I.p)

Since a is a (1, oo)-atom,

1/2
dx (=1,2).

1/2
|1 fCIIallwp"“/ ( M (y,t)t""“’dydt) dx
y2(x)

B(1.8Lp)

where
MY (3, 1) =sup | |X,8®)[ :§ € By p), 1<) <n).

Ify € yo(x), thent > d(y, x) > d(x,I) —d(y, I) > d(x, I)/4. Therefore, by (ii)
and (iii) of (3.3), we have

£o
|I) < Cp/ / =@+ gy
d(x,1)>8L, d(x,1)/4

” 172
+ Cp/ (/ tz"/ sup [t—zureDR(‘;’)'2 :& € B(y, p)} dy dt) dx.
G 2Lp d(x,y)<t

The first summand is easily seen to be bounded and the second is bounded by
C [, D*(y)*dy < C (cf. 2, Lemma 6.4]).

In the first step in estimating /;, we also use (ii) and (iii) of (3.3) as well as [2,
Lemma 6.4] to obtain

172

dx

1/2
L] < Cpf [f sup (t + IISII)_2("+1)t'("+”dydt] dx +C.
B(1,8Lp) b4

1(x) E€B(y.p)

Forany y € y\(x) and & € B(y, p), d(§,1) >d(y, ) and ¢t +d(y,I) > (d(x,I) +
t)/4. Therefore

1/2
|1|1 < Cp/ [ (t1/4(t +d(y, 1))—(n+1))2t—n—3/2 dyd!] dx
B(1.8LpY yi(x)

&o l/2
< Cp/ [f t_3/2dt] dx, ™" 3*dx < C.
B(I1.8Lp) 2Lp
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This completes the proof that || Sy(a)||, < C with C independent of the (1, 00)-atom
a.

We turn to the other direction of the equivalence, assuming that S,(f) € L?(G).
Let W be a radial function in .’ (R*) that satisfies

(i) supp(W) S {0:10] <1}

(ii) / 6'W(0)do =0 (I e N, I <3n+3+2n(l/p—1/2)
3.7 R
(iii) / ¢V @) dt)t = 1.
0

By the Calderon reproducing formula on G, any f € % has a reproducing trans-
formation

(3.8) fO) = | (fFxe)(»)W(xy™) dy ar
Gt

which we break up as the sum of /; and I, where

e = / / (f * )W (xy ™ dyt ' dr, and

(3.9) e

Iz(x)=[ /(f*¢,)(y)‘lf,(xy“)dyt"dt
£ G

for a small ¢ that will be determined later. For this fixed ¢, there is a constant C, such

that - "
||121|ws[/ f Rk t‘(”“’dydt] .
£ G

Since G is compact, there are elements x, ... ,xy (N = N(G, ¢)) such that G is
covered by the open ¢ /4-balls centered at these points. Let x; denote the characteristic
function of B(x;, £). Then

N 00 p/2
1o (12 = N~ / Do xi) [ f / |<f*¢,)<,v>|2z-<"+”dydt] dx
G ;=1 3 d(x,y)<t

N 0 p/2
> Cw/ [Z_/ _/ Xi () 1(f *¢,)(y)l2t“"+”dydt} dx
G| =1 V¢ d(x,y)<t
N [oe] p/2
> C~.p/ [Z/ / !(f*¢,)(y)lzt<"“’dydt] dx
G| i=1Y¢ B(x;,6/4)

) p/2
> Cn.p [/ /xi(x) I(f *da)(y)lzt‘(”*”dydt}
£ G

2 Cpe LIS,
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Thus, we can find a constant C,, . depending only on p and ¢ such that I,(x) = C, . a(x)
where a(x) is an exceptional atom and }Cp‘gl <C “ Sy (f)”p.

To estimate I,(x), we let xy~! be conjugate to expd € T. Then D(xy™') =
[Tyeqsin %a(@). There is a polynomial P,,, of degree 2n + 2+ n(1/p — 1/2) such

X

that
Ii(x) = C/ f {(l‘[aw) +Y Caa®’[]BO)+---+ P,,<p><9))
0 JG o€cA A BeA
(3.10) DT @)W, (xy™) (f * 1) (y)} dyt'ar

+C/4/ (f %) MROD OV (xy Hdyr™' dr
0 G

where R(9) is a C=(R%)-function such that R(8)D(0)~' = O(||6||">/P~1/2y and
X;R(6)D©)" = O||6|"*™/7=1/2}  As a consequence of these estimates, we have
|Rx)D™' (x) W, (x)|| , < Cr3tn/p=1iD,

To complete the proof of Theorem 3.1, we will prove that each term in (3.10) has a
suitable atomic decomposition. There are two types of terms that we must deal with.
We will show that

_ ’ -1 a(6) -1
1) = fo fc (F 80 ey ™) [] oo dye” di

acA

I (x) = / / (F % 6) ()W (xy YRO)D 0) dyt~" di
0 G

have atomic decompositions
(3.11) L) =Y ha(x), () =X, vb;x)

with each a; a (p, 2)-atom, each b; an exceptional atom and Zj |Aj|p < ||S¢(f)||l’j
and ZJ. |vj |p < ISe (/)i . All other terms in (3.10) are handled in the same way as
11‘1.

Let €, be as in the definition of atoms. For a choice of ¢ € (0, £,/32), the ball
B(x, 16¢) is contained in a local coordinate chart {V,, n} with diam(V,) < €. Let
{x1,..., x5} be such that G = Uj.vle(xj, ¢). Let U; = B(x;, &), let x;(x) = xu,(x)
and set §;(x) = )(X/(Jc)/zl’il x;(x). Let M159) = Mxy") = ]_[aeA « (@) /sinax(9).
Then I, ,(x) = ijl Fi(x) and Ix(x) = ijl G;(x) where

Fi(x) = C/ /Sj(y) (f *¢) MW (xy™YM @) dyt™ dt
] G
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and

G;(x) =Cf jéj()’) (f ) MW (xy " HYREO)D(O) ' dyt™ dt.
0 G

It suffices to show that each F; and G; has an atomic decomposition of the indicated
type. Henceforth we drop the index j.

Since {16 - U, n} is contained in a local coordinate chart, we may assume without
loss of generality that n(U) is the open cube of side length ¢ centered at 0 € R" and
that d(x, y) = [n(x) — n(y)| . We will write £(B) for the sidelength of a dyadic cube
in n(U) and write | B| for |[n~'(B)|. Let

B ={lp:(y,t)elzifandonlyif y € B and £(B)/2 <t < £(B)}.

For each Iz € A, we will write I~B for (£(B)/2, £(B)) x n'(B). If

(3.12) fe(x) = f, E) (f %) MW (xy™YM©B) dyt™ dt
and

(3.13) gs(x) = - EO) (f * ) MW (xy HREO)D©O) ' dyt™ dt
then

(3.14) F=) ofs and G=)_ g

in§'.

Observe first of all that fz and g are C*-functions supported in 4n~'(B) since
W is C* and the integrands in (3.13) and (3.14) vanish unless B N B(x, t) is not an

empty set for some ¢ €/z. Also

(3.15) f fe(x) P(x)dx =0
G

for all polynomials P with degree at most n[1/p — 11+ n. In fact, if log is the inverse
of the local exponential map, then

/fs(x)P(x)dx = [ (fxd) MEDY) /\Ih(xy“)M(xy")P(IOg(xy"y))dxdydt/l-
G Is G
To prove (3.15), it therefore suffices to show that

/ W, (x)M(x)P(log(xy))dx =0
G
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forany fixedt < ¢ and y € G. Since ¥, - M is a central function, we need only prove
that

ff W, (x)M(x)P(log(zxz"'y))dxdz =0
¢Jo

or
f W, (X)M(x) f P(log(zxz 'y))dzdx = 0.
G G

But f G P(log(zxz~'y)) d: is a class function that is a polynomial of # = log(x) with
degree at most n[1/p — 1] + n. Thus it suffices to show that

f W, (x)M(x) (log(x)) dx = C f W, (expf) M (exp )8’ D*(6)d = 0
G 4

for all multi-indices J with |J| < n[1/p — 1]+ n. This follows by Poisson summation
in view of the choice of ¥,.

From the preceding observations, we know that each f3 is a constant multiple of
a (p, oo)-atom. It does not yet follow, however, that the first equation of (3.14) is an
atomic decomposition of F since the norms of the f’s do not sum properly. For each
Iz € & we define

12
Sp = ( N xd) O dyr™! dt) .
Ip

We claim that for all /p € £ and all multi-indices J,

(1) "XJfB "oo < CSB |B|—1/2—|J|/,, , and

3.16
) (i) |gsll, < CSy|B)/PH/

where C depends on J but not on B.
By Schwarz’s inequality,

1/2
| X7 fa(x)] < CSp ( f X7 (W, (" M x| dy 1! dt) .
Ip

Therefore ¥, M|l,, < Ct™" < C [BI™", | X (¥, M)|_ < C|BI™""V", and | M|, <
C; thus (i) of (3.16) follows. Similarly,

12
|gs(x)] < CSp (f “l’p()'_l)C)D(y“lx)_'R(y_]x)|2 dyt_ldt)
Ip

< CSp|B|'?sup {|W,D7'R||__ : €(B)/2 <1 < £(B)}
< CSB |B|1/p+2/n

which completes the proof of (3.16).
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For each integer £, let ;, = {x D Se f(x) > 2 } and let %, be defined by
Bi={ls € B:|n""(B)YNQ| > [n7'(B)/4] and |n7'(B) N Qups| < [n7'(B)/4]}

where B/2 is any one of the 2" subdyadic cubes of B. It is easy to see that £, C €,
and that each Iz must belong to precisely one %;. We claim that there is a C
independent of k such that

(3.17) > sl

IBE.@k

To see this, let My, denote the Hardy-Littlewood maximal function and let Q, =
{x : Mur(xa)(x) > 47). Observe that €, C % and that [s‘zk < C|Su] by the
Hardy-Littlewood maximal theorem. These imply that

(3.18) f 1S fCOP dx <2272 < C2* 1.
e\

Let
v (y, 1) = Hx € QR 1 d(x, y) < t}l

Notice that
f. |S¢f(x>l2dx=/ _/I(f*d>,)(y)l2 vy, 0) dyt™ " dt
2\ Qe+t 0 G

and therefore

f Saf )P dx = 3 | I(f % @) DF v (v 0)dy ™' ™ar.
QA

13 %B, Ip

In view of this and (3.18), in order to obtain (3.17), it suffices to show that there is a
constant C independent of k such that

(3.19) v (y,t) > Ct" forall Iy € By and (y,t) € Ip.

Let Iy € %, and (y,1) €l;. Since [n~'(B)N | > |n~'(B)/4], it follows that
My, (ng) (x) > 4™ for x € n~'(B). Therefore n~'(B) C . Also, since
|n71(B) N Qipa| < |n7"(B)/4|, it follows that |n ™' (B)\11| > [3n7'(B)/4|. Thus,

[x e @\ 1d(x ) <1} 2 fx e B\Rewr 1 d e ») < B2
207 (B)/2N U\ Qw1 2 (07 (B)/2) \ Qs
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It follows that

ve (3, 1) = |(n7" (B)/2) \Qu41|
> ‘77_1(3)/2| - |'I_1(B) N Qk+1|
> [n7(B)/4|
> Ct"
proving (3.19) and, as noted, (3.17).

We can define a partial ordering on %, by inclusion. Let { B'} be an enumeration
of the maximal elements of %;. Each B € %, satisfies B C B' for some i; for every
B € %, we choose sich ani = i(B). Forevery i, let Z, = {B € B, :i(B) = i}.
Thus, B, =\ J; % - disjoint. Define

(pli = ZBG&B’,; fB and ykl = ZBeQEi 8s-
We claim that there exists a C independent of k& and i such that

O vl =c Z Sz | B)/Pt3"
Be 2B,

i Jal.<cd s

Be B,

(3.20)

The first estimate of (3.20) is immediate from (3.16). For the second estimate, we let
B, B,, ... be an enumeration of %; ordered so that |B,| > |B,| if r < s. In the proof
of this estimate, we will write f, and S, for fp and Sz . Then

Il =5 1502 +2Re Y, [ £7.

Now || £,1I5 = Jorr5) ]Mz < C |4B;| lB,~|'l S?. To estimate the cross terms, we need
only consider r and s such that 4 B, N4 B, # ¢, for f, f, vanishes identically otherwise.
Therefore we suppose that r < s and 4B, N4B; # ¢. We let x, be the center of B
and let P, be the Taylor polynomial of f, at x; of degree @ = n[1l/p — 1] + n/2.
Then, by (3.15) we have

f £ (x) fi(x) dx
G

/ (f, (x) = Pry(x)) fi(x) dx
G

/ (/ E) (f * D) MV, (y ' x)M(y ' x)dyt™ dt — Prs(X)) f(x)dx
G \JIs,

< C/ Yo X fll o M fill dix, x)+ dx
4

n71(Bs) | J[<a+1

< C Z IBS|1+(a+1)/n |Br|—1/2—(a+l)/n Ile'l/Z SrSs
|Jl<a+1

< C(IB;|/|B.)/* D" 8,8,
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For these indices we set B,, = (|B;|/|B,])!/**“*Y/" and we set B,, = 0 otherwise.
We must show that ), _B,,5,5, < C Y, S2 for some C. To do this it suffices to show
that there is a constant C such that

(3.21) Y. B <Cforalls and ) B, <Cforallr.
1£50, 3, (X, B::5:)" < X, (X, Brs) (X, 852 < C Y, S? and therefore

8558, < (£.59)" (T, (ZJ/B,SSs)Z)”2 <Cy.,8

We turn to (3.21). For each m € N there are at most 16"2™" values of s such that
|B;| = 27" |B,| and 4B, N 4B, # ¢. For each s there are at most 16" values of r
such that |B,| = 2™" | B;| and 4B, N 4B, # ¢. Therefore

Z ﬁr CZ gmnn— (mn/2)—m(a+1) < Cz 2m(n/2—a—1) < C
and S B < CY2 27 me/2+ath) < C,

Recall that F(x) = ¥, 5 fa(x) = Y, 0i(x). Let & = ||,/ |48/
and a;;(x) gok(x)/A’ Then, by [5, p. 240], F(x) = Z,k Aa,(x) is an atomic
decomposition in which each a is a (p, 2)-atom and Y, |A{|” < IIS(f)[2. Thus,
(3.11) is finally proved.

Now let v = C Y, g Sp |BI"/7**/" and let bi.(x) = Cy/(x)/v. By (3.20), b, (x)
is an exceptional atom. Moreover, for« =2/(2 - p) > 1,

1/x

BT D IEALCETD (Z Sz) Sz x e

ik BG‘Q“ Be B, i Begi

Since there are, for each B', at most 2™ cubes B € %, such that |B| = 27" | B‘| we
conclude that

D 1Bl = 22'""2 " |B" = C{B].

Be B, m=1

Thus,
Yol s c Y iR = C )2
ik k k

and the required atomic decomposition Ig(x) = Y_,, v, b, (x) has been proved.
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4. The characterization of H”(G) by the g;-function

For f € &'(G) and A > 1, we define the g;-function of f(x) by

.* _ 00 t An 2 )
& (Hx) = (/; /;{m] [(f*¢) (DIt dydt

THEOREM 4.1. Suppose that f € % (G). ForO0 < p <land ) > 2/p, f €
H?(G) if and only if g3 (f) € L?(G). Moreover | g; (f)"p ~ "S¢ (f)”p ~

PROOE. Suppose that 0 < p < 1 and A > 2/p. By Theorem 3.1 we need only
check that |[S, (f)], 2 [uj| . Since S, (f) (@) < Cgi(f)(x), only the estimate
||g; f) ||p <C " Se (f )“,, requires further proof. As in the proof of Theorem 3.3, it
suffices to show that there is a constant C such that for any atom a(x),

/2
* ! . 2 —(1+n) ’
@.1) /G(/O /G[———Hd(x,y)] @*d) NPT dydr) dx <C.

We will supply details only for the case p = 1. If a(x) is an exceptional atom, then

1/2

u*
fip

le; @], < g @l,

_ Oo ! > 2 —(14n)
_C,/;(./o /;I:m] [(a* ) (y)°t dydt ) dx
oo oo t An
(o[ L)
~/; ((-/0‘ -/d‘(x.y)<t w/O. d(x,y)>t t + d(-x’ )’) %

l(a * ¢) NI t‘(”")dydt)dx.

By Theorem 3.3, the first summand is bounded by C ||lal|, < C. The second summand
is bounded by

cf / @ 6) 2t~ dtdy < Cllg@l, < C lall, < C.
GJO

For a regular (1, oo)-atom a, we may assume that the support of a is contained in
B(I, p) with p sufficiently small. Qur analysis will be based on Lemmas 2.4 and 6.4
of [2].

We write

@], = [
d(x,1)>8p
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By Schwarz’s inequality,

o in 1/2
t
1 n/2 - ) 2,—(1+">d dt d
IL| < Cp (/G/O /G[Hd(x,y)] (@ * @) ()] y x)

and therefore |1,| < Cp"? |la|l, < C as in the case of exceptional atoms. To estimate
I,, note that

¢ An 172

I < S \ 2pmmdydr ) d

|11 _/d(x,l)zs,o (,/d‘(x,y)>,|:t+d(X,y)j| |(a * @) (¥)i y ) X
+C [ Sp@)], -

It suffices, then, to estimate the double integral above. We do this by breaking it into
three pieces:

172

t An
L, = - , 2 _(1+,,)d d d ’
1 /du,z)zg,, (/;1 [t +d(x, y)] [(a@*¢) (DI 1 y t) X

172

An
t
L,= — | lax¢) PPt ""dydt] dx,
2 L(x,l)zSp (‘/;2.1 I:t + d(x’ )’)] DY Y

00 n 12
t
L= f / / [—] [@*¢) (Wt dydr ] dx
3 d(x.1)=8p ( o Jawys LT+ d(x,y) '

where

Al,x = {(y’t) : d(yv-x) > t70 <t < p,d()’, B(19 P)) 3 2/)} and
Arx ={(y,0) :d(y,x) >1, 0 <t < p,d(y, BU, p)) <2p}.

We start with L,. Notice that for any (y,7) € A,, and x ¢ B(I,8p), d(x,y) >
d(x,I) — d(y,I) = d(x,1)/2. Combine this with the estimate ||a * ¢,|, <
lallo lé:ll; < C llall and [2, Lemma 3.4] to get

o 1/2
L,<Cp™" / d(x, )™? ( / Pt / dydt) dx+C
d(x,1)=8p 0 d(y,l)<4p
< Cp—n—An/2+npn/2p—n/2+ln/2 + C

To estimate L, note that for (y,t) € A, and & € B(y, p), d(,I) = d(y,I) —
d(&, 1) > d(y, I)/2. Let

2
(Y
G(xa Y, t) - (t+d(x, y)> ([[2+d(y,1)2]("+3)/2) t .
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By Lemma 3.1, we conclude that

0 ¢ An 2 172
L] < / f / [—} sup ¢,(§) t_“+")dydt dx
d(x,)>8p \JO JT(x)NBU.p) t+dx,y) £€B(y.p) '
+C

=L ;+L+C

where
o 1/2
L= <f f G(x, y,t)dydt) dx
d(x.1)>8p 0 Cx)NBU,p) Oy d(y,1)>d(x,1)/2)}

p 1/2
Ly,= / (/ / G(x,y,t) dydt) dx.
d(x,1)>8p 0 Fx)NB(,p)N{y:d(y.1)<d(x,1)/2}

Clearly
0 1/2
Ly, .<_C/ d(x, ™" dx (/ tdt) <C.
d(x,1)>8p 0

For L, », note thatin the region of integrationd(x, y) > d(x, I)—d(y, 1) > d(x, I)/2.
Therefore,

p 1/2
L, < C/ d(x, [)y™? (f P / d(y, ™2 dydt) dx
d(x,1)>8p 0 d(y,)>p

< Cp—)\n/2+np)\n/2‘n/2+lp—l—n/2 < C.

This completes the estimate of L.
It remains to estimate L;. We divide the domain {(y, ) : d(x, y) > ¢, t > p} into
two pieces

Qx,l ={()’J)1d()”x) > t’t > P,d()’,B(l, P)) Zzp}
Qx,2: {(y7t) :d()’»x) > t’t > p’d()’, B(Iap)) < 2p}

and the integral L; into two terms Lj; and L;, accordingly. For the latter, we argue
as in Theorem 3.1 that

o] 1/2
Li, < Cp/ d(x, Iy™/2 (/ tn=3n / t dtdt) dx+C
d(x.1)>8p 4 d(y,1)=<3p
< Cp—ln/2+n+1p/\n/Z—n/Z—n—lpn/Z <C.

Only L;, remains. Let ©,; = {(y,t) € Q.1 :d(y, ) > p, d(y,I) > d(x,1)/2}
and @, , = {(y,t) € Q1 :d(y, I) > p, d(y,I) < d(x, I)/2}. Again using Lemmas
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3.4 and [2, 6.4] we get

1/2
(/ MG(x,y,t)dydt) dx
2}

bar = C+C”f 2+ dy, 1

B(1,8p)

d(y, ) 2
+Cp/ (/ ——Gx,y,t)d dt) dx.
suspr \Jo,, t> +d(y, I)? Y Y

The first of these integral summands is bounded by

[e <] 1/2
Cp / d(x, ™" ( / phnn=2 / d(x, y)™ dydt) dx
B(1,8p) P d(x,y)>t

00 1/2
< Cp'? (/ t‘zdt) <C
)

and the second one is bounded by

o0 1/2
Cp / d(x, ™2 ( / gn—n2 / d(y, )" dy a't) dx < C.
B(1.8p) P B(1,p)

Therefore,

g:(a)||, < C for any atom a(x), completing the proof of Theorem 4.1.

By an argument in [6], it is easy to prove that ||g;‘(f) ”p <C|fll, for p > 2 and
A > 2/p. Interpolation (Theorem E of [3]) then gives

THEOREM 4.2. For p > Land » > 2/p, |8i(f)], < CIfll,.
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