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THE HILBERT PROBLEM—A DISTRIBUTIONAL APPROACH

M. A. CHAUDHRY AND J. N. PANDEY

ABSTRACT. A distributional solution to the Hilbert problem in dimension > 1 is
given.

1. Introduction. Let F(z) be a holomorphic function in the region Imz # 0 of the
n-dimensional complex space C”. Assume that

(1.1) Fu(x) = lim F(@)in D), (R")
and
(1.2) F_(x)= yl_igl_F(z) inD,(R")
and

2= (21,22, +520) = (X1 + iy, X2 +iy2, ..., Xp +iYn)

and y — 0, means y; — 04, y» — O,,...,y, — 0, simultaneously, with a similar
interpretation fory — 0_. Imz # O means Imz; # 0 fori = 1,2,3,...n. We shall con-
sider the following Hilbert Problem. Let f € D},(R"). Then we wish to find a function
F(z) = F(z1,22, - .. ,2,) holomorphic in the region Imz; # 0Vi = 1,2,3,...n such that

(1.3) Fi(x) + F_(x) = f(x),

where F,(x), F_(x) are as defined in (1.1) and (1.2) respectively. The convergence in
(1.1), (1.2) and the equality (1.3) is interpreted in the sense of D}, (R "). We will show that
in one dimension the Hilbert Problem can always be solved while in higher dimensions
a number of compatibility conditions must be satisfied by f(x).

2. Preliminaries. An infinitely differentiable complex valued function ¢(x) de-
fined over R” is said to belong to the space D;»(R") if and only if D* p(x) € LP(R"),
for every multi-index a = (o, oz, ..., ) With aj, ay, . . ., , @, being non-negative in-
tegers. The space Dy»(R") is equipped with the topology generated by the separating and
countable collection of semi-norms { ¥, },3,, given by

1/
@1 )= | 2 [ Iomewlra s
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where

n
lal =3 o
=1

Hence, a sequence {¢n}2, in Dp(R") converges to ¢ in Dp(R™) if and only
if ¥)o| (Pm—¢) — Oasm — ooforeach || = 0,1,2,....The space D;,(R")isalocally
convex, sequentially complete, Hausdorff linear space [10,13]. Note thatif ¢ € D;»(R")
then D% p(x) — 0 as |x| — oo for each || € N [10], and if ¢,, — Oin D (R") as
m — 00, then ¢,, — O uniformly for all x € R" along with all its derivatives [10].

In conformity with the notation of L. Schwartz [10], we denote the dual space of
Dis(R™) by D}, (R"), where % + é =1,g> 1.

DEFINITION 2.1.  The space X(R") is a subspace of the Schwartz testing function
space D(R ") consisting of all the finite linear combinations of the functions of the type
[T, @i(t), where p;(t;) € D(R). The space X(R") is endowed with the topology in-
duced on it by the space D(R"). The space X(R") is dense in D(R") [11]. The space
D(R ") is dense in D;»(R™) [10]. Since the topology of X(R ") is the same as the topol-
ogy induced on it by that of D(R ") and the topology of the space D(R ") is stronger than
the topology induced on it by the space D;»(R "), it follows that the space X(R ") is dense
in the space D;»(R"). Hence, for an element ¢(x) € D»(R"), we can find a sequence
{pv}2, in X(R") such that

1D — )]l =0, as v — o0,
foreach |a| = 0,1,2,....

DEFINITION 2.2. The n-dimensional Hilbert transform, (Hf )(x), of f € LP(R") is

defined by
1 f@®
H = —1 i—Xil>€i Tn (5. v
HPW = 22 1 o T =
(2.2) 1 f@)
- ;’—‘P/ T, (1 — x2) . 210
where

el = (5)"

Note that (Hf)(x) exists almost everywhere and that H is a bounded linear operator from
LP(R™) into itself i.e.,

2.3) IBflly < Clllfll 14.12)

where C, is a constant independent of f. The first nontrivial result on multidimensional
Hilbert transforms was due to C. Fefferman [3]. Recently, Singh and Pandey [11] estab-
lished the following inversion formula for H:

(2.4) Hf = (=1,
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and obtained that, for ¢ € D;,(R™) (p > 1),
(2.5) D*(Hyp) = H(D p).

A consequence of (2.4) and (2.5) was a very simple proof of the fact that the Hilbert
transform operator H is a homeomorphism from Dy, (R ") ontoitself [11]. Forf € LP(R")
andg € LI(R"),p> 1 and},+}1 = 1, we have

S HO@ g dx = [ F-1)'(Hg) dx.

In analogy with this fact, the operator H of the Hilbert transform on D}, (R ") was defined
in [9,11] as follows:

(2.6) (Hf,¢) = (f.(—=1)'Hp), ¢ € Dpa(R"),

where the generalized function space D},(R") is the dual space of Do (R ") <% + é = 1) ,
and Hy is the Hilbert transform of ¢ given by (2.2).
Let { ¢, } 2, be a sequence in X(R") converging to ¢ in (DLq(R")), that is

ID%(py — @)llg — 0as v — oo,

then the Hilbert transform Hf of a generalized functionf € D},(R") can also be defined
by

2.7) (Hf.p) = lim(f.(=1V'He,) = (f.(~1V'H$).
Using the above definition, it is easy to see that,
(D*H)f = (HD*)f, f € Djp(R"). [9,11]

The definition (2.7) of the Hilbert transform of the elements of D/,(R") is equivalent to
the one given in [9,11]. Using the following structure formula

(2.8) f= 2 D"D%, (1]

la|<m

where each f, € LP(R"), we obtain

2.9) (Hf. @) = lim 55 [ (—1/fa@D" (Hp,)x)dx,

v |a|<m

for each ¢ € Dya(R").
The Hilbert transform technique is a powerful tool in solving some singular integral
equations. For further details see [2,5,8,11].
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3. The Hilbert problem. Given a function f on the real line satisfying certain pre-
scribed conditions, we wish to find a holomorphic function F(z) in the complex plane

such that
3.1 Fo(x)+ F_(x) = f(%),
where

Fi@ = lim F@), 2= x+iy
and
(3.2) F-() = lim F(x).

The mode of convergence may be suitably chosen. The solution to the problem in the
classical sense is given by Lauwerier [5] and in the distributional sense is given in [7]. We
attempt to solve the n-dimensional Hilbert problem for the distribution space Dj,(R").

Let F(z) be a function defined on the complex plane which is holomorphic in the upper
half plane Imz > 0 and also in the lower half plane Imz < O satisfying the following
conditions:

(i) F(z) = o(1) as |y| — oo uniformly for every x € R,

(i) sup,cp y>5 [F(2)| < A5 < 00,

(iil) limy_, F(z) = F.(x) in D},(R),

(iv) limyo_ F(z) = F_(x) in D},(R).
Then we have

1 1
(3.3) F) = (—27r—i)<F+(t) —F_(n), :> Imz#0. [7]

If we consider the convergence in D'(R ), then

1 1
F(z) = m<F+(t) —F_), t—:—z> +P(z), Imz#£0,

where P(z) is a polynomial in z. From now onwards, we will consider the convergence
in the space D/, (R ) only, for p > 1. Writing g = F, — F_, we have

1 t—x+1iy
Fo =G <g(t)’ (t—x2+)? >
Then we have
. 1 .
(3.4) yll%‘ F(z) = Fi(x) = Z[Hg +ilg],
and
. 1 .
(3.5) ygr&F(z) =F_(0)= Z[Hg —ilg],
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where [ is the identity operator. A detailed proof of the identities (3.4) and (3.5) is given
in [7]. Adding (3.4) and (3.5), we obtain

1
(3.6) Fix)+F_(x) = 7Hg =f.
Hence, using the inversion formula (2.4), we deduce
g = —iHf,

so the required function F(z), holomorphic for Im z # 0, is given by

1 1
3.7 Fi :——<H,——>, Imz # 0.
3.7 () o Iif P mz #
We now extend the problem to D},(R"). Let f € D},(R") and let F(z;,z;) be a function
holomorphic in the region Imz; # 0, Imz, # 0 satisfying similar conditions as in the
case of one dimension, i.e.,
(1) F(zi,22) = o(1) as |y1],|y2| — o0,

(2) supjy, 5,50 |Fz1,22)| <As < 00 & = (61,62).
|2 262>0
3) () limy, g, y,—0, F(z1,22) = Fii(x1,x2),
(i1) limy, 0, y,—0_ F(21,22) = Fi—(x1,x2),
(iii) limy, o_y, 0, F(z1,22) = F_4(x1,x2), and
@iv) limy, o_y,—0_ F(z1,22) = F—_(x1,x2),
in D),(R 2), where
Zj=)6j+iyj, j=12.

Then we have

(9]

12 !
6.8 Fa2) = (575) (P = Foo = Fou 4 PO, e s ).

2mi
Writingg = Foy — F,— — F_, + F__, we have

1 1
F , = B 1), :
(Zl ZZ) (27.(.1)2 <g( ) (tl —_ Zl)(t?_ — ZZ)>
It was proved in [9,11] that
1 . .
F++ = (—2—1-)3(1‘11 + lI])(H2 + lIQ)g,

where I, I are the identity operators i.e.,
Lig(h, 1) = glx1, 1),
Lg(h, 1) = g(t1,x2),

1 (t1, 1)
H(g(t1,1)) = —P i‘—l_xz—ldf

1s
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and

1 9
Hy(g(t1, 1)) = ;pA (;fz(i_%dt

Similarly we have

(Hy — ih)(H, — ih)g.

T @iy
Hence f = F,, + F__ gives
1 .
“E[HIHZ —ilhlg=f,
that is

(3.9) (H—Dg = —2f,

where H = H1H, and I = LI, are the 2-dimensional Hilbert transform and identity
operators on D}, (R 2) respectively. Using the inversion formula (2.4), we obtain

(3.10) (I— H)g = —2Hf.
Adding (3.9) and (3.10), we deduce that
(3.11) f+Hf =0.

Hence, if f does not satisfy (3.11), the solution of the aforesaid Hilbert problem does not
exist. In [11], it was shown that there do exist functions satisfying (3.11). So let f satisfy
(3.11) and let gy, g2, . .., gm in D;,(R™) be such that they satisfy

(3.12) y—Hy=0.

Then we have that
m
(3.13) g=2 ¢g+f
=1

where ¢; (j = 1, ..., m) are constants, satisfies (3.9). Substituting F,., —F,_ —F_,+F__
for g in (3.13), a class of solutions to the Hilbert problem is obtained.

Let us now consider the solution to the Hilbert problem in the next higher dimension.
Let F(z1,22,23), where z; = x;j+iy; = 1,2,3) be a function of z;, 2, z3 which is analytic
in the region

{@1,22,23) : Imz; #0, Imz, #0, Imzz # 0}

of C? and satisifes the following conditions:
() |F(z1,22,23)] = o(1) as |y1],]y2],|y3] — oo, the asymptotic order being valid
uniformly Vx;,x,x3 € R"
(i) limy, 0, F(z1,22,23) = Fx++ in D, (R™)

y2—01
y3—0+
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(iii) supy,i>s,>0 |F(z1,22,23)| = As < 00, where § = (61,62,83).
2] >62>0
|y3]>6:>0

Now in view of the results proved in [9,11] there exists g € D},(R") such that

1
@riy

Fzi,22,3) =

<g(t), H?Zl(tll —z) >

Therefore using results in [9,11] we obtain

1 . .

Fiye = @)—3(1‘11 +il))(Hz + ihb)(H; + il3)g
and |

—— = Zz—l.)g(Hl +il1)(Hy +ih)(H3 +il3)g,
so that )

f=F +F __ = (—21.)—3(H1H2H3 — Hy — H, — H3)g,

that is
(3.14) —4if = (H—H, — H, — Hy)g.

Applying the operation (H + H; + H, + H3) to both sides of (3.14) we deduce
—4i(H+H; + H, + H3)f

= [H’ — (H +H, + H3)'lg

(3.15) = (=1 — (H? + H3 + H3 + 2H\H, + 2H, + Hs + 2H,H3))g
=[-1+3— 2(H1H2 + HyH;3 +H1H3)]g
= [2+2H(H, + H, + H3)]g.

Applying the operator 2H to both sides of (3.14) and adding the result to (3.15), we obtain

—4iHf —4iH(H+H, + H, + H3)f = 2H?g +2g =0
or

(3.16) f+H+H +H,+H)f =0

If the given f satisfies (3.16) then and only then a solution to the Hilbert problem exists.
If f satisfies (3.16) then the solution to the Hilbert problem can be obtained by solving
for g from (3.14) and substituting in the expression for F(z;, 22, 23). As we go to higher
and higher dimensions the problem becomes more and more difficult. We leave this as
an open problem.
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