CONCERNING THE MINIMUM FUNCTION OF
A STOCHASTIC MATRIX

Richard Sinkhorn

A square matrix is said to be stochastic if its elements
are non-negative and if each of its row sums is equal to one.
Thus X =1 is always an eigenvalue of a stochastic matrix.

It is the intent of this paper to establish the theorem
stated below. Though the result itself is well known
(e.g. [1, pp. 102-104]) it is believed that the proof given is
new. In any event it is self contained.

Let A =(a.,)) bean mXn matrix and let u and v be
1)
positive integers such that 1< u<m, 1<v<mn. Let o denote
a strictly increasing sequence of u integers (i1, co.,1)
u

chosen from 1,...,m, and let B denote a strictly increasing
sequence of v integers (ji’ C, jV) chosen from 1,...,n.

Then A[alﬁ] is that submatrix of A with rows indexed by «
and columns indexed by 3. A[a/,ﬁ) is the submatrix of A with
rows indexed by o and columns indexed by the complement of

B in {1,2,...,n} . A(e|p] and A(e|B) are defined analogously.

We shall write A' for the transpose of A.

THEOREM. Let A be an n x n stochastic matrix. Then
one is a simple zero of the minimum function of A.

2
Proof. Given y such that (A'- I) V¥ =0, set x = (A'- I)y.
It suffices to show that x = 0. In any event we can assume that

x and y are real. Then, since (A'- I)x = 0, we have
n
(1) z a.x, = x,j=1,...,n
i
i=1 Y J
n
and thus (xl < Z a.,(x‘l. If strict inequality holds for
! =1 1] 1
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any j, we would have

n n n n
T Ix]< Tz = oa x| = =T x|,
=t == Y =1
a contradiction. Thus we have
n
(2) b a,_]x,l = [x,l, j=1,...,n.

=1 Y7 !

Let E = {i’xi> 0}, F= {ilxi< 0}, and H= {iyxi =0} .
Then (2) may be written

§Xj if jeE
(3) 2 a,.x, - 2 a..x. =, -x. if jeF
ieE YU ogerp M7 ]
0 if jeH
while (1) may be written as
(4) > a.. x + = a . x, = x, j=A1, , n
ie E Yot ieF ot J

It readily follows from (3) and (4) that X a x =0

ier Yt
if jeE, = ai,x., =0 if jeF, and X a. . x = X a ,x =0
ieg V! ieE Yt jer Y7

if jeH. Thus A[F|E]=0, A[E|F]=0, and A(H|H] = 0.

The definition of x leads to the equation
n
(5) = a,.y. = y.+x, j=1,...,n.
- i
Since A(H|H] =0, this becomes

(6) z a,.y. = vy. JjeH.
jeg Y7 /

Clearly = a.. <1 for any i. Suppose for some

jew M
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ioeH, = ai .<1 and y. # 0. Then we would have, using (6),
jeH o’ ‘o

z oa y, <y, [z = a.lvl<z |yl
jeH Wt o ieH jeH Vol qem

== |yl =z =z alyl
jeH 3 jeH iem Y !
'

t iction. Th i eH, X . < = 0.
a contradiction us i e . 3 1= v,
jeH o o
If i eH, and X a, . =1, certainly a, . =0 for
o . 1] 1)
jeH o o

jeEUF.

It follows that aijyi = 0 when ieH, jeEUF, and thus

(7) S a,y =0, jeEUF.
ieq W!

Since A[F|E] =0, we have from (5) and (7)

Z a,y., = vy.+tx, jeE;
ieg M1 ;o)

whence

(8) = = a.y, = zZ y.+ Z x.
jeE ieE jeE 7 jeE

But A[E|F]=0 and A(H|H] =0 and therefore

n

z Z a,y, = X Z a,y, = Z V..
jeE ieE Y =1 ieE MY jer 7

Thus (8) yields X x-j =0 and E 1is seen to be void.
jeE

Similarly F is empty, and thus for all i, ieH. This
means that x = 0, as was to be proved.
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