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By a group theo re t i c c l a s s we m e a n a c l a s s of groups which 
conta ins the t r i v i a l group, denoted E, and any group i somorph ic to a 
group in the c l a s s . Let X be a group theore t i c c l a s s . Fol lowing 
P . Hall [4, p . 533], we define E I , C I , SI , Ql , and N I to be the 

o 
(group theore t i c ) c l a s s e s cons is t ing of ex tens ions of X groups by X 
g roups , c a r t e s i a n p roduc t s of X g roups , subgroups of X g roups , 
homorph ic images of X groups and p roduc t s of two n o r m a l X subgroups 
of a g roup , r e s p e c t i v e l y . If T i s one of the above ope ra t ions on c l a s s e s 
of g roups and TX = X, we say X is T c lo sed . 

In this note we exhibit some wel l known c l a s s e s of g roups that a r e 
not N c losed , 

o 

The author would like to thank L . M . Sonneborn and R . E . Ph i l l i p s 
for advis ing h im in the p r e p a r a t i o n of his d i s s e r t a t i o n , f rom which this 
m a t e r i a l is taken* 

The f i r s t r e s u l t is an appl ica t ion of a l e m m a in [1 , p . 145], which 
s t a t e s that if K is a spl i t ex tens ion of a group L by an abel ian group 
A , then K is contained i s o m o r p h i c a l l y in a group K* which is the 
p roduc t of two n o r m a l subgroups i somorph ic to the r e s t r i c t e d ( s tandard) 
w r e a t h p roduc t LwrA. 

THEOREM 1. The c l a s s of SI* g roups is not N c losed . 

P roof . Fol lowing P . Hall [3, p . 350], let -A, be the r ing of dyadic 
- n 

r a t i o n a l s 2 m , where n and m run through the i n t e g e r s , V a 
vec to r space with b a s i s v , X e -A-, over the field of p e l e m e n t s , and 

A. 

x , with X < {JL a pa i r in _/V , the l inear t r a n s f o r m a t i o n defined by 

x * v -* v + v , v -*• v (p £ x); 
\\i X X |i p p V r 

let M be the group genera ted by a l l x . Let t and u be l inear 

t r a n s f o r m a t i o n s of V defined by 
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t : v -•* v^ and u : v -*» v 
> 2\ X X +1 

and let H be the group gene ra ted by t and u. Let G = < M, H > . 
Hall shows that G = HM , H O M = 1 and M is a m i n i m a l n o r m a l 

-1 2 
subgroup of G. He a l so shows that t ut = u . Hence, G = < t > < u > M . 

D . H . McLa in shows [5, p . 641] that M is SI* . But G i s not 
even SI (See [2, p . 351]). If the group < u > M is S I * , then G is a 
spl i t ex tens ion of < u >M by the cycl ic group < t > . If < u > M is not SI* , 
then < u>M is a sp l i t ex tens ion of the SI* group M by the cyc l ic group 
< u > . In e i ther c a s e , we obtain a non SI* group K which is a sp l i t 
ex tens ion of an SI* group L by a cycl ic group A. By the l e m m a 
ment ioned above it fol lows K is i s o m o r p h i c to a subgroup of K* , a 
p roduc t of n o r m a l subgroups i s o m o r p h i c to L w r A . It is eas i ly ver i f ied 
that the r e s t r i c t e d w r e a t h p roduc t of two SI* g roups is SI* . But the 
p roduc t of t hese two n o r m a l SI* subgroups is not SI*, s ince subgroups 
of SI* g roups a r e SI* , and it fol lows that SI* i s not N c l o s e d . 

o 

Denote the c l a s s of a l l g roups by 0 and the c l a s s cons i s t ing of 
t r i v i a l g roups by £ . The next t h e o r e m shows that these a r e the only N 

closed v a r i e t i e s of g r o u p s . (See [6] for no ta t ion . ) 

THEOREM 2 . The only C, S, Q and N c losed c l a s s e s of g roups 
*- o ~ : ! — 

a r e £ and 0 . 

P roof . Let the c l a s s X be C, S, Q and N c l o s e d . Then I o 
i s a v a r i e t y by T h e o r e m 1 5 . 5 1 of [6, p . 17] . T h e r e f o r e , if the group 
G is genera ted by i ts n o r m a l X subgroups , then G is an X g r o u p . 
F o r any law that is v iola ted in G is violated in a subgroup which is a 
p roduc t of a finite n u m b e r of n o r m a l subgroups , which m u s t be an X 
group s ince X is N c l o s e d . By a t h e o r e m of Wielandt [8, p . 246], any 

group gene ra ted by s u b n o r m a l X subgroups (A is s u b n o r m a l in G if 
t h e r e is a f inite n o r m a l s e r i e s f r o m A to G) is a l so an X g r o u P » 

Now suppose that X is not £ or O . If X n a s a n exponent law, 

t h e r e is a l ea s t pos i t ive in teger m £ 1 such that x = 1 is a law of X. 

Let p be the l a r g e s t power of a p r i m e p dividing m , w h e r e r > 0 . 
Let J denote a cyc l ic group of o r d e r t . Then J £ X and J r + i i X» 

t P P 
The s t andard w r e a t h p roduc t G = J wr J is n i lpotent , so eve ry cyc l ic 

P r P r 

subgroup of G is s u b n o r m a l in G . But G is gene ra t ed by two e l e m e n t s 
r r+1 

of o r d e r p , so G e X. However , G has an e l e m e n t of o r d e r p , 
[7, p . 99], con t r ad ic t ing the fact that J r + j 4 X. So X has no n o n t r i v i a l 
exponent l a ws . 
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T h e r e f o r e , if J denotes an infinite cycl ic group, J e X • Let F 
be a nonabel ian f r ee group, ft the v a r i e t y of groups ni lpotent of c l a s s 

n 
at m o s t n and F(h ) the f r ee h group defined by F . Then F(h ) 

n n ° r J n 
i s gene ra t ed by s u b n o r m a l infinite cycl ic g roups , so F(ft ) is an X g roup . 

n 
Lett ing F denote the m th t e r m in the descending c e n t r a l s e r i e s of F , 

we have Pi . F = E by Mag nus 1 T h e o r e m . Hence F is contained 
m = l 

00 

i s o m o r p h i c a l l y in the c a r t e s i a n p roduc t IT . F(ft ), which is an X 
m = l m 

g r o u p . So F i s an X group and the only law of X is the empty law; 
t h e r e f o r e , X = f) , a con t rad ic t ion . 

COROLLARY. The only E, C, S and Q closed group theo re t i c 
c l a s s e s a r e t and O . 

P roof . F o r any c l a s s of g roups , E and Q c l o s u r e imply N 

c l o s u r e . 

R e m a r k . None of the condit ions of T h e o r e m 2 or i ts c o r o l l a r y m a y 
be omi t t ed . Most poss ib i l i t i e s a r e eas i ly ruled out. We leave it to the 
r e a d e r to ver i fy that if X is the c l a s s of g roups for which eve ry non t r iv i a l 
subgroup has a p r o p e r c o m m u t a t o r subgroup, then X is S, C, N and E 
closed but not Q c losed . Also, the c l a s s of groups for which every non-
t r i v i a l fac tor group has nont r iv ia l commuta to r subgroup is C, Q, N and 
E closed but not S c lo sed . It m a y be poss ib le to obtain o ther 
i n t e r e s t i ng combina t ions of Hall c l o s u r e opera t ions (See [4] for notation) 
which yield r e s u l t s s i m i l a r to T h e o r e m 2 . 
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