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ALGEBRO-GEOMETRIC VERSION OF NEVANLINNA’S
LEMMA ON LOGARITHMIC DERIVATIVE AND
APPLICATIONS

KATSUTOSHI YAMANOI

Abstract. In this paper we shall establish some generalization of Nevanlinna’s
Lemma on Logarithmic Derivative to the case of meromorphic maps from a
finite analytic covering space over the m-dimensional complex affine space C™
to a smooth complex projective variety. Then we shall apply this to “the Second
Main Theorem” in Nevanlinna theory in several complex variables.

§1. Introduction

In 1925, R. Nevanlinna [Nev39] proved what is known as the lemma
of the logarithmic derivative for a meromorphic function f defined on the
complex plane C. This lemma was the main technical tool in the proof of
his celebrated Second Main Theorem for a meromorphic function f, and
it has served as a similar function in much of the subsequent work in the
value distribution theory. After Nevanlinna’s work, A. L. Vitter [Vi77]
generalized this lemma to a meromorphic function on the m-dimensional
complex affine space C™.

Since a meromorphic function f on C” can be considered as a meromor-
phic map f : C™ --» P!, it is a natural problem to generalize the lemma, of
the logarithmic derivative to the case of a meromorphic map f: C"™ --+ X
for a complex projective manifold X. In this direction, J. Noguchi [No77],
[No85] established the lemma of the logarithmic derivative for a meromor-
phic map f : Y --» X and global logarithmic 1-forms on X, where Y 5 C™
is a finite analytic covering space over C™. And he established the second
main theorem type inequality for a meromorphic map f : Y --+ X and a
divisor D C X on X such that there are sufficiently many global logarithmic
1-forms on X with only logarithmic poles on D.

The main purpose of this paper is to establish another geometric for-
mulation of the lemma of the logarithmic derivative for a meromorphic map
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f Y --» X using the jet bundle over X and the jet lifting of f (Theo-
rem 3.2.1). In the case X = P!, after some observations, one sees that this
formulation is equivalent to the classical Nevanlinna, Vitter type analytic
formulation (see Remark 3.2.5). As far as the author knows, this geomet-
ric formulation was first discussed by R. Kobayashi [Kob9la]-[Kob00] in
the context of his very interesting idea of “Radon transform” and “inte-
gral geometry associated to it”. We shall call this geometric formulation
Algebro-Geometric Version of Nevanlinna’s Lemma on Logarithmic Deriva-
tive (ANLD) after [Kob96a]. Kobayashi [Kob9la], [Kob00] proved this
ANLD when X is an Abelian variety and using this, he proved the sec-
ond main theorem for holomorphic curves in Abelian varieties. Kobayashi
[Kob96a], [Kob96b] also give a sketch of a proof of ANLD for a general X
under some non-degeneracy condition on f and show a plan to approach
the second main theorem for holomorphic curves into X using ANLD. But
at present, as far as the author knows, no detail can be found for these
discussions concerning a general X. In this paper, we shall give a simpler
and direct proof of ANLD for a general X together with some more gen-
eralization of [Kob96a], [Kob96b]. In consequence of our simple proof, we
can prove ANLD without non-degeneracy conditions on f and our ANLD
gives sharp estimates.

After giving these technical improvements, we shall discuss some ap-
plications of our results to the second main theorem in Nevanlinna theory
in several complex variables. The first application is equidimensional value
distribution theory. This theory was established by J. Carlson-P. Griffiths
[CGT2], P. Griffiths-J. King [GK73], B. Shiffman [Sh75], J. Noguchi [No76].
Our argument gives a direct connection between the lemma of the loga-
rithmic derivative and the second main theorem for the equidimensional
case. The second application is the second main theorem for holomor-
phic curves in Abelian varieties. This theory was established by Kobayashi
[Kob00] and J. Noguchi-J. Winkelmann-K. Yamanoi [NoWY02]. (The pa-
per [NoWYO02] also treats the semi-Abelian cases. See also Section 5 in
this paper.) Here, we apply ANLD to obtain the second main theorem for
holomorphic curves in Abelian varieties, following Kobayashi’s argument in
[Kob91a], [Kob00]. The third application is the second main theorem for
hyperplanes in the projective space P™. This theory was due to H. Cartan
[C33] and our method is very similar to Cartan’s. We consider some lifting
of holomorphic curves to the anti-canonical bundle of projective space P™,
while Cartan considered the Wronskian. In these applications, there is a
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somewhat common algebro-geometric structure in the process of deriving
the second main theorem from ANLD. We give a sufficient condition for
the second main theorem for holomorphic curves in a projective manifold
X (Proposition 4.2.1). This condition is an algebro-geometric condition of
the structure of the jet space over X, and we shall show the second and the
third applications above as consequences of the condition. In the case of
equidimensional value distribution theory, we may say that the condition
is ‘always satisfied’, in some sense. Our condition in Proposition 4.2.1 is
also very closely related to the frame-work of negative curvature method in
hyperbolicity problems, which was first discussed by M. Green-P. Griffiths
[GG80] (Corollary 4.2.3).

Contents of this paper are the following. In Section 2, we shall review
notations and well known results in Nevanlinna theory. Since natural com-
pactifications of jet spaces have quotient singularities, we have to prepare
some notations in Nevanlinna theory for singular varieties. In this section,
we shall also define proximity functions with respect to arbitrary closed sub-
schemes. We need the proximity functions with respect to higher codimen-
sional subvarieties for the statement of ANLD. In Section 3, we shall give
a proof of ANLD for a general X. The essential point is Proposition 3.1.1
which gives estimates of Weil functions. In Section 4, we discuss the second
main theorem in the above cases. In Section 5, we shall extend our ANLD
to the case of logarithmic jet spaces, and apply this to holomorphic curves
in semi-Abelian varieties to obtain the second main theorem.

I wish to express my sincere gratitudue to Professor R. Kobayashi.
His beautiful papers and ideas got me started in the subject and inspired
me. | warmly thank Professor J. Noguchi for many helpful suggestions
which helped me to improve these notes and simplify a proof of the main
result. The result of this paper is authors doctoral thesis at RIMS, Kyoto
University, March 2000, and T am deeply indebted to my thesis advisor
Professor Y. Ihara for his continuous and warm encouragements.

§2. Preliminaries

2.1. In this paper, all varieties are irreducible algebraic varieties de-
fined over C. Let V be a quasi-projective variety. Let C(V') be the set
of all R-valued continuous functions (with respect to the usual Hausdorff
topology) which are defined on some Zariski open sets of V. More precisely,

https://doi.org/10.1017/50027763000008710 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008710

26 K. YAMANOI

C(V) is the germ of the sheaf
{U U; Zariski open } . {

subset of V
at the “generic point” of V' (note that V is irreducible).

g : U — R; continuous function with
respect to the usual Hausdorff topology

DEerFINITION 2.1.1. Let V be a quasi-projective variety. Let g,h €
C(V). We shall write g <y h if there is a continuous function a which
is defined on V and satisfies the condition ¢ < h + a on some non-empty
Zariski open set where g and h are both defined. We shall write g =) h
if g S(V) h and h S(V) g.

The relation =y, defines the equivalent relation on the set C(V), and
<(vy defines the order relation on the set C(V)/=w,. Let g,h € C(V).
Then min(g, k) defines the continuous function on some Zariski open set of
V where g and h are both defined. Hence min(g, h) € C(V).

LeEmMA 2.1.2. (1) Let g,g',h,h' € C(V), and let g =y g', h =qy 1.
Then
min(g, k) =y min(g’, h').

(2) Let {Uc}eex be a Zariski open covering of V. Let g,h € C(V).
Then
g<wyh<=g<w,h foralecT.

Proof. (1) By our assumptions g =y ¢', h = h', there are a non-
empty Zariski open set U C V and a continuous function o on V satisfying
the condition

lg—¢|<a and |h—Hh|<a onU.

By g < ¢ 4+ aand h < h' + «, we have min(g,h) < min(¢’,h') + @ on U,
and by ¢’ < g+« and b’ < h+ «, we have min(¢’, ') < min(g,h) + @ on
U. Hence we have min(g, h) =y min(g’, h').

(2) The part = is obvious, so we shall prove the part <= . Since
V' is Noetherian, we can take a finite subset T’ of Y such that {U,}eery
is an open covering of V. Then by our assumption g <) h, there is a
continuous function a,. on U, such that g < h + «a, on some Zariski open
subset U! of Ue. Let {p¢}eey be a partition of unity on V consists of an open
covering {Uc}eer’. Put o = ) .y acpe. Then « is a continuous function
on V, and we have g < h+ a on |J oy, U/. Hence we have g <w) h. U
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2.2. Let V be a quasi-projective variety over C. Let Z C V be a closed
subscheme. We shall define a Weil function Az for Z to be a continuous
function Az : V — suppZ — R satisfying a certain condition described
below. Here supp Z is the support of Z. Note that the closed subschemes
Z C V are in one-to-one correspondence with the ideal sheaves 7, C Oy .
We will often implicitly identify a subscheme Z with its ideal sheaf 7 5.

DEFINITION 2.2.1. Let Z C V be a closed subscheme. A Weil function
Az for Z is a continuous function Az : V — suppZ — R satisfying the
condition that there exist an affine Zariski open covering {U}ccy of V and
a system of generators ff,..., fr € I'(Us,Oy,) of the ideal I'(U.,Zz) C
I'(Ue, Oy, ) such that

J— €
Az(P) =@, —log nax | f{(P)].

Remark 2.2.2. (1) Let D C V be an effective Cartier divisor on V.
Then D is naturally equipped with the closed subscheme structure (because
D has local equations), and we shall define Ap with respect to this closed
subscheme structure. More generally, if D is a Q-Cartier divisor and nD
is a Cartier divisor, then we shall define Ap to be %)\n p (this definition is
well-defined, cf. Lemma 2.2.9 (2) below).

(2) Let V' be non-singular. Let D C V be an effective divisor on V'
and take a Hermitian metric || - || for the corresponding line bundle O(D).
Let o be a canonical section of O(D) uniquely determined up to a constant
multiple by the condition that the zero divisor of ¢ coincides with D. Then
the function Ap(P) = —log ||o(P)|| is a Weil function for D.

PROPOSITION 2.2.3. Let V be a quasi-projective variety, and let Z be
a closed subscheme of V. Then we have the followings.

(1) A Weil function Nz ezists for every closed subscheme Z C V.

(2) Let Az and N, be two Weil functions for Z. Then Az =y Ny. If
V' is projective, then the difference of two Weil functions for Z is bounded,
i.e. Weil function for Z is unique up to O(1).

(3) Let Az be a Weil function for Z. Then for every affine Zariski open

set W C V and every system of generators gi,...,9s € I'(W,Ow) of the
ideal I'(W,Iz) C I'(W, Ow), we have

Az(P) =y —log max |gi(P)]
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Proof of (3). Since Az is a Weil function for Z, we can take an affine
open covering {U}eey of V such that for each U, there is a system of
generators ff,..., fr € I'(U,Op,) of the ideal I'(Uc,Iz) C I'(Ue, Oy.,)
such that

(2.2.4) Az(P) =,y —log max |f{(P)|.

1<i<re

Set We = W N Ue. Then by Lemma 2.1.2 (2), it suffices to show
(2.2.5) Az(P) =, —log max |g;(P)|

Since ff,..., fr. € I'(W.,Ow,) and g1,...,9s € I'(W,,Ow,) are two sys-
tems of generators of the ideal I'(W,,Zz) C I'(W,, Ow,), there exist h! €
I'(We,Ow,) for 1 <j <s,1<1i<rsuch that g;j = Y ;< hl ff. Then we
have

0(P) < S W PIFE(P)) < (2|hg<P>|) max |£(P)].

- ‘ 1<i<re
=1 =1
Hence we have

max |ff(P)] < max {[fi(P)]1g;(P)I}

1<i<re 1<i<r
1<j<s

max 1 (;lehﬁ(PN)}lgngx 5P

Put 7. = log maxlgjgs{l, (225:1 |hf|) } Then . is a continuous function
on W, and we have

IN

€ . — € <
g 155 (P) gy (P} ~ Yo s |FE(P)| < (P
1<j<s

Hence we have

(2.2.6) log max {|f;(P)],lg;(P)I} =qw,) log max [f7(P)]
1%]%8

By the same argument, we have

(2:2.7) log max {|f;(P)],1g;(P)[} =qw.) log max |g;(P)|.
1<j<s
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Hence by (2.2.4), (2.2.6) and (2.2.7), we have (2.2.5).

Proof of (2). Let Az and X, be two Weil functions for Z. By (3), we
have Az =g, A,. Hence there are a continuous function v on V" and a
non-empty Zariski open subset U C V — supp Z such that

[Az(P) = Xg(P)| < ¥(P) onU.

(Here note that since U is dense in V — supp Z in the usual Hausdorff
topology, the above inequality also holds on V' —supp Z.) Now suppose V' is
projective. Then the continuous function v is bounded, so Az = X, +O(1).

Proof of (1). Take a finite affine covering {U.}cey of V, and take
a system of generators ff,...,fs € I'(Us,Op,) of the ideal I'(Us,Zz) C
I'(U,Op,). Set A°(P) = —logmaxj<i<y, |f{(P)|. Then A¢ is a continuous
function on U, — U, Nsupp Z. Let {pc}cer be a partition of unity on V
consists of an open covering {Uc}ccy. Set A = > v pcA. Then X is
a continuous function on V — supp Z. Note that, A°|y .y, and N¥|y. v,
are both Weil functions for Z|y ny,. Hence by (2), there is a continuous
function v, on Uc N U, such that |A° — A\*| < 7, on U N U,. We have

|)\ - )\6| < Z PrYer on Ue.
KEY

Since Zner PrYer 18 a continuous function on U,., we deduce that A is a
WEeil function for Z C V. ]

Before going to describe various properties of Az, we need some more
definitions.

DEFINITION 2.2.8. Let Z, Z’ be closed subschemes of V.
(i) The intersection of Z and Z’, denoted Z N Z’, is the subscheme of
V' with the ideal sheaf Zy~z =2z + I .

(ii) The sum of Z and Z’, denoted Z + Z’, is the subscheme of V' with
the ideal sheaf 7,7 =77 -Zy.

(iii) We say that Z is contained in Z’, denoted Z C Z', if T, C 4.

(iv) Let ¢ : V! — V be a morphism of varieties. The inverse image of Z,
denoted ¢*Z, is the subscheme of V’ with the ideal sheaf Ty, = oI, Oy
where ¢1Z4 - O}, is the image in O}, of the sheaf ¢*Zy.
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PROPOSITION 2.2.9. Let Z, Z' be closed subschemes of V. Then

( ) )‘ZOZ’ E(V min{)\z,)\z/}.

( ) )‘Z-i-Z’ E > )‘Z+)‘Z’

(3) If A4 C Z th@’ﬂ )\Z <(V> )\Z/

(4) If supp Z C supp Z’, then there exists a constant ¢ > 0 such that
Az §< V) CcAzr.
(5) Let U C V be a Zariski open set, and let W be the complement of
U. Suppose that Z|y C Z'\y, then there exists a constant ¢ > 0 such that
)\Z §< > )\Z’ C)\W.

(6) Let ¢ : V! — V be a morphism of varieties. Then \y1 gz =1y
Av,z © . (Here we write Av,z in place of Az so as to better indicate the
underlying variety.)

(7) Let ¢ : V° --» V' be a meromorphic map. Let U C V° be a Zariski
open set such that ¢|y : U — V is holomorphic. Let Z CV and Z° C V° be
closed subschemes of V and V° respectively. Suppose ¢|j;Z = Z°|y. Then
there is a positive constant ¢ > 0 such that

Ave zo — CAye o Siyoy Av,z © @ S(yoy Aye zo + cAye yo_y.

Proof. (1) Note that by Lemma 2.1.2 (2), it suffices to prove in the
case that V' is affine. Let f1,...,f, € ['(V,Oy) and ¢1,...,9s € I'(V,Oy)
be generators of 7z and Zyz/, respectively. Since fi,..., fr,g1,...,9s are
generators of Zynzs, we have

Aoz =) —log|_ max {5l lo;|} = minfAz Az ).

(2) We may use the same situation of the proof of (1). Since fi¢i,...,

figj,-- -, frgs are generators of Zz, 7/, we have
r = —1 /.
Azvz =) og _mmax {Ufigily =y Az + Az

B)If ZC Z', then Z =2ZNZ', so from (1), we have
Az =y Aznzr =y min{Az, Az} <y Az
(4) If supp Z C supp Z’, then the Nullstellensatz implies that there is

an integer m > 0 such that Zz D Z7). Thus Z C mZ’, so (2) and (3) yield
)\Z S(V) mAz/.
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(5) Using (2) and (3), it suffices to find an integer m such that Z C
Z'+mW:; or equivalently, such that Zz D Zz/Zjj;. Since this may be checked
locally, we may assume that V' = Spec A is affine, and consider Tz, Tz, Ty
as ideals of A. Writing Zyy = (hq,...,h,), we see that U is the union of
the open sets U; = Spec(Ay,). Now the given inclusion Z|y C Z'|y says
precisely that Tz Ay, D Iz Ap, for each 1 < ¢ < r. Hence we can find an
integer m such that 7z D Zz A" for all ; and so

Tz DTy (W, ... B D Ty(he,. .. h)" =THTi .

(Here we may take m’ =rm —r + 1)

(6) We may use the same situation of the proof of (1) and (2). Let
W C V' be a Zariski open set. Then on W, ¢* f1,...,¢" f. are generators
of Zy-z. Hence, Ay z 0 ¢ =y —log maxi<i<,{|¢* fi|} =y Avr ¢+7z. Hence
by Lemma 2.1.2 (2), we have Ay’ g« =(yry Av,z 0 ¢.

(7) Let u : V — V° be a proper modification such that ¢ = ¢ o :
‘? — V is holomorphic and p|y : p~Y(U) — U is an isomorphism. By
¢*Z|u—1(U) = N*Zo|u—1(U) and (5), we have

/ /
Awrze = CATs i) S(7%) Agez Sey Auwrze T EAG )

for some positive constant ¢ > 0. By (4) and supp(V°® — u~L(U)) C
supp u*(V°® — U), we have )‘\%ﬂrl(U) < (7% " A\y(ve—yyy for some positive
constant ¢’ > 0. Hence by (6), we have

)\ZOOM_CA(VO—U)OH§<‘76> Azodopu
(2.2.10)
§<‘7?>> )\ZO o + CA(VO—U) o W.

forc=dd > 0. .

Now since the map p : V* — V° is proper surjective, we have the
following. Let ¢, ¢’ € C(V?®). If pop <79 ¢ o, then ¢ <(yey ¢'. To show
this statement, it suffices to show that for every continuous function a on
V. there is a continuous function 8 on V° such that o < 6o u. But this
can be checked easily from the fact that u is proper. Hence (2.2.10) implies

(7). i

A quasi-projective normal variety V is said to be Q-factorial variety if
for every Weil divisor D C V, there is a positive integer n > 0 such that
nD is a Cartier divisor. Hence we can consider Weil functions for all (Weil)
divisors on V' in this case (cf. Remark 2.2.2 (1)).
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LEMMA 2.2.11. Let V' be a quasi-projective normal and Q-divisible va-
riety. Let ¢ be a rational function on V, and (¢) = D1 — Da. Here (p) is
the divisor defined by ¢, and Dy, Dy are effective (Weil) divisors. Then

log 0| =(vy Ap, — Ap, -

Proof. Suppose nDq and nDs are Cartier divisors. Then (¢") = nDj—
nDs, hence we can assume without loss of generality that D; and Dy are
Cartier divisors. By Lemma 2.1.2 (2), we can assume that V is affine
and Dj, Do have local equations f1, fo € I'(V,Oy), respectively. Then
f1 = @fah (where h € I'(V,Oy) is a unit), hence we have

log | = —log|fo| +log|f1| —log |h| =y Ap, — Ap,. [

2.3. In this subsection, we shall prepare notations and well known
results in Nevanlinna theory. Let m : Y — C™ be a finite analytic covering
space, i.e. Y is an irreducible, normal, complex space with a finite, proper,
surjective holomorphic mapping 7. We denote by k its sheet number and
by R (C Y) the ramification divisor of 7 : Y — C™. Let (z1,...,2p) be
the natural coordinate system in C”" and set

m 1/2
= (1)
=1
B(r)={eC";|z] <r} (r>0),
Y(r)= 71'_1(3(7’))7
6 = w*dd’||z|* = =709 2,
2T
n =7 (d°log || 2] A (dd°log |2]*)™ ")

(nisa2m —1 formonY),

where d = 0 + 0 and d° = (i/47)(0 — 0). For the operators 9, d, see for
example [GHT78, p. 24]. Note that

1/ 1
— rr]:
k Joy(r)

where Y (r) = 7= 1(0B(r)), and 9B(r) = {z € C™ ; ||z|| = r} for r > 0.
Let D be a Weil divisor on Y, and define the counting function of D by

1 (" dt
Dir)y=— [ —— m-l
N D) k /1 g2m=1 /Y(t)ﬁD ?
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Define the ramification counting function N gram(7) of the covering map
m:Y — C™ by
Nz Ram (1) = N (R, 7).

Now let f : Y --» X be a meromorphic map from Y to a projective
normal and Q-divisible variety X. Let Z C X be a closed subscheme such
that f(Y) ¢ supp Z. Take a Weil function Az for Z. Define the proximity
function of f with respect to Z by

mf,Z(T) = m(ﬂ s Z) = %/85/( )(f*)\z)’n

Since Az is bounded from below, my z(r) : (0,00) — R is also bounded
from below, i.e. 0 < my z(r) + O(1). If we change the Weil function Az to
A7 in the above definition of my,#(r), we get a new function m’; ,(r). But
the difference of these two functions is bounded, i.e. my z(r) = m ,(r) +
O(1) (cf. Proposition 2.2.3 (2)). We are interested in these functions only
mod O(1).

In the case that Z is a Cartier divisor D, by Remark 2.2.2 (2), we
can take the Weil function as Ap(P) = —log ||o(P)||. Hence the proximity
function is

m (7“)1/ lo 71
IR =% Joyey Slloo fIT

This is a usual definition of the proximity function (cf. [NoO90, p. 180]),
and our definition is a slight generalization of this.

Next we shall define the counting function for a divisor D on X. If D is
a Cartier divisor, we can define a divisor f*D on Y and define the counting
function by

Nyp(r)=N(r,f,D) = N(f*D,r).

In the general case, take n so that nD is a Cartier divisor and put
1
Nf,D(T) = N(TafaD) = EN(T,f,TZD)
Finally we define the height function Ty p(r) mod O(1) by
Tp(r)=T(r,f,D) =m(r, f,D) + N(r, f, D).

Then first main Theorem in Nevanlinna Theory states:
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THEOREM 2.3.1. Let X be a smooth projective variety. If two effective
divisors D and D' on X are linearly equivalent, then

Tf,D(T) = Tf,D’(T) + 0(1)

The proof of this theorem can be found in [NoO90, p. 180].

By this Theorem 2.3.1, we can define the height function for a line
bundle O(D) associated with some effective divisor D to be Tt o(p)(r) =
Tt,p(r). Since every line bundle £ on X can be written as £ = O(D) ®
O(D")~! by some effective very ample divisors D and D', we shall define
the height function T’ () for a line bundle £ to be

Tt o(r) = Trom(r) = Trom(r).

Now we again come back to the case where X is a normal projective
variety, which is possibly singular. We shall describe some properties of
my,z(r) which can be checked from Proposition 2.2.9 easily.

PROPOSITION 2.3.2. Let X be a normal projective variety. Let Z, Z'
be closed subschemes of X. Let f:Y --» X be a meromorphic map such

that f(Y') ¢ supp Z Usupp Z'.

(1) myg,z42/(r) = myz(r) +mygz/(r) + O(1).
(2) Let Z C Z'. Then, mys z(r) < mygz(r)+ O(1).
(3) Let supp Z C supp Z'. Then there exists a constant ¢ > 0 such that

myz(r) < emygz(r) + O(1).

(4) Let U C X be an Zariski open set, and let V' be the complement of
U. Suppose that Z|y C Z'|y. Then there exists a constant ¢ > 0 such that

my.z(r) <mygz(r) +cmyy(r) +O(1).

(5) Let ¢ : X — X' be a morphism of normal projective varieties. Let
W C X' be a closed subscheme of X' and suppose that f(Y) ¢ ¢*W. Then

mygw(r) = meorw(r) + O(1).

(6) Let ¢ : X --» X' be a meromorphic map. Let U C X be a Zariski
open set such that ¢|y : U — X' is holomorphic. Let Z C X and W C X'
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be closed subschemes such that ¢|[;W = Z|y. Suppose that f(Y') ¢ Z and
fY) ¢ X —U. Then there is a positive constant ¢ > 0 such that

my,z(r) —cmyx_u(r) <meorw(r) +O(1)
< Mf,z(r) + cmf7X,U(7“) + O(l).

Proof. Proposition 2.3.2 (1), (2), (3), (4), (5), (6) are obtained directly
from Proposition 2.2.9 (2), (3), (4), (5), (6), (7), respectively. Here we only
demonstrate Proposition 2.3.2 (1).

By Proposition 2.2.9 (2), there is a positive constant ¢ > 0 such that

(233) )\Z+Z’_C§)\Z+)\Z’ SAz+Z/—|—C

on some Zariski open subset U C X — (supp Z Usupp Z’). Since Azyz
and Az 4+ Az are continuous functions on X — (supp Z Usupp Z’), and U is
dense in X — (supp ZUsupp Z'), the estimate (2.3.3) holds on X — (supp ZU
supp Z'). We denote by N(f) the set of indeterminacy of f. Then N(f) is
an analytic subset of Y. Consider the pull back of (2.3.3) by f. Then we
have

(2.3.4) Azyzrof—c<Azof+Agof<Azigof+ec

onY — (N(f)U f*(supp Z) U f*(supp Z’)). Hence (2.3.4) holds on 9Y (r)
outside a measure zero subset with respect to n (note that 9Y () has real
dimension 2dim Y — 1, while N(f) U f*(supp Z) U f*(supp Z’) has real di-
mension < 2dimY — 2). Taking integral faY(r)' 7 in (2.3.4), we obtain
Proposition 2.3.2 (1). [

2.4. We shall fix our notations related to a jet space. Let V be a
smooth algebraic variety over C and « € V be a point of V. Let f, g :
(C,0) — (V,z) be germs of holomorphic mappings from neighborhoods of
the origin 0 € C into V' with f(0) = g(0) = « € V. For a positive integer

k, we write f 3 g if f(z) and g(z) have the same Taylor expansions in z up
to order k for some holomorphic local coordinate system around z. Then it
is easily checked that the relation kg independent of the choice of the
holomorphic local coordinate system around z and defines an equivalence
relation on the set {f | £: (C,0) — (V,z)}. Let jx(f) denote the equivalence

class of f and set

Je(V)e = {3r(f) [ £:(C,0) — (V,2)}.
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Then Ji(V), is naturally equipped with complex structure and isomorphic
to CF4mV  The k-th jet space J (V) over V is

Te(V) = Ze(V)a.

zeV

Then Ji (V') naturally carries the structure of an algebraic variety. (If ¢ €
I'(V,0y), then the function d'¢ defined below is a holomorphic function
on Ji(V). This defines the structure of an algebraic variety on Ji(V').)
In particular, J; (V) is the tangent space T'V. For convenience sake, set
Jo(V) = V. For k > | we have the natural forgetful morphism py; :
Je(V) = J(V).

Let ¢ be a meromorphic function on V. For an integer [ (0 <1 < k),
the I-th derivative d'¢ of ¢ is a meromorphic function on Ji (V) defined as
follows. Let ji(f) € Jx(V) be the equivalence class of a germ f : (C,0) —
(V,z). Then the value of the meromorphic function d'y at the point j;(f) €
Je(V) is l

do(i(®) = 220 o)

The derivative d' is linear and satisfies the Leibniz rule

(2.4.1) d(p+¢)=dyp+do,
!

(24.2) d'(pg) = 1Cid pd'e,
=0

where ;C; is binomial coefficients. If ¢ is holomorphic, then dly is also
holomorphic.

By Ji(V), we mean the compactification of Jj(X) obtained by the
following manner. Let ji(f) be the equivalence class of a germ f : (C,0) —
(V,z), and a € C* = C—{0} be a nonzero scalar. Then the map ji(f(z)) —
Ji(f(az)) defines the C*-action on J(V');. Consider the C*-action on C by
z +— az where z € C and a € C*. And consider the diagonal C*-action on
J(V)z x C. Put

J(V)z = (Je(V)z x C — (zero)) /C*.
Then J;(V), is the weighted projective space. Put

Te(V) = Th(V)a.
zeV
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Then J; (V) is a normal algebraic variety and has only quotient singularities,
so a Q-divisible variety. If V is projective, J(V) is also projective. In
particular, TV = J;(V) is smooth. We embed Ji(V), into Ji(X), by
sending the point ji(f) € Ji(V), to the point represented by (jr(f),1),
which gives the open immersion Ji (V) < J (V).

Here we give one proposition.

PROPOSITION 2.4.3. Let V' be a smooth affine variety. If o1,...,pq €
I'(V,0y) (d = dim V) form a local coordinate system around every point
of V', then we have

Jo(V) =~V x CFIMV ~ v s SpecCldpy, . .., deg, . .., d%p1, . .., d¥¢q].
Proof. Consider the morphism
& : J(V) — V x SpecCldp1, ... ,deg, ..., d5p1, ..., d" ¢4

where @ = (idy opy o, dp1, ..., ded, . . . dFoy, ..., d*pg). Then & is an iso-
morphism, which proves our assertion (cf. [NoO90, Lemma 6.3.1]). 0

Next, for the convenience of the later use, we describe algebraic setting
of a jet space. Since the fiber bundle p = py o : Ji(V) — V is locally trivial
in Zariski open set of V' and a fiber J;(V); is an affine space, p : Ji(V) —
V' is an affine morphism, and Ji(V) = Specp.O, (). Here Spec is a
spectrum of a sheaf of algebras (see for example Hartshorne [H77]). The
C*-action on Ji(V'), defines the C*-action on p.O, (v) by 7o : g(jr(£(2))) —
9(jr(f(az))) where g € p.Oy, (). We say that g € p.Oy, (v) is of weight
1, if 7,(g) = alg for every a € C*. Let p«Oj,(v)1 C p«Oy vy be the sheaf
of subabelian group of all elements of weight . Then p.Oj 10 = Ov
and d'g € p+Oy, vy, for g € Oy. We have a decomposition p.Oy, (v) =
D150 P+Oy, vy, which make p,Oy, (v) a sheaf of graded ring. Let Clne] be
a graded polynomial ring with a weight of 1., to be 1. Consider a sheaf of
a graded ring p.Oj, vy @0, Clne]. Then Ji(V) is Proj (p*(’)Jk(V) Qo
Clnso]). Let 8J; (V) be the Q-Cartier divisor defined by 7e. Then Jj (V) —
supp 0Jx(V) = Ji(V). In general, let o be a homogeneous element of
p«O0j,.v) oy, Clne]. Then o defines a Q-Cartier divisor () and a closed
subscheme V(«) on J;(V) as follows. First, let [ be a weight of o.. There
is a positive integer n such that a sheaf (on Proj(p.Oy, v) Qo Clns)))
associated with a sheaf (on V') of twisted graded module (p*O Te(V) ®Ov
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C[nso)) (In) is a locally free sheaf of rank 1. Then a” defines the Cartier
divisor (a™), hence o defines the Q-Cartier divisor (o) = (™). Next since
« defines the homogeneous ideal of p.Oj, (v) @, Clne], hence defines
the closed subscheme V(). Then a straightforward computation gives the
following assertion: If n is a positive integer such that n(a) is a Cartier
divisor, then we have n(a) C nV () as closed subschemes of Jj (V). Hence

by Proposition 2.2.9 (3), we have

For g € Oy and | < k, the element d'g, regarded as a section of PO, (v)s
will be written just d'g, and when regarded as a section of p,O Tu(V) ®Ov
C[nso), we shall write d'g ® 1. Hence d'g is a meromorphic function on
Ji(V) and d'g = (d'g ® 1) /1.

Let Z C V be a closed subscheme of V. We shall define the closed
subscheme Z(®) of J;(V) as follows. When V is affine, let Z = (g1,...,9,) C
I'(V,Oy) be the defining ideal of the closed subscheme Z C V. Then we
define the closed subscheme Z() of .J;(V) by the homogeneous ideal

(gl,...,gT,dgl®1,...,dgr®1,...,dlgl®1,...,dlgr®1)

of p.Oy,.(v) o, Cliies]- Then by (2.4.1), (2.4.2), the above definition of
ZW is well-defined. In case V is general, cover V with open affines {U;}
and make closed subschemes (Z|y,)") € J;(U;). Then by the definition of
(Z|y,)®, we can glue these subschemes and define the subscheme Z® of

Ji(V).
Let 7 : Y — C™ be a finite analytic covering space. Let R (C Y') be the
ramification divisor of 7 and let z = (21, ..., 2z, ) be the natural coordinate

system in C™. We regard the vector fields 0/0z; as meromorphic vector
fields on Y which are holomorphic on Y — supp R.

Let f:Y --s» V be a meromorphic map to a smooth quasi-projective
variety V. Then by considering f.(9/0z;), we obtain the meromorphic
lifting ., (f) : Y --+ TV of f. In case dim Y = 1, by considering f.(d'/92),
we obtain the lifting j;(f) : Y — J;(V) where z = 21 and j1(f) = 0., (f).
Note that j;(f) is holomorphic on Y in this case. Then by the definition,
for a meromorphic function ¢ on V', we have

(2.45) %wo () = dpo ., (F)(2).
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and in the case dimY = 1, we have
o' !
(2.4.6) 190 N)() = doo ilf)(2).

Remark 2.4.7. By some straightforward computations using a local co-
ordinate system, we can show

1

(2.4.8) N, ji(f), 071(V)) < Ny gam(r) + (1 _ 7)m,m(r)

where N gam(r) is defined by

=

xRam(7) = N (supp R, 7).

2.5. Next Theorem 2.5.1, called Lemma on logarithmic derivatives,
is most basic in our paper. Lemma on logarithmic derivatives is first dis-
cussed by Nevanlinna [Nev39] for a meromorphic function on C, and then
by Vitter [Vi77] for a meromorphic function on C™. Following general form
is obtained by Noguchi [No85].

THEOREM 2.5.1. Let & be a meromorphic function on'Y considered as
a meromorphic map Y --» PY. Then for each 1 < i < m, we have

(1) / log™*
oY (r)

Using (1) successively, we can show that the formula (1) holds if we re-
place 9/0z; by & Tim 9200 ... 92, In the case dimY = 1, we have the
following.

(2) / log™
oY (r)

Here the symbol || means that the inequality holds for r > 0 outside a set
of finite linear measure and log™ x = max (0, log z).

o)
0z; 5

n < O(log™ rT(r, &, 00)) ||

al
918

n < O(log™ rT(r,&,00)) ||

§3. Formulation and proof of ANLD

3.1. Let X be a smooth projective variety and Z C X be a closed
subscheme. Let A, B be sets of rational functions on X. We consider the
following two conditions (a), (b)z on A, B respectively.
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(a) For every point P € X, there is a Zariski open neighbor-
hood U of P and rational functions ¢1,...,pq € A such that
©1,-.-,pq are holomorphic on U and form a local coordinate
system around every point of U. Here d = dim X.

(b)z For every point P € X, there is a Zariski open neigh-
borhood U of P and rational functions ¢1,...,¢; € B such
that ¢1,...,¢; are holomorphic on U and ¢1 = 0,...,¢; =0
are defining equations for Z on U. Here j depends on P and U.

Since X is smooth and Noetherian, we can find finite sets A and B of
rational functions on X which satisfy conditions (a) and (b)z respectively.
For an integer n > 1, define the n-fold fiber product

Jl(X)n :jl(X) XX+ Xle(X)

~
n times

over X. Let p: J;(X)® — X be the projection, and let ¢; : J;(X)" — J;(X)
be the i-th projection for 1 <i < n. Put (cf. 2.2.8)

AR - qi‘Z(l) n---nNgzW0.

n

Then ZW™ is a closed subscheme of J;(X)".

PROPOSITION 3.1.1. Let X, Z be as above. Suppose that A and B are
finite sets of rational functions on X satisfing the conditions (a) and (b)z
respectively. Then we have

(1 )‘aJl(X < Z Z lOg

peA1<s<l

(2) AzoP<Azmmt > Y Y logt

peB 1<i<n 1<s<l

‘-FO( ) on Ji(X),

oqi +O(1) on Ji(X)™.

Proof. Take P € X. By Lemma 2.1.2 (2), it suffices to check

(1) Nonx) <y > >, logt ‘

peA1<s<
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(2)/ )\Z OﬁS(Th(U)”) )\Z(l),n + Z Z Z long

pEB 1<i<n 1<s<l

dS
_SD oqZ
¥

for some Zariski open neighbourhood U of P. Let ¢ be a rational function
on X which is holomorphic on U. Then on J;(U) = p;; (U) we have

S

d*p

|| max(l, > = max(|¢|, |[d°p]),

hence

S

d*p

)

for 1 < s <. Since d*p = (d*p®1)/n5,, we have (d°p) = (d*p®@1) — $(1)x0)
for the Q-Cartier divisors. By Lemma 2.2.11, we have
dsgo‘
¥

dsgo‘
el

~log || = min(— log|g|, — log |d*¢]) + log max(l,

M) <@,y IV Av(@spst) = SAp)) +log"

and

V() F Aise) <70y MRV () + M) AV(as o)) + log™
Hence by

min()\v(@ + Ao ) )‘V(dseo@l))
<@y M(Av(p) + A ) Avasest) + Av(p)

=7,y (A, Aviaseet) T Avig),

and using (2.4.4), we have

(3.1.2) )\(noo) §<71(U)> min()\v(noo), Av(ds<p®1)) + ]0g+

By the same argument, we have

(3.1.3) AV (o) §<71(U)) min()\v(w), Av(ds¢®1)) + log™
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Now take U, ¢1,...,¢q4 € A (d = dim X) as condition (a). Then by Propo-
sition 2.4.3, we have

J(U) =U x C4 = U x SpecCldgn, ... ,deg, ... de1,... deg.
Hence we have
Ji(U) =U x ProjClde1 @ 1,...,dpg @ 1,...,do1 @1,...,dwq ®1,10s).

Using (3.1.2) for ¢ = ¢1,..., ¢4, we obtain the inequality

(3.1.4) )\(noo) S(jl(U)) lrglg {)‘V (Noo) )‘V(dssot@l }+ Z Z lOg
ey pEA 1<s<i

By Proposition 2.2.9 (1) and V (1ee,d' 1 @ 1,...,d'pq ® 1) = ¢, we have

(3.1.5) I, (M (o) AV (@ i) } =3,y O-

1<t<d

Then inequalities (3.1.4) and (3.1.5) prove Proposition 3.1.1 (1). Note that
by the definition, we have Ay, (x) = Ay (0J1(X) = (100) is the definition).

Next take U, ¢1,...,¢; € B satisfying the condition (b)z. Using (3.1.3)
for ¢ = ¢1,...,¢; and taking compositions with g;’s, we have

1@33]“‘“%)} Sy 2L 1111;31{% (60> AV (s pe1) © @i }

1<t<y

FY Y S |

pEB 1<i<n 1<s<]

(3.1.6)

By condition (b)z, we have Z = V(¢1,..., ¢;) and by definition of Z(!) and
ZWn e have Z1) =V (g, ... ,d'p; ®1) and ZWn —grzWOn...ngiz0,
Hence Proposition 2.2.9 (1) and (3.1.6) prove Proposition 3.1.1 (2). [

3.2. Let m : Y — C™ be a finite analytic covering space, and let
f:Y --» X be a meromorphic map. Set 9(f) = 9., (f) x -+ x 95, (f).
Then J(f) is a lifting of f;

Of):Y ——>TX"=TX xx--xxTX.

m times
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In the rest of this paper, S(r, f) denotes any small term satisfying
S(r,f) < OQlog" rT(r, f, E)) ||

Here E is an ample line bundle on X. If we take another ample line bundle
E’ on X, we have O(T'(r, f, E)) = O(T(r, f, E")). Hence our notation S(r, f)
is independent of the choice of an ample line bundle on X.

THEOREM 3.2.1. (ANLD) Let X be a smooth projective variety, and let
Z C X be a closed subscheme. Let w:Y — C™ be a finite analytic covering
space. Let f :Y --+ X be a meromorphic map. Suppose f(Y') ¢ supp Z.
Then we have

(1) m(r, f,Z) < m(r,(f), Z5™) + S(r, f).
(2) m(r, 8(f), ¢; (OTX) + -+ + g5, (0T X)) < S(r, f).

Moreover if dimY =1, we have

(3) m(r, £, Z) < m(r, ji(f), Z9) + S(r, f).
(4) m(r, ji(f), 0Ji(X)) < S(r, f).

Proof. First, note that since X is smooth and projective, we can take
finite sets A and B of rational functions on X which are finite and satisfy
the conditions (a) and (b)yz respectively. Moreover we can take A, B such
that

g U 9oV (@)

peAUB
This means that ¢ o f is a meromorphic function on Y with o f # 0,00
for every ¢ € AU B. By pulling back the inequality of Proposition 3.1.1
(2) by meromorphic map 9(f) (in case [ = 1, n = m) and using (2.4.5), we
obtain

2 (pof)

Azof<Agmmod(f)+) Y log* (pof)

pEB 1<i<m

+0(1).

Then taking the integral |, oy ()" 11 and using Theorem 2.5.1 (1), we prove

Theorem 3.2.1 (1).
Next to prove (2), since we have

1<i<m
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it suffices to check
(3.2.2) m(r, 0, (f),0TX) < S(r, f) forl<i<m.

This can be checked from Proposition 3.1.1 (1), (2.4.5) and Theorem 2.5.1
(1).

For Theorem 3.2.1 (3), use Proposition 3.1.1 (2) for n = 1 and (2.4.6),
Theorem 2.5.1 (2).

For Theorem 3.2.1 (4), use Proposition 3.1.1 (1), (2.4.6) and Theo-
rem 2.5.1 (2). a

Above Theorem 3.2.1 (3) was first observed by Kobayashi [Kob96a],
[Kob96b] in somewhat weak forms (with some non-degeneracy condition on
f and in a weak estimate for the error term). In case that X is an Abelian
variety, another proof for Theorem 3.2.1 (3), (4) can be found in [Kob00].

Remark 3.2.3. By Theorem 3.2.1 (4) and (2.4.8), we have

(324)  T(r,jt(F),051(X)) < Ne pam(r) + (1~ %)NW,RM(T) +S(r, f)

for the estimate of the height function.

Remark 3.2.5. For the case X = P! and a meromorphic map f = ¢ :
Y --» P!, above Theorem 3.2.1 (1), (2) give usual Nevanlinna’s lemma on
logarithmic derivative Theorem 2.5.1 (1).

First, in general we have

m(r,0(f), ZMD™) < m(r, 0, (f), ZM)+0(1) for 1 <i<m.
Hence by Theorem 3.2.1 (1), we have
(3.2.6) m(r, f,2) < m(r,8,,(f), ZM)+ S(r, f) for 1 <i < m.
By Theorem 3.2.1 (2) and its proof (cf. (3.2.2)), we have
(3.2.7) m(r, 0, (f),0TX) < S(r,f) forl<i<m.

Set X = P! = CU {oc} and let ¢ be the coordinate on P* — {oo}. Let Dy
and Do, be divisors of P! determined by t = 0 and ¢t = oo respectively.
Let p : TP' — P! be the projection. Let Fy and F, be the divisors
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on TP! associated to the section at zero and infinity respectively. (Hence
F, = OTP!.) Consider the rational function dt/t on TP!. Then we have

dt
(7) = FO _p*DO _p*Doo _Foo-

Hence by Lemma 2.2.11, we have

log

t
Hence we have

log™

dt
7‘ = maX{O,log

dt

7'} = max{0, Ap* Do+p* DootFoo — AR} +0(1)
= Ap* Do+p* Doot+-Foo — TU{Ap* D4 p* Dot Foc s AR} + O (1)

By Proposition 2.2.9 (1), we have

dt

— | = Ap*Do+p*Doo+Fse — A(p* Do+p* DootFoo)nFo T O(1).

(3.2.8) log™ -

Since we have
(p* Do + p* Doo + Fioo) N Fy = DSV + DY),

by pulling back (3.2.8) by 9;(¢) : Y --» TP! and taking the integral
fay(r) - m, we have

/ log™
oY (r)

i)

756

& |1 =(m(r.& Do) = mr, 0, €), D))

+ (m(r, £, Doo) - m(T7 azi (6)3 D&)))
+m(r, 0,,(€),0TPh).
From (3.2.6), (3.2.7) and (3.2.9), we deduce Theorem 2.5.1 (1).

(3.2.9)

84. Applications to the Second Main Theorem

In this section, we shall discuss applications of our ANLD to the second
main theorem in Nevanlinna theory in several complex variables. In Subsec-
tion 4.1, we shall discuss equidimensional value distribution theory. After
this subsection, we shall consider the case of holomorphic curves, which is
the most basic case in non-equidimensional value distribution theory. After
giving some general technical result (Proposition 4.2.1) in Subsection 4.2,
we shall discuss the second main theorem for Abelian varieties and for the
projective space with hyperplanes in Subsections 4.3 and 4.4 respectively.
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4.1. For a line bundle uy, : L — X on X, we shall denote its dual line
bundle by urv : LY — X. Let L = P(Ox @ L) be the compactification of L,
and let ur : L — X be the projection. Let F(EL] (resp. Fo% }) be the divisor

on L associated to the section at zero (resp. infinity). Then we have
(4.1.1) welY = Op(FIE - FiM),
Let Kx be the canonical line bundle on X. Let 74 be the holomorphic map

TA:TX =TX xx - xxTX — KY (d=dimX)

~
d times

sending (v1,...,vq) to v1 A --- Avg. Let To be the rational map

Ta:TXC=TX xx---xxTX > Ky,

d times

which is the extension of 7,.

LEMMA 4.1.2. Let D C X be a simple normal crossing divisor and
write D = Zj Dj as a sum of irreducible components. Then we have

>0
J
J

Proof. For every point P € X, there is an open neighborhood U C X
(P € U), and local functions hy,...,hg € I'(U, Oy) such that

(1) hi,...,hq form a local coordinate system around every point on U.
(2) hi---hy =0 (0 <t <d) is a local equation for D|y.

Then TU = U x C% and dhy,...,dhy form the coordinate system of C%
(cf. Proposition 2.4.3). Hence, TU% = U x C% and (dh§)1§i7j§d forms the

coordinate system of (Cd2, where dh;- = ¢;dh; (here ¢; : TU ¢ TU is the
i-th projection). Put

[KX]

— KY
TXd C T}k\FO [ X]

\TXd::Tin .

dh} --- dhd
O=|: .. .
dhl - dnd

Then © = 0 is the local equation for TXFO[K’V( V'on TU?. Note that we have

F(TUd,IZjD@,d) = (h1,dh}, ... dhd) - (h,dh}, ... dhY).
J

https://doi.org/10.1017/50027763000008710 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008710

LEMMA ON LOGARITHMIC DERIVATIVE 47
Hence to check Lemma 4.1.2, it suffices to show
© € (hy,dh},...,dhd) - (hy,dhi, ... dhd)
but this can be checked by straightforward computations. 0

Next theorem was obtained by Carlson-Griffiths [CG72], Griffiths-King
[GKT73], Shiffman [Sh75] and Noguchi [No76]. Here, we shall discuss this in
the context of our method.

THEOREM 4.1.3. Let 7 : Y — C% be a finite analytic covering space,
and let X be a smooth projective variety. Let f 1Y --+ X be a meromorphic
map and let D C X be a divisor with simple normal crossings. Suppose
dimY = dim X (= d) and f is non-degenerate in the sense that the Jacobian
of f does not identically vanish. Then we have

m(r, f: D) + NRamf(T) +T(T7 faKX) S NRamﬂr(T) + S(T, f)

Proof. Write D = ijl D; as a sum of irreducible components. Then
by Theorem 3.2.1 (1), we have

S

m(r, f,D) =Y m(r, f.D;) <> m(r,a(f), D) + S(r. f).
j=1

J=1

By Lemma 4.1.2 and Proposition 2.3.2 (6), there is a positive constant ¢ > 0
such that

> m(r,0(f), D)
j=1

< m(r, 70 0 0(f), FSN 1 e om(r, 0(F), TXY — TXY).

Hence by Theorem 3.2.1 (2), we have

K\/

m(r, f, D) < m(r,7a 0 0(f), F'XN) 4 S(r, f).

Since

KX]

m(r,7a 0 0(F), F'XNY = T(r, 71 0 0(F), FYX) = Npam () + O(1)
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(note that Ngam £(r) = N(r, 7 0 0(f), FI*X) by definition) and by (4.1.1)
and Nevanlinna’s first main theorem (Theorem 2.3.1), we have

m(T, f?D) +NRamf(T) +T(T7 faKX)

< T(r, 70 0 O(f), FEXY) 1 8(r, £).

Here, note that by our non-degeneracy condition on f, we have 7, 09(f)(Y)
\
7 FO[KX]. Again, using Proposition 2.3.2 (6) to the case U = TX?, Z = ¢,

W = Fo[f’v(], we have

(4.1.4)

(4.1.5) m(r, a0 O(f), FEXNY < S(r, £).

Let R be the ramification divisor of 7 : Y — C%. We shall show
(4.1.6) (Faod(f)) FEX ¢ R,

We write S(Y) for the set of singularities of the complex space Y, and N(f)
for the set of indeterminacy of f. Then since codim(S(Y) U N(f)) > 2, to
show (4.1.6), it suffices to prove it on ¥ — S(Y) — N(f). Take a point
PecY —S(Y)— N(f), and take an open neighborhood Wx > f(P) and
Wy > P such that Wy C Y — S(Y) — N(f), f(Wy) C Wx. Moreover
we assume that Wy, Wy are biholomorphic to the open sets of C%. Set
x=(z1,...,2q) and y = (y1,...,yq) be the coordinate systems of Wx and
Wy respectively. Write f in these coordinate systems as

1= fi1s-- - Ya), - Ta = fayr,- ... va)
Set Jacobian matrix of f(y) as 0(y);
0 0
o) - g
0y)=| =+ .
0 0,
gily) - g
Let z = (21,...,24) be the standard coordinate system of C¢ (<~ Y'), and
define the holomorphic function r(y) on Wy by

7 (dz1) A+ AT (dzg) = r(y)dyr A -+ A dyg.

Then r(y) = 0 is the local equation for R on Wy . Since the restriction of
Ta0O(f) to Wy is

70 0wy (4) = (f<y>, %) Wy x Pl =Ky,
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we have (4.1.6) on Wy, hence also on Y — S(Y) — N(f) and Y.
Now consider the integral N'(-,r) of (4.1.6). Then we obtain the in-
equality of the counting functions

(4.1.7) N(r,7n0 9(f), FL X) < Npamn 1)
Hence (4.1.4), (4.1.5) and (4.1.7) imply Theorem 4.1.3. [

4.2. In the rest of this paper, we shall mainly consider the case Y = C,
which is the most basic and simple case in non-equidimensional value dis-
tribution theory. When the following assumption of Proposition 4.2.1 is
satisfied for L = Kx, our situation becomes similar to the case of equidi-
mensional value distribution theory. Here we consider the higher jet space
Jn(X) instead of TX9.

PROPOSITION 4.2.1. Let X be a smooth projective variety, and let D =
Dy +---4+ Dgs C X be a divisor. Suppose there is a positive integer N > 0,
a line bundle L 2L X, and a morphism of ﬁber bundles v : Jny(X) — LY

such that D |JN (x)+ —I—D |JN x) C ¢*F L] Then for a holomorphic

curve f: C — X with a non-degeneracy condition jn(f)(C) ¢ w*FO[Lv], we
have

Z m(r, f, Di) + Negan £ (r) + T(r, f, L) < S(r, ).
Here we define the term Ne«gam (1) by Neram» f(r) = N (r,v0jn (f), FO[LV}).
Proof. By Theorem 3.2.1 (3), we have
Zm f.Di) < Zm roin(£). D)+ S(r. £).

et D « gl
By our assumption D |JN(X + -+ Ds |JN(X) C Yk

sition 2.3.2 (6), there is a positive constant ¢ > 0 such that

S m(r,jn(f), D)
=1

m(r, o jn (f), FE N + ¢ -mlr, jn (f), 0n (X)).

, and Propo-
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(Here we consider the holomorphic curve 1 o jx(f) : C — LV.) Hence by
Theorem 3.2.1 (4), we have

N m(r, £,Di) < mlr o jn(f), Fg- ) + S, f).
=1

By m(r7wojN(f)?F(£L ]) +N“Ram”f(7n) - T(T’, ¢OjN(f)?F(£L })7 (411> and
Theorem 2.3.1, we have

(4.2.2) m(r, ¥ o jn(f), Fot ) + Negam 1 (r)

< —T(r, f,L) + T(r,3p 0 jn(f), FLE)
— —T(r, f, L) + m(r, ¢ o jn(f), FED).

Again by Proposition 2.3.2 (6) and Theorem 3.2.1 (4), we have

m(r, o jn(f), FIE'N) < S(r, ).

Hence we have
Zm(r?f7Di)+N“Ram”f(r)+T(rafaL) SS(T7f) D
i=1

The following corollary of Proposition 4.2.1 is the most basic technical tool
for hyperbolicity problems such as Bloch’s theorem ([B26]). This corollary is
established by Y. T. Siu and S. K. Yeung [SiY97] using a negative curvature
method. Though we don’t use it in this paper any more, but it may be
helpful to see how we can apply ANLD to get it. For the application of this
corollary, see for example [GGS80).

COROLLARY 4.2.3. Let X be as above. Let D C X be an ample divisor.
Suppose there is a positive integer k and a k-jet differential w on X (i.e.
w € I'(X,pro+0y,(x))) such that w vanishes on D but is not identically
zero on X. Then for any holomorphic curve f : C — X, the pullback f*w
1s identically zero on C.

Proof. Let Lp be the line bundle over X associated to D. Since our

jet differential w defines the holomorphic function on Ji(X), it defines the
morphism of fiber bundles Jx(X) — X x C. Since w vanishes on D, this
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morphism factor the subbundle LY, — X x C. Hence we have the morphism
of fiber bundles

Y Je(X) — L)

over X.

Now we shall prove our corollary by assuming that there is a holomor-
phic curve f : C — X such that f*w is not identically zero on C, and derive
a contradiction. Assume that there is a holomorphic curve f : C — X such

that f*w is not identically zero on C. This means j;(f)(C) & ¢*F(£LX’].
Hence by Proposition 4.2.1, we have

T(T’ e LD) < S(Tv f) < O(lOng TT(Tv /s LD)) ”

But this implies that f is rational and factors some morphism ¢ : P! — X,
By restricting ¥ on P! by ¢, we obtain the morphism of fiber bundles

o Jp(Ph) — MY

over P'. Here M is the line bundle over P! obtained by ¢*Lp. Then
by Pic(P!) ~ Z, we see that M is ample. Note that 1 is not identically

zero because of ji(f)(C) ¢ w*F()[LX’]. Now take a holomorphic curve g :

C — P! such that ji(g)(C) ¢ {Z;*F(gMV] and T(r,g, M) > r2. Then by
Proposition 4.2.1, we have

T(r,g,M) < S(r,g) < O(log™ rT(r,g,M)) .

But this is a contradiction. Hence for any holomorphic curve f : C — X
f*w is identically zero on C. 0

Remark 4.2.4. In Proposition 4.2.1, if we consider a holomorphic curve
f:Y — X where 7 : Y — C is a finite analytic covering space, a modifi-
cation of (4.2.2) gives

> “m(r, f,D;) + Negam» ¢ (r) + T(r, £, L) < O(Nr Ram(r)) + S(r, f)
i=1

under the non-degeneracy condition jn(f)(Y) & IZJ*F(gLV}.
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4.3. We shall explain how to use our Proposition 4.2.1 to obtain the
second main theorem for holomorphic curves into Abelian varieties estab-
lished by [Kob00] and [NoWY02].

THEOREM 4.3.1. Let A be an Abelian variety, and let D be an effective
divisor on A. Let f : C — A be a holomorphic curve such that f(C) ¢
supp D. Then we have

m(r, f, D) < S(r, f).

Proof. First, we shall reduce the proof to the case f is non-degenerate,
i.e. the Zariski closure of f(C) is equal to A. Let B be the Zariski closure
of f(C). Then by Bloch-Ochiai’s theorem, B is a translate of an Abelian
subvariety of A. From the condition f(C) ¢ D, we have m(r, f,D) =
m(r, f, D N B) by Proposition 2.3.2 (5). Thus it suffices to prove Theorem
for the case A is B and D is BN D, but this is the case f is non-degenerate.

Next we show that there is a positive integer £ > 0 and a morphism
of fiber bundles v : Jp(4) — KY such that D®)|; 4 c v*F4 and
Jk(f)(C) ¢ w*F(gKX]. This part of the argument is motivated by Kobayashi
[Kob91a]. Note that we have canonically Ji(A) ~ A x CFdmA_ Tet r; be

the projection Jy(A) — CFImA  We first show that there is a positive
integer k such that

71 © Ji(f)(0) & ri(supp D(k)’Jk(A)) c CkdimA

Suppose that 7 o jx(f)(0) € r(supp D(k)|JN(A)) for all £ > 0. Then we
have

supp D®| 5 ay N (g 0 3 (£)(0)) # &
for all £ > 0, thus we have

Vie  pi(supp DO 4y N1 (i 0 1 (1)(0))) # &

for all k& > 0, where pj, is the projection py : Jip(A) — A. Note that V
is Zariski closed, (this is because py : Ji(A) — A has a section id4 x{ry o
Je(f)0)} : A — Ji(A), and Vj is just pull back of suppD(k)\JN(A) by this
section) and note that Vi D Vjiii. Thus we have the sequence of Zariski
closed sets,

DoViD>VeD V3D .-
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that eventually stabilizes at the variety V. Since we are assuming Vi # ¢
for all k, we have V # ¢. Let a € V, and translate holomorphic curve f by
a — f(0) and put f(z) = f(2) + a — f(0). Then by construction of f, we
have

fO)=a and ji(f)(0) € supp D®|;, ()

Observing the Taylor series, we get f((C) C supp D, and hence a contradic-
tion since we are assuming f to be non-degenerate.

Now, we can take k > 0 such that 7 o ji(f)(0) & rk(suppD k)|JN )
Since A is projective, 7 is a closed morphism, so 7y (supp D®)| In(A)) 18
Zariski closed. Thus we can take a divisor H of C*¥4™4 guch that

rrojk(f)(0) € H and rk.(suppD ]JN(A)CH

Consider the pull back divisor r;H on JyA. Then since we have
supp D) Jy(4) C suppriH, the proof of Proposition 2.3.2 (3) implies that
there is a posmve integer n > (0 such that

D(k)]JN(A) CnrpH =rj(nH).

Note that there is a morphism ¢/ : CFdimA4 _, C such that ¢/*(0) = nH.
Hence the morphism

Y =1idg x¢' : Jy(A) = A x CFImA 4 % C = K

satisfies the condition D(k)]JN(A) C @b*FéKX] and ji(f)(C) ¢ w*FéKX}. By
Proposition 4.2.1, we have

m(n f?D) + N“Ram”f(r) < S(T7 f)

Since Ne«ram £(1) > 0, we have Theorem 4.3.1. 0

Remark 4.3.2. If we consider a holomorphic curve f : Y — A, where
m Y — C is a finite analytic covering space, we obtain the following
statement;
Suppose f(Y) is not contained in a translate of D. Then there is a positive
constant C, depending on f and D, such that

m(r, f, D) < C Nz gam(r) + S(r, f).
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4.4. Next, we shall consider the Second Main Theorem for hyperplanes
in the projective space P", which is due to Cartan [C33].

THEOREM 4.4.1. Let f : C — P" be a holomorphic map. Assume
that the image of f is not contained in any hyperplane. Let Hy,..., Hs be
hyperplanes in general position. Then

Zm(n vak) —I—T(T', f7KIP’") +NRamf(7") < S(T, f)
k=1

Proof. First we shall observe that there is a morphism of fiber bundles

over P"
Y Jp(P") — K
such that
(4.4.2) H| g oy + -+ HO oy € 0 B
Let (Zy : ---: Zy) be a system of homogeneous coordinates on P". Then for
0<i<n,U; =P"—(Z; =0) ~ C" has the coordinates (g—‘;, e %, o g—:‘)

Moreover we have J,(U;) ~ C™ x C" and T(U;) ~C"xC". For1<j<n,
consider the morphism

ot 7 "”,Z_’n &

)
(3 (3

N
<
N

SR

i L i Z
sl G Zu)

L T(U).

Then we have the isomorphism ¢; = ¢;1 X - -+ X ¢;, of fiber bundles over U;

Li: Jn(Ul) = T(UZ) Xy; = XU; T(UZ) .

n t;nes
Under this isomorphism ¢;, we have
(4.4.3) LjH(1)7n|Jn(Ui) ~ H™ |Jn(Ui)

for a hyperplane H C P™. Next consider the morphism of fiber bundles

Vi =Tao i Jn(Us) — Kif, ~ {U;} x C.
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Set w; = dZ0 /\dZ /\dZ" Then Ky has coordinates (u,w;) where
Ury K R U, is the prOJectlon Now we shall show v; = 1; on U; N U;

Zn+1

to obtain v : J,,(P") — Ky,. Since w; = (—1)"7 Znﬂwj on U; NUj, and

i+1

dZo d\é dZ g_(z) ’ 1 ) g_:l
I N I I
w; 0y = :(_1) ‘ -
n Zo n Zi n Zn : T :
d Z; d Z; d Z; dng_? .0 - dng_?
X Zo - Zn .
— i . . . — J
= (‘Ulﬁ : ==y Z”“ o1y,
! d*zy -+ d"Zy,

we have 1; = 1p;. Gluing 1;’s, we obtain ¢ : J,(P") — Ky,. Consider the

Vv
divisor w*FgK“”"]. From Lemma 4.1.2 and (4.4.3), we have (4.4.2). Moreover
for a holomorphic curve f : C — P", we have

Kgnl

f(C) c w*F(E < f(C) C H for some hyperplane H C P".

Now consider a holomorphic curve f : C — P” such that the image of f

Vv
is not contained in any hyperplane. Then we have f(C) ¢ ¢* FO[K]P’”], By
Proposition 4.2.1, we have

Zm(rv fv Hk) + T(Tv f7 KP") + N“Ram”f(r) < S(Tv f)
k=1

But by a straightforward computation, we can show that the term

Negam» ¢(r) is a usual term Ngram ¢(r) such as Lang’s book [L87]. Hence
we have Theorem 4.4.1. []

85. Extensions to the logarithmic jet space

5.1. We shall extend our results to the Logarithmic jet space due to
Noguchi [No86]. Let V be a smooth quasi-projective variety. Let D C V
be a divisor with only simple normal crossings. For an integer £ > 0, we
can construct the Logarithmic k-th jet bundle Ji(V;log D) along D, and a
morphism

Y 2 Jp(Vilog D) — Ji(V).
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For k > [, we have a natural forgetful morphism
Pl : Jy(V;log D) — Jy(V3log D).

We have Jo(V;log D) =V, and pf% : Jp(Vilog D) — V is the fiber bundle
whose fibers are CF4mV  In the following, we shall write p}:’% simply as
pr. For ¢ € I'(V,Oy) and an integer | (0 < | < k), we have dfogqb €
I'(Ji(V;log D), O, (viog D)) by d{ogqb = d'¢ o 1. Then dfog also satisfies
the Leibniz rule (2.4.1), (2.4.2). We have the following proposition.

ProOPOSITION 5.1.1. Let V', D be as above. Suppose V is affine. Let
©1,...,04 € I'(V,0y) (d =dim V) form a local coordinate system around
every point of V', and let D = (o1 -+ ;), i.e. p1---p; = 0 defines D. Then
we have
diogP1 diogPi

[ER) 7dl ; 17"'7dl d»
¥1 Pi i o&¥

digpr  di,i

; s ¢ i+1, 5 U, d
#1 Pi o8 o8

Proof. See [No86, p. 234]. [

Jik(Vilog D) =V x SpecC

ey

The sheaf of Oy algebra pr.Oj, (v.10g p) 18 naturally the sheaf of graded
algebra such that the weight of d{oggb is [ and the subalgebra of weight 0
elements is Oy. We have

Jk(V7 log D) = Spec pk*OJk(V;log D)
and we shall compactify Ji(V;log D) by

Jr(V;log D) = Proj pi«O, (vilog D) ®Ov Clne]

where the weight of n})%g is 1. As in Section 2, we shall use the notations
d 6@ 1 (we have dl ¢ = (di, ¢ @ 1)/(n2)!) and 9Jx(V;log D) = (ns),
which is a Q-Cartier divisor on J(V;log D).

For a closed subscheme Z C V', we shall define the closed subscheme
7% Jx(V;log D) in the following manner. If V is affine and I'(V,Zz) is

log
generated by ¢1,...,¢; € I'(V,Oy), then Zl(fg? is defined by a homogeneous
ideal

(¢17°“)¢j7d10g¢1 ®1)“'5d10g¢j®17"'ad{€og¢1®1)“'ad{€og¢j®1)
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of P« O, (vilog D) Ko, C [772% |. In the case V is general, take a Zariski open

covering {U.} of V, and construct (Z |U€)1f; Then glue these (Z |U€)1f;’

and define the subscheme Zl(og) of J(V;log D).

Next we shall state the logarithmic version of Proposition 3.1.1. Let X
be a smooth projective variety. Let D be a divisor on X with only simple
normal crossings. Following condition (a)’ for a set A of rational functions
on X is a modification of the condition (a).

(a)" For every point P € X, there is a Zariski open neighbor-
hood U of P and rational functions ¢1,...,94 € A such that
©1,...,pq are holomorphic on U and form a local coordinate
system around every point of U. Moreover D|y is defined by
w1+ =0 (0<i<d). Here d = dim X and i depends on P
and U.

Note that we can find a finite set A of rational functions on X which satisfies
condition (a)’.

PrROPOSITION 5.1.2. Let X, D be as above. Let Z C X be a closed
subscheme. Suppose that A and B are finite sets of rational functions on
X satisfing the conditions (a)’ and (b)yz respectively. Then we have

Aiog® -
(1) Nos(xiogp) < Z Z log™ | —2~ ‘—I—O( ) on J;(X;log D).
peA 1<s<I
2) Azom<im+> Y logt 1°gs0 +O(1) on Ti(Xilog D).
& pEB 1<s<l

Proof. The proof of Proposition 5.1.2 (2) is completely analogous to
that of Proposition 3.1.1 (2), hence we don’t give any detail here.

The proof of Proposition 5.1.2 (1) is analogus to that of Proposi-
tion 3.1.1 (1) except for some modifications. We now present the necessary
modifications. For P € X, we shall take its Zariski open neighborhood
U and rational functions ¢1,...,04 € A such as condition (a)’. Then
Y1, ..., pq are holomorphic on U and 7 ---¢; = 0 is the defining equation
for D|y. By the straightforward modification of (3.1.2), we have

+ disogﬁ/?t
Pt
(fori+1<t<d, 1<s<lI).

(5:1.3)  Apios) <7, itog D)) TIAY (log) s Av (s, o)) +108
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) + log max(l, >

for 1 <s <1, 1<t<4. On the other hand, we have the equation

ds & o ®1
(5.1.5) ( 1°g%> —( log#% ) s(1)

Consider the tautological equality

dlsog Pt
Pt

5
log Pt

(5.1.4) 0 = min (0, —log
¥t

Pt Pt

for the Q-Cartier divisors on J;(U;log D|y7). Here note that since diog Pt/ Pt
is holomorphic on J;(Uslog D[y) for 1 <t < i, we have (d, ot ® 1)/t €

PrxO g (Uslog D]y) @ C[n})%g] as weight s element. By Lemma 2.2.11, (2.4.4),
(5.1.4) and (5.1.5), we have

d? Dt
_ . + | "log
6:16) ey St M My s ) +1og” |2

(for 1<t<i,1<s<I).

dfog%

0 S(jl(U;logD|U)> min <0’ )\V(dfogsotébl) - SA(nL%g)> + log max(l,

o Pt

Hence we have

y (5.1.3), (5.1.6) we have

)\(n})%g) §<7l(U§10gD|U)> 11%18121 {)\V(ﬁ})%g)’ )\V(M) ) )\V(d5§0u®1) }
1<t<i .
i+1<u<d
Sapari
peEA1<s<I

Hence by Proposition 5.1.1, we have

B 10gS0

Ay Swaogply 2 D log”
peA1<s<l

which implies Proposition 5.1.2 (1). [
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Let Y 5 C be a finite analytic covering space. Let f : Y — X be a
holomorphic curve such that f(Y) ¢ supp D. Then there is a logarithmic
I-th jet lifting

JE(f) 2 Y — Ti(Xslog D)

such that 1); o jllog( f) = 71(f). The following logarithmic version of Theo-
rem 3.2.1 is obtained from Proposition 5.1.2.

THEOREM 5.1.7. (Logarithmic ANLD) Let X be a smooth projective
variety, and D C X be a divisor with only stimple normal crossings. Let
f:Y — X be a holomorphic curve. Let Z C X be a closed subscheme.
Suppose f(Y) ¢ supp Z Usupp D. Then we have

(1) m(r, f,2) <m(r, 5% (f), Zur) + S(r. f).
(2) m(r, 5% (f), 0J1(X;log D)) < S(r, f).

Proof. The proof is completely analogous to that of Theorem 3.2.1. []

Next we shall state the logarithmic version of Proposition 4.2.1.

PROPOSITION 5.1.8. Let X, D be as above. Let E = FE +---+ E5 C
X be a divisor. Suppose that there are a positive integer N > 0, a line
bundle L 25 X, and a morphism of ﬁber bundles o : Jn(X; log D) —

V- such that Ei l0g|JN(X dogD) + o+ Eg 1Og|JN(X dogD) C 0 F[ 1 Then
for a holomorphic curve f : C — X \ D with a non- degenemcy condition

INC) ¢ 0", we have
Z m(r, f’ EZ) + N‘l‘?{gam”f(r) + T(n fa L) S S(T’, f)

Here we define the term N}%gam,,f( ) by N“Ram”f( r) = N(r, IZJOjlog(f), FO[LV})'

Proof. The proof is analogous to that of Proposition 4.2.1. We just
note the following fact. If we have a holomorphic curve f : C — X \ D,
i.e. a holomorphic curve f : C — X omitting the divisor D, then we have

N(r, j}\?g(f),BJN(X;D)) = 0, and N(r, Qo]}gg(f),Fo%v}) = 0. Hence by
Theorem 5.1.7 (2), we see

T(r, 00 58 (f), FL'1) = m(r, 00 58 (f), FEN) < S(r f). [0
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The following corollary is the logarithmic version of Corollary 4.2.3. Cf.
[S1Y97].

COROLLARY 5.1.9. Let X, D be as above. Let E C X be an am-
ple divisor. Suppose there is a positive integer k and a meromorphic k-
jet differential w on X of at most log-pole singularity along D (i.e. w €
F(X,pf’%*(’)t]k(x;])))) such that w vanishes on E but is not identically zero
on X. Then for any holomorphic curve f: C — X \ D the pullback f*w is
identically zero on C.

Proof. The proof is analogous to that of Corollary 4.2.3. Using the
notations of the proof of Corollary 4.2.3, we just give the necessary modifi-
cations. Suppose f*w is not identically zero on C. Then since f is rational,
we have f(C) = ¢(P!\ {oo}). Hence ¢(P!\ {oc}) doesn’t intersect D, and
we have the morphism J(P!; 00) — Ji(X; D). 0

5.2. We shall apply our logarithmic ANLD to the second main theo-
rem for holomorphic curves in semi-Abelian varieties. We shall use
[NoWY02] for the standard reference for this subsection. Let A be a semi-
Abelian variety, and A be its natural compactification (cf. [NoWY02, p. 9]).
Put 0A = A — A. Let

p
0A = U Bj
j=1

be the Whitney stratification of the divisor JA; that is, B; consists of
all points x € JA such that the number of irreducible components of 0A
passing z is exactly j. Let D C A be a divisor. We shall consider the
following boundary condition for D (cf. [NoWYO02, Condition 4.11]).

(BC) D does not contain any stratum of B,).

Note that the strata of B;, are minimal.
Then the following Theorem is established in [NoWY02]. Here we shall
discuss in the context of our logarithmic ANLD.

THEOREM 5.2.1. Let A be a semi-Abelian variety, and A be its natural
compactification. Let D C A be a divisor. Assume that D satisfies the
boundary condition (BC). Let f : C — A be a holomorphic curve such that
the image f(C) is Zariski dense in A. Then we have

m(r, f, D) < S(r, f).
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Proof. The proof is analogous to that of Theorem 4.3.1, and we only
sketch the necessary modifications. We shall show that there is a positive
integer N, and a morphism of fiber bundles ¢ : Jy(A4;log 9A) — K4(0A)Y

such that D[, oo C 0 Fy A0 T and jlE(C) ¢ 97 By Y,

By the flat structure of the logarithmic tangent bundle T'(A;log dA),
we have

Ji(A;log 0A) ~ A x Cdim Ak

i.e. a trivialization of the logarithmic jet bundle over A (cf. [No86, p. 233]).
Let r, : Ji(A;log DA) — CYm A4k be the projection. Then some complicated
modification of the corresponding argument in the proof of Theorem 4.3.1
gives the following statement.

If D satisfies the boundary condition (BC), then there is a
positive integer Ny such that

x N im
TNy © Jing (£)(0) & 7, (supp Dl(ogO)’JNO (Eogoay) C CF™A.

For the proof of this statement, see [NoWY02, Lemma 5.4]. Then putting
N = Ny, we have a morphism of fiber bundles

¢ : Jn(A;log 0A) — K5(0A)Y ~ Ax C

N K—(0A)Y X K=(9A)V
such that Dl(og)‘JN(ZglogaA) C ¢*F0[ x(04)"] and jﬁg(@) i ¢*F0[ x(04)"]
Hence Proposition 5.1.8 implies our theorem. [
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