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THE DUAL PAIR PGL3 X G,

BENEDICT H. GROSS AND GORDAN SAVIN

ABSTRACT.  Let H be the split, adjoint group of type Eg over ap-adic field. In this
paper we study the restriction of the minimal representation of H to the closed subgroup
PGL3 xGo.

1. Introduction. Let k be a p-adic field, and G, the exceptional simple group of
type G, over k. Then the product

(1.1) PGL3 xG;

isadual pair in the split, adjoint group H of type Eg over k [7]. We want to determine
the restriction of the minimal representation [9] of H to this pair.

Let D beadivision algebraof rank 3 over k, and PD* the inner form of PGL3 over k
associated to D. This group hasrank 0, and isindependent of the choice of D (asthe two
division algebras are opposite algebras). The product

(1.2 PD* x G,

is the dual pair in the inner form Hp of H, which hasrank 2 over k and is associated to
D. We want to determine the restriction of the minimal representation of Hp to this pair.

In this paper we give a conjectural description of these restrictions (Conjecture 3.1),
and work out two special cases(Proposition4.17 and 4.18). Asaconsequencewereprove
aresult of Shahidi [10] on generalized principal series of G, (Corollary 5.5).

2. Parameters. Thedual group of PGL3 and PD* is SL3(C). Irreducible, admissi-
ble representations  of PGL3(k) are parametrized by homomorphisms

2.1) £ W(K) x SLo(€) — SL3(C)

satisfying the usual conditions [3]. The component group A, of the centralizer of ¢ is
either trivial, or equal to u3 = the center of SL3(C). The latter occurs when the resulting
3-dimensional representation of W(k) x SL(C) isirreducible.

Irreducible, admissible representations mp of PD*(k) = D* /k* are finite dimen-
sional, and parametrized by the homomorphisms (2.1) with A, = p3. For example, the
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Steinberg representation St of PGL 3 has parameter ¢ trivial on W(K) and giving the prin-
cipal SL,(C) — SL3(C). Thishas A, = 3, and correspondsto the trivial (= Steinberg)
representation of PD*.

Let O be the Q-algebra of Cayley’s octonions. Then Gz(k) = Aut(0 ® K) is the ex-
ceptional group of type G, [5]. The dual group of G, is G,(C). Conjecturally, irreducible
representations 7’ of G,(k) are parametrized by pairs (', x’) where

2.2) ©":W(K) x SLo(C) — G»(C)

and x’ is an irreducible representation of the component group A, of the centralizer of
/

@ .
Let ¢ bea3-rd root of unity in O. Then the map

(2.3) g(x) = &x¢

gives an automorphism of order 3 of O, hence an element of order 3 in G,(C). The cen-
tralizer of gin G,(C) isisomorphic to SL3(C). We fix an embedding

(2.4 f:SL3(C) — G(C).

The normalizer of g in G,(C) contains SL3(C) with index 2, and induces the outer auto-
morphism

(2.5) i(A) ='A1

of SL3(C).

If » isaparameter for PGL3 or PD* asin (2.1), then the composition ¢’ = f o pisa
parameter for G, asin (2.2). The map f induces ahomomorphism

(2.6) fiA, — Au

PrOPOSITION 2.7.  Themapf, isinjective, and hasimage a normal subgroup of index
lor?2.

Proor. Thisis proved by direct computation, using [4]. The case A, = S3 occurs
precisely when Im(y), theimage of W(k) x SL,(C) under ¢, actsirreducibly on € and
is contained in SO3(C). The case A» = pi» occurs when Im(y) stabilizes a unique line
and is contained in S(O1(C) x Oy(C)) = O(C), or when theimageis S(O1(C)?) = 3.

3. Conjectures. Letmbeanirreducible representation of PGL3(k). We define O(r)
as the set of irreducible representations of ©’ of G, (k) such that # ® =’ is a quotient of
the minimal representation of H. Let mp be an irreducible representation of D* /k*. We
define ©(mp) asthe set of irreducible representations of 7’ of G,(k) suchthat mp ® 7’ is
aquotient of the minimal representation of Hp.
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CONJECTURE 3.1. Let p: W(K) x SL2(C) — SL3(C) bea parameter of 7 or mp. Then

(1) O(r) istheset of 7’ whose parameters(y’, x') satisfy: ¢’ = fop and x’of, = 1.

(2) O(mp) UO(my) isthe set of 7’ whose parameters(’, x’) satisfy: ¢’ = f o p and
x of. # 1.

A simple consequence of this would be that a representation 7’ of G (k) occurs as a
quotient of one of the minimal representations if and only its Langlands parameter o’
is lifted from SL3. It then occurs in precisely one of the sets ©(r) or ©(mp) U O(my),
depending on the restriction of x' to the subgroup f.(A,) of A,...

Since the minimal representation of H extendsto Aut(H), and the outer automorphism
of H fixes G, and induces the outer automorphism of PGL 3, we have

(3.2 () = O(r).

Thisis compatiblewith Conjecture 3.1, for if ¢ isthe parameter of r, thenio ¢ isthe
parameter of 7¥. Furthermore, the two lifted parametersf o p andf oiop =iofo
are equivaentin Gy(C).

4, Someexamples. We now give some examples of Conjecture 3.1. Recall that for
each semi-simple conjugacy class sin SL3(C), there is an unramified representation 7 (s)
of PGL3(k) with Satake parameter s. Similarly, if §' is a semi-simple conjugacy class
in Gy(C), there is an unramified representation (') of Gy(k) with Satake parameter s'.
The parameter ¢ of 7(s) istrivial on SL,(C) and on the inertia subgroup of W(k), and
s= p(Fr). Let s’ = f(s). Then Conjecture 3.1 predicts that

(4.1) O(m(s)) = {n(s)}.

This statement has been checked for tempered 7(s) in [7]. Recall that 7(s) istempered if
sis contained in a compact subgroup of SL3(C).

Let St bethe Steinberg representation of PGL 3(k), and 1p thetrivial (=Steinberg) rep-
resentation of D* /k*. These have parameter ¢ trivial on W(k) and giving the embed-
ding of the principal SL,(C) — SL3(C). The parameter ¢’ = f o ¢ givesthe sub-regular
SL>(C) in G3(C), with A, = S3. The corresponding L-packet on G(k) has 3 members
[8], p. 482

(4.2) {mgens i, mec[11}

where 7y, is the unique element with a Whittaker model, and with a 3-dimensional
spaceof Iwahori invariants and wasstudied by L usztig [6]. The representation | hasal-
dimensional spaceof lwahori invariants; it is square integrable and was studied by Borel
[2]. Finally, ©[1] is unipotent super-cuspidal, and induced from the unipotent cuspidal
representation of G,(Oy) (pulled back from G(q)) of dimension q(q—1)*(q3+1) /6(q+1).
We predict that:

O(SY) = {lm, el1]}
(4-3) O(lp) = {m .
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Now let x bean unramified cubic character of k™. We havethe twisted representations
St®x and xp = 1p ®x. Thecorresponding parameter hasA, = A = u3, andthelifted
L-packet on G,(k) has 3 members[8], p. 482

(4.4) {gens Tel€], Te[€7T}

where néen isthe unique element with aWhittaker model, and 7/.[£2] are unipotent super-
cuspidal representationsof G,(Ox) (pulled back from G,(q)) of dimension g(g? — 1)?/3.
We predict that:

O(St®x) = O(St@x?) = {mpgen}
O(xp) UB(x3) = {m&[&], 7&[¢%]}-

These predictions are consistent with the following. Let K be the special maximal
compact subgroup of Hp with reduction D3(q). Then the minimal K-type of the minimal
representation of Hp should be the reflection representation of D(q), of dimension ® —
g + g. This representation, restricted to G,(q), is asum of 3 representations, 2 of which
are the unipotent cuspidal of dimension g(g? — 1)?/3.

Let Q; and Q, be the two non-conjugated maximal parabolic subgroups of GLa(k) =
GL (W5) stabilizing 1-dimensional space W; and 2-dimensional space W, in Ws, respec-
tively. Wefix Wy C Ws. Their Levi factorsare GL (Wy) x GL(W;-) and GL (W) x GL (Wy)
respectively, where W;- and W, are annihilators of W, and W, in W;. The corresponding
maximal parabolic subgroupsin PGL3 will be denoted by Q; = L;U; and Q, = L,Us.
We have isomorphisms

(4.5)

L = GL(W;)
(4.6) L, & GL(W>).
The modular charactersof L; and L, are
(4.7) p1(0) = | detg|"/? and pa(g) = | detg|"/.

Let 7 be a self-contragredient, super-cuspidal representation of GL(W.). Let 75 =
T® | det 5. Then the generalized principal series of PGL3(k)

m1(s) = Indgy 2 (7s)
4.8 %1
“.8) {m9amgwa
areirreducible, and we haveisomorphisms

7y (S) = m2(9)
(4.9) [é@=é@

The parameter ¢ of 7(0) = m1(0) = m(0) istrivial on SL(C), and factorizes through

(4.10) 0 WI(K) — GL,(C) — SLs(C),
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where W(k) — GL,(C) isthe parameter of 7, and GL,(C), isaLevi factor of amaximal
parabolic subgroup of SL3(C), stabilizing alinein C3. Let y, bethe central character of
7. Notethat x2 = 1, sincet = 7. Theimage of ¢ is contained in

SL,(C)if x, =1

O,(C) if x; # 1.

Maximal parabolic subgroups of G,(k) can be defined as stabilizers of non-trivial nil
subalgebrasof 0@ k. A nil subalgebraisasubspace consisting of tracel esselementswith
trivial multiplication (i.e. the product of any two elementsis0). The possible dimensions
areland 2. Fix V; C V,, apair of nll-Subalgebras Then P; = M1N; and P, = M,N,,
the stabilizers of V; and V,, are two non-conjugated maximal parabolic subgroupsof G,,
with P, N P, aBorel subgroup. Let

(4.12) V3={xe0®k|x=—x andx-V; = 0}.

(4.11)

We have isomorphisms

Mz & GL (Vo).
The action of the Levi factor of P; on V; isgiven by det, and the modular characters are
(4.14) pi(9) = | det(g)|*/* and p3(g) = | det(g)|*'*.
Let 7 be as above, and define ageneralized principal series by
(4.15) l2(s) = Indg? (7).

If s> 0, then I5(s) has unique (Langlands’) quotient 75(s); equivalently, 75(S) is unique
submodule of 15(—s). The parameter ¢’ of 75(s) isf o ¢, where ¢ is the parameter of
m1(8) or ma(s). Also, using (4.11), it is easy to seethat the centralizer A of the parameter
@’ of 15(0) is

lifyx,=1
(4.16) [ w2 if xr # 1.
Therefore, 15(0) should be irreducible unless x # 1, in which case 12(0) = 7 + 75 gen,
where 7r/2,gen is unique generic summand. This was shown by Shahidi [10]. Hence Con-
jecture 3.1 predicts the following.

ProrosiTION 4.17.  If s> 0, then
O(m1(s)) = O(m2(9)) = {m(9)}-

A, {15(0)} if 1
if x, =
O(r0) = { o Vit v # 1.

PROOF. In the next section.

Let 7’ be an irreducible representation of Go(k). We define ©y (') as the set of irre-
ducible representations of 7 of PGL3(k) such that # @ =’ is a quotient of the minimal
representation of H. Conjecture 3.1 predicts the following.
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ProPOSITION 4.18. If s> 0,

On(m@) = {m®) 2@}
Also, if x, # 1,
eH(T‘JZ) = Oy (77/2,gen) = {77(0)}

PROOF. In the next section.

Finaly, let 7 (s), (s > 0), be the Langlands’ quotient of the other generalized prin-
cipal seriesly(s) = Indg’l2 (7s). Conjecture 3.1 predicts that 7} (s) does not appear in the
restriction of the minimal representations of H and Hp. In particular,

(4.19) On(m(9) = 0.

5. Somecalculations. Wenow proceed to show Proposition4.17. Assumethat s >
0, and let 7’ bein ©(my(s)). Since ma(s) = m2(—s), by Frobenius reciprocity,

(5.1) HOMeGL 19 Go(9(M, m2(—S) @ 7') = HOML1gx 6,0 (MU, T_g3 @ 7)
where % enters through the normalization of parabolic induction. Hence we need to find
out for which 7/, T_ey ® 7’ isaquotient of My,.

The structure of the La(k) x Gy(k)-module My,, is given by [7; Theorem 4.3]. To
describe the needed result, we need some additional notation. There exists (see [7]) a
maximal parabolic 2, = L, 101, in H whose Levi factor &, is of type Ds, and such that
(PGL3 XG2) N 82 = L2 X G2
PGL;NU, = Us.

Let B beaBorel subgroup of GL (W), stabilizing the line W;.

PROPOSITION 5.3 [7; THEOREM 4.3]. Let GL,(k) = GL(W,) be the Levi factor of
Q2. Thenthe GL3(K) x Gy(k)-module My, hasafiltration

O=TMoCMNyCMNyClz="y,

(5.2)

such that
(1) M1/Mo > | det |* @ indgi 52 (C(GL2))
(2) Mz/Ny = | det]? @ indg 7% (C(GLy))
(3) M3/Mp =My, |det| @ MN(L) +|det]?® 1
Here det isthe usua determinant on GL (W), and theinduction ind is not normalized.
In (1), C(GL>) isthe regular representation of
GL(Wz) X GL(Vz)
In (2), C(GL,) isthe regular representation of
GL(W1) x GL(V1).
In (3), M(K,) istheminimal representation of ¥,. The center of X5, which coincideswith

the center of GL(W), actstrivially on I1(£5).
Next, we need the following
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LEMMA 5.4. Ifx, # lors# —1/2,then7_
if it isa quotient of ;.

s1 @ 7’ isa quotient of My, if and only

ProoF. The center of GL (W) acts on T i by x, - | - [¥25, and on | det| @ M(Ly)
by |- |2 1f x, # Lors # —1/2, then these two central characters are different, hence
T o1 @ 7’ isaquotient of My, if and only if it is a quotient of M. Since T is a super-
cuspidal representation, T 1@ 7’ isaquotient of MM, if and only if itisaquotient of M;.
This proves the lemma.

By the Peter-Weyl, | det |> @ C°(GL,) has

Tost} ©Ts3

asunigue GL (k) x GL3(k)-invariant quotient transforming aST_g1 under thefirst factor.
Hencer_s+% @ 7’ isaquotient of My, if and only if 7’ is a quotient of 1,(s). Hence we
obtain ©(71(s)) = {m5(s)} if s > 0, and the second statement of Proposition 4.17. The
statement ©((s)) = {m5(s)} follows from (3.2) and (4.9).

COROLLARY 5.5.  (Shahidi). Assumethats # 0. If . # 1,0r x, = lands # +1/2,
then I5(s) isirreducible.

PrROOF. Assumethat s > 0. By (4.17) we know that 71(S) @ 75(S) isaquotient of 1.
By Frobeniusreciprocity, o1 © m5(S) isaquotient of My,, andif x, # 1ors# % thenit
must be aquotient of M7, asin Lemmab.4. Hence 5(s) isaquotient of 1,(—s). However,
m5(s) isunique submoduleof I'(—s). Both are possibleonly if 1,(—s) isirreducible. Since
15(S) = 15(—9)", the corollary follows.

We now check Proposition 4.18. Let s > 0, and let 7’ be asubmoduleof 1,(—s). Then,
by Proposition 4.17,

(5.6) {m1(s), m2(s)} C On(r').
Let m bein ®y(n’). By Frobenius reciprocity,
(5.7) HOMpGL 4 xG,00 (M ™ @ 12(—8)) = HOMpaL it (Mg, ™ @ 7, 3),

where % entersthrough the normalization of parabolic induction. We need to find out for
which 7, 7 ® 7_g, ; isaquotient of My,.

The structure of the PGL3(K) x My(k)-module My, is given by [7; Theorem 7.6]. To
describe the needed result, we need some additional notation. There exists (see [7]) a
maximal parabolic 13, = M, N, in H whose Levi factor 3¢, is of type As, and such that

(PGL3 XGQ) N EUEZ = M2 X PGL3

(5.8) GoN Mo = No.

Let B be the Borel subgroup of GL(V), stahilizing the line V1, and Q = Q1 N Q- the
Borel subgroup of PGL 3 stabilizing the line Wy, @ W
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PROPOSITION 5.9[7; THEOREM 7.6]. Let GLo(k) = GL(W,) bethe Levi factor of Ps.
Then the PGL3(k) x GL2(k)-module My, hasa filtration

OZ|_|0C|_|;|_C|_|2C|_|3=|_|N2

such that
(1) M1/Mo 2 indg s ®2(CR(GL,)) @ | det 2 +indFP ey ©H2(CR(GL,)) @ | det 2
(2) My/My 2 indgys ™ ®2(CR(GLy)) @ | det |2
(3) M3/My =My, =N, @ |det|? +1@ | det |2,

Here det isthe usual determinant on GL(V>), and the inductionind is not normalized.
In (1), C(GL>) isthe regular representation of

GL(W;) x GL(V2) and GL(Ws,) x GL(V2)
respectively. In (2), C2°(GL1) isthe regular representation of
GL(W;, ® Wy) x GL(Vy).

In (3), M(We,) isthe minimal representation of W, The center of Wi, which coincides
with the center of GL(V,), actstrivialy on M(¢y).
Similar to Lemma 5.4, one proves:

LEMMA 5.10. Ify, #1lors# 0, thenn DT i3 is a quotient of My, if and only if
itisa quotient of ;.

By the Peter-Weyl, C°(GL,) @ | det |? has
Tsry O T3

as unique GL,(k) x GLy(K)-invariant quotient transforming BST_g3 under the second
factor. Hence 7 ® T 43 is a quotient of My, if and only if 7 is a quotient of (hence
isomorphic to) m1(s), or m2(s). Therefore Oy (1) C {m1(s), m2(S)}, and Proposition 4.18
follows from (5.6).

REFERENCES

1. M. Aschbacher, The 27-dimensional module for Eg. I, Invent. Math. 89(1987), 159-196.

2. A. Borel, Admissible representations of semi-simple group over a local field with vectors fixed under an
Iwahori subgroup, Invent. Math. 35(1976), 233-259.

3. B. H. Gross and D. Prasad, On the decomposition of a representation of SO, when restricted to SO,,_4,
Can. J. Math. 44(1992), 974-1002.

4. B. H. Gross and G. Savin, Motives with Galois group Gy, (1996), preprint.

5. N. Jacobson, Automorphisms of composition algebras, Rend. Palermo, 1958.

6. G. Lusztig, Some examples of square integrable representations of semisimple p-adic groups, Tran. Am.
Math. Soc. 277(1983), 623-653.

7. K. Magaard and G. Savin, Exceptional ©-correspondences, Compositio, to appear.

8. M. Reeder, Iwahori spherical discrete series, Annales ENS 27(1994), 463-491.

https://doi.org/10.4153/CMB-1997-045-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1997-045-0

384 BENEDICT H. GROSS AND GORDAN SAVIN

9. G. Savin, Dual pair Gy x PGLj; Gj is the automorphism group of the Jordan algebra J, Invent. Math.
118(1994), 141-160.
10. F. Shahidi, Langlands conjecture on Plancherel measures for p-adic groups. In: Harmonic Analysis on
Reductive Groups, Bowdoin College, Birkhauser, 1991.

Department of Mathematics Department of Mathematics
Harvard University University of Utah
Cambridge, MA Salt Lake City, UT

USA 02138 USA 84112

e-mail: gross@math.harvard.edu e-mail: savin@math.utah.edu

https://doi.org/10.4153/CMB-1997-045-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1997-045-0

