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A NOTE ON TENSOR PRODUCTS OF REFLEXIVE ALGEBRAS

ZHE DoNG

In this short note, we obtain a concrete description of rank-one operators in Alg(£; ®
---®L,). Based on this characterisation, we give a simple proof of the tensor product
formula:

Alg(£; ® - - ®Ly)=AlgL; Qy - ®y Alg L,

if Alg(£; ® --- ® L) is weakly generated by rank-one operators in itself and £;(i
=1,...,n) are subspace lattices.

1. INTRODUCTION

One of the central results in the theory of tensor products of von Neumann algebras
is Tomita’s commutation formula:

(1) M @y N' = (M@, NY,

where M and N are von Neumann algebras. It was observed in [1] that if we let £; and
L, denote the projection lattices of A and N respectively, then (1) can be rewritten as

(2) Alg Ly ®, Alg £y = Alg(L1 ® Ln).

This versiom of Tomita’s theorem makes sense for any pair of reflexive algebras Alg L,
and Alg £,. It remains a deep open question whether the tensor product formula (2) is
valid for general reflexive algebras, or even general commutative subspace lattice algebras.
However, (2) has been proved in a number of special cases ([1, 2, 3, 4]). In particular, it is
known that if £, is a commutative subspace lattice that is either completely distributive
({4]) or finite width ([2]), then (2) is valid for £, and any subspace lattice £,. The
main purpose of this paper is to study the n-fold tensor product formula of reflexive
algebras. The technique employed in this note is simple and different from the other
papers about tensor products. We use rank-one operators to investigate tensor products
and the technique shows its power in this note.

Let us introduce some notation and terminology. Throughout, H represents a com-
plex separable Hilbert space, B(H) the algebra of bounded operators on H. A sublattice
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L of the projection lattice of B(#) is said to be a subspace lattice if it contains 0 and T
and is strongly closed, where we identify projections with their ranges. If the elements
of £ pairwise commute, £ is a commutative subspace lattice. A nest is a totally ordered
subspace lattice. If £ is a subspace lattice, Alg L denotes the set of operators in B(H)
that leave the elements of £ invariant. If £ is a commutative subspace lattice, Alg L is
said to be a commutative subspace lattice algebra. If £ is a nest, Alg £ is said to be a
nest algebra.

If A is a subset of B(#H) then Lat A, the set of projections left invariant by each
element of A4, is a subspace lattice. A subalgebra A of B(H) is reflexive if 4 = AlgLat A.
The reflexive algebras are precisely the algebras of the form Alg £, where L is a subspacé
lattice. If £; € B(H;)(i = 1,...,n) are subspace lattices, £; ® --- ® L,, is the subspace
lattice in B(H, ® --- ® H,) generated by {L; ® ---® L, : L; € L;,i =1,...,n}. If
S; € B(H;)(# = 1,...,n) are subspaces, then S| ® --- ® S, denotes the linear span of
{$1®--® 85, :85; € Si}; S1 Qu - ®y Sy denotes the weak closure of S, ® -+ ® S, in
BH,®: - ® Hy).

2. TENSOR PRODUCTS OF REFLEXIVE ALGEBRAS
For z,y € H, the operator zy* is defined by the equation
(zy*)(2) = (2,y)z, forall ze€eH.
If £ is a subspace lattice and L € L, we write L_ for the projection V{F € L :
L & E}. The following result of Longstaff (6] is essential.
LEMMA 1. Let L be a subspace lattice. Then zy* € Alg L if and only if there is
an element L € L such that z € L andy € L.
Let £; C B(H;)(i = 1,...,n) be subspace lattices. For 1 < j<n,let [ ®---® L;
@ -Q@L={L®  -®L;® - ®I,: Lj € L;}; certainly, it is a subspace lattice.
LEMMA 2. Let £; C B(H;)(1 < j < n) be subspace lattices. Suppose that N; € L;,
then
(L®  -®N;® - ®L).=L8  -®N,,® - ®I,
and
(L® - ®N;® QL) =1L® - -®N:®--®I,
inh® ®L;® &I,
PRroOOF: We first show that [, ® - -QN; ® - @, < 1®---QL; ®---® I, if and
only if N; < L;. For the forward implication choose unit vectors z; € H;(i # j). For any
z; € ’Hj,

0

N

<(Il®"'®(Lj—Nj)®"'®In)(1'1®"'®$n),$1®"'®$n>
= <-’El®"‘®(Lj—Nj)$j®"'®$m331®'”®zn>
((Lj = Nj)zj, ;).
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So N; < L;. The converse implication is also natural. Thus ; ® ---® N; ® ---® I,
£hL® - -®L;®-- ®I, ifand only if N; £ L;. Hence

L® - ON;® --®I)-
=V{Il®"'®Lj®"'®In:Il®"'®Nj®"'®In§<11®"‘®Lj®“'®-[n}
=V{L® - ®L;® --®I,: N; £ L;}
=II®"'®Nj—®“'®Im

(The proof of the third equality is routine). Since
([1®...®N]7L_'®...®]n)([1®...®Nj_®...®]n)=0’
we have
L® ®N-® QL <(h® - Q®N,_®---®I,)"
(LR - ®N;,.® --®IL)* 7611®---®le_®-~-®ln,we can choose a non-zero vector
ze(h® - ON;,_®---®L) 6 (,® - -®N-®---®1I,). Thus

z = (Il®"‘®1j®"‘®1n)z
L® - ON;,_® L)+ (L ® - NL® - ®L)2

This is a contradiction. So

(11®"'®Nj®"'®1n)i' = (I1®"'®Nj_®"'®1n)l
]1®...®le_®...®]w ﬂ

LEMMA 3. Let £; C B(H:)(: = 1,...,n) be subspace lattices. Then a rank-
one operator zy* € Alg(L; ® --- ® L,,) if and only if there exist N; € L; such that
TEMNM® --QN,andye N{- ®---®@ N-. :

PROOF: Set F;, =1, ® - - Q@L; ®---® I,,. Thus

L@ @Ly=F V- VF,

and
Alg(£;®---® L,) = (Alg F1) N---N(Alg Fp).

Now suppose that zy* € Alg(£, ® --- ® L£,). Since £, ® --- ® L, D F;, Alg(Ly
® --®L,) C AlgF;. Thus zy* € AlgF; and, by the definition of F; and Lemma 1
and Lemma 2, there is an element NV; € L;suchthat z € 1 ® ---QN; ® --- ® I, and
ye€(®  -ON;® - QL) =1® --®N:® --®I,. Thisis valid foreachi=1,...,n,
whence

TEN®---®N, and y¢€ Nll_®-~-®an_.
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For the converse, if 2 € Ny ® ---® N, and y € N} ® --- ® N then, in particular,
z€[® - -@N;® --®Landye [, ® - -® Nt ®---®1I,. Lemma 1 and Lemma 2
imply that zy* € Alg F;, for each i. Hence
n
oy € [|Alg Fi = Alg(L1® -+~ ® Ln).
i=1 D
PROPOSITION 4. Let £L; C B(H)(i = 1,...,n) be subspace lattices. If L
€L ® - ®L,and L £ L_, then
L=v{M® --®N,: Ny®---®N, < L}.
PROOF: Suppose that 0 # z € L. Since L £ L., L_ # I, ® --- ® I,. For any
0 # y € L, Lemma 1 shows that the rank-one operator zy* € Alg(£, ® --- ® L,,).
By Lemma 3, there exist NV; € L£;(i = 1,...,n) such that z € N; ® --- ® N,, and
YyENLE® QN . f N ®:--®QN, £ L, it follows from the definition of (N1 ®- - - @ N,,)—
that L < (N; ® --- ® N,,)_. By virtue of Lemma 2, we then have
LE(M® - ®N,)-
Sh®- - ®N;®---Q1I,)_
=h® ®N_® &I,
and
L'>L® --®N:® --®1I,, foreachi.
So L* > N{- ®---® N and we have shown that y € Lt. Thus for any y € L, we show

that y € L*. This implies that L2 < L' and L < L_. This contradicts our hypothesis.
Hence Vi ® - ® N, < L and for any z € L,

ze€VIM® QN : i ®---®N, < L}.
Thus
LEV{N;® - -®N,:N;®---®N, < L}.
The converse inequality is obvious and this completes the proof. 0
LEMMA 5. Let z;,y: € H;(i =1,...,n). Then
(21®--®zn) (11 ®@ - @) = (219]) ® - @ (znyy)-
Proor: For any z; € H;, it follows from the definition that
[(@1®  ®T) 11 ®  ®Ya) (210 ®24)
= (219 @z, Y1 ® - QU )T:1 Q- ® Tn)
=(z1,91) (2, Yn) (21 ® - - ® Ty)
= ({21, u1)21) ® - ® ((2n, Yn)Zn)
= [(z191)21]) @ -+ - ® [(zn¥;) 2n)
= [(ﬂhy{) ® - ® (Iny,',)](zl Q@ zp).
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Since the linear span of simple tensors is everywhere dense in H, @ - - - ® H,, so
(Z1® @) (Y1 ® O yYn)" = (T19]) ® -+ ® (Tn¥p)- I

THEOREM 6. Suppose that L; C B(H;)(: = 1,...,n) are subspace lattices and
Alg(L, ® --- ® L,) is weakly generated by rank-one operators in itself. Then

Alg(L1® - ® L) = Alg L @y - - @y Alg L.

PRrOOF: Each of the operators which generate Alg £1®,,- - -®, Alg L, leaves invariant
each of the projections which generate £, ® - -- ® L,,; therefore

It remains to show that Alg(L; ® --- ® L£,) C AlgL; ®y - ®, AlgL,. Since
Alg(L; ®- - -® L,) is weakly generated by rank-one operators in itself, it suffices to show
that each rank-one operator in Alg(£; ® --- ® £,,) belongs to AlgL; ®y - - ®y Alg L.
Now for any N; € £; and z;,y; € H;, we have that

M@ @N)[(#1® @)1 ® - ®ya) | (NiZ @ -+ ® N;_)
= (M ® - ®N)[(z19]) ® - ® (2ayp)]| (Ni= ® - - ® N-)
= Ni(z1y])Ni= ® -+ ® Ny (znyn) Nz
€AIgL; ®y - @y Alg L,.

For any rank-one operator zw* € Alg(L, ® --- ® L,), it follows from Lemma 3 that
there exist N; € £;(i=1,...,n) suchthat z€ Ny ® ---® N, and w € Ni- Q@ - QN-.
Since z,w € H; ® - - - @ H,, there exist sequences {z,,} and {wy,} such that

zmuz and wmuw,

where z,,, wy, are finite linear combinations of simple tensors. It is routine to show that
(M® - ®Ny,) (2wl ) (NE®- - - @NL) Iy (N® - -®N,) (z2w*)(Ni-®- - - @NL) = zw".
The preceding pragragh shows that
(Ni® - @ N (zmuw)(NiE ® - Q@N-) € Alg L ®y - - - @y Alg L,

so zw* € Alg £, @y, - - - ® Alg L. This completes the proof. D

CorOLLARY 7. Let £; C B(H;)(¢ = 1,...,n) be subspace lattices. If Alg(L,
® - @ L,_1) is weakly generated by rank-one operators in itself, then

Alg(£;®---® L) =AlgL) @y -+ - @y Alg Ly,
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PROOF: It follows from [4, Proposition 1.1 and Theorem 2.1] that
Alg(£1® - QL) =Alg(Li® - @ La_1) ®u Alg L.
By virtue of Theorem 6, we obtain that
Alg(£,®---®@L,) =AlgL; ®, - ®y Alg L,,. 0

The following corollary is one of the main results in (3].
CoROLLARY 8. ([3, Theorem 17].) Let £; C B(H:)(i =1,...,n) be completely

distributive commutative subspace lattices. Then

PROOF: It follows from [3, Theorem 10] that £,®- - -®L,, is a completely distributive
commutative subspace lattice. Thus, by virtue of {5, Theorem 3], Alg(£; ® --- ® L,,)
is weakly generated by the rank-one operators in itself. So the corollary follows from
Theorem 6. 0

COROLLARY 9. ([1, Theorem 2.6].) Let Nj(¢ =1,...,n) be nests. Then

AlgM ® -~ @ N,) = AlgN; @y, - -+ @y Alg N,

If £ is a subspace lattice, let R(L) denote the linear span of rank-one operators in

Alg £ and R(L) the norm closure of R(L). If S; C B(H;)(i = 1,...,n) are subspaces,
S1® - ®S, denotes the norm closure of $; ® - - - ® S,.

PrROPOSITION 10. Let £; C B(H;)(i=1,...,n) be subspace lattices. Then

R(Li® @ Ly) =R(L1)®- - BR(Ly).

PROOF: The result is essentially implied in the proof of Theorem 6. 0
Note that in Proposition 10 we do not need the hypothesis that Alg(£; ® -- - ® £,)
is weakly generated by rank-one operators in itself.
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