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Abstract

We introduce a new approach to simulating rare events for Markov random walks with
heavy-tailed increments. This approach involves sequential importance sampling and
resampling, and uses a martingale representation of the corresponding estimate of the
rare-event probability to show that it is unbiased and to bound its variance. By choosing
the importance measures and resampling weights suitably, it is shown how this approach
can yield asymptotically efficient Monte Carlo estimates.
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1. Introduction

The past decade has witnessed many important advances in Monte Carlo methods for
computing tail distributions and boundary crossing probabilities of multivariate random walks
with independent and identically distributed (i.i.d.) or Markov-dependent increments; see the
survey paper by Blanchet and Lam [5]. In particular, the case of heavy-tailed random walks
has attracted much recent attention because of its applications to queueing and communication
networks. A random variable is called light tailed if its moment generating function is finite in
some neighborhood of the origin. It is said to be heavy tailed otherwise.

Another area of much recent interest is the development and the associated probability theory
of the efficient Monte Carlo method to compute rare-event probabilities «;, = P(A,) such that
a, — 0asn — oo. A Monte Carlo estimator &, of «, using m simulation runs is said to be
logarithmically efficient if

2+o(1)

mvar(Q,) < o

asn — oo; @))
it is said to be strongly efficient if
mvar(Q,) = O(a,zl).

Strong efficiency means that, for every & > 0,

var(@,) < saﬁ 2)
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can be achieved by using m simulation runs, with m depending on ¢ but not on n. In the case of
logarithmic efficiency, (2) can be achieved by using m,, simulation runs, with m, = (¢, Lyo()
to cancel the a; M term in (1). Since the focus of this paper is on rare events associated with a
random walk S,,, any Monte Carlo estimate of a rare-event probability has to generate the i.i.d.
or Markov-dependent increments X1, ..., X, of the random walk for each simulation run, and
this computational task is linear in n. We call the Monte Carlo estimate linearly efficient if
m, = O (n) simulation runs can be used to achieve (2). More generally, for any nondecreasing
sequence of positive constants C, — oo such that C,, = o(«,; 1), we call the Monte Carlo
estimate Cj,-efficient if m,, = O(C,) simulation runs can achieve (2). Note in this connection
that the variance of the direct Monte Carlo estimate of «,, using m,, independent simulation runs
is o, (1 — &) /my,, and, therefore, (2) can be achieved only by choosing m,, > ()L (1 —ap).

To achieve strong efficiency, Blanchet and Glynn [4] and Blanchet and Liu [6] made use
of approximations of Doob’s h-transform to develop an importance sampling method for
computing P(A) when the event A is related to a Markov chain Y} that has transition probability
densities pi (- | Yr—1) with respect to some measure v. Letting hx(Yy) = P(A | Y), note that

Elhx(Ye) | Ye—1]l = E[P(A | Yi) | Fr—11=P(A | Fx—1) = hg—1 (Yi—1),
ie. f Pi(x, y)hi(y) dv(y) = hr—1(x). This yields the transition density

hi(y)
hy—1(x)

of an importance measure Q = P(- | A), and p,i’ is called the A-transform of pi. Although
the likelihood ratio dP/ dQ is equal to P(A) and therefore has zero variance, this importance
measure cannot be used in practice because P(A) is the unknown probability to be estimated.
On the other hand, one may be able to find a tractable approximation vy of iy fork = 1,2, ...
so that p,f (x, ¥) can be approximated by

Phe,y) = prlx, y) 3)

v (y)
pr(x, Yo () dv(y)’

qr(x, y) = pr(x, y)f “
which is the transition density function of an importance measure that can be used to perform
importance sampling.

In this paper we propose anew approach to simulating rare-event probabilities for heavy-tailed
random walks. This approach uses not only sequential (dynamic) importance sampling but also
resampling. Chan and Lai [9] introduced the sequential importance sampling with resampling
(SISR) methodology and applied it to simulate P(g (S, /n) > b) and P(max,y<n<n, ng(Sp/n) >
c) for light-tailed random walks, where g is a general function and S,, is a random walk. Note
that, unlike [3], we consider here the situation in which n approaches oo, rather than with
fixed n. In [9], the importance measure is simply Q = P and the resampling weights for the
light-tailed case heavily depend on the finiteness of the moment generating function. Moreover,
a distinguishing feature of a heavy-tailed random walk S, is the possibility of a single large
increment resulting in the exceedance of g(S,/n) or max,,<,<n, ng(S,/n) over a threshold.
An important idea underlying the SISR method to simulate rare-event probabilities for heavy-
tailed random walks in Section 3 is to make use of the single large jump property to decompose
the event of interest into two disjoint events, one of which involves the maximum increment
being large. We use different Monte Carlo schemes to simulate these two events.

In Section 2 we describe another way of using SISR to simulate rare-event probabilities of
heavy-tailed random walks. Here we start with a target importance measure, such as the one that
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uses the transition density (4) to approximate the h-transform (3). The normalizing constant,
which is the integral in (4), may be difficult to compute for general state spaces. Moreover, it
may be difficult to sample from such density. The SISR procedure in Section 2 provides an
alternative to this elaborate direct importance sampling procedure but still achieves its effect.
The analysis of the two different SISR schemes for estimating rare-event probabilities, given
in Sections 2 and 3, respectively, enables us to bound the variance of an SISR estimate. In
Corollaries 1-5 in Sections 2 and 4 we use these bounds to show that the SISR estimates
are efficient under certain regularity conditions. In Section 5 we provide numerical results to
supplement the asymptotic theory and give further discussions on related literature.

2. Implementing a target importance measure by SISR

LetY, = (Yi,...,Y,), and let px(- | yx—1) be the conditional density, with respect to some
measure v, of Yy given Yx_1 = yx—1. Let p,(y,) = ]_[’,ZZI Pk (Vk | yx—1). To evaluate a rare-
event probability « = P(Y,, € I'), direct Monte Carlo involves the generation of m independent
samples from the density function p,(y,) and then estimating « by

m
p =m~' )
ap =m 1.6) .
D (v, er)
j=1

Importance sampling involves the generation of m independent samples from an alternative
density gx (- | yx—1) and then estimating « by

LA 6 7o) BT
a=m='} )
j=1 Qn(Yn )

where g, (y,) = ]_[Z=1 Gk Yk | yx—1) and satisfies g, (y,) > 0 whenever p,, (y,)1y,ery > 0. If
one is able to choose g, such that p, (y,)1(y,er}/dn(ys) < ca for some positive constant c,
then one can ensure that
m EQ(&IZ) < %a?, )
yielding a strongly efficient &j.
For the case in which Y,, is a random walk S, and the rare eventis A = {S,, > b}, acandidate
for the choice of g (- | Sk—1) is (4) in which v is an approximation to the i-transform. Large
deviation or some other asymptotic method leads to an asymptotic approximation of the form

P(Sy = b | Sk) ~ g(b = Sk, n — k), (6)

which can be used to derive vx. As noted in Section 1, the normalizing constant (i.e. the
denominator) in (4) is often difficult to evaluate and the target importance measure with
transition density (4) may be difficult to sample from. We next show that we can bypass
the normalizing constant by using SISR, which also enables us to weaken and generalize (6) to

n8n(Yi,n—k) <P(A, | Y) < C;/1gn(ka n—k) )

for all n and k and almost all ¥, where ¢, and c), are positive constants. In (7), Y is a general
stochastic sequence and we denote the event of interest by A, to indicate that it is rare in the
sense that o, = P(A,,) — 0asn — oo. The weakening of (6) to (7) is of particular importance
for implementation since it allows one to choose g, to be piecewise constant so that not only
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can the normalizing constants in (8) below be easily computed but (8) is also convenient to
sample from. Let

GG | yp) = POk | Ve D8n e — k) N
- wk—1 (Vk—-1)gn Ph—1,n —k + 1)’

in which wyg = 1 and w_1(yx—1) is a normalizing constant to make g (- | yx—1) a density
function for k£ > 2. From (7), it follows that

C/

k7 < w1 (yr—1) <k, where K, = C—”. )
n

To be more specific, we descrlbe the SISR procedure in stages, initializing with Y( ) = = Y0,
a specified initial state, or with Y Y, (m) generated from the initial distribution.

Step ] f)ortance sampling at stage k. Generate Yk(’ ) from qi(- | Yk(j )1) and let Y(j ) =
k 1> ])foralll<] < m.

Step 2: resampling at stage k. Let w; = m™! D wi ¥, k(ti)) and the resampling weights

(j)
; w
w!) = W) (10)
mwk
Generate i.i.d. multinom1al random variables by, ..., by, such that P(b; = j) = w,ﬁ’ ) for

1 <j<m. Let Yk( Y b0 for all 1 < ¢ <m. If k < n, increment k by 1 and go to
step 1; otherwise, end the procedure There is no resampling at stage .

After stage n, estimate « by

(aj )
A Wy - Wy i I{Y,ﬁf)er}g" !

gn(T,0)

Yy ""n)

Y

j=1

where Yéaj ) is the initial (ancestral) state of Yn(/ ). For notational simplicity, we assume
a specified initial state Yég) = yp for all £, and abbreviate g,(yo,n) and o, to go and «,
respectively.

Resampling is used in the above procedure to handle the normalizing constants in a target
importance measure that approximates the A-transform. In [7], a computationally expensive
discretization scheme, with partition width 1/n, is used to implement the state-dependent
importance sampling scheme based on the asymptotic approximation (6) in the case of regularly
varying random walks. Using resampling as described in the preceding paragraph enables us
to bypass the costly computation of the normalizing constants, and the SISR estimate &3 is still
linearly efficient in this case, as will be shown in Corollary 1 at the end of this section. More
importantly, for more complicated models, one can at best expect to have approximations of
the type (7) rather than the sharp asymptotic formula (6). In this case, using (8) to perform
importance sampling usually does not yield a good Monte Carlo estimate because unlike
the situation in (5), (7) does not imply good bounds for [T;_;[pk(k | Yk—1)/qk Vi | Yk—1)]
on A,. On the other hand, using (8) for the importance sampling component of an SISR
procedure, whose resampling weights are proportional to wg_1(yx—1), can result in a Monte
Carlo estimate &g that has a bound similar to (5), which can be used to establish efficiency of
the SISR procedure, as we now proceed to show.
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Following [9], let E* denote the expectation with respect to the probability measure from

which the f/k(’) and Yk(') are drawn; this differs from Eg for importance sampling from the
measure Q since it involves both importance sampling and resampling. A key tool for the
analysis of the SISR estimate &g is the following martingale representation of m(&p — «); see
Section 2 of [9].

Lemma 1. Let fi(yx) =P(Y, € T | Yy =y ) forl <k <n—1, fo = a, and f,(y,) =
1(y,ery. Let
Fo1 =0 (¥, ¥ 1 <j<m 1<t <k—13u{F:1<j<m),
Fu =0 (T ¥ 1< j<m 1<t <kp.
Let #,(Cj ) be the number of copies of Y, k(j ) generated during the kth resampling stage. Define
()

Mk—1 = = (gowy - - - Wk—1)
v (/) (J)
Y, Y,
[ e ) _ St } I<k<n (12)
gn(ij ,n—k) wk—l(Yki])gn(ijlan —k+1)
v (/)
Se(X)
ng = @ —mu)(goiy -+ ) —— 5L . l<ks=n-l
wi(Y,"Ngn (Y, n — k)
Then {(17(1), cee m(m)): 1 <t < 2n — 1} is a martingale difference sequence with respect to

the filtration {F;, 1 <t < 2n — 1}. Moreover,

2n—1 m

m@s —a)=y_ Y . (13)

=1 j=1
Proof. By (8),
E*[—fk(.?k(j)) ‘ %k—z] = EQ|:—fk(.fIk(j)) ‘ Y(j)}
g (¥ n—k) g (¥ n—ky |7
ELA ) 1Y)
w1 YD g ¥ o —k+ 1)
fear (@)

- (14)
w1 (V) gn 0 n—k+ 1)

Since gowy - - - wr—1 is measurable with respect to F;_», E* [’72k 1 | Far—2] =0 by (14).
Moreover, note that E*[#(J )| Fi] = mw(] ) and that gow1 - - - Wy and Y’ ) are measurable
with respect to F—1. Therefore, E* nzk) | ~772k 11=0.

Theorem 1. If (7) holds then ag is unbiased and
K2 n—2
mvar*(Gg) < n(kr + K,?)<1 + —”) o
m

Hence, the SISR estimate &g of « is nkf-eﬁﬁcient.
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Proof. Since nt(i) is a martingale difference sequence by Lemma 1, it follows from (13) that
ap is unbiased. Moreover, as shown in Example 1 of [9], all terms on the right-hand side of

(13) are either uncorrelated or negatively correlated with each other, and, therefore,

2n—1 m

mPvar* (@) < > Y var*(n”). (15)

t=1 j=1

Since fi(yx) = P(A, | Yi) with A, = (Y, € T'}, fr(yx)/&n(yk, n —k) < c;, by (7); moreover,
g0 < a/cy. Hence,

_ oSk (16)
gn (.Yk» n— k)
By (9), (12), and (14),
var*(n$ ) < E*()_ )% < 12> B[] - - 0}, ]. (17)

Similarly, since 1-3*[(#,(cj))2 | Fox_1] = mw,(cj) and 37, w,(cj) =1,

m
Y " var*(ng)) < mapa® E¥ [} - g, (18)
j=1

By (8), for0 <s <k,

k
T, pest Getr | y)}gnarton—k — 1)
1_[61/3+1(yz+1 | yo) = ,

s TTEL, we(ye)}gn(ys,n — )

and, therefore, by (7),

k
EQ[H we(Ye) ‘ YS} <k, for0<s<k. (19)
{=s

Theorem 1 follows from (15)—(18) and Lemma 2 below.
Lemma 2. If(19) holds then B*[w} - - - w}] < k2(1 + m~1k2)k~1L.

Proof. By (9),
wF <m™ 2> w (T we(F) +m .
u#v
Hence, by the independence of f’k(") and f/k(”) conditioned on Fa_»,

E*[0} | Fual <m Y Eglwe(Yi) | Y 1 Elwe(Ye) | Y\ 1+m™ k2. (20)
uFv
Since ¥, is sampled from ¥\"| with probability w'” | = w_1(¥"))/(miwx_1),

m
E*[Eqluwe(Ye) | Y1 | Fasl = > w Eglwe(Ye) | Y]
i=1

1 m
= — E
i Lo

k
[T wevo ‘ Y,f”l}. @1

t=k—1
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By (19)-(21),

IR s
E*[wi - - wi | Fax—3]
m

sw§...wg_2{m—leQ

i=1

k 2
[ [T wexo ‘ Yk(?l“
{=k—
+m ey EX 0T -y | Faxsl

k k
< w%-~-w,§_2m—2ZEQ[ [T wevo ‘ 1?,5”)1] EQ[ [ wevo

u#v {=k—1 {=k—1
-1,2 -2 -2 -2 -2
+m K, E*[wl o Wr_ g +w1 o Wi_o | 3“’2](_3].

1

v (V)
Yk1:|

Conditioning successively on Fp;_4, F2x—5, . . . then yields

k 2
E*[w? .- w7] < {EQ []—[ wg(Yg)]} +m U B T - wi o -+ 0l
=1
<2 +m WEE W} WP+ -4 w7,
from which the desired conclusion follows by induction.

We next give an application of Theorem 1 in which «, = O(1). A distribution function F
is said to be regularly varying with index y > 0 if

F(x) ~xVL(x) asx— 00 (22)

for some slowly varying function L, that is, limy,_, oo L(tx)/L(x) = 1 for all # > 0. Suppose
that E[X] = u and var(X) = 02 < oco. Let

b— nu)

on /)’
in which ® denotes the standard normal distribution. Rozovskii [18] showed that if F is
regularly varying then

g (bon) =nF b — (1 — D)Ly im0 /iy + é( (23)

P(S, > b) ~ g*(b,n) asn — oo uniformly over b € R. (24)

By (24), (6) holds with g = g*. The usefulness of weakening (6) to (7) which only requires
bounds is that g, can be chosen to be considerably simpler than g*. In particular, we can
discretize g* and define

eYy,n—k)=g",n—k) ifg <b— Sk < iy1, (25)
where {_» = —00,{_1 = 0, and ¢; = ' for some p > 1 and all i > 0.

Corollary 1. Let X1, X3, ... be i.i.d. with distribution function F satisfying (22) and such that
var(X1) < oo. Consider the SISR procedure with importance density (8), in which g, is given
by (25), and with resampling weights (10). Then the SISR estimate of o, = P(S, > b) is
linearly efficient.

Proof. From (22) and (24), it follows that (7) holds with ¢, = ¢ < 1 < ¢/ = ¢},. Putting
ky = ¢’/c in Theorem 1 yields Corollary 1.
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3. SISR schemes via truncation and tilting for heavy-tailed random walks

Let X, X1, X5, ... beii.d. with acommon distribution function F. Let S,, = Zzzl X and
M, = max|<x<n Xi. Let 1, = inf{n: S, > b}. Assume that

FOl=1—-Fx)]=e YW, with yx)=V(x)—>0 asx— oo.
Then W(x) = o(x) and F is heavy tailed, with density function

f(x) = yx)e W,

We use W to develop general SISR procedures for simulating the probabilities

P:P(San), a:P(max szb)zp(fbfn).

1<j<n

These algorithms are shown to be linearly efficient in Section 4 as b = b, approaches oo
with n, under certain conditions for which asymptotic approximations to p and o have been
developed. Unlike the SISR procedures in Section 2 that are based on (6) or its relaxation (7),
the SISR procedures based on W do not make explicit use of the asymptotic approximations to
p and «. On the other hand, these approximations guide the choice of importance measure and
the truncation in the SISR procedure.

3.1. Truncation and tilting measures for evaluating p by SISR

To evaluate p, we express it as the sum of probabilities of two disjoint events
Ay = {8 = b, M, < cp}, Ay = {8y = b, My, > cp},

for which the choice of ¢; (which tends to oo as b — 00) will be discussed in Theorem 2 and in
Sections 4 and 5. Juneja [16] applied a similar decomposition in the special case of nonnegative
regularly varying random walks, and efficiency was achieved with ¢, = b and with fixed n.
However, the rare events considered herein involve n — 0o, which requires a more elaborate
method to evaluate P(Aq).

Let 0y = W(b)/band 7, = [/ x~2dx (< 1), 0 < r < 1, and define the mixture density

1—r
g(x) =rf(x) + —=1i<c<e,)- (26)
TTpX

Let p; be the SISR estimate of P(A1), with importance density (26) and resampling weights

XXy
wi (Xy) = Wl{xksc;,} (27)

Specifically, instead of using (8) to define g (- | yx—1), we define gk (- | yx—1) by (26) for the
importance sampling step at stage k in the third paragraph of Section 2. Moreover, we now use
(27) instead of (9) to define the resampling weights and perform resampling even at stage n.
The counterpart of (11) now takes the simple form

m

~ _ — _ _p, ¢W)

pr= (1 dm™" Y eI Gy (28)
j=1
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where Wy = m™! Z?:] Wy (f(,((j)); see Equations (2.3) and (2.4) of [9]. As in Equations (2.4)
and (2.5) of [9], define

Zi(x) [ﬁ f(x‘)}P(A 0. e ﬁ i o o wED) o
k(Xk) = k) k(Xk) = ) w
=1 q(xt) ! =1 wy (x) k muwy
with Zyp = « and hg = 1. Then Equation (2.10) of [9] gives the martingale decomposition
2n
mlpr —P(AD] =) &, (30)
=1
where
m . . .
tnmr = Y 1Z(X) = Zia (X D (X))
j=1
and

m
b =y —mu Z X (X)),

and #,((j ) is the number of copies of X ,(cj ) in the kth resampling step.

Theorem 2. Let ¢, = Eplwi(X1)]. Suppose that one of the following conditions is satis-

fied:

(©) fle Y2 (0)x 220 =Yl gy = O(1),

(@) [P P (x)e*h V@ dx = O (1),
as b — oo. Then there exists a constant K > 0 such that, for all large b,

var(py) < %gbz"el(”/m P2(X > b).
Proof. We will show that
P(S; > x, M; <cp) <¢le™™  forallt > 1, x € R. (31)
Let G be the distribution function with density
g(0) =& e F(0) ).

Let E¢ denote the expectation under which X1, ..., X; are i.i.d. with distribution G. Then

t

(X0) _

P = M=) = EGHH g(X:) }I{Srz)‘}] = &y Bole™ " 15,21,
k=1

and (31) indeed holds.
In the martingale decomposition (30), the summands are either uncorrelated or negatively
correlated with each other, as shown in Example 1 of [9]. Therefore,

Bl — PGNP < mt 3 BRI, ()
k=1

+m DY B @ - mw 22 &R EM). 32)
k=1
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Let sy = x1 + --- + x;. Since
P(Ay | xi) =P(Sp—k = b — sk, My— < cp)limax(xy,.... x0)<cp}s
it follows from (27), (29), and (31) that

E*Zi XD (X)) | X2, = xii]

IO FHX)e 2051 P2 (A | Xy = (xk—1, X))
= wy - wi_ Eg 3
q=(X)
2 20p X
Lo 2 2n—2k_—20,b fo(X)e”
S Wy WG, e EQ[WI{XSH)}
= wj - " e PP B p[wi (X)), (33)

By the independence of the Xy in (27),

E*[w} - w]_;]1 = [Eg(w})]F!

_ (%2+ varQ(w1<X1>>>"‘1
m

k — 1) Ep[w?(X
s@ﬁk‘zexp(( )mf_[zwl( 1>1>_ (34)
b

Since ¢ — oo as b — 00, { > 1+ o(1). Moreover, e 20hb — P2(X > b). Hence, it follows
from (33), (34), and Lemma 3 below that there exists K| > 0 such that

n
_ - Kin Kin
m Y EZE XD (XD )] < ——¢" exp(—> PX(X > b). (35)
=1 m m
By (31),
e iy B o D) ~ (i _ _ Y
ZI%(XI((J))hi(X]((/)) _ w%._.w]%e 20,5 P2(A1 | X]E/)) < wfu-w,%;}f” 2k o 2051 (36)
Since

m
var(#,((]) | For—1) < mw,(cj) and Zw,((]) =1,
j=1
by (36),
1 1 (1 (1
EX[#D — mw ") 22X ni (X))

m
j=1

m
< gk~ 2rb 3 [(Z w}({ﬂ) @2 J)i]

j=1
= ¢ He b EF (0} - w)). (37)

Combining (34) with (37) and applying (35), we then obtain Theorem 2 from (32).
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Lemma 3. Under the assumptions of Theorem 2,
Egplwi(X))] =--- =Eg[w?(X,)] = O(1) asb — oo. (38)
Proof. First assume that (C) holds. Then

/c‘h eZH;,x fZ(x)

2 _
Eglwi(XD] = e,

dx

629[,

1 C
1 b
<— / fO)dx + —— f P2 (x)x el =Vl gy,
—00 1—r 1

r

Asb — 00, 0, = V(b)/b — 0 and, therefore, the first summand in the above inequality
converges to F(1)/r. Moreover, by (C), the integral in the second summand is O(1), proving
(38) in this case.

Next assume that (C’) holds. Since Eg[w}(X)] <r~! [ ¥ f(x)dx and f(x) =
Y (x)e Y™ (38) follows similarly. In fact, under (C’), (38) still holds when r = 1 in (26),
i.e. when ¢ is the original density f. Therefore, if (C') holds then Theorem 2 still holds with

q=1r
We next evaluate P(A5) by using importance sampling that draws X,, from a measure Q for
which ~
do #{i: X; > cp}
—Xp)=——- M . 39
dP( n) WPX = o) on {M, > cp} (39)

Letting F(x | X > ¢) = P(c < X < x)/P(X > c¢), we carry out m simulation runs, each
using the following procedure.

1. Choose an index k € {1, ..., n} at random.
2. Generate Xy ~ F(- | X > ¢p) and X; ~ F fori # k.

This sampling procedure indeed draws from the measure Q as the factor #{i : X; > ¢} in
the likelihood ratio (39) corresponds to assigning equal probability to each component X; of
X, that exceeds ¢;, to be the maximum M,, on {M,, > c,}. We estimate P(A;) by the average
P2 of the m independent realizations of

nP(X > ¢p)

271 40
#{i: X; > cp} (5.0} (40

given by the m simulation runs. Note that p; is an importance sampling estimate and is therefore
unbiased. Since the denominator in (40) is at least 1 under the measure Q, (40) < n P(X > ¢p),
yielding the variance bound

n? PZ(X > cp)
p .

var(pz) < (41)

3.2. Truncations and tilting measures for SISR estimates of o

We are interested here in the Monte Carlo evaluation of P(maxi<;<, S; > b) asb,n — oo,
when E[X] < 0. It is technically easier to consider the equivalent case of evaluating P(S; >
b+ ja forsome 1 < j < n) in the case where E[X] = 0 and a > 0. More generally, consider
the evaluation of P(t;, < n), where 7, = inf{j: S; > b(j)} and b(j) is monotone increasing,
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e.g. b(j) = b + ja. Let ¢, be monotone increasing in b, and let n} = min{;j: b(j) > 2/} and
n; = min(n}, n). Let
AL ={n <1 <niy1, Xk < cp forall 1 <k < 13},
A2 = {1p < n, Xp > cp) forsome 1 < k < 75}

Let 9, = \IJ(Zi )/ 20, Let &1 ,; be the SISR estimate of P(+ ;), with importance density for
X} of the form

1—r
qr(x) =rf(x) + Wl{lyscm}, (42)

and with resampling weights

Xk £ (Xy)

wi,i (X)) = qr(Xy)
1 otherwise.

I{kacb(k)} forl <k <1, (43)

Note the similarity between (26)—(27) and (42)—(43). In fact, the latter just replaces cp, 0y, and
q in (26)-(27) by cpk), 6;, and gi. Using an argument similar to the proof of Theorem 2, we
can extend (28) to obtain a similar variance bound for &; ; in the following.

Theorem 3. Let ¢ = max{l, ffgl e’* f(x)dx). Suppose that a1, is based on m; SISR
samples. Suppose that one of the following conditions is satisfied:
@) [ a2l Y Wldy = 0(1),
C.

(A) [y @)eXiv =Y dx = O(1),

as i — 00. Then there exists a constant K > 0 such that, for all large i,
N Kn; . , . ;
var(dy ;) < _’H(é—i*)nz+1el<n,+|/mz P2(X > 20y,
i

To evaluate P(+A2), we perform m simulations, each using the following procedure.
1. Choose an index k € {1, ..., n} with probability F(cb(k))/ Z?:l F(cb(j)).
2. Generate Xg ~ F(- | X > cp)) and X; ~ F for j # k.

We estimate P(+A>) by the average &, of m independent realizations of

[Ximt F(co) L,
#lk: Xi > cpiy}

given by the m simulation runs. Analogous to (41), we have the following variance bound
for as.

Lemma 4. Suppose that F(cp)) = O(F (b(k))) as b — oo, uniformly in 1 < k < n. Then

n 2 n 2
mvar (&) < [Z F(cmk))} = 0([2 F(b(k))} )
k=1 k=1
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4. Efficiency of SISR schemes via truncation and tilting

In this section we apply the bounds in Theorems 1-3 to show that the SISR procedures in
Section 3 give efficient estimates of p and o when we have asymptotic lower bounds to these
quantities for certain classes of heavy-tailed random walks.

4.1. Regularly varying tails

In Section 3.1 we proposed an alternative SISR procedure that involves a truncation scheme
and established in Theorem 2 and (41) upper bounds for var(py) + var(p;), which can be used
to prove linear efficiency of the procedure, in the case of b being some power of n. This is the
content of the following corollary, which gives a stronger result than linear efficiency.

Corollary 2. Assume that (22) holds and that there exists J > 0 for which
J
Y(x) =V (x) <= foralllarge x. 44)
X
Assume that, for some 0 < B < y with p <2, n = O(bP/(logh)?) and E(X™)# < oco. For

the case B > 1, also assume that E X = 0. Then the estimate p) + p> of p is linearly efficient
if cp = pb for some 0 < p < min{(y — B)/y, %}. In fact,
n

P2 m
var(pr + p2) = 0(—>[= o(p*)]  when lim inf(—) > 0.
m

Proof. Recall that f(x) = ¥ (x)e” Y™ is the density of X. With ¢;, defined in Theorem 2,
we will show that

b
o = /p e f)dx <1+ 00 =1+00™h, (45)
o B
/ 2 f(x)dx = 0(1), (46)

i.e. (C') holds. From (45), it follows that g‘bz” = O(1). Moreover, it will be shown that
nP(X > b) = OP(S, = D)). 47)

Since P(X > pb) = O(P(X > b)) by (22), Corollary 2 follows from Theorem 2, (41), and
47).

To prove (47), note that in the case y > 2, var(X) < oo and (47) follows from (24). For the
case y < 2, we use the inclusion—exclusion principle to obtain

n
P(S, = b) > P(U Bi> (where B; = {X; > 2b, S, — X; = —b}) (48)
i=1

> nP(S,_1 > —b)P(X > 2b) — n> P>(X > 2b).

Note that n P(X > b) — 0 under (22) and n = O(b?/(logb)P) for 0 < B < y. For the
case B < 1, P(S,—1 < —b) <E(S,_)P/bP <nE(X)P/bP — 0. For the case 1 < B <
¥ < 2, (22) and the assumption E(X)# < oo imply that E |X|# < oo. Therefore, by the
Marcinkiewicz—Zygmund law of large numbers [12, p. 125], S, = o(nl/ ﬁ) almost surely and,
hence, P(S,_1 < —b) — 0 as n'/P = o(b). Since P(X > 2b) ~ 277 P(X > b) by (22), (47)
follows from (48).
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We next prove (45) and (46) when 0 < 8 < 1. Sincee* <1+ 2xP for0 < x < 1 and
e* <lforx <0,

1/6, pb
o<1+ 29;,9/ xP f(x)dx +/ e’ f(x) dx. (49)
0 1/6
By (22), E(X1)# < 00 and, therefore,
1/6p
26/ f <F fx)de = 0(6)). (50)
0

Let0 < § < 1. Since W(x) ~ y logx, W(x) > yélogx for large x. Moreover, 1/6, > b? for
all large b and, therefore, by selecting § > /8/y,

67\11(21/01,) S ef\p(l/eb) — 0(efy610gb5) — O(bf}/ﬁz) — 0(9}/)5) (51)
By (44) and (51),
2J/6p 27
f e f(x)dx < (—)e“ sup [y (e Y@= 00)). (52)
1/65 Op 1/0p<x<2J /6)
Integration by parts yields
pb pb
/ eebxllf(x)e_lp(x) d.x S eZl—\IJ(2J/01,) +9b/ eé)bx—\ll(x) d.x. (53)
27 /6 2J/6p

For x > 2J /6, [Opx — W (x)] = 0, — ¥ (x) > 6,/2 by (44) and, therefore, Opx — W(x) <
Oppb — Y (pb) + %Qb(x — pb) if x < pb. The change of variable y = x — pb then yields

b 0
o fp Hx—W0) gy < gbeeb(pm—wpb)/ /24y = O@EPYO-YOD) (54
2J /6y - —o0
By (22), ¥ (pb) = W (b) + O(1) and, therefore, pW (b)) — W(pb) = (p — HW (D) + O(1).
Since p — 1 < —B/y and W(b) ~ y logb, it follows that e?YP)~¥ b — o (ph=F) = 0(9,;3).
Combining this with (51)—(54) yields

pb
/ ™ f(x)dx = 0(6)). (55)
1/6)
Substituting (50) and (55) into (49) proves (45). To prove (46), we make use of the inequality
pb J /6 pb
/ 2% £ (x)dx < e’ / fx)dx + / e20* f(x)dx. (56)
—0o0 —00 J/0p

Since [20px — W(x)] > 0 forx > J/6p and p < L it follows from integration by parts and
the bounds in (51)—(55) that

b b
/ﬂ ezeb"w(x)e*q’(x) dx = _ezebx—q/(x)vj)?g 420, /P e206x—V(x) 4,
7/6p g /65
= 0(0)) + 0@~ D¥®)
=0(). (57)

By (56) and (57), (46) holds.
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To prove (45) and (46) for the case 1 < 8 <2, E[X] = 0 and E[|X|ﬁ] < 00, we start with

the bound e* < 1 + Zﬂxﬂ L for 0 < x < 1 from which it follows by integration that
e < 1+x+2xf (58)

for 0 < x < 1. We next show that (58) in fact holds for all x < 1, by noting that the left-hand
side of (58) is less than or equal to 1, whereas the right-hand side (RHS) of (58) is greater than
or equal to 1 + |x| for x < —1, and that

> 1 2 4 64 ...>eX for—4 < <0,
RHS of (58) > | +x 4242 = | X T F v adze Jormy=x=0,
:2(x+z) +g=>e' for—1 <x < —5.
It follows from (58) that
1/6p 1/6p pb
& < 1+9b/ xf(x)dx+2e£/ x/’f(x)dx+/ %% £(x) dx
—00 —00 1/6p
<1+0@6)), (59)
since
1/6p
E[X]=0 — 91,/ xf(x)dx <0,
—0o0
1/6,
E[|X 1l<o0 = 295/ P fyde = 0@)),
—00

and (52)—(54) can still be applied to show that (55) holds. Using arguments similar to (56) and
(57), we can prove (46) in this case.

Similarly, we can prove the following analog of Corollary 2 for the SISR algorithm in
Section 3.2 to simulate c.

Corollary 3. Assume that (22) with y > 1 and (44) hold. Suppose that n = O (b? /(log b)P),
E[X]=0,and E(X")? < oo forsomel < f < ywithf <2. Letb(j) =bforalll < j <n,
and suppose that 20 < b < 2iFL Assign all m simulations to evaluate P(A) ;). Then &1 + &>
is linearly efficient when ¢, = pb for some 0 < p < %min{(y -B/y, %}. In fact,

o? m
var(a) + Qp) = 0(—) when lim inf(—) > 0. (60)
m n
Proof. By Theorem 3 and Lemma 4,

- n 5 i o2 Y
var(@;)) = O — P (X >2") )| = O —P*(X > b) when liminf{ — ) > 0,
m m n

2
var(@s) = 0(”— P2(X > b)).
m

By (47),nP(X > b) = O(P(S, = b)) = O(w) and, therefore, (60) holds.

Corollary 4. Assume that (22) with y > 1 and (44) hold. Suppose that E[X] = 0 and
E(X™)? < oo for some 1 < B < y. Let b(j) = b+ ja for some a > 0, and let {(k) =
Llog, b(k) |, where log, denotes the logarithm to base 2. Assign m; simulation runs for the
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estimation of P(#A1 ;) such that

mli —e(1) + 1172
i ) —CD+T ;o
=1

uniformly over £(1) <i < £(n) as b — 00, (61)

where m = nga) m; is the total number of simulation runs. Let &) = Zf(;e)(l) ayi. Then
the estimate &1 +&» is n(logy n)*-efficient if cp, = pb for some 0 < p < % min{(y — B8)/y, %}.
In fact,

var(@) 4+ @) = m~ ' 0(@®)[= o(a?®)] whenever lim inf(

_ "™ Yoo
n(log, ”)2>

Proof. We can proceed as the proofs of (45) and (46) to show that {* < 1+ O (91.’3 ) and (A)
holds in Theorem 3. Noting that

m m
lim inf 0 — liminf inf &—— 0,
i (nlogzn) ~ i |:€(1)gi1§€(n) n(i —€(1) + 1)2] i
we obtain, from (61),

lim inf<1ne(1)5,—_g(,,)m,> - 0. (62)
n

Since n;4+16 iﬂ — 0, it then follows from Theorem 3 and (62) that

N ni+1 2 i . .
var(ay,;) = 0(—_P (X >2 )) uniformly over £(1) < i < £(n),

1
and, hence, by (61),

£(n)

var(@)) = m™! 0( > i =) + 1P PP(X > 2")). (63)
i=£(1)

Since 2! < b(j) < 21t forn; < j < n;qq and nj41 — n; > ni11/2, (22) implies that, for
some positive constants Cp and C3,

nj+1—1 2
[ > P(X > b(j))] > Ci(niy1 —n)*PP(X > 2) = Cali — £(1) + 1P PA(X > 2).

Jj=ni
Substituting this into (63) yields
n 2
var(é) = m™! 0([2 P(X > b(j))} ) =m ' 0@a?);
j=1

see [15, Theorem 5.5(i)]. A similar bound can be derived for var(&;) by applying Lemma 4,
completing the proof of Corollary 4.
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4.2. More general heavy-tailed distributions

A distribution function F is said to be (right) heavy tailed if ffooo e F(dx) = oo for all
A > 0. It is said to be long tailed if its support is not bounded above and, for all fixed
a>0, F(x +a)/F(x) — 1, or, equivalently, ¥ (x + a) — ¥(x) — 0as x — oo; see [15,
Section 3.5]. To simulate p = P(S, > b), we have shown in Section 4.1 that the truncation
method described in Section 3.1 is linearly efficient in the case of regularly varying tails.
For other long-tailed distributions, such as the Weibull and log-normal distributions, some
modification of the truncation method is needed for efficiency. It is based on representing
P(S,, = b) as asum of four probabilities that can be evaluated by SISR or importance sampling.

Letcp, < b, V, =#lk: cp < Xx < b},

A1 ={Sy = b, M, < cp}, A2 ={S, = b, M, > b},
A3 ={S, = b, V, =1, M, < b}, Ay ={S, = b, V, =2, M, <b}.

The Monte Carlo estimate p; of P(+4]) is described in Section 3.1, using SISR with mixture
density (26) and resampling weights (27). The Monte Carlo estimate p, of P(+A,) uses the
importance sampling scheme described in Sectlon 3.1, with b taking the place of ¢;. To
simulate P(-A3), we retain the simulation results {X ) : 1 < j <m}in p; after the (n — 1)th
resampling step. The corresponding SISR estimate is

A - - —1
= (wy - Wy—1)m

m
) )
—6pS . - (b—S -y -V
x § ne”">n=1[min(e ( ,171)76 (Cb)) — e~ W )]I{S(-’)l>0 M(j)1<cb}'
W 120,M," <

To evaluate P(A4), we perform m simulations such that, for the jth 51mu1at10n run, k(’ ) and ké’ )
are selected at random without replacement from gl ,n}, and X W~ F G(lep <X <b)
fork = kl kéj), while X V)~ Ffork # k1 k The Monte Carlo estimate of P(sA4) is

m ONE

s = [F(cp) — FOIP( L )m™ LA :

pa = LFL 2 2 189 >b, MP <by’
j=1

Theorem 4. The Monte Carlo estimate p; of P(A;) is unbiased fori = 1,2,3,4. Let A, =
ming<y<p—c, [0px + V(b — x)]. Assume that either (C) or (C') holds. Then there exists K > 0
such that

mvar(p1) < Kng2'eX"/"mpX(X > b), mvar(pr) < n>F*(b),

2n—2 K(n 1)/m 2 —ZA;, (64)

mvar(p3) < K(n — 1)¢; mvar(ps) < n*F*(cp).

Proof. As noted above, p; is an SISR estimate of P(+4]) and p; is an importance sampling
estimate of P(#47). By exchangeability,

P(A3) =nP(S, = b, My_1 <cp, cp < Xy <D). (65)
Let A = {S, > b, ¢y, < X, < b}. In view of (65), P(4A3) can be evaluated by Monte Carlo

using the SISR estimate

n
_ _ _ _p, ¢W) j
nwl oo wn_lm 1 E e ng"—l P(A | S’gj_)l)l{M(/)
j=1 .

(66)

lfcb}.
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Note that P(4A | S)) = 0if S| < 0. Fors > 0,

() Pb—s<X,<b)y=e Vb9 _e¥® ifp 5> cp,
PATS,Z =)= —W(ep) _ o=W(b) i
Plcp < X, <b)=c¢e b —e ifb—s <cp.
Hence, p3 is the same as the SISR estimate (66) of P(+43) and is therefore unbiased. The
estimate py is also unbiased. In fact, it is an importance sampling estimate that draws X, from
a measure @ for which

4@ x = (" "YP2(c, < X <b)\  on{V, >2. M, <b)
dpP n) — ) ) b = n — 4 n = s

which is an extension of (39) to the present problem.

We next prove the variance bounds (64) for the unbiased estimates p3 and pq4; those for
p1 and p; have already been shown in Section 3.1. Consider the martingale decomposition
m[p3 — P(A3)] = YoV &, where & is given in the display after (30) with

k
Zi(xp) = []‘[ g((—f))]nP(Sn =b My <cpcp <Xy <b|Xe=x)  (67)
=1 131

in view of (65), noting that ps3 is based on the simulations used in p; up to the (n — 1)th
resampling step. The change-of-measure argument used to prove (31) can be modified to show
that, forall > 1 and x € R,

P(S; > x, Mi_1 < cp, cp < X; < b) < g 1P 03X e Py h=n - (68)
SY=0—Cp

Making use of (67) and (68), we can proceed as in the proof of Theorem 2 to prove the
upper bound for var(p3) in (64). The bound for var(p4) follows from (F(cp) — F (b))Q(Z) <
n?F?(cp), thus completing the proof of Theorem 4.

The following corollary of Theorem 4 establishes linear efficiency of the Monte Carlo method
to evaluate P(S,, > b) for heavy-tailed distributions satisfying certain assumptions. Examples 1

and 2 in Section 5.1 show that these assumptions are satisfied in particular by Weibull and log-
normal X.

Corollary 5. Let X be heavy tailed withE[X]= 0 and var(X) < oo, andletn = O (b*] W2 (b)).
Assume that either (C) or (C') holds. If 0 > ¥ (x) forallcy <x <b, ¢ =1+ 0(9[3), and

be V() = O eV ), (69)

then Z?:l Di is linearly efficient for estimating P(S, > b).

Proof. Since n = o(b?), nP(X > b) — 0 by Chebyshev’s inequality. Therefore, it follows
from the inclusion—exclusion principle and the central limit theorem that

P(Sy > b) > nP(S,—1 = 0)P(X > b) —n*P*(X > b) > L1 +o(1)InP(X > b).
Hence, it suffices to show that, for any ¢ > 0, there exists m = O(n) such that

var(p;) < en’F*(b) forl <i <4. (70)
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We will assume that liminf m/n > 0. Since n P(X > b) — 0, (70) holds for i = 2. Since
no} = 0(1)and & = 1 + 0(62), ¢ = O(1) and (70) holds for i = 1. Since

Bpx +W (b —x) =0, —Y(b—x)>0 forall0<x <b—cp,

the minimum of px +W¥ (b—x) over 0 < x < ¢, i_s attained at x = 0 and, therefore, A, = WV (b),
proving (70) for i = 3. Finally, by (69), n3F*(cp) = 0(n3e™2¥® /p?) = O(n?e2Y D),
proving (70) fori = 4.

5. Examples and discussion

In this concluding section we first give examples of heavy-tailed distributions satisfying the
assumptions of Corollary 5. We also give numerical examples to illustrate the performance
of the proposed Monte Carlo methods. In this connection we describe in Section 5.2 some
implementation details such as the use of occasional resampling to speed up the SISR procedure
and the estimation of standard errors for the SISR estimates of rare-event probabilities. Finally,
we discuss in Section 5.4 related works in the literature and compare our approach with
importance sampling and IPS (interacting particle system) methods.

5.1. Weibull and log-normal increments

Example 1. (Weibull.) A long-tailed distribution is Weibull if W(x) = xV1{x~0) for some
0O<y<1l.LetY ~F,where F(x) =e Y® andlet X =Y —EY. Then

P(X > x) =e YO — exp(—(x + u)?) forx +pu > 0,

where u = EY. Moreover, for x > —u, W' (x + n) = y(x + ,u)y_l. Therefore, 6, =
b+ pn)/b ~ bY~!and W' (x + w) < 6p for all b/2 < x < b when b is sufficiently large,
noting that y2'=7 < 1for0 <y < 1. Let ¢, = b/2 and n = O(b*1=1)). It is easy to check
that (69) holds. By (58) with 8 = 2 and (59),

b/2
o<1+ 006}) + foeh*dx <14 0@P),
1/6)

where f(x) = y(x + u)? ~Lexp(—(x + n)?). Moreover, applying (58) with 8 = 2 to the
range 20px < 1 and using the bound f(x) < 1 forx > 1,

b/2 1/20)
/ x2e?* f2(x)dx <e / x? f(x)dx
1

1

3
+ (g) I, expCley — (D, ()
in which the last term is an upper bound of f 117//229]’ x2e20* £2(x) dx, noting that f(x) <
exp(—(x + w)?) for x > 1. The maximum of the convex function 6,x — (x + u)¥ over
1/20, < x < b/2 is attained at 1/26), and is equal to —(1/2¥ + o(1))b? 1) for all large b.
Since E[X?] < oo, (71) implies that (C) holds. Hence, all the conditions of Corollary 5 hold
in this case.

Example 2. (Log normal.)) Let ¢ and ® be the standard normal density and distribution
functions, respectively. Let X = e, where Z is standard normal. Then X is log normal
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TaBLE 1: Monte Carlo estimates of P(S, > (5+ w)n) for log-normal increments, with estimated standard
errors (after the + sign).

n Direct method Truncation method
10 (4.80£0.69) x 107*  (5.02+0.04) x 10~*
50 0+0 (8.78 £ 0.06) x 1077

100 0+0 (2.61 £0.02) x 1078

500 0+0 (1.27 £0.01) x 10712

1000 0+0 (8.61 £0.07) x 10713

and has distribution function F(x) =1 — e Y@, where W(x) = |log ®(log x)|1{y~0}. Since
D(z) ~ 2rz2) 127212 a5 7 — o0, it follows that

2
Y(x) = (Ingx) + loglogx + log(22n) +o0(l) asx — oo,
Feo= pe by = OBy LI g

Let u = E[X] =E[e?] = e and p = P(S, > b + nu), where n = O (b*/¥?(b)). Let
¢y, = b/2. By using arguments similar to those in Example 1, it can be shown that all the
assumptions of Corollary 5 again hold in this case.

To illustrate the performance of the truncation method in Section 4.2 to estimate p =
P(S, = (5 + w)n), which is shown to be linearly efficient in Corollary 5, we consider n =
10, 50, 100, 500, and 1000 and use the procedure described in the next subsection to implement
the SISR estimates p; and p3 with 10 000 sample paths and the importance density (26) in which
r = 0.8. Recall that p3 uses the SISR sample paths for p; up to the (n — 1)th resampling step.
The importance sampling estimates py and ps are each based on 100000 simulations. For
comparison, we also apply direct Monte Carlo with 100 000 runs to evaluate the probability.
The results are given in Table 1, which shows about 300-fold variance reduction for a probability
of order 10~*. For probabilities of order 107 or smaller, the results given in Table 1 show that
direct Monte Carlo is not feasible whereas the truncation method does not seem to deteriorate
in performance.

5.2. Standard errors and occasional resampling

The SISR procedure carries out importance sampling sequentially within each simulated
trajectory and performs resampling across the m trajectories. Instead of implementing this
procedure directly, we use the modification in [9, Section 3.3] to reduce computation time for
resampling, which increases with m, and also to obtain standard error estimates easily. Dividing
the m sample paths into r subgroups of size v so that m = rv, we perform resampling within
each subgroup of v sample paths, independently of the other subgroups. This method also has
the advantage of providing a direct estimate of the standard error of the Monte Carlo estimate
a:=r! Y i_;&(i), where &(i) denotes the SISR estimate of the rare-event probability o
based on the ith subgroup of simulated sample paths. Due to resampling, the SISR samples
are no longer independent and one cannot use the conventional estimate of the standard error
for Monte Carlo estimates. On the other hand, since the r subgroups are independent and yield
the independent estimates & (1), ..., &(r) of a, we can estimate the standard error of & to be
6 /7, where 6% = (r — D)™! Y°I_,(@(i) — ). In Example 2 above and Example 3 below,
we use v = r = 100, corresponding to a total of m =10000 SISR sample paths.
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An additional modification that can be used to further reduce the resampling task is to carry
out resampling at stage k only when the coefficient of variation (CV) of the resampling weights
w,Ej ) exceeds some threshold. As pointed out by Kong et al. [17], the purpose of resampling is
to help prevent the weights u),E/ from becoming heavily skewed (e.g. nearly degenerate) and the
effective sample size for v sequentially generated sample paths is v/(14+CV?). Therefore, Kong
et al. [17] recommended resampling when CV exceeds a threshold. Choosing the threshold to
be 0 is tantamount to resampling at every step, and a good choice in many applications is in the
range from 1 to 2.

5.3. Positive increments with regularly varying tails

Example 3. Let X = AY,where P(Y > x) = min(x %, 1) and A ~ Laplace(1) is independent
of Y. Blanchet and Liu [7] in their Example 1 showed that X has tail probability

F(x) =2x7*6 — e (6 + 6x + 3x% + x)].

Let X, Xq,..., X, beiid,andlet S, = X; +---+ X,. In[7], P(S, > n) is simulated for
n =100, 500, and 1000 by using

(I) state-dependent importance sampling (IS) that approximates the A-transform,
(II) time-varying mixtures for IS introduced by Dupuis et al. [14].

We compare their results in [7], each of which is based on 10000 simulations, with those of
10000 SISR sample paths generated by the following methods:

(IIT) SISR using (25) with

—00 fori = —1,
bi .
@ f0r051590,
i b 2= o1 <i <100 Y
> 20 or91 <i < ,
00 fori = 101,

and resampling conducted at every step,
(IV) SISR using (25) and (72) with resampling only when CV exceeds 2,

(V) the truncation method in Section 3.1 with ¢, = 2b/5, importance density (26) in which
r = 0.9, and resampling weights (27) in which 6, = 4b~! log b.

For (V), besides using 10000 SISR sample paths to estimate P(S, > n, M, < 2n/5), we
also use 10000 IS simulations to estimate P(S,, > n, M, > 2n/5). As shown in Table 2, the
standard errors of (I) and (II1)-(V) are comparable and are all smaller than that of (II) when
n = 500 and 1000, whereas, for n = 100, the standard errors of (III)—(V) are substantially
smaller than those of (I) and (II). Although Blanchet and Liu [7, Theorem 4] showed (II) to be
strongly efficient, their parametric mixtures are based on a single large jump since the effect of
two or more large jumps is asymptotically negligible when the tail probability is of the order
10~7 or smaller. For larger tail probabilities, the effect of two or more jumps may be significant,
and the results given in Table 2 show that (V) can provide substantial improvement by taking
this effect into consideration.
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TABLE 2: Monte Carlo estimates of P(S, > n) 4 standard errors.

Method "
100 500 1000
I (2.37+£0.23) x 107> (1.02+0.01) x 10~7  (1.23+0.01) x 10~8

II (2.09£0.10) x 107> (1.11£0.04) x 10~7  (1.16 £0.05) x 10~8
11 (2.21£0.06) x 107> (1.04 £0.01) x 1077 (1.25+0.01) x 10~8
v (226 +0.03) x 1075 (1.05+0.01) x 1077 (1.24+£0.01) x 10~8
% (2.16 £0.03) x 1075 (1.054+0.02) x 1077 (1.24+0.02) x 10~8

5.4. Other methods, related works, and discussion

Asmussen et al. [3] introduced several methods for importance sampling of tail probabilities
of sums of heavy-tailed random variables and showed that these importance sampling methods
are strongly efficient for fixed n as b — o0o0. One such method involves simulating i.i.d.
X1,..., X, from a distribution H that has a heavier tail than F. This method cannot be
extended to the case n — oo because the likelihood ratio statistic has exponentially increasing
variance with n. Noting that

P(Sy = b) =nE[P(S, = b, Xy = max(Xy, ..., Xp—1) | X1, ..., Xu-1)],

Asmussen and Kroese [2] introduced the conditional Monte Carlo method that estimates P(S,, >
b) by the average of m independent realizations of

F(max{b_ (Xl + - +Xn—1)a Xlﬂ "'7Xn—1})7

and showed that it is strongly efficient for fixed n as b — oo, when F is regularly varying.
This approach, however, breaks down if n also approaches oo.

Blanchet et al. [8] also introduced a truncation method to simulate tail probabilities of
a random walk S, with log-normal increments, and showed that it is strongly efficient as
b — oo for fixed n. Their truncation method used ¢, = b and importance sampling to
estimate P(S, > b, M, < b), and their argument heavily depended on fixed n. By using
SISR instead, we can control the variances of the likelihood ratio statistics associated with
sequential importance sampling and of the resampling steps, as shown in Theorems 2 and 4
and Corollaries 3 and 5.

The truncation scheme in Sections 3 and 4 can be regarded as a Monte Carlo implementation
of a similar truncation method for the analysis of tail probabilities of random walks whose i.i.d.
increments have mean O and finite variance. Chow and Lai [10], [11] used the truncation method
to prove that, for ¢ > % and p > 1/a,

oo

ZnW*ZP(llggn S > n“) < CpalB(XT)P + (B X2)(pa—D/Qa=Dy (73)
n=1 -

where C),  is a universal constant depending only on p and «. This inequality is sharp in the

sense that there is a corresponding lower bound for the two-sided tail probability in the case

p=2

<k=n

o0 o
> a2 max [Si] = n") = Y a*2P(S,| = n)
n=1 n=1

> B, o{E|X|P + (E X*)(PeD/CGa=by
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The proof of (73) makes use of the bound

P( max Sy > n“‘) <P(M, > en%) +P(lmax Sy >n% M, < 8n°‘),

1<k<n <k<n

with & = 1/2v for some positive integer v. In fact, the term E(X™)? in (73) comes from the

bound
o0

o0
Do R(My > en) < 37 nP T P(X > en®) < Ap o EXY,
n=1 n=1

and is associated with the ‘large jump’ probability of an increment for heavy-tailed random
walks. In this connection, note that b = n“ satisfies the assumption that n = O (b? / W2(b)) in
Corollary 2 and Examples 1 and 2 when « > % and E X? < 0.

Although we have focused on one-dimensional random walks, the SISR procedures can be
readily extended to the multivariate setting in which the X; are i.i.d. d-dimensional random
vectors such that || X|| is heavy tailed, satisfying P(]| X| > x) = e~¥® such that ¥ (x) =
W' (x) — 0. Here p = P(g(S,/n) > b) anda = P(max;,<j<n jg(S;/j) = bn), as considered
in [9] for the light-tailed case. Another extension, also considered in [9] for the light-tailed
case, is to heavy-tailed Markov random walks for which W (x) above is replaced by ¥, (x),
where u is a generic state of the underlying Markov chain.

Approximating the h-transform closely is crucial for the sequential (state-dependent)
importance sampling methods of Blanchet and Glynn [4] and Blanchet and Liu [6], [7] to
be strongly efficient. This requires sharp and easily computable analytic approximations of
a and p, provided by the Pakes—Veraberbeke theorem [1, p. 296] in [4] and provided by
Rozovskii’s theorem [18] in [7]. In addition, an elaborate acceptance-rejection scheme is
needed to sample from the state-dependent importance measure at every stage. If less accurate
approximations to the i-transform are used, e.g. using (7) instead of (6) because either (6) is
not available or because the g, in (7) is much simpler to compute, then the likelihood ratios
associated with the corresponding sequential importance sampling scheme would eventually
have very large variances that approach co as n — oo. This was first pointed out by Kong et
al. [17], who proposed using resampling to address this difficulty. While these SISR schemes,
also called particle filters or interacting particle systems, were used primarily for filtering in
nonlinear state-space models and more general hidden Markov models, Del Moral and Garnier
[13] recognized that they could be used to simulate probabilities of rare events of the form
{V(U,) = a} for a possibly nonhomogeneous Markov chain U,,, with large a but fixed n. Chan
and Lai [9] recently developed a comprehensive theory of SISR for simulating large deviation
probabilities of g(S,,/n) for large n in the case of light-tailed multivariate random walks. This
paper continues the development for the heavy-tailed case, which provides new insights into
the SISR approach to rare-event simulation.
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