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LATTICE DILATIONS OF POSITIVE
CONTRACTIONS ON L’-SPACES

BY
RAINER NAGEL AND GUNTHER PALM

ABSTRACT. In the spirit of our previous paper (Math. Z.156,
265-277 (1977)) we present a functional analytic proof of the
following result of M. A. Akcoglu: Every positive contraction on a
reflexive LP-space has a lattice dilation.

M. A. Akcoglu developed a useful but very complicated dilation theory for
positive contractions on LP-spaces (see [2], [3], [4]). For L'-spaces we pre-
sented a simple dilation [5] which can be said to be canonical in a certain sense.
In this note we show that the same ideas, adequately modified, yield a dilation
for all LP-spaces, 1=p <. This is of some importance for applications to
individual ergodic theorems (see [1]).

THeEOREM. Every positive contraction Te £(E), E a reflexive LP-space with
weak order unit, has a lattice dilation T on an LP-space E. More precisely:

There exists a finite measure space (X, i), a Banach lattice isomorphism
Te%(E), E=L"(X, i), an isometric lattice injection I : E — E, and a positive
contraction O : E — E, such that
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commutes for every n=0,1,2,....

Proof. By the ultra power technique as developed in [4] it suffices to prove
the theorem for finite dimensional E. But for a finite dimensional L?-space E,
it is known that there exist weak order units 0< u € E and 0« v € E’, such that
Tu=v9"' and T'v=u""! (by [4], Theorem 2.5 there is a u>0, such that
T(Tu) '=uP"1; take v,:=(Tu)> ! and v:=v;+0v,»0, where v, Lv,).

Therefore the lattice dilation can be obtained as a composition (see [5], 1,
remark 1) of the positive dilation in Lemma 1 and the lattice dilation in
Lemma 2 (for the terminology, see [5], 1.1).
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LemMA 1. Let T be a positive contraction on E = LP(X, u) for u(X)<% and
1<p <. Assume that there exist weak order units 0< ue€ E and 0< v € E' such
that Tu=<v9' and Tv=u’'. Then (E,T) has a positive dilation
(LP(X, i), T) satisfying T'6 =04""" and T'i=10P"" for some weak order units
0<aeLl?(X, A) and 0< e LI(X, ).

Proof. Choose X :=XU{y, z} and fi:=p +ad, + B8, where
a:={uuP'=Tv) and B:={(*'—Tu v).

We identify E =L"(X, n) canonically with a projection band in E =L"(X, (i)
and take [ and O to be the corresponding injection resp. projection. Finally, if
we define T by

T:=T+Q"B) ", Q@ "= Tu+1,)+2%%a) ' '-Tv+1,)®1,
we obtain a positive dilation of T satisfying the assertion for
d:=u+1,+2"1, and 0:=v+2"41,+1,.

LemMa 2. Let T be a positive contraction on E=LP(X, u) satisfying Tu =
97" and T'v=u""" for some weak order units 0K uc E and 0<veE'. Then
(E, T) has a lattice dilation (L"(X, i), T).

Proof. We assume u =1 and define operators
S, S_:L%(w) = L™(w)
by
S.f:=(TH)'-Tf and S_f:=T(vf).
As in [5] and particularly by lemma 2.1 we obtain a positive linear operator
Qp: C(X?) — L*(X, )
by extending continuously the mapping

® f > S (fuS-(fa . Sf0) .. VfoSelfiSulfa. . S.f) ..

for f,e C(X). If we define
Ii‘ = “’o OO'
we obtain a Radon measure on X:=X? and may extend Q, to a positive

contraction from L'(X, i) into L'(X, p). By the Riesz convexity theorem, its
restriction

Q:L°(X, i) = L*(X, u)

is also a positive contraction.
Applying similar arguments to the canonical injection into the Oth coordinate
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(see [5], 2.ii)
I,: C(X) - C(X),
we obtain an isometric lattice injection
[:L°(X, n) = L°(X, A)

satisfying Q' =1 (compare [5], 3.iii).
Next we consider the lattice isomorphism on C(X) induced by the right shift
7 on X (see [5], 2.iii). For this operator and for f:=®", f,e C(X) we have

Jf °Tdf = | S_(foS-(f-1 - . DASH(F5:(f5. . ) du
= vfoS-(f-1 .. ) T(fiS4(f> . . ) dpe

= S_(f-1.. VoS (fiS:(fo .. Nv9du

= Of'v“du=jf-fv“dﬂ,

hence 7 can be used to define a Banach lattice isomorphism
T:L°(X 3) - L"(X, 4),
namely
Tf:=Iva - for™t,
We have

[ 117 di = [1ior=r - for-1 d = [foe - ipront @ = [ 171 ai.

It remains to show that T is a dilation of T, i.e. that QT"I[=T" for n=
0,1,2.... Observe first that

TIf = v{'® - - - ® ¢ ®fwm for fe LP(X, ).
therefore we have
(QT"1If, g)=(T"If, Q'g)
= [ot5'® -+ @ot @ T di

= J‘O(U?o_)l® e ®U?"#_11)®f("))gdu

=(T"f,g) forevery n=0 and f,geL"(X pn).
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ReMaRrk. For the proof of Akcoglu’s individual ergodic theorem [1], the
dilation for the finite dimensional case is sufficient.
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