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Abstract

Let 8,(€2) be the set of Cowen—Douglas operators of index n on a nonempty bounded connected open
subset Q of C. We consider the strong irreducibility of a class of Cowen—-Douglas operators ¥ 8,(Q2)
on Banach spaces. We show ¥ 8,(Q) C 8,(2) and give some conditions under which an operator
T € FB,(Q) is strongly irreducible. All these results generalise similar results on Hilbert spaces.
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1. Introduction

Cowen and Douglas [1] introduced and researched a class of important operators, the
Cowen—Douglas operators, on Hilbert spaces. Cowen—Douglas operators were defined
in terms of the notion of holomorphic vector bundles, the first time complex geometry
was applied in operator theory.

Gilfeather [2] introduced the concept of strongly irreducible operators and
Herrero [3] studied the strongly irreducible Cowen—Douglas operators on Hilbert
spaces. Jiang and Sun [8] introduced the concept of completely irreducible operators,
which is equivalent to the concept of strongly irreducible operators, and showed that
it was an approximate replacement of Jordan blocks on infinite dimensional spaces. A
number of questions about the operator structure of Hilbert spaces raised by Herrero
and Jiang have since been answered (see the books [9, 10]). For further recent
developments relating to strongly irreducible Cowen—Douglas operators, see [4-7].

Zhang and Zhong [12, Theorem 2] showed that a Cowen—Douglas operator of
index 1 must be strongly irreducible on Banach spaces. It is obvious that Cowen—
Douglas operators of index 2 are not always strongly irreducible. In [5], the authors
introduced a class of Cowen—Douglas operators on Hilbert spaces and discussed their
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strong irreducibility. In this paper, we will discuss the strong irreducibility of this class
of Cowen—Douglas operators on Banach spaces.

In this paper, all Banach spaces are over the complex field. B(X, Y) denotes the set
of bounded linear operators from a Banach space X to a Banach space Y and B(X, X)
is abbreviated to B(X). The identity on X is denoted by Ix and often abbreviated to
I. For an operator T € B(X, Y), its kernel is ker T := {x € X : Tx = 0} and its range is
ranT := {Tx : x € X}. For a subset A of X, span A and A denote the linear span and the
norm-closure of A, respectively. An operator 7 € B(X) is said to be quasinilpotent if
lim,,_, || T"))'/" = 0.

In the following, if there is no special explanation, X is always a Banach space, Q
is a nonempty bounded connected open subset of C and n is a positive integer.

Dermition 1.1 [1]. An operator T € B(X) is said to be a Cowen—Douglas operator of
index n on Q (defined on X)), if the following statements hold:

(1) dimker(T — w)=nforall w € Q;

2) ran(T — w) =X forall w € Q;

(3) spanfker(7T —w) : we Q) =X.

Denote the set of Cowen—Douglas operators of index n on Q (defined on X) by
B,(Q)(X), abbreviated to $,(€) when the meaning is clear.

Dermnition 1.2 [2]. An operator T € B(X) is said to be strongly irreducible if there
exists no nontrivial idempotent in the commutant algebra of 7', that is, if P € B(X)
with P> = Pand TP = PT,then P=0or P = I.

Dermnition 1.3 [5]. For an operator T € B(X), if there exists a direct sum decomposition
X=X®X,®--® X, such that T can be expressed as

T, Siz -+ Su
T, . :
T = 2 , (1.1)
' Snfl,n
0 T,

where T; € 81(Q)(X;)) for 1 <i<nand §;; € B(X;, X)) for1 <i< j<nwith§;; #0
and 7S ;i1 = Sii1Tiv1 for 1 <i<n, then we say T € FB,(Q)(X) or simply T €
FB,(Q).

In Section 2, we show ¥ 8,(Q) € B,(Q). In Section 3, we give some conditions
under which an operator T € ¥ 8,(Q2) is strongly irreducible. These results generalise
the results on Hilbert spaces in [5]. The proofs are different: [5] uses the language of
holomorphic vector bundles, while we use only operator theory on Banach spaces.

2. FB4(Q) € B4(Q)

In this section, we show ¥ B,,(Q) C B,(€). In fact, we obtain a more general result.

https://doi.org/10.1017/5S0004972716000460 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972716000460

[3] The strong irreducibility of Cowen—Douglas operators 481

Prorosition 2.1. Let T be a bounded linear operator on X. Suppose X has a direct
sum decomposition X = X1 ® X, ®--- ® X,, and T can be expressed as in (1.1) where
Tie Bi(Q)X) forl1 <i<nandS;j€ BX;,X;) forl <i<j<n ThenT € B,(Q).

Proor. For every w € Q and for 1 < i < n, since dimker(7; — w) = 1, we can write
ker(T; — w) = span{e; ,}
with 0 # ¢;, € X;. Since ran(T| — w) = X, there exists an fj,, € X; such that
(T — W) f12.0 = —S12€20- Let
820 = f120 * €20

Since ran(7, — w) = X», there exists an f>3,, € X, such that (T, — w) 236 = =S 23630
and then, invoking again ran(7; — w) = X, there exists an fi3, € X; such that
Ty — W) fi30=—S1330 = S12f230- Let

830 = f130 7+ 230+ 0.
Continuing in the same way, we can obtain f; ;. € X; for all 1 <i < j <n such that
(Tj—l - (»U)fj—l,j,w = —Sj_l,jej,w and

j-1
(Ti = ) fijw = =Sijejo = ) Sicfejo (1<i<j=2).
k=i+1

Let
j-1
8w =) Jujw+ €jor
k=1

By the choice of g;,, it is obvious that ker(T — w) 2 span{e1 4, 820> - - - » §n.w}-
Conversely, if x| + xp + -+ + x, € ker(T — w) with x; € X; for 1 <i < n, then
(T, — w)x, = 0. Thus x, = a,e,,, for some a, € C. Now
0= (Tn—l - U-))xn—l + Sn—l,n-xn =(Tp-1 - w)xn—l + anSn—l,nen,w
= (Tn—l - U-))xn—l - an(Tn—l - U-))fn—l,n,w = (Tn—l - U-))(xn—l - anﬁz—l,n,w),
SO Xy—1 — Anfu-1pnw = An-1€n—1, for some a,; € C, that is, X, = apfu—1nw +
An-1€n-1 - Again,
0= (Th2 — W)X, + Sn72,n71xn71 + Sn72,nxn
= (Tn72 - (U)xn72 + anS n72,n71fn71,n,w + anflSrkZ,nflenfl,w + anS n-2.n€n,w
= (Tn72 - (U)xth — dp-1 (Tn72 - a))fnflnfl,w - an(TrkZ - w)fan,nfl,w
= (Tn72 - w)(xrkZ - (l,,,]f,,,z’n,l’w - anfnflnfl,w)’

and hence x,_2 — an-1 fu-2.1-1.0 — Anfu-20-1.0 = An-2€n—2,, for some a,_, € C. Thus
Xn—2 = Anfn-2nw + An-1 Ju-2.1-1.0 + An-2€n-2,. Continuing in this way, we conclude
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that x; = 27 _..| akfikw + aiei for some a; € C for 1 <i <nand so

n n
X1+xX+- - +x,= Z A filpw + a1+ Z U fopw + €20+ -+ + Anéyy
k=2 k=3

n—1
=aey t a2(32,w + f1,2,w) +---F an(en,w + ka,n,w)

k=1
=ailly t B wt t Angnw-

Therefore, ker(T — w) = span{ei u, 82.ws - - - » §nw)-
IfaeCforl <i<mnaresuchthatO=aje;, + argow + - + Anguw, then

n—1
0= alely + a2(€2,w + fl,Z,a)) +- an(en,w + Z fk,n,a))
k=1

n n
=ae1y t Z akfl,k,w +azer, + Z aku,k,a) +eeet anfn—l,n,w + anpn -
= oy

Since a;e;w, + Yi ;v Aifikw € Xi (1 <i<n)and a,e,, € X,, each of these quantities
is 0 and so a, = 0. Again, a,—1€4-1.0» = An-1€n-1.0 + Anfo-1nw = 0, 50 a,—; = 0. In the
same way, we conclude that @; = 0 for all 1 <i < n. Thus, e} 4, 2.0 - - - » §n.w are linear
independent. Therefore dimker(7 — w) = n.

IfweQandy, +y, +---+y, € Xwithy; € X; for 1 <i<n,sinceran(T, — w) = X,,,
there exists an x, € X, such that (7,, — w)x,, = y,. Since ran(T,—; — w) = X,,—1, there
exists an x,_; € X, such that (T)—1 — W)Xy—1 = Yn-1 — Sy—1.nX,. In the same way, we
obtain x; € X; for 1 <i < n such that (T; — w)x; = y; — 2}_;., SixXk. By the choice of
the x; we have (T —w)(x; + xo + -+ Xx,) =y + o + -+ y, and so ran(T — w) = X.

From the first part of the proof,

X, =spanfker(T| — w) : w € Q} =spanfe;,, : w € Q} C spani{ker(T — w) : w € Q}.
For w € Q, since €2, = 82,5 — f12.0 € ker(T — w) + X; Cspanfker(T — w) : w € Q},
ker(T> — w) = span{e, ,} C spaniker(T — w) : w € Q}.

Thus X, = span{ker(T» — w) : w € Q} C spanfker(T — w) : w € Q}. Again, for w € Q,
since €3 = 830 — fi13.0 — fr3.0 €ker(T — w) + X; + X, € spanfker(T — w) : w € Q},

ker(Ts; — w) = span{es ,} € span{ker(T — w) : w € Q}.

Thus X3 = spanfker(73; — w) : w € Q} C span{ker(T — w) : w € Q}. Continuing in this
way, we conclude that X; C span{ker(T — w) : w € Q} for all 1 <i < n. Therefore,

X=X1X,® - ®X, =span{ker(T —w) : w € Q}.
This completes the proof that T € B,,(€2). O
CoROLLARY 2.2. ¥ 8B,(Q) C B,(Q).
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Although we have assumed only that §; ;1 (1 <i < n) is nonzero in Definition 1.3,
its range must be dense, as is shown below.

Prorosition 2.3. Let X1, X, be Banach spaces. If T € B1(Q)(Xy), T, € B1(Q)(X3) and
0#S € B(Xo, X)) withT\S =ST, thenran§ = X;.

Proor. For w € Q, since dimker(T; — w) = dimker(T, — w) = 1, we can write
ker(T| — w) = spanfe; ,}, ker(T, — w) = spanfey )}

for some 0 # e, € X; and O # e, € X,. Since
X, = spanfker(T; — w) : w € Q} =span{ey,, : w € Q}

and S # 0, there exists an wy € € such that Se;,,, # 0. By [12, Lemma 2], there exist
some neighbourhood A € Q of wy and a holomorphic X,-valued function 4 defined
on A such that, for each w € A, ker(T» — w) = span{h(w)}. Hence h(w) = az ez, for
some 0 # a,, € C. Let

k:A—> X k(w) =S (h(w)).

Then k is a continuous X;-valued function defined on A and
k(wo) = S (h(wo)) = S (a2,0y€2.0y) = 2,008 €2, # 0.

Therefore, there exists a nonempty bounded connected open subset A of C with
wo € A C A CQ such that for each w € A, 0 # k(w) = ar S er,; S0 Sepr, #0. But
(T —w)Ser =S(Tr — w)ez,, =0, and hence Se,, = aj wer, for some 0 # a;, € C.
Thus,

1
e1p=—Sey, €rans.
alw

Since B1(Q2)(X1) € B1(A)(X,) by [12, Theorem 1], T} € B1(A)(X,). Therefore,
X, =spanfker(T| — w) : w € A} =spanfe;,, : w € A} CranS.

Thus ran S = X;. |

3. The strong irreducibility of operators in 7 5,(L2)

In this section, we give some conditions under which an operator T € ¥ 8,(Q) is
strongly irreducible. We need two lemmas about Rosenblum operators.

Let X; be Banach spaces and let T; € B(X;) for i = 1,2. Define the Rosenblum
operator 7r, 1, by

T1,.T> * B(Xz,X]) - B(XQ,X]) . T(S) = T]S - STZ S € B(Xz,Xl).
We abbreviate 77, 7, to 71, : B(X;) = B(X)).
Lemma 3.1. Let T € B1(Q). If S € kerty and S is quasinilpotent, then S = 0.
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Proor. For w € Q, since dimker(T — w) = 1, we can write
ker(T — w) = span{e,}

for some 0 # ¢, € X. Since S € kerty, TS =ST and (T — w)Se, =S(T — w)e, = 0.
Thus Se, = aye, for some a,, € C. Therefore, for alln € N, S"e,, = al,e,,. Now

laul"llewll = llagewll = 1S ewll < IS™[l llewll,

which gives
lagl < IS"I"" =0 (n — o).

Thus a, =0and Se, = a,e, = 0. But

X =spanfker(T — w) : w € Q} = spanfe,, : w € Q},
and so we have S = 0. O
Lemmva 3.2 [11]. Let T € B(X). If S € kerty Nranty, then S is quasinilpotent.

ProposiTioN 3.3. For k= 1,2, let T® € FB,(Q) and, under the direct sum
decomposition X = X%k) ® X;k), write T® as

T(k)_(Tfk) NG
0o TPy

where TV € B1(Q)(X\"), T € B1(Q)(X) and 0 = $© e BX, x1) with TS ® =
S(k)Tgk). If P € kertro 7o and P is invertible, then P is a block upper triangular
operator, that is, if P = (Pij)x2, where P;j € B(X;m, Xfl))for i,j=1,2, then Py; =0.

Proor. Let Q = P! = (Qij)ax2, Where Q;; € B(Xj”,X}”) for i, j=1,2. Since P €
ker 77 7, it follows that TV P = PT® and TV = T® Q. Since TV P = PT®,

TI(I)PU + S(I)P21 Tl(l)Plz + S(I)Pzz _ Tfl) S(l) P11 P12
7"Py 7{"Py 0 TV)\Pa P
(Pn P12) (Tiz) S(z)) P”TEZ) PuS®@ + P'2T§2)
= 2 =
Py Pxnll 0 Té ) P21T1(2) Py S@ + P22T§2)

and, since = 9TV = T?Q,
oty enset (a0 guyr )
- ()
onTL 038D+ 0pT") \Qu @2\ 0 T,

= (TEZ) S(z)) (Qll Q12) _ TP011 +SP0y TP +S?0xn
0 Téz) 01 0Oxn T§2)Q2] T;z)QZQ .
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Since Py §@ = Tél)Pzz - P22T§2) and Téz)Qzl = Qlefl),

1 2
Py S?0ySM =T} P05 SV — PzzTé '0y 8V
1 1
= Té "PpQ0ySh - P22Q21T§ Js®
1 1
= T; )P22Q215(1) — PzzQz]S(l)Té ) = TTS)(PBQZIS(D) € ram'T;n.

Since 7" Py = Py T and T Qa1 = 0 T\,

73" PSP 008V = PyT?S? 058" = PySPTY 055"
=PuSP0nTSW = PS® 0,501,
Thus P2 S@0,SD € ker T;o Nrant,o. By Lemma 3.2, Py1S®0, 8D s

quasinilpotent.
Since Tél) eBl(Q)(Xgl)), Lemma 3.1 shows Py SP0,S™ =0. Also, since

ranSM = XEI), we have Py S@Qy =0. If Oy # 0, since T§2)Q21 = Q21T§1), then

ran Q) = Xf) by Proposition 2.3. Since ran S @ = ng), this yields P,; = 0 and so P is
a block upper triangular operator. If, on the other hand, Q> = 0, then Q;; # 0 since Q
is invertible. Since

Qllel) = Tl(z)Qn +SP0y = sz)Qn,
it follows that ran Q;; = Xiz) by Proposition 2.3. Since PQ =1,

PQun PuQu+PnOn|_(Pu Pu|(Qu Qu\_(I 0
P10 P2Qia+ 0nPxn Py PpJ\ 0 QOx» 0 1
and so P> 011 = 0. Thus P,; = 0 and again P is a block upper triangular operator. O

PropositioN 3.4. For k= 1,2, let T® ¢ FB,(Q) and, under the direct sum
decomposition X = X%k) &) X;k) DD X,(,k), write T® as

7R b B
1 12 1n
(k)
T7® — T
&
Sn—l,n
k
0 T

where T® € B1(Q)(X") for 1 <i<n and Sf.f) € B(Xj.k), X©) for 1 <i< j<n with
SEIZI # 0 and T[(k)SEI?Jrl = SfljllTl(ﬁ for1<i<n If Pekertro re and P is invertible,
then P is a block upper triangular operator, that is, if P = (P;j)uxn, Where P;j €

BXP,X{") for 1 <i, j<n, then Pi;=0for | < j<i<n.

Proor. The proof can be given by induction on n. From Proposition 3.3, the result
holds for n = 2. Suppose that it holds for n < m. As in the proof of [5, Proposition 3.2],
we can obtain the result for n = m to complete the proof. O
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Prorosition 3.5. Let T € F B,(Q)(X) and express T in block upper triangular form as
in Definition 1.3. If P € ker tr, then P is a block upper triangular operator, that is, if
P = (Pij)uxn, where P;j € B(X;,X;) for 1 <i,j<n,thenP;j=0for1<j<i<n.

Proor. The proof is similar to the proof of [5, Proposition 3.3]. O

THeEOREM 3.6. Let T € F B,(Q)(X) and express T in block upper triangular form as in
Definition 1.3. If S ;i1 ¢ ranty, 1, for 1 <i<n-—1, then T is strongly irreducible.

i

Proor. Suppose that P € B(X) with P> =P and TP = PT. Let P = (Pij)uxs With
Pije B(X;,X;)for 1 <i, j<n. Then P;; = 0for 1 < j <i<n by Proposition 3.5. Now
write

(Uipdnxn = TP = PT = (Vipwans  (Widan = P* = P = (Pi})nxns

where U;; = V;; = W;; =0for 1< j<i<nand

Jj J Jj
Uij= Zsikij, Vij= ZPikSkj, Wij = ZPikij
k=i k=i k=i
for 1 <i< j<n,whereS; =T For 1 <i<n, these equations yield
TiPy=U;=Vy=P;T;, Pi=W;=P;.
Since T; € B;(Q)(X;), T; is strongly irreducible by [12, Theorem 2]. Thus P; = 0 or [.
Suppose Py = 0 and P14 = I for some [ with 1 </ <n - 1. Since
TiPryy + S11 =TiPrr + S Prer e = Ui
=V = PuSipr + Py Tir = P Ty,
it follows that
Siier = Ti(=Ppi1) = (=Prs)Tier = 71,1, (= Prys1) € ran 7y, 7,
which is a contradiction. If Py =1 and Pj,y 41 = 0 for some 1 </ <n — 1, similarly
we reach a contradiction. Thus P; =0 forall 1 <i<norP;=1foralll <i<n.
If P; =0forall 1 <i<n,then
Piivi = Wi = PiiPii1 + Pii1Pis1i1 =0
and
Piis2 = Wiio = PiiPijo + Pii1Piv1 w2 + PiinoPivoivn = 0.

In the same way, we can conclude that P;; =0 for all 1 <i < j <n. Hence P=0. If
P; =1Iforall 1 <i<n,inthe same way we can prove I — P = (. Thus P = I. Therefore
T is strongly irreducible by Definition 1.2. O

CoroLLARY 3.7. Suppose T € F B,(Q)(X) and, under the direct sum decomposition
X =X,®X,, express T as
(T S
=5 7)

where Ty € B1(Q)(X1), T, € B1(Q)(Xp) and 0 £ S € B(X, Xy) with T\S =ST,. Then
T is strongly irreducible if and only if S ¢ rantr, r,.

https://doi.org/10.1017/5S0004972716000460 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972716000460

[9] The strong irreducibility of Cowen—Douglas operators 487

Proor. If § ¢ ran 7y, 1,, then T is strongly irreducible by Theorem 3.6.
Conversely, if S € ranty, 7,, then S = 7p, 1,(P12) = T1 P12 — P12T, for some Py, €

B(Xz,Xl). Let
(I P2
r=(o ")

Then
_ T1 S 1 P12 _ T1 T1P12
TP‘(() Tz)(O o)‘(o 0 )
_ T1 S+P12T2 _ 1 P12 T1 S - PT
0 0 0O 0J\0 T,
and
> (I Pp\(I Pp\ (I Pp)\_
P _(O oJlo o) \0 O =P
Thus T is not strongly irreducible. O
CoroLLARY 3.8. Let T € B1(Q)(X) and let
T I - Si,
U= T - : ’
g
0 T

where Sj € B(X) for 1 <i,j<n with j>i+2. Then U is a strongly irreducible
operator on X".

Proor. By Definition 1.3, U € ¥ B,(Q)(X"). If I € ran 77, because I € ker 77, it follows
that / is quasinilpotent by Lemma 3.2, which is a contradiction. Thus I ¢ ran 77.
Therefore U is strongly irreducible by Theorem 3.6. O

TueoreM 3.9. Let T € F B,(Q)(X) be expressed in upper block triangular form as in
Definition 1.3. If S ;41 is invertible for 1 <i <n—1, then T is strongly irreducible.

Proor. For 1 <i<n-1, let R; € B(X) be the block diagonal operator with
I...,01,812825-Si-141,...,1 onits diagonal. Let
U= Uidwxn = Ruct - RoRITR'RY - R L
Then U is similar to T and U is a block upper triangular operator. For 1 <i < n,
Ui=(S 1282+ Sist)Ti(S 12823+ Sic1) ™
=S12803 - Tis1Si—1,i(S 12823+ Si1) ' = ...
=T1S 12823+ Sic1i(S 12823+ Sict) ™ = Th,

and
Uiiv1 = (S12S23 - Si1.0Siie1(S 12823 -+ Siivt) ™ = 1.

Thus U satisfies the conditions of Corollary 3.8. Hence U is strongly irreducible.
Since strong irreducibility is a similarity invariant, T is strongly irreducible. O
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