Canad. Math. Bull. Vol. 49 (4), 2006 pp. 578-591

On the Structure of the Full Lift for the
Howe Correspondence of (Sp(n), O(V))
for Rank-One Reducibilities

Goran Muic

Abstract. In this paper we determine the structure of the full lift for the Howe correspondence of
(Sp(n), O(V)) for rank-one reducibilities.

Introduction

In this paper we study the Howe correspondence for the dual pair (Sp(n), O(V,)),
where n > 0, V, is a quadratic space in a fixed, but arbitrary even dimensional Witt
tower (cf. §1) with a nonarchimedean local field F of characteristic different from 2.
To explain our results, let us write w,, , = w, for the oscillator representation associ-
ated to that pair and a fixed additive character 1) of F. Let  be a quadratic character
associated to V,. Let o € Irr(Sp(n)). Then the o-isotypic component w, , we denote
by O(o, ) (see §2). This is a smooth representation of O(V,). We call it the full lift
of o. The basic problems in the theory are: to determine when ©(c, r) # 0, to prove
the Howe duality conjecture (see [W] when residue characteristic is different than
two), and to describe the structure of the unique irreducible quotient of O (o, r) # 0.
In our paper [M], we succeeded solving all three problems for discrete series repre-
sentations. Although the methods in [M] are rather powerful for discrete series, they
are not sufficient for tempered (but not in discrete series) representations and non-
tempered representations. In this paper we present a different approach based on
a deep result of Bernstein [Be] about the existence of a right-adjoint functor to the
functor of induction in the category of smooth representations [Be]. This method
also gives the information about the structure of the full lift ©(o, 7).

To describe our main results, let o € Irr(Sp(n)) be a supercuspidal representation.
Then it is known that at the first occurrence r, the lift ©(o, r) = 7 is a supercuspidal
irreducible representation[ MVW]. Assume that p € Irr( GL(j, F)) is supercuspidal.
Let P}, (resp., Q;) be a maximal parabolic subgroup of O(V,,;), (resp., Sp(n + j))
with a Levi factor isomorphic to GL(j, F) x O(V,) (resp. GL(j,F) x Sp(n)). The
main results of this paper, Theorems 2.1 and 2.3, describe the structure of the full
Howe lift to Sp(n + j), (resp., O(V,,;)) of all irreducible subquotients of

Indgj(v'”)(xp ®T), (resp., Indg{)("ﬂ)(p ® 0)).
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As a result, the reduction and composition series of these induced representations
are described in terms of the Howe correspondence. The results of the present paper
(and the results about the lift of supercuspidal representations [MVW]) also suggest
the following conjecture:

Conjecture Assume that o is in the discrete series; then © (o, r) is irreducible or zero.

Theorems 2.1 and 2.3 are proved in Section 2. The basic method is to consider
Jacquet modules of wy.j+j (c¢f. [Ku]), but computing certain isotypic components
in Jacquet modules of wy,;+; (Proposition 2.4) using [Be]. Section 3 is devoted to
these computations.

In Section 4 we apply our results to get some explicit and new reducibility results
for the inner form of the split SO(2n) (Theorem 4.1), although more can be done
using chains of supercuspidal representations as discussed in [Kul].

This paper is an outgrowth of unpublished previous work [M1]. In a sequel to
this paper [M2] we will pursue the approach to Howe correspondence adopted here.
The present paper is the first in that direction, and it is fundamental since it treats the
generalized rank-one case.

1 Preliminaries

Let F be a nonarchimedean field of characteristic different from 2. Let Z,, R, and C
be the set of non-negative rational integers, the field of real numbers, and the field of
complex numbers, respectively.

Let G be an I-group (c¢f. [BZ]). Then we will write A(G) for the category of all
smooth representations of G. Let P = MN be a closed subgroup of G, given as the
semi-direct product of closed subgroups M and N, M normalizes N. Assume that
N is a union of its open compact subgroups. Then we have normalized induction
and localization functors Indg: AM) — A(G) and Rp: A(G) — A(M). They are
related by Frobenius reciprocity Homg(, Indg(w’)) = Homy(Rp(m), w'); and Indg
and Rp are exact functors.

Assume that G and G’ are I-groups. Let V € A(G x G'). If p € Irr(G) is an
admissible representation, then we write O(p, V) € A(G’) for the p-isotypic part
of V (¢f. IMVW, Ch. II, Lemme I11.4]). More precisely, set V' = Nyker(f), f €
Homg(V, p); then

V/V'>p20(p,V).

For convenience, let us state the next simple lemma.

Lemma 1.1  The dual G'-module ©(p, V)* is isomorphic to the obvious (not neces-
sarily smooth) G'-module Homg(V, p). Hence, we have an isomorphism of the corre-

sponding smooth modules O(p, V) = O(p, V)5, = Homg(V, p)co-

Now, we will describe the groups which we will consider. We follow [MVW, Ch. I].
Fix an anisotropic even dimensional inner product F-space (Vy, (, )o). Then its di-
mension can only be 0, 2, or 4. (For more details see [MVW, Ch. I].) Let x = xv, be
the quadratic character of F* associated to the quadratic space V. (See [Ku, p. 240,
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(2.5)], or [Kul, Proposition 4.3].) If Vj is trivial or four dimensional space, then  is
the trivial character.

For each r € 7,4, let V, be the orthogonal direct sum of V|, with r hyperbolic
planes. We will fix a Witt decomposition

(L1) V,=vVeV,eVv?,

where V) = Fvgi)e} . ~€BFV$"),1' = 1, 2, satisfying (V,(j), vl(i)) = 0and (v,(cl), Vl(z)) = 0.
Let O(V,), (resp., SO(V,)) be the corresponding orthogonal, (resp., special orthogo-
nal) group. If V; = 0, then we let O(Vy) = SO(V,) be the trivial group. Let v = v,
be the determinant character of O(V,).

The decomposition (1.1) gives us a set of standard parabolic subgroups in O(V,)
and SO(V,). We will describe only maximal parabolic subgroups. For j,1 < j <,
let V;”r) = Fviiljﬂ @ - @ Fv, i = 1,2. Then we have a Witt decomposition

(1.2) Vr — V](‘lyr) @ Vrfj @ V;Z.,r)'

Let P; be the parabolic subgroup of O(V,) which stabilizes V;l’r). There is a Levi
decomposition P; = M;N;, where M; & GL(V1") x O(V,_;). (Beware of the dif-
ference between this choice of a Levi factor and that of [Ku, p. 233]. There, GL(V](-Z”))
is considered instead of GL(V](»I")). ) Fix the isomorphism GL(n,F) = GL(V](»I’V))
using the above fixed basis of V](-l").

Let € be the element of O(V,) defined as follows. First, e(vy)) = vi-i), for1 <j<
r— 1. Then, if Vy # 0, we let e(vﬁi)) = vﬁi), and let € be any element o of O(Vy) on Vy,
a? = Lv(a) = —1. If Vj = 0, then we let e(vV) = +? and e(+?) = vV, Clearly,
v(e) = —1.

A set of standard maximal parabolic subgroups of SO(V,) may be described as
follows. For each j, 1 < j < r, set Pg? =P;N SO(V,) and Mg.’ = M;N SO(V,). Pg?
is a standard parabolic subgroup of SO(V,) with a Levi decomposition P? = M;-’N i
If Vo # 0, then P?, 1 < j < r, exhaust the set of all standard maximal parabolic
subgroups. If V; = 0, then we need to add one more parabolic subgroup P*~, with
a Levi decomposition P~ = M~ N°~, where M?~ = eM% ! and N?~ = eN%¢ .
This will be used to identify M°~ = GL(r, F).

Now, we will discuss the representation theory of O(V,). Since the algebraic group
O(V,) is not connected (in the algebraic sense), we need to discuss some general re-

sults of [Ca]. First, we will recall the relationship between irreducible representations
of O(V,), and those of SO(V,) using the next simple lemma (c¢f. [MVW, Ch. III]).

Lemma 1.2

(i) Ifm €Irr(O(V,)), then ' = w|sov,) is irreducible if and only if  is not equiv-
alent to vr. If ' is irreducible, then Indg(ov('\),r)(w’) ~ 1 @um and n’ = x'e
(Here 7r/‘(g) =7'(ege™ ), forallg € SO(V,).)

(i) Ifr' € Irr(SO(V,), then w = IndQyy, (') is irreducible if and only if ' %

7 €. Furthermore, v = .
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Lemma 1.2 enables us to define supercuspidal, square integrable and tempered
representations of O(V,) by considering their restrictions to SO(V,). The usual
characterizations in terms of Jacquet modules (¢f. [Ca, Si]) hold. (See also [MVW,
pp- 61-62].) For our purpose the next theorem is sufficient.

Theorem 1.3  Let p®T € Irr(GL(j, F) x O(V,_;)) be a supercuspidal representation.

Then we have

(i) Rp, (Indgj(v')(p ®T)) = pRT+pR T, in the corresponding Grothendieck group.
Hence, the length of Indgj(v’) (p ® T) is at most two.

(ii) IfIndgj(V’)(p ® T) (p unitary) reduces, then it is the direct sum of two irreducible
non-equivalent tempered representations. If it is reducible for nonunitary p, then
it has a unique irreducible subrepresentation (with Rp,-localization p ® 7) and
a unique irreducible quotient (with Rp,-localization p ® T). Moreover, we can
decompose p = | det |*”) p", where e(p) € R, and p" is unitary. If e(p) > 0, the
unique irreducible subrepresentation is square integrable, and the other constituent
is not tempered.

(iii) Let 1o be any irreducible subrepresentation of T|so(v,_ ;). Then Ind%o(v')(p ® 1)

reduces if and only ifInd}?J(V’) (p ® T) reduces, unless one of the following holds:
(1) Vo=0,r>1,r = jisodd, and p = p;
(2) j<r jisodd, p = p, and 7§ # 7.
In both cases, IndggO(V’)(p ® T19) is irreducible and Indg(v’) (p ® T) is the direct sum of
two irreducible non-equivalent tempered representations.

We will also need the results from Remark 1.4.

Remark 1.4
(i) Note that NSO(V,)(M?) has two elements, unless Vo = 0, r > 1 is odd, and
r = j (cf. [Go]). If wy is the nontrivial element of that group, then

wolp © 70) = {E@ T lf] %s odd,
p®T if jiseven.
If Vo = 0,7 > 1is odd, and j = r, then Goldberg [Go] has shown P? and P~ are
associated in SO(V,).
(ii)) Foreach € Irr(O(V,)), m 2 7. (¢f. [IMVW, Ch. III, Théoreme I1.1]).
(iii) The only group among O(V,), r > 0 which does not have supercuspidal
representations is O(V7), but only when V; = 0.

Proof of Theorem 1.3 The theorem, except the part of (iii) related to the case Vy =
0,7 > 1,r = jis odd, is an easy consequence of Lemma 1.2 and the representation
theory of SO(V,), and is left to reader. Let us prove that part of (iii). First, m; =
Indﬁ? V) (p® 1) is irreducible because a necessary condition for reducibility, namely
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that Nso(v,)(M?) # {1}, [Ca, Theorem 7.1.4], does not hold. Also, 7 is equivalent
to m, = Indy°") (5 @ 1). We have 7{ = Ind5°"”(p @ 1), and

Indg,(v')(P ® Dlsow,) = m & 7.

Again, by [Ca, Theorem 7.1.4], 7§ = m, (& m) if and only if p = . Now, Lemma
1.2 implies the last part of (iii). |
We will finish this section by briefly discussing symplectic groups Sp(n) =
Sp(n, F). (For more details see [Ku, p. 235] [MVW, T].) By the analogous geomet-
ric description, the groups Sp(n) (n is the semisimple rank) have proper maximal
parabolic subgroups parametrized by numbers i, 1 < i < n. Write Q; = M/N/ for
the corresponding parabolic subgroup, where M/ = GL(i, F) x Sp(n — i). Theorem
1.3(i) and (ii) have the similar form for Sp(n) (¢f. [T]). Finally, set Sp(0) = {1}.

2 Correspondence

In this section we prove our main results. To explain the results, we need to introduce
more notation. Put

m, = dimg (V,)/2.

The pair (Sp(n), O(V,)) is a dual pair in Sp(n- (2m,), F) (¢f. [MVW, Kul]). We write

P
n,ry

Wy = W
for the oscillator representation associated to that pair and a fixed additive character
1 of F. (Here wy,, is the trivial representation of O(V,), and if Vy = 0, then w,, is
the trivial representation of Sp(n).)

For each o € Irr(Sp(n)) and r > 0, write O(o, r), for a smooth representation of
O(V,), defined as the o-isotypic part of w, . (¢f. [MVW, Ch. II, Lemme II1.4]). If 7 €
Irr(O(V,)), we will write O (7, n), for the analogously defined smooth representation
of Sp(n),n > 0.

It is known (¢f. [MVW]) that if j is large enough, then ©(o, j) # 0. We write r
for the smallest j, such that ©(c, j) # 0. (It depends on ¢ and the tower V,, r > 0.)
We call r the first occurrence of o in the tower V;, j > 0. We have ©(o, j) # 0 for
j > r [MVW, Ch. III]. If ¢ is supercuspidal, then ©(o, j) is irreducible for j > 7,
and supercuspidal only for j = r. The analogous discussion is also valid for 7 and
the symplectic tower.

In what follows we shall assume that o and 7 are supercuspidal irreducible repre-
sentations of Sp(n) and O(V,), respectively, such that ©(c,r) = 7. (Hence
O(r,n) =o0.)

Theorem 2.1 Let p € Irr(GL(j, F)) be a supercuspidal representation; if j = 1,
then p ¢ {x|- ™= x| [£"="=D}. Then Indgf("ﬂ)(p ® o) reduces if and only if

Indgj(v'” )(Xp ® 7) reduces. More precisely, we have
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(i)  Assume that p is not unitary and Indgf("ﬂ)(p ® o) reduces. Write m; and m,
for its irreducible subrepresentation and irreducible quotient, respectively. Then
O(mi,r + j) is not zero, i = 1,2. Furthermore, O(my,r + j) and O(mp, 1 + j)
are the unique irreducible subrepresentation and quotient of Indgj(v'” )(Xp ® 1),
respectively.

(ii) Assume that p is unitary and Indgf(ﬁj)(p ® o) reduces. Write m and m, for
its non-equivalent irreducible subrepresentations. Then ©(m;,r + j) is not zero,
i=1,2,and

1d2V" (xp @ 7) = Oy, 1+ ) ® O, 7+ ).
(iii) If Indgf (ntj )(p ® o) is irreducible, then the lift is given by

Ond” " (p@ 0),r + j) = Indy " (xp @ 7),

and is also irreducible.

Let us state the following interesting corollary of Theorem 2.1.

Corollary 2.2 Assume that Vo = 0, and put O(2j) = O(V;). Let p € Irr(GL(j, F)),
j > 1, be a supercuspidal representation. Then Indgﬁ7 G )(p) reduces if and only if

Ind?fzj ) (p) reduces.

Corollary 2.2 is just the reformulation of a part of the results obtained by Shahidi
[Sh], using his theory of L-functions. (Actually, [Sh] considers SO(2j) instead of
O(2j), ¢f. Theorem 1.3.)

Now we will explain the assumption on p in Theorem 2.1. By [MVW, Théoreme
principal, p. 69],

(2.1) O(a,r+1) € Indg"™ (|- "™ @7) and Rp(O(c,r+1) =" " @

Since the reducibility point sy = n — m, of Ind?l(v’“)(\ ‘F®7),s € R, is unique up
to a sign [Sil, Lemma 1.2], Indgl(v’“)ﬂ Armmtl @ 1) Indgl(v’“)(| =) @ )
is irreducible. Also,

(22) O(r,n+1) < Indgy " (x| [ @ 0),
Ro,(O(r,n+ 1) =x|-|" "' ®o0.
Again, Indgf("ﬂ)(x\ AT @ o) & Indgf("“)(ﬂ -|=m =" & o) is irreducible.
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The next theorem is a complement to Theorem 2.1.

Theorem 2.3

(i) Thelift @(Indgf’("“)(x\ Mm@ o), r+ 1) has the unique proper maximal sub-
module. The corresponding quotient is isomorphic to ©(o, r + 1). Furthermore,

(2.3) O(O(c,r+1),n+1) = Ind3"" (x|

=1 o 0_).

Finally, if 7 is the other irreducible constituent of Ind?l(v’“)(\ "M @ T), then
O(m,n+1) =0.

(ii) The lift @(Indgl(v'“)ﬂ =Mt @ 1), n+ 1) has the unique proper maximal sub-
module. The corresponding quotient is isomorphic to © (1, n + 1). Furthermore,

(2.4) O(O(r,n+1),r+1) = Indg""(|- ["""* @ 7).

dgr ™ V(|- " @ o), then

Finally, if  is the other irreducible constituent of In
O(r,r+1)=0.

Now, we are going to prove Theorems 2.1 and 2.3. Their proofs depend on the

next proposition.

Proposition 2.4
M) Ifp#x|-
(i) Ifp#x|-

We will postpone the proof of Proposition 2.4, and prove Theorems 2.1 and 2.3
first.

=1, then ©(xp © 7, Rp, (e +)) 2 Indg" " (5 ® o).
_ ot 2O(Ve)), ~
", then ©(p ® 0, Ro,; (Wntjr+j)) = Indpj( ])(Xp ® 7).

Proof of Theorem 2.1 We will prove the theorem in several steps. First, to simplify
formulae, we write

Sp(nt; Sp(ntj) ~ O,
= IndQ?("JrJ)(/J®U)7 ' = Inde(nJr])(p@m)7 and Y = Indpj( Nxp®@T).

Vie j

Since T

~

'xp ).

Step 1: Assume that 7 is an irreducible quotient of II. Then, by Frobenius reci-
procity,

7 and x? = 1, we have T =~ Indgj(

Homsy (ntj)x oV, ;) Wntjrejy ™ & T)

= Hom sy (n+ ) x GL(j,F) x OV,) (R, (Wnt j ), T & XP @ T).

Hence, by Proposition 2.4(i),

Homsy(ntj)x oV, ;) Wntjrej, ™ @ T) = Homgy (e ) (1L, 7).

https://doi.org/10.4153/CMB-2006-054-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2006-054-3

Howe Correspondence 585

The last intertwining space is one dimensional. Hence O (7, r + j) # 0. Finally, each
irreducible subquotient of IT is a quotient of IT or IT’. So, its lift is non-zero.

Step 2:  Assume that II is reducible and p is not unitary. Write 7, and , for its
unique irreducible subrepresentation and unique irreducible quotient, respectively.
We have Rq,(m1) = p ® 0 and Rq,(m) = p ® 0. By Step 1, O(m;,r + j) # 0,
i = 1,2. Since m; ® O(my, 7 + j) is a quotient of Wy +j, p ® 0 @ O(my, 7+ j)isa
quotient of Rq, (wp+j+j). Hence O(my,r + j) is a quotient of Y. Let us prove that
it is not equal to Y. Otherwise, Rp;(wn+jr+j) has a quotient m ® Xxp ® 7. So, by
Proposition 2.4, 7; is a quotient of I, which is a contradiction. Hence, © (7, r+ j) is
the unique irreducible quotient of 1. Similarly, we conclude that ©(m,, r + j) is the
unique irreducible quotient of Y. Now, by Remark 1.4(ii), Theorem 2.1(i) follows.

Step3: Assume that IT is irreducible and p % . Now, by Frobenius reciprocity,

Homsy(n+ ) (Wntj r+j, II) = HomaG L pyx spn) (RQ; (Wnt j r+), p @ ).

The usual map that gives the isomorphism above is, in fact, the isomorphism of the
corresponding (not necessarily smooth) O(V,,;)-modules. Now, by the last part of
Lemma 1.1 and Proposition 2.4, we get

O(IL, r+j) 2 O(p® 0, R, (Wntjr+j)) = Indg(vr+j)(Xﬁ® =",

Similarly, we can prove ©(IL,r + j) = T. Now, T = T. Hence, if p is not unitary,
applying Theorem 1.3(ii), it is not difficult to see that Y is irreducible. If p is unitary,

Vr+j)(

then T is also irreducible. More precisely, Indfqo( p ® Tp) is irreducible because

a necessary condition for reducibility wy(p ® 7]'0) = p ® 7o does not hold (¢f. [Ca]

and Remark 1.4(i)). Since p % p, we can apply Theorem 1.3(iii) to see that T is
irreducible.

Step 4:  Assume 11 is irreducible and p =2 p. We shall show that T is also irreducible.
Take s € R, and set _

T, = Indg? "/ (| det['p ® o).
The familiy I, s € R, can be considered as a continuous familiy of Hermitian rep-
resentations. By the usual complementary series argument, since Il is irreducible,
there exists s # 0, such that II;, is reducible. By Step 2, Indgj(v”j )(X| det[*p ® 7)
is also reducible. Considering the restriction to SO(V,,;) (¢f. Theorem 1.3(iii)), we

see that Indﬁjo(v”j)(x\ det[*p ® 79) is reducible. As before, by [Sil, Lemma 1.2],
Indgjo(v”j ) (xp ® 7o) is irreducible. Clearly, we are not in the exceptional case of The-
orem 1.3(iii). So, T = Indgi(v'”‘ )(Xp ® 1) is irreducible. Now, we can continue as in
Step 3 to see O(IL, r + j) = 'Y' Steps 3 and 4 prove Theorem 2.1(iii).

Step 5:  Assume II is reducible and p is unitary. (Then p = p.) Let us write IT &
1 @,, where 7, 7, are tempered mutually inequivalent irreducible representations.
It follows that Rq, (7)) = p® 0,1 = 1,2,and

(25) RQJ(H) &~ RQ}. (71'1) D RQ,-(’]TZ)‘
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Let us prove that T is also reducible. If not, then as in Step 3, wesee O(Y,n+j) = I
Now, (2.5) implies that
PRXITDpRoT

is a quotient of Rq; (Wn+j,r+j)- This is a contradiction (cf. Proposition 2.4(ii)). Hence,

by Theorem 1.3, T is a direct sum of two mutually non-equivalent tempered repre-
sentations.
Next, taking 7 = 7;, i = 1,2, in Step 1, we see

(2.6) dimc Homgp(n+ jyx GL(j By x 0(v,) (Rp; (Wntjr4), TR Xp @ T) = 1.

Since, by Step 1, ©(m;, r+ j) is a quotient of T and Rp, (T) is semisimple, (2.6) implies
that O(m;, r + j) is irreducible. Similarly, each irreducible subrepresentation 7 of T,
satisfies ©(m, n + j) € {m, m}. So, we must have

T = O(m,r+j)®O(m,r+ ).

Now Theorem 2.1(ii) follows from Remark 1.4(ii). This completes the proof of The-
orem 2.1. |

Proof of Theorem 2.3 We will prove (i). The proof of (ii) is analogous. The sec-
ond part of (i) (see (2.3)) follows from (2.1) and Proposition 2.4(i). Now, to prove
Theorem 2.3(i) it is enough to prove the first part. To simplify formulae, put II =
Indgll?(rﬁ—l)()d Mm@ o).

First, if m, —n # 0, then, as in Step 4, we see O(IL, r+1) & Ind}?l(v’”)ﬂ SR,
This completes the proof in that case.

Again, the tempered case m, — n = 0 is more difficult. First,

(2.7)  Homgp(nyxo(v,)(Wht1,r41, T @ Indgl(v’”)(l ® 1))

(2.8) 2~ Homoyv,,)(O(L, r+1), Indy""(1® 7).

Then Proposition 2.4(i) implies that the space in (2.8) is one dimensional. Take a
non-trivial map from the space in (2.7). Then the first part of the proof shows that
its image is isomorphic to O(o, r + 1) ® II. Further, let ¢ be the corresponding map
in (2.8). We claim that V. = ker () is the unique proper maximal submodule of
O(IL, r + 1). If not, then there is a submodule V', such that ©(II,r + 1) = V + V.
Hence, V/V NV’ is a quotient of O(IL, r + 1). The filtration of Rq, (wy+1,r+1) (cf. §3)
and Lemma 3.3 imply that Rp, (V/V N V') has a quotient 1 ® 7. This gives a map in
(2.8), which is not, up to a scalar, equal to . This is a contradiction, which completes
the proof of Theorem 2.3. ]

3 Proof of Proposition 2.4

First we will recall filtrations of certain Jacquet modules of oscillator representations
(¢f. [Ku, Kul] or [MVW, Ch. III, IV.5]).
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() Rp,(wn+jr+;j) has filtration by Ij, 0 < k < j, where

_ i+ )
Iip = |det|7"™% @ wyyj, (quotient),

Sp(n+j)x GL(j,F)x OV, .
ii=1In de: éL?] p XJ oT/) (E ® Wy.r) (subrepresentation),

Sp(n+j)x GL(j,F)xO(V, .
i« =1In deX"P’,:O(V; POV (@ @ T ® war jokr)s 0<k<j.

Here P]’-)k is the standard parabolic subgroup of GL(j, F) which corresponds to the
partition (j — k, k),

aj = |det |—rn,+n+j72k+l

is a character of GL(j — k, F), and X is the twist of the standard representation of
GL(k,F) x GL(k, F) on smooth complex valued functions C>°(GL(k, F)):

k1 _
T f(gy ' hg).

(Here the first (resp., second) GL(k,F) is a part of the Levi factor of P]k, (resp.,
of Qi).)

(ii) Rq;(wn+jr+j) has filtration by Ji, 0 < k < j, where

Sk(g1,82) f(h) = | detgy| ™ x(detgy)| detg,

ji—1
Jio = x| det " " F @ wy (quotient),
1) X GL(j,F) X O(V}+) .
Jij = In dSp(n)XGLd’F)XPj ! (E]’- & W r) (subrepresentation),
)X GL(j,F)X (V) / .
Jik = Indsp(n)XQ;kka "(Bik @ Lf @ wyprj—k), 0<k<j.

Here Q}k is the standard parabolic subgroup of GL(j, F) which corresponds to the

partition (j — k, k), Bjx = x| det m—n+1== 46 a character of GL(j —k, F), and X is
the twist of the standard representation of GL(k, F) x GL(k, F) on smooth complex
valued functions C2°(GL(k, F)):

S1(g1,80) f(h) = | detgy|™ 1~ x(detg))| det go| ™ 7*'5 f(gi 'hgy).

(Here the first (resp., the second) GL(k, F), is a part of the Levi factor of Q' o (resp.,
of Py).)

Remark 3.1 If w € Irr(GL(k, F)), then ©(m, ¥i) = x7. The same applies for 3;.
Here we may consider 7 as a representation of GL(k,F) x 1 or 1 x GL(k, F).

We will prove only Proposition 2.4(ii). The proof of (i) is analogous. To simplify
notation, we will write

M} = GL(j,F) x Sp(n) and p'=pxo0.

For s € C, we put p; = | det[*p ® 0. Now, the filtration of Rq, (wp+;r+;) given in (ii)
immediately implies
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Lemma 3.2  Assume that j > 1, and s € C. Then
Homyy/ (R, (Wntjrii)/ Jij> pi) = 0.
Now, let us finish the proof of Proposition 2.4(ii), assuming the following lemma.

Lemma 3.3  For each supercuspidal representation p' = p ® o € Irr(M]),

O’ J;j) = Indg ™ (x5 @ 7).

First, recall that if V€ A(M J’ ), then we can decompose it into the direct sum of
smooth modules [Bel, Ch. II, Proposition 26]

V= V(PI) S¥ Vp’u

such that each irreducible subquotient of V/(p’) is of the form p/, for some s € C, and
V,+ does not have an irreducible subquotient of the form p/. If V(p’) is not zero, it
has an irreducible quotient.

If j > 1, then Lemma 3.2 implies (Rq,(wn+jr+j)/Jjj)(p") = 0. Now it is not
difficult to see

RQj (Wn+j,r+j)(p/) = Ijj(p/)v

considering J;; C Rq;(wn+j,+j). Hence, the natural map
(3.1) Homyy/ (Ro; (Wn+jirt ), p')— Homy,/ (Jjj, )

is an isomorphism of vector spaces. But, the map is also O(V,, ;)-equivariant. Hence,
we have (c¢f. Lemma 1.1)

O(Rq; (Wntjrij), p')™ = Homy,/ (Ro; (Wa+jir+ ), P)oo

= HomMj/(]jj,p/)oo = @(]]]7p/)

Now, Lemma 3.3 completes the proof of Proposition 2.4(ii) in that case.

If j = 1, then p is a character of F*, which is by the assumption of Proposition
2.4(ii) different from the character that appears in Jiy (¢f. (b)). Now, Ro, (Wn+1,r+1)
has an obvious quotient

p' @O, 1) ® Jio.

Hence, one can see that the natural map (3.1) is an isomorphism. Finally, the proof
of Proposition 2.4(ii) can be completed as before.

It remains to prove Lemma 3.3. To achieve that, we need the following simple
extension of a result from Bernstein [Be]:

https://doi.org/10.4153/CMB-2006-054-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2006-054-3

Howe Correspondence 589

Lemma 3.4  Assume that an I-group G’ is the semidirect product G x 7./27, where G
is a connected reductive F-group. Let P = MN be a parabolic subgroup of G, and let
P = MN be the opposite parabolic subgroup of P. Assume that 7./27. normalizes M,
NandN. Put M' = M x 7/27, P = M'N, and P = M'N. If = € AM') and
IT € A(G’), then we have an isomorphism ¢ — ¢y

Homg: (IndS, (), IT) & Homyy (r, Ry (I1)),

where ¢, is given by the composition of the natural inclusion (through a part of filtration
that corresponds to an open orbit P'P’ in P’ \ G')

T < Ry (Ind, (7)),
and the natural map ¢: RP/(IndG;(ﬂ')) — Rp/(II).

Proof If G’ is connected, then Bernstein has shown that the map ¢ +— ¢ is an
isomorphism. Now, Lemma 3.4 follows, considering the restriction of all representa-
tions in question to G. u

Proof of Lemma 3.3 SetII = O(p’, J;;) and P; = Mjﬁ(])-. Clearly, Indg},(v”j)(xﬁéé T)
is a quotient of I1. To prove the lemma, it is enough to see that I is a quotient of that
induced representation.

Let ¢ be the natural ephimorphism of M J’ X O(V,yj)-modules J;j; — p’ @ IL
Then, as in Lemma 3.4, we can define a morphism

©o: EJ’- QWn, — p' @ Rp, (ID).
Remark 3.1 implies that the image of ¢, is isomorphic to
(3.2) pROXPRT.

So, we can factor g = ¢"’-¢’, where ¢' is the natural projection from ¥} @wy,, to
the module given by (3.2), and ¢’/ is an inclusion. Write Ind(y’) for the morphism
of the corresponding induced modules. Let ¢; be the morphism from Lemma 3.4,
such that (p1)g = /. It is not difficult to see (¢1 - Ind(¢’))o = @o. Hence, by
Lemma 3.4, ¢ = ¢; - Ind(¢’). This implies that the image of ¢ is isomorphic to a

quotient of p’ ® Indgj(v'” '(xp ® 7). This completes the proof of Lemma 3.3. [

4 An Example

In this section we will assume that the characteristic of F is zero, because we will apply
the reducibility results obtained by Shahidi [Sh].

We continue by recalling some results from [Sh]. Assume that p is a unitary su-
percuspidal representation of GL(j,F), j > 1. Then, following [Sh], we call p a
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representation of symplectic type if Indgf G )(\ det|'/2p) is reducible, and a represen-

tation of orthogonal type if Indg? m(p) is reducible. In both cases p = p. Also,
Shahidi [Sh, Lemma 3.6] implies that every selfcontragredient supercuspidal repre-
sentation is exactly of one of the above types. (For more details see [Sh], and for later
interpretation in terms of K-types we refer to [MR].) One would like to describe all
reducibilities of induced representations induced in terms of reducibility discussed
above for split classical groups or their inner forms. The theorem below gives new
examples of reducibilities.

Theorem 4.1  Assume that Vy is a four dimensional anisotropic space. (Then x = 1.)

Let p € Irr(GL(j, F)) be a supercuspidal unitary representation, and let s € R. Put

I(s) = Indﬁoo(vj)ﬂ det [*p ® 1s0(v,)). Then we have

]

(1) Ifp % p, then I(s) is irreducible, for all s € R.

(if) If p has orthogonal type (hence j > 1), then 1(0) is reducible, and I(s) is irre-
ducible, for s # 0.

(iil) If p has symplectic type (hence j > 1), then I(s) is irreducible, for s # +1/2, and
I(£1/2) is reducible.

(iv) If p is the trivial character of GL(1, F), then 1(s) is irreducible for s # +2 and
I(£2) is reducible. If p is a nontrivial quadratic character of GL(1, F), then 1(0)
is reducible and 1(s) is irreducible for s # 0.

Proof Note that O(1pv,),0) = lgpo). Now, the theorem is a consequence of
Theorems 1.3, 2.1, and 2.3, well-known reducibilities of induced representations in
SL(2) = Sp(1), and the fact that we can have at most one point of reducibility point
fors > 0 (cf. [Sil]). [ |

Acknowledgement I would like to thank Joseph Bernstein for help with this work.
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