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BOOLEAN TYPES IN DEPENDENT THEORIES

ITAY KAPLAN", ORI SEGEL"*, AND SAHARON SHELAH

Abstract. The notion of a complete type can be generalized in a natural manner to allow assigning a
value in an arbitrary Boolean algebra B to each formula. We show some basic results regarding the effect
of the properties of 13 on the behavior of such types. and show they are particularity well behaved in the
case of NIP theories. In particular, we generalize the third author’s result about counting types, as well as
the notion of a smooth type and extending a type to a smooth one. We then show that Keisler measures
are tied to certain Boolean types and show that some of the results can thus be transferred to measures—in
particular, giving an alternative proof of the fact that every measure in a dependent theory can be extended
to a smooth one. We also study the stable case. We consider this paper as an invitation for more research
into the topic of Boolean types.

§1. Introduction. A complete type over a set A in the variable x is a maximal
consistent set of formulas from L,(A4), the set of formulas in x with parameters
from A. Of course, one can think of L,(A4) as a Boolean algebra by identifying
formulas which define the same set in € (the monster model). Viewed this way, a
type can also be defined as a homomorphism of Boolean algebras from L, (4) to
the Boolean algebra 2. The idea behind this work is to generalize this definition by
allowing an arbitrary Boolean algebra B in the range. We call these homomorphisms
B-types over A (see Definition 2.3). Without any assumptions, Boolean types may
behave very wildly, but it turns out that if the ambient theory T is dependent (NIP)
then there are some restrictions on their behavior which gives some credence to the
claim that this is the right context to study such types in full generality.

Let us consider an example. Suppose that 7" is the theory of the random graph
in the language {R} and that B is any Boolean algebra. Let M = T be of size
> |B| and let & : M — B be a surjective map. Let p : L, (M) — B be the unique
homomorphism defined by mapping formulas of the form x R a to 4 (a) and
formulas of the form x = a to 0 (such a homomorphism exists by quantifier
elimination and [5, Proposition 5.6]). Thus for any B there is a type whose image
has size | B|.

However, when T is NIP (dependent) this fails. For example, suppose that
T = DLO (the theory of (Q, <)), and suppose that B is a Boolean algebra with
c.c.c (the countable chain condition: if {(a; |i < N;) are non-zero elements then
for some i, j < Ry, a; Aa; #0), for example, the algebra of measurable sets up
to measure 0 in some (real) probability space. Let M be any model and let
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p: L. (M) — B be any B-type. Suppose that the image of p has size (2“0)+. By
quantifier elimination, the image of p is the algebra generated by elements of
the form p(x < a) for a € M (since x = @ is equivalent to -~ (x < a Aa < x)).

It follows that |{p (x < a)|a € M}| = (2%)", so we can find <ai i< (2N0)+>

such that p(x < a;) # p(x < a;) for i # j. By Erdés—Rado. we may assume
that (a;|i < w;) is either increasing or decreasing. Assume the former. Then
p(x<a)<Bp(x<a;)sopla;i<x) p(x<a;)=pa <x<a;)+#0 for all
i<j<ow and thus {p(a; < x<a;y1)|i<w} is a set of size N; of nonzero
mutually disjoint elements from B, contradiction. This boundedness of the image
generalizes to any NIP theory T (see Proposition 2.12 below).

Let us consider another example. In the classical settings, any type can be realized
in an elementary extension. Once a type is realized, it has a unique extension to any
model. Boolean types that have unique extensions are called smooth. Going back to
the theory of the random graph, let us assume that B is the algebra of Borel subsets
of 2% up to measure 0 (with the measure u being the product measure; see [2, 254]]).
and assume that |M| > «. Let h : M — k be surjective. Let p: L, (M) — B be
defined by p (x R a) = Uyuy) = {n € 2" |5 (h (a)) = 1} so that its measure is 1/2
(to be precise we should put the class of this set, but we will ignore this nuance
for this discussion) and p (x = a) = 0 for any @ € M (again such a B-type exists).
Note thatif N > M and g isa B-type extending p, theng (x = a) =0foranya € N
since otherwise it has positive measure, which leads to a contradiction (since for any
conjunction ¢ of atomic formulas or their negations over M which a realizes satisfies
1 (q(¢)) > 1 (g (x = a)) and the left-hand side tends to 0 as the number of distinct
conditions in ¢ grows by the choice of p). Thus by Sikorski (see Fact 2.1), we have
a lot of freedom in extending ¢ to any N’ = N. Hence no smooth extension of p
exists. Again, when T is NIP and the Boolean algebra is nice enough, every type has
a smooth extension (see, e.g., Corollary 2.35 below).

1.1. Structure of the paper. In Section 2 we prove all the main results on Boolean
types. In Section 2.1 we give the basic definitions. In particular we define two kinds
of maps between Boolean types: those induced by elementary maps (like in the
classical setting) and those induced by embeddings of the Boolean algebra itself. In
Section 2.2 we then give bounds to the number of Boolean types up to conjugation
(in particular generalizing a result of the third author [10, Theorem 5.21]) or just
image conjugation. In Section 2.3 we define and discuss smooth Boolean types as
well as a stronger notion, that of a realized Boolean type. We prove that under NIP,
if the algebra is complete, smooth types exist.

In Section 3 we relate Boolean types to Keisler measures, i.e., finitely additive
measures on definable sets. In Section 3.2 we apply the results of Section 2.2 to
count Keisler measures up to conjugation (we also give a more direct proof, using
the VC-theorem). In Section 3.3 we give an alternative proof to the well-known fact
that every Keisler measure extends to a smooth one [11, Proposition 7.9], using the
results of Section 2.3.

In Section 4 we analyze the case where the theory (or just one formula) is stable,
as well as the totally transcendental case, showing that in this case Boolean types are
locally averages of types (and in the t.t. case this is true for complete types as well).
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Throughout, let T be a complete first-order theory. Most of the time, we will
only deal with dependent 7. We use standard notations, e.g., € is a monster model
for T. As usual, all sets and models are subsets or elementary substructures of € of
cardinality < |€].

§2. Boolean types.

2.1. Basic definitions. In this subsection we define Boolean types, which are the
basic objects studied in this paper. We also define when two such types are conjugate
to each other. We finish this subsection by briefly discussing the algebraic properties
of Boolean types.

Let us start by recounting some standard notation for Boolean algebras.

Let B be a Boolean algebra, and denote by 0 and 1 the distinguished elements of
B corresponding to | and T for formulas. We denote by B* the set of all nonzero
elements of B.

Let a,b € B. We denote by —a, a+ b, and a-b the complement, sum, and
product—corresponding to —,V, and A for formulas, respectively (for example,
~0=1). Wealso writea— b =a- (~b). Wesay a, b are disjoint if a - b = 0. We also
write (— 1) -afor—aand 1 - afor a.

Every Boolean algebra has a canonical order relation: a < b iff a-b=a or
equivalently a + b = b. This corresponds to — for formulas. Recall that 0 and 1
are the minimum and maximum with respect to this order.

If the supremum of a set A C B exists we denote it by Y | 4; likewise, if the infimum
exists we denote it by [ | 4. An algebra is complete if both always exist.

A (k-)complete subalgebra of B is some subalgebra B’ C B such that if 4 C B’
(and |4| < k), and if ) A existsin B, then > 4 € B'.

If b € B, we define the relative algebra B|,—its universe is {a € B | a < b}, with
+.- and 0 inherited from B. and with 15, = b and (- a), being b —a. Note that
B|p is complete if B is.

There is a natural homomorphism 7, : B — Bl given by 7y (a) = a - b.

Since we will deal with homomorphisms of Boolean algebras, we will also need
the following facts (Sikorski’s extension theorem):

Fact 2.1 [5, Theorems 5.5 and 5.9]. Assume B is a complete Boolean algebra and
A is any Boolean algebra. Assume A C A a subset and [ : A — B is a function.

Then there is a homomorphism g : A — B extending f iff. for any ay.....a, 1 € 4
and €y, ..., en1 € {x1} such that [] €;a; = 0, we also have [] ; f (a;) = 0.

<n <n

Fact 2.2 [5, Proposition 5.8 and Theorem 5.9]. Assume B is a complete Boolean
algebra and A is any Boolean algebra. Assume A" C A is a subalgebra, and f : A — B
is a homomorphism.

Assume further that a € A, b € B. Then there exists a homomorphism g : A — B
extending fsuch that g (a) =biff Y.  f(@)<b< ] f(a).

a’eA’a’<a a’e A’ a<la’

DEeFINITION 2.3. Suppose 5 is a Boolean algebra and € is the monster model of
a complete theory 7.
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For a set A C €, a (complete)B-type in x over A is a Boolean algebra
homomorphism from the algebra of formulas L, (4) consisting of formulas in
x over A up to equivalence in € to 5. By slight abuse of notation, we will use a
formula to refer to its equivalence class in L, (4). The set of all complete B-types in
x over A is denoted by Sy (4). The set S} (A4) for n a natural number, or an ordinal,
will be the set of all complete B-types over A in some # fixed variables.

An elementary permutation 7 : A — A is a bijective elementary map. The group
of elementary permutations 7 : A4 — A acts on Sy (4) by (nm*p)(¢(x.a)) =
p (go (x, nl (a))) Say that py. py € S5 (A4) are elementarily conjugates over A if
they are in the same orbit.

We say that two B-types are image conjugates if there is some partial isomorphism
of Boolean algebras ¢ whose domain contains the image of p, such that p; = g o p;.

Finally, we say that py. p» € S5 (A4) are conjugates over A if there is some 7 :
A — A as above, and some partial Boolean isomorphism ¢ as above such that
p1 =00 (m*pa).

REMARK 2.4. Note that g o (nm* p) =7 (¢ o p). Thus, as image conjugation
and elementary conjugation are clearly equivalence relations, so is conjugation.

REMARK 2.5. Note that when B =2 (that is {0, 1}), a complete B-type is the
same as a complete type.

Also, the two notions of elementarily conjugation and conjugation identify in this
case.

REMARK 2.6. Note that L, (A) is isomorphic to the quotient of the Lindenbaum-—
Tarski algebra £ 4, (the algebra of L formulas over 4 in x up to logical equivalence;
see [6, Chapter 26]) by the filter F generated by all sentences ¢ that hold in € (where
parameters from A are considered to be constants).

Indeed, let f : L4 — L, (A) be the canonical map sending a formula to its
equivalence class in €. We want to show that /= (T) = F.

w (€)= iff € F Vx (v (x));

and since F (Vxy (x)) — w (x). we get Vxy (x) <y (x) in L4, and thus
w(x)eF.

On the other hand if i (x) € F then for some sentence ¢ such that € = ¢ we have
» <w(x)in Ly, thatisk ¢ — w (x), and certainly v (&) = €~.

This means that for any Boolean algebra B, {f € Hom (L4, B) | f [F]= 1} are
canonically isomorphic to Hom (L (A4), B).

Thus we can define Sy (A) to be {p € Hom (L. B) | F C p~' (1)} without
changing anything.

ExamPLE 2.7. One might wonder if there are any natural examples of Boolean

types.
Let (B;)..; be a sequence of Boolean algebras. Then the product algebra [] 5;
iel
is defined in the usual sense of products of algebraic structures—its elements are
choice functions, and operations are preformed coordinatewise.

By the universal property of product algebras (see [5, Proposition 6.3]),
Tie () =TT (4).

iel iel

icl

The correspondence is given by (p;);c; — (o — (pi (¢));er)-
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In particular, for any cardinal 2, S, (4) = (S} (A))i = (5% (A4))" naturally—
where the sequence (p;),_, corresponds to the Boolean type p satisfying ¢ € p; <=

p(p); =1
Thus we can consider a sequence of 4 complete types to be the same thing, for all

intents as purposes, as a B-type for B = 2*.
This case will give us an idea about the behavior of general Boolean types.

2.2. Counting Boolean types. The main result of this section is Corollary 2.17
(generalizing a result by the third author [10, Theorem 5.21]), which says that when
T is NIP, the number of Boolean types over a saturated model up to conjugation
has a bound dependent not on |B| but on the chain condition satisfied by B. The
strategy will be to encode Boolean types up to conjugacy as complete types in a long
variable tuple.

Throughout this subsection, A4 is a subset of €.

2.2.1. Counting Boolean types up to conjugation. We first concern ourselves with
the question of the number of Boolean types up to conjugation.

LeMMA 2.8. There exists an injection f : S3; (A) — S+ (A4) such that if f (p1)
and [ (p2) are conjugates then py and p, are elementary conjugates.

PrOOF. Note first that (S~ (A))i can be embedded in S¥I* (4)—choose for
each p € §* (4) some b, € € realizing it: and send each (p;),_; to tp ((bpl. )Kl /A).
Obviously, this is injective.

For p € S, (4).letp € (S* (A));' be the corresponding sequence (as in Example

2.7) and take its image ¢ € SI*I* (4) under this embedding. Then we define

S (p)=q.
Assume py. p; € 7, (A)andletqr = f (p1).q2 = f (p2).If g1, g are elementary

conjugates as witnessed by 7, so are Py, P> (in each coordinate) and thus also pi, p».
Indeed for any ¢ (x,a) and i < 4,
p(p(xa'(a), =1 CEp (b, 7' (a) =
CE @ (bpy),-a) <= (p2(p (x,a))); =1,
where for any formula ¢, p (¢) € 2%, 50 p () is a function from 4 to 2 and p (),

is the image of 7.
Thus pi (¢ (x.7' (a))) = p2 (¢ (x.a)) = pr =7 * p1. .

As an immediate corollary we have the following:

COROLLARY 2.9. The number of types in S5 (A) up to elementary conjugation is at
most the number of types in S** (A) up to conjugation.

DEermNITION 2.10. Fix some complete Boolean algebra BB and regular cardinal «.
B is k-c.c if there is no antichain (a set of pairwise disjoint elements from B7) in B
of size k.
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DEeFINITION 2.11. Suppose p € S (4), and ¢ (x, y) is some formula. Then p | ¢,
or p|,. is the restriction of p to the definable sets of the form ¢ (x, a) for a some
tuple (in the length of y) from A.

PROPOSITION 2.12. Assume ¢ (x, ) is NIP and B is k-c.c. Then for any p € S (A).
the image of p|, has cardinality < 2<".
In particular if T is NIP this holds for every .

Proor. Recall that a subset X of B is independent if every nontrivial finite product
from it is non-empty: for every ay. ..., a, and by, ..., b,, in X such that a; # b; for all
i, j.the product aj - ... - a,- — by - ... — b, is not 0. By [5, Theorem 10.1], [9], if 4 is
a cardinal such that A is regular and 4<* < A for all u < A, then every subset X C B
of cardinality / has an independent subset ¥ C X of cardinality 4.

Let 2 = (2<F)". It is easy to see that for all u < 4. u<* < j—since & is regular.
for every f# < r every function from |B] to sup {2/}, _ = 2= is contained in some
2lel for a < k.

Thus

(2<n)|ﬁ| SZ

a<k

:/-e-sup[2|°‘| \a<1~e} = 2K

(za)lﬁ‘ =Y 2l < g sup {zlanm la < K}

a<k

SO

u<F = sup ['ull)'l}lk’€ < sup {(2<n)\ﬁ|} < 2K < .

p<k

Since 7T is NIP, ¢ (x. y) has dual VC-dimension n < w: for any (a;),_,,, € AP!,

{o (b.¥)}ycelvl does not shatter (a;),_,., ;-
Thus for any such sequence (a;);_,, ., exists I C n 4 1 such that

Nexa)n N\ —e(xa)

iel i€(n+1)\I

i<n+

1s inconsistent.
We get

[Tretra))- T[] -rlexa)

i€l i€(n+1)\I

| Newa)n N\ —elxa)| =0

iel ie(n+1)\I1

so Im (pl,) has no independent set of size n + 1. let alone A—thus |Im (p|,)| <
A= |Im (ply)| < 2<%

RemaARrk 2.13. If ¢ has IP and B is complete, then there is a 5-type p such that
Im (pl,) = B. Indeed by compactness there is a sequence of parameters (b, | a € B)
such that (o (x.bq) | a € B) is independent as a subset of Ly ({ba},cp). and [ :
{0 (x.b4)}ocp — B defined as f (¢ (x.bq)) = a can be extended to a B-type by
Fact 2.1, since there are no (non-trivial) Boolean relations on the domain.
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Now assume NIP and that B has k-c.c. Let A be the set of subalgebras B of
B of size at most u = 2<% 4 |x| + |T'|. Proposition 2.12 says that for p € S5 (4).
the algebra B,, which is the image of p, is in A. For each B € A, choose some
enumeration {(ap; |i < u) (maybe with repetitions) of BT. Let us say that By is
conjugate to B, if there is a (unique) isomorphism ¢ : B; — B, taking ap,.itoag,.;.

Given B € A, for each i < u, choose an ultrafilter Dg; (of B) which contains
ap; (equivalently a homomorphism from B to 2 such that Dp; (ap;) = 1I; see
[5. Proposition 2.15]). We ask that if B; and B, are conjugates, say via o, then
o (Dg,;) = Dp,;—or in the language of homomorphisms, D, ; = Dp,; 0o. To
achieve this we choose representatives for the conjugacy classes and a sequence
of ultrafilters for each representative and construct the others from it. Note that
if B; is the chosen representative, and o; : B3 — B, and o, : B, — B; witness the
conjugacy then o, o g; : B3 — Bj witnesses that B; and B3 are conjugates. Thus
Dp,; =Dp o (0200)) = (DBIJ‘ o 02) ooy = Dp,;oa.

Let Dp = (Dgi);., : B — 2, the product homomorphism.

For i < u and p € S (4), let g, € S5, (A4) be the 2“-type Dp, o p. Finally, let
qp = f (@) in S&ili<t) (4) where f : S5, (4) — S©ili<t) (4) is as in Lemma 2.8.

PRrROPOSITION 2.14 (Assuming B has k-c.c. and T has NIP). Suppose pi, ps €
S% (A) and B = B, = B, and that q,, = q,,. Then p; = ps.

PROOF. Ifnot then for somego (x,a), p1(p (x,a)) # pa(p (x,a)).

WLOG pi (¢ (x.a)) £ p2 (¢ (x.a)). and let b = pi (¢ (x.a)) — p2 (¢ (x.a)). s0
b c B*. For somez < nb= aB,, Itfollows that p; (¢ (x,a)) — p2 (¢ (x,a)) € Dp;;
hence g, (¢ (x.a)); = 1and g, (¢ (x,a)); = 0 thatis g, # ¢, qu. -

COROLLARY 2.15 (Assuming B has x-c.c. and T has NIP). Suppose pi,p> €
Sy (A) and B = B, = B,,. If q,, and q,, are conjugates over A, then p\ and p, are
elementarily conjugates over A.

Proor. Suppose that 7 x g, = ¢,, for an elementary permutation 7 : 4 — 4.
Then also, by Lemma 2.8 (to be precise. by the choice of ¢,,.4p,). 7 % §p, = Gp,.
Note that 7 * ), = Grsp, -

But B, = B, (since 7 just permutes the domain); thus we can apply
Proposition 2.14 to 7 * py, pa. .

COROLLARY 2.16 (Assuming B has k-c.c. and T has NIP). If pi. p> € S (A).
B, and B,, are conjugates. and q,, and q,, are conjugates over A. then p\ and p; are
conjugates over A.

PrOOF. Suppose o : B, — B, takes ag, i toag, ;. Then ¢ o p; and p; satisfy
the condition of Corollary 2.15: note that Bsop = Im (g o py) =0a (Im(p1)) =

o (Bpl) =B,
Further, by the way we chose the Dp’s, DBm = D3, oa: thus

qp, = Dp, o p1=Dp, ccop=Dg,, ©00p1={eop,.

and thus ¢,0p, = ¢p, and g,, are conjugates.
So for some elementary permutation 7 : A — A, w * (6 o p;) = pa. —

COROLLARY 2.17.  Assume B has k-c.c.and T has NIP, and let p = 2<% + |T| + |x]|.
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The number of types in S;; (A) up to conjugation is bounded by the number of types
in S (A4) (equivalently S* (A)) up to conjugation + 2*. Hence. if J. k are cardinals
and o and ordinal such that . = <" =Ry =k +a >k > 2y, + . andif A = M is
a saturated model of size A, this number is bounded by 2<% + || * + 2# = 2<F + |a| “.

PrOOF. Given p, map it to the pair consisting of the conjugacy class of ¢, and the
quantifier-free type of the algebra B,. enumerated by (agpj li< ,u) (whose number
is bounded by 2#, since the language of Boolean algebras is finite). By Corollary
2.16, the preimage of an element under this map is contained in a single conjugacy
class. The second part of the statement follows immediately from Theorem 5.21 in
[10], since u > |T|. .

2.2.2. Counting types up to image conjugation. One may wonder whether we can
get a meaningful bound for | S5 (4)| (without taking elementary conjugation into
consideration). For example, the universal property of the product gives us a simple
equation: |S3, (4)| = [S* (4)|~.

Note thatif ¢ : B =+ B’ is an isomorphism between two different subalgebras of
Band p € S (A) is such that Im (p) = B. then g o p € S (4) is different from p.
This means that if 5 has many copies of small subalgebras then we necessarily have
at least as many B types. Thus if we want to give a bound that is independent of
the size of B, we must restrict ourselves to counting up to image conjugation. Note
that 2 has only a single subalgebra (itself) and a single partial isomorphism (the
identity), so for 2-types (i.e., classical types) counting types up to image conjugation
is the same as just counting types.

COROLLARY 2.18. Assume B has k-c.c and T has NIP, and assume |A| > Ny. We
have the following bounds on 1., the number of types in Sy (A) up to image conjugation.
where u = 2<% + |T| + | x|.

If T is stable, 2. < |A|*.

If Tis NIP, A < (ded |A|)", where ded 0 is the supremum on the number of cuts on
a linearly ordered set of cardinality < 6.

If T has IP and x is finite then A could be maximal, i.e.. sup {|S% (A)|||4] < k} =
|B|* for all k > |B| + |T|.

Proor. The proof of Corollary 2.16 shows also that if p;, p» € Si (4). B,, and
B, are conjugates, and g,, = ¢,,. then p; and p; are image conjugates.

We conclude that the number of B types over 4 up to image conjugation is at
most |[S# (4)].

Let ¢ (x. y) be some partitioned formula, and denote by Sy (A4) the set of ¢-types.
that is, a maximal consistent set of formulas of the form ¢ (x, b) or —¢ (x, b) where
bisa y-tuplein 4.

For 0 = sup {|Ss (4)| | ¢ (x,»)}. |S* (4)] < 6*, since the number of formulas in
4 variables is at most u + |T'| = u, and the map p — <p|¢>¢ is injective.

According to [11, Proposition 2.69], if T has NIP then 6 < ded |A|.

Further, by the preceding remarks there, if 7 is stable then 6 < |A4| and thus
A < |A|* for stable T.

Assume that 7 has IP. Note that 2 < |B|* < k" = 2% If ¢ (x, ) has IP then
there is some model M |= T of size x such that |S, (M)| = 2/™|. Note that the

https://doi.org/10.1017/js1.2022.7 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2022.7

BOOLEAN TYPES IN DEPENDENT THEORIES 1357

algebra 2 is embedded in Bso S5 (M) embeds into S35 (M ). Finally any two of these
types are not image conjugates since there is only one embedding of 2 to B. -

2.3. Smooth Boolean types. In this section we define the notion of a smooth
Boolean type analogously to a smooth Keisler measure: these are Boolean types
which have a unique extension to every larger parameter set. The main result of this
section is that every Boolean type in an NIP theory can be extended to a smooth
one (see Corollary 2.35). This mirrors a similar result for Keisler measures (see [11,
Proposition 7.9]), which we recover later in Section 3.3. We also discuss the stronger
notion of a realized Boolean type.

DEFINITION 2.19. Let A C B, p € Sj;(A). and ¢q € S (B); then g extends p if
it extends it as a function, that is for any formula ¢ (x,a) over 4. p (¢ (x,a)) =
q (¢ (x,a)) (technically, the images of the equivalence classes are the same).

We say that p is smooth if for every such B there exists a unique B-type ¢ over B
extending p.

REMARK 2.20. If B =2and 4 = M is a model, a type is smooth iff it is realized,
that is equal to tp (a/M ), for some tuple a in M.

REMARK 2.21. As we remarked in Example 2.7, p € S5 (4) is essentially
equivalent to a sequence (p;), . of complete types via p (¢), =1 <= ¢ € p;: it
is obvious that ¢ extends p iff ¢; extends p; for all i; and thus p is smooth iff p; is
smooth for each i.

Assume |x| < o (i.e., x is a finite tuple). Then this case gives rise naturally to the
following definition:

DEFINITION 2.22. A B-type p € S (M) over a model M is called realized if

> p(x = a) exists and equals 1. (Here and later, when we write @ € M in the
aeM

sum, we meana € M*.)

REMARK 2.23. If B=2,then )  p(x =a) = 1iff there exists « € M such that
aeM
p (x = a) = 1. Therefore this definition agrees with the classical one for complete

types.
If B =2" again by Example 2.7. p € S (M) corresponds to a sequence of

complete types and

Zp(x:a):I@Vi<n(Z p(x:a)> =1«

aeM aceM
Vi<kda € M (x =a) € p,.

That is p is realized iff every p; is realized (in M).
Therefore, by Remark 2.21, in this case p is smooth iff every p; is smooth iff every
pi is realized iff p is realized.

One direction of the last remark works in general:

Cramv 2.24. Assume p € Sy (M) is realized. Then p is smooth.

https://doi.org/10.1017/js1.2022.7 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2022.7

1358 ITAY KAPLAN, ORI SEGEL. AND SAHARON SHELAH

Proor. Let b, = p(x = a) € B for each x-tuple a in M. Assume g € S} (N)
extends p. Let ¢ (x.¢) € Ly (N) be some formula.
Then by [5, Lemma 1.33b], since ) b, exists and equals 1 by assumption,

q(p(x.)=q(p(x.c)- D ba=Y q(p(x.c)) b,
aEM aeM
=Y qlp(x0)qx=a)=)_ q(x=ang(x.c)).
aeEM aeEM

And in particular the RHS exists.

Butforanya € M.if € F ¢ (a,c)then (x = a A ¢ (x.¢)) = (x = a) (as definable
sets) and thus ¢ (x =a A ¢ (x,¢)) = ¢ (x = a) = b,, while if € F - (a.c) then
(x=aANp(x.c))=Llandthusg(x =a Ay (x,c))=0.

Thus we get necessarily (since the supremum never changes when adding or
removing 0’s)

acp(Mc)
That is, we get ¢ is uniquely determined. o

One may naturally ask if every smooth type is realized. We start with the following
result:

Cramm 2.25. Assume p € Sy (M) is smooth for B a complete Boolean algebra.
Then ) p(x = a) is maximal: for any extension g € S (N) of p.

acM
Sqtx=a)=Y plx=a).

aeN aeM

PrOOF. Assume otherwise. Since foranya € M. g (x = a) = p (x = a), we have
in particular some ¢ € N \ M be such that ¢ (x = a) > 0.

However, there is always a type ¢’ € S5 (V) extending p such that ¢’ (x = a) = 0.
Indeed, for any consistent ¢ (x,b) € L, (M) it cannot be ¢ (x,b) — x = a, as that
would imply that a is definable over M; but M < N thus its definable closure is
itself.

Thus by Fact 2.2, there exists ¢’ as required.

This means that if ¢ (x = a) > 0, ¢ and ¢’ are distinct extensions of p; thus p is
not smooth. #

The property in Claim 2.25 has an alternative formulation which is somewhat
easier to reason about:

CLamM 2.26. Assume B is complete. A type p € S (M) has the property that )
aeM
p (x = a) is not maximal iff there exists a subalgebra B’ of B such that Im (p) C B’

and an atom a € B’ such thata <- ) p(x = a).
aeM

PROOF. Assume ¢ extends p and > ¢g(x=a)>) p(x=a) and let
aeEN aeM
c € N\ M suchthatq(x =c¢) >0.Let B =Im(q)anda =g (x = ¢).
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Then a must be an atom in B’, since if b <a and b € B’, let ¢ (x,b) such
that ¢ (¢ (x.b)) =b. If €E ¢ (¢, b) then ¢ (x.b) A x = ¢ is the same as x = ¢ and
thusb=b-a=¢q(p (x.b) Ax =¢) =g (x =¢) = a; similarly if € ¥ ¢ (¢, b) then
@ (x,b) A x = cis L and thus we likewise get b = 0. Finally since a is disjoint from

p(x=a)foranya e M,a<-)Y p(x=a).
aeM
On the other hand, let B’ and a € B’ be an atom as in the claim. Let D, : B’ — 2

be the principal ultrafilter generated by a represented as a homomorphism (i.e.,
D, (b) =1<= a<b)andlet p’ = D, o pwhichisacomplete type over M. p’ isnot

realized in M:asa <- > p(x=a), D, ( oplx= a)) =0;thus p’ (x =a) =
acM aeM

D,(p(x=a))<Dqy ( > op(x :a)> = 0 for any @ in M.
acM
Let crealize p’ outside of M, and let N containing cand M. Then forany ¢ (x,b) €

L, (M),if o (x.b) — x = c then ¢ (x,b) = L (since ¢ cannot be definable over M)
and thus

ple(xb))=0<a
and if x = ¢ — ¢ (x,b) then € F ¢ (¢, b) and thus

Do (p (o (x.0)=p (p(x.0)) =1=a<p(p(x.b)).

Thus by Fact 2.2, p can be extended to a type ¢ over N which satisfiesg (x = ¢) = a

and thus
Sqx=a)>Y plx=a).

acN aeM

as required. -
As a corollary of Claim 2.26 we get:

REMARK 2.27. If p € S} (M) is onto and B atomless and complete. then }°
aeM
p (x = a) is maximal and in fact p (x = a) = 0 for all a.

On the other hand if B is atomic (that is there is an atom under every positive

element) then > p(x =a) is maximal iff Y p(x =a)=1 (that is iff p is
acM aeM
realized).

ExaMmPLE 2.28. Let L = {Ep} BEB®) (one unary predicate Ep for every Borel
set in R), T = Thy (R) (with the obvious interpretations), and B be the algebra
B(R) /I where I = {B € B(R) | u (B) = 0} where u is the Lebesgue measure; B is
a g-complete and c.c.c.—thus complete—as well as atomless.

Then T proves that every Boolean combination of the unary predicates is
equivalent to single unary predicate, and by a standard argument eliminates
quantifiers. Thus for any M C R, L, (M) is isomorphic to B (R) with Eg (x) — B
(x = aisequivalent to Eg,y (x)). Let p : L, (M) — B be the projection.

We get that for any ¢ : L, (N) — B extending p, ¢ is a surjection to an atomless
Boolean algebra; therefore it sends atoms to 0, thatis ¢ (x = a) =0foralla € N.
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Thus since x = y is the only atomic formula involving both x and a parameter, and
since T eliminates quantifiers, ¢ is uniquely determined.
Thus p is smooth, but not realized by Remark 2.27.

DEFINITION 2.29.  Let p € S5 (M) bea Boolean type and let ¢ (x, y) be a formula.
We say that the image of p with respect to ¢ is maximal. or that Im (p|,(x.,))
is maximal, if for any N O M and for any ¢ € S} (N) extending p we have
{q(x.b)|beN}={p(x.a)|acM}

If the image of p is maximal with respect to every ¢ we say that the image of p is
maximal.

The following proposition gives us a way to extend types in a way that maximizes
their images, in the following precise sense:

ProPOSITION 2.30. Assume B is a Boolean algebra. Let p € Sy (M) be a B-type
over M. Then there exists N O M and a type q over N extending p such that the image
of q is maximal.

PrOOF. Let (p; (x.y) |7 < |T|) be an enumeration of all partitioned formulas
(recall that we are assuming that x is a finite tuple) and let (b, | o < |B|) be an
enumeration of the elements of B.

We construct recursively two increasing sequences with respect to the lexico-
graphic order on (|7'| + 1) x (|B] + 1):

1. An increasing sequence of models (M, | a < |B|,i < |T|).
2. An increasing (with respect to extension) sequence of B-types (p;o | @ < |B|.
i < |T]) such that p;, € S§ (Mi.).

The construction is as follows:

For (0.0). Moo = M. poo = p.

Fix i and assume we have M, ., p; o for a < |B|; if there exist M and p’ over M’
suchthat M;, C M’. p' extendspand b, € Im (p’|,,).let Mio 1 = M. pias1 = p';
otherwiselet M; o1 = Mo, Piat1 = Pia- Assume we have M, ,, pio foralla < <
|B| a limit ordinal; then define M;s =|J M, and p;5 =\J pio. Note that since

a<d a<o
(Pia)gs is a chain of homomorphism this is a well-defined homomorphism.

Assume we have M;g|. p; 5 for i <|T| and let M, 10. piv10 = M5 Pi|5)-
Finally assume we have M; g/, p; | for alli < j < |T'| a limit ordinal. Then define
Mo = M; 3 and pjo =UJ pi 5|

i<j i<j

Now let N = M7 5.9 = p|r|. 8- Then if for any b, and ¢; we have that b, €
Im (q'|,,) for some extension ¢’ of ¢ then the same holds for ¢: any extension of ¢
is also an extension of p;, and thus by construction we have b, € Im ( Dia+l \%.) -

Im (qly,)- E

RemaRrk 2.31. If B has k-c.c. and T is dependent, then by Propositions 2.12 and
2.30 we can take N to be of cardinality < |M| + 2<% + |T|, by choosing a preimage
® (x,b) for every element in Im (¢) and restricting ¢ to a structure containing M
and each of the b’ (which, from Lowenheim-Skolem, we can take to be no larger
than [M| + 2<% + |T).
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COROLLARY 2.32. Suppose B is complete. Then every B-type p € S (M) can be

extended to a B-type q € S (N) such that ) q (x = a) is maximal.
aeN

ProoF. If the image of p with respect to x = y is maximal then Y p(x =a)is

aeM
maximal: indeed, assume g over N extends p. Then Y p(x =a) <) ¢(x =a)
aceM aeN

implies in particular that Im (p|,—,) # Im (q|<=,).
We conclude from Proposition 2.30 that every B-type p over M has an extension
g over N such that ) ¢ (x = a) is maximal. .
aeN
Corollary 2.32 essentially reproves the fact that if B = 2* then every type can
be extended to a smooth type—since in this case by Remark 2.27. 3" g (x = a) is
a

maximal iff ¢ is realized and by Remark 2.23 this happens iff ¢ is smooth.

A similar approach can still be useful for any algebra. In the following discussion
we no longer need the notion of realized Boolean types, and thus no longer assume
that x is a finite tuple. We start with a useful claim:

Cram 2.33. Assume A, B are Boolean algebras where B is complete, A" C A a
subalgebra, and p : A" — Band py, py : A — B homomorphisms such that p C py, pa
and py # py. Then there exist distinct extensions ¢y, ¢> : A — B of p and a € A such
that q; (a) < ¢qa2 (a) and o o q| # q» for any automorphism ¢ of B.

Prook. Leta e A\ A’ besuch that p; (a) # ps (a).
Letb;= Y  p()andby= J[ p(a’). Then by < p; (a) # pa(a) <

a’<a,a’e A/ a’>a.a’e A’

b, and thus b; < b,.

By Fact 2.2 there are extensions ¢; of p such that ¢; (a) = b; for 0 < i < 2. Assume
there is a homomorphism ¢ : B — B such that g o ¢; = ¢».

Then for any b e Im(p), take o' € A’ such that p(a’) =b. Then o (b) =
o (p (@) = o (1 (@) = 42 (@) = p (&) = b: thus &) = iy

Furthero (b)) =0 (q1 (a)) = ¢2 ( ) = by. We conclude that by =0 (b)) <o (by).
On the other hand, for any a’ € A’ such that a’ > q, since by assumption b, < p (o)

wegeto (by) <o (p(a))=p(a)thuse(b2) < [[ p(a)=bo.

’Za.a’ EA’
We get g (by) = by = ¢ (b)), and thus ¢ is not injective and in particular, not an
automorphism. -

PROPOSITION 2.34. Assume that B is complete, and assume that N is a model of T
and q is a B-type over N that has the property in the conclusion of Proposition 2.30:
it has maximal image with respect to every formula. Then for any formula ¢ (x, ), if
there exist N' O N and extensions q\.q> € Sy (N') of q such that qi|, # q>|,. then
 is independent.

In particular, if T has NIP, such a q is smooth.

PrOOF. Assume otherwise, and let # be such that » is greater than the dual VC-
dimension of ¢ (x, y) (see, e.g., [11, Lemma 6.3]).

Let N’ be an elementary extension of N, ¢; € S} (N') extending ¢. and a € N’
such that ¢; (¢ (x,a)) = a;. By the previous claim we may assume a; < a, and let
b = a —a; > 0. Note that by Fact 2.2, for any b’ < b there exists some ¢’ € S5 (N')
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extending ¢ such that ¢’ (¢ (x,a)) = a; + b’; thus by assumption (on ¢) there exists
a’ € N suchthatg (p(x,a’)) =a; + b,

Assume first b, < b < ay,— a; for some atom b, of B. Let x’ C x be a finite
tuple containing all variables from x appearing in ¢ (x,y). Since Im (g|,/—.) is
maximal, we get by Claim 2.26 and the proof of Corollary 2.32 that b, «— >

cenl’l
g(x'=c):butifb, £ ¢ (x'=c¢)forallce N1¥'I then since b, is an atom we get

b, <—q(x'=c)forallc € N|x,| that is

b, < l_[ —q(x'=¢)=- Z q(x'=c¢).

cen¥'l cenl¥'l

Let then ¢ € Nl be such that q(x’=c)>b,. Let Dy, be the ultrafilter
corresponding to b, represented as a homomorphism to 2. Then Dy, o ¢|» € S (4)
is realized in N (since Dy, (¢ (x' =¢)) =1). But Dy, o g;|,» are extensions of
Dy, o q|,v and wehave Dy, (q1 (¢ (x.a))) = D, (a1) = 0and Dy, (g2 (¢ (x.a))) =
Dy, (a;) = 150 Dy, o ¢q is not smooth—contradiction.

Thus there is no atom of B under b; therefore by trivial induction there exist

disjoint b, >0 for 5 € {+1}" such that Y b, =b. Let b; = >
ne{E1}" ne{E1}" ()=l
b, <b. Then b-b; = > b,: thus for any such #. b [[#(i)b; =
ne{x1}".(i)=-1 i<n

b, > 0.

By assumption on g¢. for any i there exists @; € N*| such that ¢ (¢ (x.4;)) =
a; + b;. )

Let 9, (x. 30, 7u1) =\ @ (x.)""). Then

i<n

f](wn(xaao,---van 1 l_[n (a1 + b;)

i<n

>bl_[17 ) (a1 +b;)

i<n

Since for every i<mn, b-(—b;)=b-0b; <b <-a;, we have b-— (a; + b;) =
(—ay)-b-(=b;) =b-b;; therefore b -5 (i) (a; + b;) > b -7 (i) b;.

Thus
Q(Qon(x=a0> A1) >b1_[77 ) (a1 + b;)
i<n
>b]]n(i)b; =b,>0:
i<n

thus ¢, (x. ap. ....a,1) # L and thus N F 3xy, (x. ap. ... . a,_1) contradicting our
choice of n. =

By Proposition 2.30 and remark 2.31 we get:

CoROLLARY 2.35. If B is a complete Boolean algebra, every B-type in an NIP
theory can be extended to a smooth B-type. In fact, if B is k-c.c., then given a B-
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type p € Sg (M) we can find some N = M and smooth q € S (N) where [N| <
M|+ |x| 425 +|T|.

§3. Relation to Keisler measures.

3.1. Connecting Keisler measures and Boolean types. In this subsection we recall
the notion of a Keisler measure, and attach to a Keisler measure a Boolean type in
a canonical probability algebra in a way that preserves the measure. This preserves
many of the measure’s properties and will be used later to transfer results from
Boolean types to Keisler measures.

DEerINITION 3.1, A Keisler measure in x over a set A4 is a finitely additive probability
measure on L, (4).

Two Keisler measures A. 2/ in x over 4 are conjugates if there exists an elementary
map 7 : A — A such that (¢ (x.7 ' (a))) = A’ (¢ (x. a)) for any formula ¢ (x. a).

DEFINITION 3.2. A measure algebra is a o-complete Boolean algebra B (not
necessarily an algebra of sets) equipped with a g-additive measure that is positive
on every element other than 0.

A probability algebrais a measure algebra that assigns measure 1 to 1.

ExampLE 3.3. For every probability space, the algebra of measurable subsets up
to measure 0 is a probability algebra.

DEFINITION 3.4. Let x be an infinite cardinal. Then (U4, v,;) is the probability
algebra of Borel subsets of 2% up to measure 0, with v, the usual product measure
(see [2, 254]]).

REMARK 3.5. Since every probability algebra has c.c.c., every supremum or
infimum is effectively countable. Thus in particular the o-complete subalgebra
generated by some subset is the same as the complete subalgebra generated by
the same set.

We will show that we can attach to a Keisler measure a B-type for a measure
algebra 5.

REMARK 3.6. Given a Keisler measure A over 4, we can consider it as a measure
on clopen sets of S* (4) and then extend it uniquely to a regular o-additive measure
on the Borel sets of S~ (A4) (see [4, 416Qa]).

Let (B, 1) be the probability algebra of Borel subsets of S* (A4) up to 4 measure
0 and let y be the projection from the algebra of Borel subsets onto . Since the
clopen sets are a basis for the topology, the complete subalgebra of 13 generated by
the clopen sets is B itself. Note that there are at most |T'| + |4| + | x| clopen sets.

Fact 3.7. Let k be an infinite cardinal. If B is a probability algebra, and there is
B C Bsuch that |B| < k and the smallest (a-) complete subalgebra of B containing B
is B itself then there is a measure preserving homomorphism f from B to (U, v,;) (see
[3. Lemma 332N, and see also Propositions 331G and 331F there).

Further, every measure algebra homomorphism is an embedding.

PrOPOSITION 3.8.  Assume A C U, is a complete subalgebra that can be completely
generated by a set S such that |S| < k. Assume further that [ : A — U, is measure
preserving (thus an embedding).
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Then exists a measure preserving automorphism a of U,, extending f.

ProoOF. By following the proof of [3, Theorem 3311] (U, satisfies the requirements
for the theorem by [3, Theorem 331K]), we find that a recursive construction of an
automorphism can start from any partial isomorphism, as long as the domain of
said partial isomorphism is a complete subalgebra (in Fremlin’s terminology, closed
subalgebra) that can be completely generated by less than x elements. o

REMARK 3.9. When considering Boolean types to a measure algebra (B, 1),
we will adapt the definitions of conjugate types (Definition 2.3) and conjugate
subalgebras to this context, which means that partial isomorphisms are now required
to keep the extra structure (that is, to preserve the measure).

PROPOSITION 3.10. Let & > |A| + |T| + | x| be some cardinal. There is an injection
from the set of Keisler measures over a set A to the set of (Uy.vi)-types over A.
Further, this injection respects conjugation; that is, if the images of A, A’ are conjugate
withm : A — A, then so are 1, ).

Proor. Let f and y be as in Fact 3.7, using Remark 3.6.

Let p; : Ly (A) = U, be [ ow|r, (4 (Where L, (A4) is thought of as the algebra
of clopen subsets of S* (4)). Then, A — p, would be our injection.

By choice of 1. 2 (¢) = v, (p; (¢)), which means that this map is indeed injective.
It follows that if p;, and p;, are conjugate (as in Remark 3.9, i.e.. as (Ui, v, )-types)
then 4; and 1, are conjugate:

Suppose that 7 : 4 — A is an elementary map and that o : B,,Z1 — B,,12 is a

measure preserving isomorphism such that g o (n % P 1) = p;,- Then

nx i (¢ (x.a)) = 2 (p (v.w ' (a))) = ve (2 (¢ (x. 7" ())))

= v (0 (2, (¢ (x.77" (a))))) = v (P, (¢ (x.0)))
=/ (p(x.a)). B

3.2. Counting Keisler measures. In this subsection we count the number of Keisler
measures up to elementary conjugation similarly to Section 2.2.

ReEMARK 3.11. Corollary 2.16 and all proofs leading to it still work when we
add structure to the algebra, but now we have to take into account the number of
isomorphism types of the new structure, i.c., the measure. Recall that in Section 2.2
we defined u = 2<F + |T| + | x| (for Bk-c.c.), the maximal cardinality of the image
of any single B-type when T is NIP. In the case of a measure algebra, the number of
possible isomorphism types is thus < 2# + (2%)* = 2# (the isomorphism type of an
measure algebra B consists of the quantifier-free type of B as in the proof of Corollary
2.17 and the list of values {4 (a)},. ). Finally. note that every probability algebra is
c.c.c (i.e., wj-c.c.), so in this case we can take k = w; and then u = 2% + |T| + |x|.

By applying Proposition 3.10, Remark 3.11, and Corollary 2.17 we get that:

COROLLARY 3.12. Assume T has NIP. The number of Keisler measures in x up
to conjugation over a set A is bounded by the number of types in S\¥I'"* (4) up to
conjugation + 2* where u = 280 + |T| + |x|.
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Hence, if again 1.k are cardinals and o an ordinal such that i = I<E=R, =
k+a>k>3,+ut, and A = M is a saturated model of size A, this number is
bounded by 2<% + |a|#.

However, Keisler measures have been studied extensively in the context of NIP
(see for example [11, Chapter 7]). and there are results which give a better bound.
Indeed:

ProposITION 3.13. Assume T has NIP. Then there is an injection from the set of
Keisler measures in x over a set A to the set of 2*-types over A where u = |T| + |x|.

Further, if the images of A, A are elementarily conjugates, then A and 1’ are
conjugates.

ProOOF. Recall that given complete types po, ..., ps_i, and a formula ¢ (x,b),
Av (po, ... pn1:@ (x. b)) is Hi<nlp(xb)Epi}]

n

Fix a Keisler measure 4 over A. By [11, Proposition 7.11], (for X; = T) foranym <
o and partitioned formula ¢ (x. y) there exist n,, 4 < w and types < p(”~¢> (x)> €

1 .
l<nm.¢

S* (A) such that for any y-tuple b,

nm.qﬁ—l ’

2(¢ (x:b)) - Av (pg’~¢,...,p'"~¢ '¢(x,b)>‘ < n%

Note that by [11, Exercise 7.12], n,,, 4 can be chosen independently of 4.

Letl ={m.¢.i |m<w.¢ € Ly, (0).i <ngu} (notethat |S| = u). Choose p; €
83, (4) such that p; (¢ (x.b)),, 4, = 1iff ¢ (x.b) € p!"?.
Then

lim A0 ((P)iso s Py 110 (5.5)) = 2(6 (x.5)).

m—oQ

Andif 7 * p; = p;, we find that for any ¢ (x. y) and b.

nx (¢ (x,b)) =4 (¢ (x, ! (b)))
= 1im_ A0 ((P4),, g0+ (P2) g, 15 (o7 (8))

m— o0

lim Av ((plz)m,zp%o e (piz)m,qﬁ,nmwl o (x.n! (b)))

m—0o0

=2 (¢ (x.D)). n
Thus with Corollary 2.9 we get

COROLLARY 3.14. Assume T has NIP. The number of Keisler measures up to
conjugation over a set A is bounded by the number of types in S¥I'*(A4) up to
conjugation where u = |T| + |x| (with the same explicit bound as in Corollary 3.12,
but replacing u = 2% + |T| + |x| with u = |T| + |x|).

REMARK 3.15. This bound improves upon the one in Corollary 3.12, since u is
now potentially smaller (for small | 7| and |x|).
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3.3. Smooth Keisler measures. Recall that a Keisler measure /4 is smooth if it has
a unique extension to any set containing its domain. In this subsection we show that
Proposition 3.10 preserves smoothness, that is the Boolean type is smooth iff the
measure is. We use this to recover the fact that in an NIP theory measures can be
extended to smooth ones.

LEMMA 3.16. Assume Z; is a Keisler measure over A; for i € {1,2} such that
Ay C As and Ay extends Ai: let k; = |A;| + |T| + |x| and let f;:B; — U _+ be an
embedding of measure algebras, where B; is the algebra of Borel subsets of S (A4;) up
to J;-measure 0(see Remark 3.6).

Fix an embedding 1 ofuq in L{H; (one exists by Fact 3.7).

Then By embeds canonically into By and there is a measure algebra homomorphism
g:B— Z/{K;r that extends 1 o f| and such that Ve © fo= Vs 08

Proor. Note first that since 4, extends 41, 5] can be embedded into B, naturally
with the preimage of the projection map from S* (A4,) to S* (4;).

Note that (10 f1) (B) is generated as a (o-)complete algebra by x| elements
(as the image of such an algebra) and that it is the complete subalgebra of L{K;,

generated as a complete subalgebra by the images of the clopen sets over A (see [3.
Proposition 324L]).

By Proposition 3.8 and as 4, extends 41, there is an automorphism ¢ of (Z/{H;, vn;)

extending f o (1 0 fl)’l.
But now we get 6! o f1|g, =10 f1|p,: thus g = o' o f5 is as required. =

CoroLLARY 3.17. If p € S (M) is smooth. then so is v+ o p for k > |[M|+
IT]+ |x].

PROOF. Assume 4 = v+ o pisnot smooth. So thereis N O M and distinct 41, 4,
over N extending 4, and hence there is one of cardinality at most | M/ | by Léwenheim—
Skolem (restrict 4, A to a smaller model containing M and some b, for which there
exists ¢ (x, b) such that /1 (¢ (x, b)) # A2 (¢ (x.D))).

Let By be the measure algebra of Borel sets in S* (M) up to A-measure 0 and
I the ideal of sets of A-measure 0 in the algebra of Borel subsets of S* (M)
(see Remark 3.6). Then since v+ (a) =0 <= a =0, I N L, (M) = ker (p); thus
L, (M) /ker (p) is naturally embedded in ;.

Write p = ponforn: L, (M) — L, (M) /ker(p) the projection.

Then p: L, (M)/ker(p) — U+ 18 a measure preserving function from a
subalgebra of By, and the complete (in Fremlin’s terminology, order-closed)
subalgebra of B, generated by L, (M) / ker (p) is By itself. Thus by [3, Propositions
3240 and 323J] p has a unique extension to a measure preserving p : By — U,.+,
that is 4 = v,.+ o p (here we treat 4 as a measure on S~ (M)).

For each i € {1,2}, we do the following. Let 55; be the measure algebra of Borel
subsets of S* (V) up to 4;-measure 0, which naturally embeds 5, as a subalgebra
via the preimage map of the projections S* (N) — S* (M) (this uses the fact that 4;
extends Ag). Take an embedding f; : B; — U+ for A; guaranteed by Fact 3.7, and
using Lemma 3.16 we can find a measure preserving g; : 5; — U,.+ extending p such
that /1,‘ = Ve+ 0 4.
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Let n; : L (N) — B; be the projection, note that it extends z. Then for p; =
giom €8} . (N) we find 4; = v+ o p; (when we consider /; as Keisler measures),

and since 7; extends 7 and g; extend 7 (thus p) we find p;, p, extend p. but they are
distinct since A; and A, are distinct.
We conclude that p is not smooth. -

On the other hand:

PROPOSITION 3.18. Assume /. is a smooth Keisler measure in x over M. Let p €
Sy . (M) such that 2 = v+ o p for & > |[M| +|T| + |x|. Then p is smooth.

PROOF. Let p1. p» € Sy (N) be distinct types extending p (for N 2 M). Again,

without loss of generality |[N| < . By Claim 2.33 we can choose p; and p; such
that for no automorphism ¢ of U,.+, g o p; = p».

Let A’ be the unique extension of A to N: in particular A’ = v+ o p; fori = 1,2.
Since ker (p;) = {¢ (x,b) | ' (¢ (x.b)) =0}, B= L, (M) /ker (p;) is independent
of i. Let B’ be the probability algebra of Borel sets in S* (M) up to measure 0.

We conclude that both p;’s can be written as f; o = where x is the projection from
L, (N) to the algebra B, and f; : B — Im (f;) are measure preserving embeddings
(note Im (f;) is a complete subalgebra; see [3, Proposition 324L]), and we can
extend them uniquely to B’ by [3, Propositions 3240 and 323J], like in the proof of
Corollary 3.17.

We get f> o0 f! is a partial measure preserving isomorphism from Im (f) into
U+ (which can, by Proposition 3.8, be extended to an automorphism) and f; o
St o p1 = f20m = ps, contradiction. a

By [3, Theorem 322Ca-c], every probability algebra is complete as a Boolean
algebra (Dedekind complete, in his terminology).

Thus by choosing a sufficiently large « (at least (2NO)+) in Proposition 3.10 and
using Corollary 2.35 we get, recovering [1 1, Proposition 7.9]:

COROLLARY 3.19. Every Keisler measure over an NIP theory can be extended to a
smooth measure.

Proor. Take a Keisler measure /4 over a model M in x. Let k=
(2% 4 |T| 4 |x| + [M][)". Then by Proposition 3.10 there exists a type p € Sy, (M)
such that A = v, o p.

By Corollary 2.35 there exists a model N O M of cardinality at most 2% + |T'| +
|x| + [M| and a smooth extension ¢ € Sj; (N) of p.

Thus letting A’ = v, 0 ¢, we find A’ extends 4; thus by Corollary 3.17 we are
done. —

REMARK 3.20. By [11, Lemma 7.8] and the remark following it, if N D M is
an extension and A over N is a smooth extension of x4 over M, then there is some
M C N’ C N such that 1|y is still smooth and |N'| < |[M| + |T|.

Indeed the lemma and the remark state that A is smooth iff for every € > 0 and
¢ (x,y)exist y; (»).0! (x),0?(x) (i =1,...,n) over N such that:

1. (\/1 " (y)> —T.

2.1f bis a y-tuple in € and y; (b) holds then 0} (x) — ¢ (x.b) — 07 (x).
3. 4(07 (x)) - A(6) (x)) <e.
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Thus we can take an elementary substructure N’ of N containing M and all

parameters in the formulas ¢7.y; mentioned in the lemma for each € = % and

¢ (x;y); then all the formulas are over N’ and retain the required properties,
ensuring that 4| y- is still smooth.

The proof of [11. Lemma 7.8] relies on the following fact:
Fact 3.21 [11, Lemma 7.4]. Let ¢ (x,b) be a formula (b € €), and let . be a

Keisler measure in x over M. Let:
ri=sup{i(p(x.,a))|p(x,a)e Ly, (M), CEp(x,a) = ¢(x.b)} and
rp=inf{l(p(x,a))|¢(x.a) e Ly (M), CE®(x.b) > ¢ (x,a)}.

Then there exists an extension A’ of /. to € such that A (¢ (x, b)) =riff ri <r <r,.

REMARK 3.22. For any measure algebra 5 and F C B there exists a countable
A C F such that 4 and F have the same set of lower bounds; hence [[ F and
[TA exist and are equal (since B has c.c.c. and is complete; see for example [3,
Proposition 316E]); and if F is closed under finite products we can choose 4 to be
a chain. Thus we conclude v, ([ F) = inf {v. (a)},cp. A similar argument shows
Ve Q- F) = sup{v (a)},cp if F is closed under finite sums.

Let p € S, (M), ¢ (x.y) be a partitioned formula and b € € a y-tuple. Then

{r(p(x.a))|p(x.a)e Ly (M).¢(x.b) = ¢ (x.a)}
and
{p(p2(x.a2)) = p(p1(x.a1)) | i (x.a;) € Ly (M),
p1(x.a1) = ¢ (x.b) = pa(x,a2)}

are closed under finite products, while

{pp(x.a))le(x.a)e Ly (M).p(x.a)— ¢ (x.b)}
is closed under finite sums.

REMARK 3.23. We can also get [11, Lemma 7.4] by combining Proposition 3.10,
Remark 3.22, and Fact 2.2.
Indeed we need to only find for any r; < r < r, some

b < I1 p(w(x.b) ] - > P (y (x.0))

y(x.b):p(x.a) =y (x.b) y(x.b):y (x.b)—¢(x.a)

(for p some type corresponding to 4) such that v, (b) = r — ry; and it is easy to see
that when k > R, for every a € U and every 0 < s < v, (a) there exists b < a such
that v, (b) = s (indeed the same holds for any non-atomic measure algebra, but here
we can see it directly).

§4. Analysis of the stable case. In this section, we analyze the stable and totally
transcendental (t.t.) cases. We show that in the stable case, local Boolean types are
essentially averages of classical ¢-types, and that in the t.t. case the same is true for
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complete Boolean types. We start with the t.t. case, since the general stable case is
similar (and easier, since local ranks are bounded by w).

4.1. The t.t. case.

DEFINITION 4.1, For ¢ € S§(A4). let supp(q) = {p(x) € S*(4)|pF 0 =
q(0) > 0}.

Note that when g € S (A4). supp (¢) is a closed subset of S*(4). Also note
that if T is a collection of formulas, closed under finite conjunctions, such that
g (0) > 0 for all # € T then there is a type p € supp (¢) such that p - T (because
TCU{-y|q(w) =0} is consistent).

We will use some basic facts from stability theory, namely:

Fact 4.2 [7, Section 3]. For a topological space X, let X' = X\{x € X|x is
isolated}. Assume that T is t.t. and let X = S~ (A) for some A C M = T. For
a cord, let X* be the Cantor-Bendixon analysis of X (X)) = (X@)/ and
X = ars> X ) when « is a limit ordinal). Then for some (successor)a < |T|*,
X = 0. (Note that this definition is a bit different than the one in [7, Section 3],
where one considers global types.)

REMARK 4.3. Note that for any topological space X, if ¥ C X then Y’ C X”.

Lemma 4.4. Suppose that T is t.t. Suppose that B is any complete Boolean algebra.
LetAC M =T andletq € S (A). Let X = supp (¢). Let Ube the set of all isolated
typesr € X. For eachr € U, let 0, (x) be an isolating formula for r. Then:

(1) {q¢(6,)|r € U} is an antichain.

(2) For any w (x) € Ly (A). q(w) > ,cu 9 (0:) -1 (w) (where we treat r as a

2-type).

ProoF. (1) Note that 0 < ¢ (6,) for all r € U since r € supp (¢). Suppose that
rn#rneUand0<b<q(b,).q(0,). Hence 0 < b < g (0, A0,,) and thus for
some r € supp (¢q). r = 0,, A 0,,: hence r| = r = r; by assumption.

(2) Tt is enough to show that if w (x) € r for some r € U then ¢ () > ¢ (6,). If
w (x) € r, it follows that ¢ (6, A —y) =0s0 ¢ (6,) =q(w ANO,) < q (). =

THEOREM 4.5. Suppose that T is totally transcendental, A is some set, B is a
complete Boolean algebra. and that g € Sy (A) is a B-type. Then there is a maximal
antichain (b, |r € U) where U C supp (q) such that for all y (x) € Ly (A), q (w) =
Yorev b7 ().

ProoF. For any 0 < b € B, let Bl be the relative algebra. Letting X = S* (A4).
we try to construct a sequence (by. ¢, Uy, ta | @ < a*) for some a* < |T|T such
that:

00 < by <bpg for f<a; bgp=1 and more generally b, = Zﬂ<a.reU/} B

da € Sp, (4) where By = Blp,: ga (W) =¢q(w)- by for any w € Ly (A);
Uy C supp (¢a) C x@: ¢, = (¢ar |7 € Uy ) is an antichain contained in By;
qo (¥) > ZrEUa Car - 1 (w) forany y € Ly (A).

https://doi.org/10.1017/js1.2022.7 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2022.7

1370 ITAY KAPLAN, ORI SEGEL. AND SAHARON SHELAH

Given (bg.qp. Up.p|p< ). if Y pearcu, Spr =1 we stop and let o* =a.
Otherwise, let b,. ¢, as above and let U, C supp (¢,) be the set of isolated types
in supp (¢o) (so for a =0, qo = ¢ and by =1). For r € U,, let ¢, = qo (0,)
where 0, isolates r. By Lemma 4.4(1), {co,|r € U, } is an antichain in B,.
Note that go (¥) > Y, ¢y, Car - 7 (w) by Lemma 4.4(2). Now prove by induction
on o that supp(q,) € X@ (this follows from Remark 4.3 and the fact that
supp (¢a+1) C supp (¢a)’) and that {cg, | r € Us. B < a} is an antichain in B.
Finally. since for some f< |T|*. X =, it follows that a* < § (other-
wise, supp (¢s) =0 and so bg = ¢4 (x = x) = 0. contradiction). Hence for all
W EL:(A).q(w) =Y acarda (W) 22 icu,acar Car -7 (W) and {co,|a < a”.r €
U, } is a maximal antichain in B. Since this is also true for -y, we have equality and
we are done. =

4.2. The stable case. Fix a partitioned formula ¢ (x, y) in some theory 7, and
let A C €. Asin [7, Section 2], by a o-formula over A, we will mean a formula
w (x) € L, (A) which is equivalent to a Boolean combination of instances of ¢
over A (over a model M, a op-formula is just a Boolean combination of instances
of ¢ over M). Let L, (A4) be the Boolean algebra of p-formulas over 4 up to
equivalence in €. Let S7 (A) be the set of all complete p-types over 4 in x, i.e.,
maximal consistent sets of p-formulas over 4.

DEFINITION 4.6 (Local Boolean type). Suppose that B is a Boolean algebra and
® (x,y) is a partitioned formula. A B, p-type over a set 4 is a homomorphism
from L. (4) to B. Denote the set of B.p-types by S, (4). For ¢ € S, let
supp, (q) = {p(x) € S3 (A)|p+0 = q(0)>0}.

Similarly to the previous section, we have:

Fact 4.7[7, Section 3]. Assume that ¢ (x, y) is stable in some complete theory T,
ACM =T andlet X = S} (A). Then for some n < w, X0t = g,

THEOREM 4.8. Suppose that ¢ (x,y) is stable, A is some set, B is a complete
Boolean algebra. and that q € Sy o (A) is a B, p-type. Then there is a maximal
antichain (b, |r € U) where U C supp,, (q) such that for all y(x) € Ly (A).
q(¥) =2 e br r(y)

Proor. The proof is exactly as the proof of Theorem 4.5, working with X =

S5 (A4) and with local Boolean types, replacing Fact 4.2 with Fact 4.7. We leave the
details to the reader. 4

REMARK 4.9. When T is stable and ¢ € S5 (4), this essentially means that ¢|,

factors through 2!Vl < [ Bls, = B (see [5. Proposition 6.4]). In particular we get
rev

again, more directly, that for B which is k-c.c.. [Im (¢,)| < 2<% (see Proposition

2.12). When T is t.t., we get similarly that |Im (g)| < 2<*.

4.3. Non-forking. Using (the proof of) Theorem 4.8, one can recover the theory
of forking in stable theories.

DEerINITION 4.10. Let B be any Boolean algebra and let 7 be any theory. Let
A C B be any sets. Say that a B-type or a B, p-type ¢ forks over A if for some
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formula 0 (x) over B which forks over 4, ¢ (0) > 0. (For the definition of forking,
see, e.g.. [12, Definition 7.1.7].)

Fact 4.11 (E.g., [7, Section 2]). If M < N, ¢ (x,y) is stable, then any p-type
p €S, (M) has a unique non-forking extension p|y to S, (N). The same is true
assuming elimination of imaginaries when M is replaced by an algebraically closed
set A.

REMARK 4.12. Suppose that p € S5 (B) does not fork over 4 C B. Then there is
a global non-forking (over A4) extension ¢ € S (€) (and the same is true for local
Boolean types). This follows from the fact that the set of forking formulas over A4
forms an ideal, and Fact 2.1. When B is a model M then p does not fork over M
and if T is stable (or even simple) then this is true in general.

Suppose that ¢ (x, y)isstableand p € Sg,, (M) forsomemodel M = T.Thenwe
can find an explicit extension: by Theorem 4.8, we can write pasthesum ), b, - r
for some maximal antichain U C supp,, (p) and weletg =3, ;; b, - r|e (Where r|e
is the unique global non-forking extension of 7). A similar statement holds in the
t.t. case.

Next we would like to prove that there is a unique non-forking extension.

LemMa 4.13. Suppose that ¢ (x,y) is stable and B is any complete Boolean
algebra. Let M < N =T and let q € Sg, (N) be non-forking over M. Let X =
supp,, (¢|s) (qlu is the restriction of q to Ly, (M)). Let U be the set of all isolated
@-types r € X. For each r € U, let 0, (x) be an isolating formula for r(so it is a
p-formula). Then

o For any w (x) € Lyx (N). q(w) > ,cpq(0r)-r|n (w) (where r|y is the
unique non-forking extension of r to N).

ProOF. It is enough to show that ¢ () > ¢ (0,) when w € r|y. Suppose that
w (x) € rly but g (0, A=) > 0. Then there is some ' € supp,, (¢) such that r’
contains 0, A . But then r’ does not fork over M (because ¢ does not fork
over M) and #’|); contains 6, and is in X and thus r’|j; = r|y and by Fact 4.11,
r'=r. -

THEOREM4.14. Suppose that ¢ (x, y) is stable. Suppose thatn < . Then, whenever
B is a complete Boolean algebra, M < N . and q € S, (N) does not fork over M,
there is a maximal antichain (b, | r € U ) where U C supp,, (q|ar) which depends only
on q|ar such that for all w (x) € Ly, (N), g (w) = >_,cy b - 7|n (w). In particular.
q is the unique non-forking extension of q|u .

PrOOF. The proof follows the same lines as in the proof of Theorem 4.8 (and
Theorem 4.5), using Lemma 4.13 instead of Lemma 4.4, -

REMARK 4.15. As in the classical case, we can extend these results (existence and
uniqueness of non-forking extensions) for an arbitrary algebraically closed set A4,
assuming elimination of imaginaries.

4.4. Connection to Keisler measures. Using the general results on Boolean types

we can recover and prove some results on Keisler measures. The following result
appeared in [1, Fact 2.2], [8, Fact 1.1] for models.
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COROLLARY 4.16. Suppose that ¢ (x, y) is stable and that u is a Keisler measure
on L, . (A) for some set A. Then there is a countable family (p; |i < w) of complete
p-types over A and positive real numbers (a; | i < w) such that ) =1 and for
any y (x) € Ly (A). u(y) = 2 cipi ().

Similarly, if T'is t.t. and w is a Keisler measure on L. (A) then there is a countable
Sfamily (p;|i < w) of complete types over A and positive real numbers {a; |i < w)
such that )", , a; = 1 and for any w (x) € L (A). u () = > a;ipi (v).

PrOOF. Given y, let B be the Boolean algebra of Borel subsets of S (4) up to
u-measure 0 (recall Remark 3.6) and let g € S o (A) be the natural homomorphism
from -formulas over 4 (up to equivalence over €) to B. Now apply Theorem 4.8 to
g and B to obtain a maximal antichain {b, | r € U } where U C supp,, (¢) such that
forall y (x) € Ly (A4). q(w) =3 _,cu b, -7 (w). Note that U must be countable as
B is c.c.c. Letting o, = 1 (b,) we are done. The second statement follows similarly
from Theorem 4.5. -

i<w Q;

DEFINITION 4.17. A Keisler measure ¢ on L, (N) does not fork over M < N if
whenever u () > 0, 6 does not for over M.

COROLLARY 4.18. Suppose that ¢ (x, y) is stable and that u is a Keisler measure
on L, (M) for some model M. Then u has a unique global non-forking extension
to €. More generally, this holds when replacing M by any algebraically closed set A,
assuming elimination of imaginaries.

PrOOF. We use a local version of Proposition 3.10: given u, we can find p €
Siu, (M) such that 4 = v, o p for k = [T| + |M|. By Remark 4.12 there is a non-
forking extension ¢ € S7,, (N)and then we can define 4" = u o q. For uniqueness,
suppose that 11, 1, are two non-forking measures over N > M extending x. We may
assume |N| = |M| and let « be as above. Let g, ¢» € S;:,uﬁ (N) be corresponding
.U, +-types. By a local version of Lemma 3.16 we may assume that both ¢;. ¢»
extend p. Thus we are done by Theorem 4.14. The more general statement follows
similarly by Remark 4.15. —

REMARK 4.19. Note that in the context of the first part of Corollary 4.16 where A
is a model and N O A, the unique non-forking extension of x4 to N is the weighted
sum Y o;p;|y where p;|y is the unique non-forking extension of p; to N. This
follows immediate from the fact that the sum does not fork. The analogous result
holds in the t.t. case.
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