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GLOBAL EXISTENCE AND COMPARISON THEOREM FOR A
NONLINEAR PARABOLIC EQUATION

MAHMOUD HESAARAKI AND ABBAS MOAMENI

In this paper we consider a nonlinear parabolic equation with gradient dependent
nonlinearities of the form

uy — Au = alul? + b| v ul?,

0 < p,q and a,b € R, with homogeneous boundary condition in a bounded domain
QL C RV In the case 0 < p,g < 1 we prove the existence of solution for suitable initial
data. A comparison theorem for the solutions with respect to supersolutions and
subsolutions is proved. Using these result, uniqueness and boundedness of solutions
is studied.

1. INTRODUCTION

We consider the nonlinear parabolic problem with gradient dependent nonlinearities:

u—Au=gluf +bvul? in Qr=0x(0,T),
(1.1) u=0 on S=00x(0,T),
u(z, 0) = ¢(z) in Q

where ) is a bounded domain with smooth boundary in R¥, p > 0, ¢ > 0 and a,b € R.
In the case of ¢ = 1,6 > 0 and a = 0 the problem was considered by Ben Artzi in
[3, 4]. He showed the existence and decay of the global solution when = R". He also
introduced the open problem of the existence of the solution when §2 # RY. In this paper
we consider this problem. We shall show the existence, uniqueness and boundedness of
the solution for suitable initial data, where  is a bounded domain in R¥.
The problem (1.1) without the gradient term, that is, the equation

u — Nu= lul”’lu,

with p > 1, has been extensively studied by many authors providing various sufficient
conditions for blow up and global existence. Moreover some qualitative properties, such
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as, the nature of the blow up set, the rate and profile of blow up, maximum existence
time and continuation after blow up, boundedness of global solutions, and convergence
to a stationary state were investigated. For these topics we refer the reader to the books
and survey articles (7, 19, 12, 22, 16, 2, 13, 3, 8].

In the casep,g >1and b >0 several authors have studied the existence of nonglobal
positive solutions by giving some conditions for blow up, under certain assumptions on
p,q, N and Q (see for instance [6, 9, 8, 14, 15, 17, 18, 20, 21]). The problem (1.1) was
considered by Souplet in [18] for p > 1 and ¢ > 1. He proposed a model in population
dynamics, where this type of equations describes the evolution of the population density
of some biological species under the effect of a certain natural mechanism.

The aim of this paper is to prove the existence and uniqueness of global weak solu-
tions for initial data in L2() for 0 < p,g < 1.

The following problem has been considered in [1],

ut=Aym—|Vu°‘|q+u” in Q=9 x (0,00},
u=0 on § =090 x (0,00),
u(z,0) = ¢(z) 2 0 in Q,

where € is a bounded domain with smooth boundary in R". It has been shown that a
global weak solution exists for nonnegative initial data in L™*1(£2), under the assumptions
m21,a>2m/2, 1< qg<2andl < p< ag. The authors in [1] also introduced the
open problem of the uniqueness of the solution. Our result, in part, gives a solution to
this problem in thecase a =m=g=p=1.

This paper is organised as follows. In section two we establish the existence of global
weak solution for initial data in L2(2). In the third section we consider subsolutions and
supersolutions and prove a comparison theorem for the case p = ¢ = 1. In section four,
by using our comparison theorem, we prove the boundedness of solutions.

2. EXISTENCE OF GLOBAL SOLUTIONS

In this section we prove the existence of global weak solution of problem (1.1}, when
the initial data is in L?(2) and 0 < p, ¢ < 1. The techniques in [20, 6] for the existence
in the case p > 1,q > 1 rely on the differentiabilty of J1(u) = u? and Jo(u) = |Au|9, and
are not applicable here for the case 0 < p,g < 1. Our technique is based on Galerkin’s
method.

In the following we give some notations and definitions which will be used later. Let
Q C R be a domain with smooth boundary, T > 0 and Qr = Q x (0, 7).

DEFINITION. Let the initial data ¢(z) € L?(2). By a weak solution of the problem
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(1.1) on Qr, we mean a function u(z,t) € L2(0, T; H3(R2)) such that

/Q [—u(t + wu. v ¢ — (alul’ + b v ul")C] dzdt
+ [oul(z, T)(z,T) dz — [, ¢(z){(z,0) dz =0,

for every test function ((z,t) € W2(0,T; H}(2)). We shall say that u is a global weak
solution of the problem (1.1), if u is a weak solution on Qr for all positive 7.

(2.2)

The following lemmas in [11] are crucial in our work. In these lemmas ' C Q is an
arbitrary measurable subset of 2 and mes ) means the Lebesgue measure of the set §)'.

LEMMA 2.1. If |juk], € M,r > 1,M > 0, for a given sequence of functions
ux(z), k =1,2,... then it is possible to extract a subsequence from {uy}, that is weakly
convergent in L7(Q). If in addition, |luk||,o € p(mes(Y) for every mensurable subset
Q' of Q, where u(r) is a continuous function for 7 2 0 and p(0) = 0, then it is possible
to extract a subsequence from {ux} which is strongly convergent in L™(Q). If {ux(z)}
converges to u almost everywhere on Q and |lugllyo < M,r > 1, M > O then {u}
converges to u strongly in L™ (Q), for every r* < r, and weakly in L™ ().

LEMMA 2.2. Let f(z,u) be a measurable function on the set {:1: € Qu
€ (—oo,oo)}, which is continuous in u for almost all z from 2. If a sequence of
functions {ux(z)} from L*(Q) converges almost everywhere to u(z) € L'(Q) and
”f(z,uk(z))”rn < M,r > 1, then the functions f(z,ux(z)) converge to f(z,u(z))
in the norm of L™ (), for every r* < r and weakly in L™(2). If in addition, it is known
that ”f(z,uk(x))HrQ, < p{mes'), where u(r) is a continuous function of 7 > 0 and

©(0) = 0, then {f(z, uk(x))} converges to f(z,u(z)) strongly in L"(£2).

The following theorem is the main result of this section.

THEOREM 2.3. Let the initial data ¢(z) be in L*(Q), then the problem (1.1) has
a weak solution in W12(0, T; H} ().

PRrOOF: We take a fundamental system {4x(z)}, £ = 1,2,... in the space H}(Q)
such that [, ¥, dz = 6;; and méix{h/)kl, | ¥ ¥k} = Ck < 0o. An approximate solution

u™(z,t) for the problem (1.1) will be sought in the usuall form u™(z,t) = Y Cp(t)¢x(z),

k=1
where C2(t), k = 1,2,...,n are determined by the system of ordinary differential equa-
tions

/ up dx +/ vu". 7 Y dz — / [a[u"|” +b v u"|"]1/;k dz =0,
Q Q n

(2.3)
C,:‘(O):/nwkq&(z)dx k=1,2,....n.

On the other hand for each n, there is a T, with 0 < T, < T such that Cp(t), k
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=1,2,...,n is a solution of (2.3), and

n

n 2 - ni2
B, 2 [Ce@)]" = max Ilu"llZs(ny.

For simplicity in writing in the next paragraph we write u(z,t) instead of u™(z, t).
First of all notice that from the equations (2.3) for 0 € t € T, we have

(2.4) / wudzs + / | v ul?dz - / [aluf? +b] v u|*]udz = 0.
) 0 0
Now by using Young’s inequality, we get
1 2 2/(2q)
lbul | ¥ u|* < 5| w ul® + Cr|u**77,

and
lau| {ulP < C1(1 + u?),

where C; is a positive constant. Thus
1
5l T Ul +blul | 7 ul? + aululf <| 0 ul’ + Culuf?70 + Ci(1 + w?).
Again by using Young’s inequality for the second term on the left hand side, we obtain

1
5l Vul +blul | 7 ulf +auluP < |7 ul+Co(l+u?) + Ci(1 + )

(2.5)
= I \V/ u|2 + (Cl + Cg)(l + 'U.z),

where C; is a positive constant. Integrating (2.5) over  yields

1
Efﬂ |vuldz+b [ |ul | vulfds +a fululPdz < (Ci+C) [(1+u?)dz
+ ol v ul*dz.

Thus

/IVUlzdz—a/qulpdz—b/ulvul"d:z:
Q Q Q
;1/|vu|2dx-(cl+cz)/(1+u2)dx.
2 Ja 0

By using (2.4) we obtain
1 .
(2.6) —/utudz > 5/ | uftdz — (C +02)/(1 +u?) da.
[1] 0

Integrating (2.6) in time over [0, t] gives,

t 1 t t
-/ /u,udzdt?-—/ /lvu|2dzdt—(Cl+Cg)/ /(1+u2)dzdt.
0 1] 2 0 [1] 0 Q
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Therefore

1 .1
- §||u(”’t)“22(n) + 5““(”’ 0)”22(9)

t t
/l/ /Ivul"’dzdt—(01+02)/ /(1+u2)d:1:dt.
2Jo Ja 0 Ja

But ||u(z,0) ”L2(9) Z Cr(0)? ||¢(z)||i,m). Hence,

t t
(2.7) ||u(x,t)||i,(m+/o /n|vu|2dxdt< “¢(:r)”i,(n)+2(cl+C2)/(; /9(1+u2) dz dt.

Thus
t
||u(z,t)||§2m) < uqs(x)ni,m) +2(Cy + Ca)t mes(Q) + 2(C1 + Cs) /0 ||u(z,t)||§,(m dt

Now by applying Gronwall’s inequality, we get,

(2.8) ”u"(:z;, t)”L,(m = ”u(x, t)”Lﬂ(n) < C3 = Cs(t, 6, 9).

Finally, from (2.7) and (2.8) we obtain,
(2.9) [|v" (=, t)”L,(Q” + || wut(z, t)”Lz(Q‘) < Cy = Cylt, 6,9),

where Cy(t,¢,Q) is a continuous function for t > 0. In particular (2.8) implise that
T.=T.
Now we shall show that the sequence {u"(z,t)} converges to a function u(z, t), which
is a weak solution of the problem (1.1).
By considering the uniform estimate (2.9) and Lemma 2.1 it is possible to choose a
subsequence from {u"} whichnis weakly convergent in L2(Qr) to a flénction u, moreover
u

. . g Ju
Er } is convergent weakly in L*(Qt) to e

Let @' be an arbitrary meansurable subset of Q7 and let 0 < & < 2, then by Holder’s
inequality we have:

the derivatives sequence {

af2
|u*(z,t)|* dzdt < (/ |u(z t| dz‘dt) mes(Q')?/?
Ql

(2.10)
C4(T)* mes(Q')2~°/2,
and
af2
(2.11) / |vu(z,t)|" dedt < (/ |vu(z, 1) l dzdt) mes(§)2-°/2
) o

< Cy(T)* mes(Q')>~/%
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Hence for the special case o = 3/2
”un(z’t)”LW?(Q') < (04(T)) mes(Q')"/°.

By setting p(mes(Q')) = (C4(T)) mes(Q')"/® in Lemma 2.1, it follows that, there is a
subsequence of {u"} which is convergent to a function u(z,t) in L3?(Qr). Then there
is a subsequence of {u™} which is convergent to u almost everywhere. Now if we let
f(z,u") = |u|P in Lemma 2.2, it follows that f(z,u"™) is convergent weakly to f(z,u) in
L*(Qr).

By using a simillar argument one can conclude that there is a subsequence of {u"}
such that | 7 u"|? is convergent weakly to | 7 u|? in L?(Q7).

Therefore there is a subsequence of {u"}, say again {u"}, such that

u® - u almost everywhere
ut > u weakly in L?(Qr),
ou"  Ou . 1o
(2.12) . - B, weakly in L*(Qr),
[ut|P = |ul? weakly in L?(Qr),
| 7 u™? = | vul' weakly in L?(Qr).

Now we can prove u is a weak solution of the problem (1.1). Let ¢™ = Z di(t)

where di(t),k = 1,2,...,m are continuous functions with weak derlvatlves dk() in
L?(0,T). We denote the set of such ¢™ by A,,. From the equality (2.3) for ¢™ € A,,,
where m < n, we have:

[—ueP + vu*. v ¢ dz dt — / [alu"l” + b v u"Iq] o™ dz dt +/ up™ dz|] = 0.
Qr Qr
Now for a fixed m > 1, let n tend to oo, then from (2.12) and the above equality we get

(2.13) / [—udf + vu. v ¢™) dz dt — / [a|ul? + 8| v ul?]¢™ dz dt + / up™dz|l = 0.
Qr 1]

Since U Ay, is dense in W12(0, T; H(Q)), (2.13) is valid for every function ¢(z,t) in

w2 (0, T, H().

In the next step we are going to see that u(z,t) € W'2(0,T; H}(Q)). If we multiply

aCE (1)
ot

(2.14) / (W) dz + / T () - / [alu™P + 8] ¥ w"7]uf dz = 0
Q Q 1]

For simplicity in the next paragraph we let u*(z,t) = u(z,t). From (2.14), by using
Young’s inequality, we obtain,

/ufdzs —/va.(vu)tda:+l/ufdz+0/(|u|2"+|vu|2") dz,
2 Q 2Jq n

the equation in (2.3) by and summing over k, we get,
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where C' is a positive constant. It follows that

0< l/uffda: < —/ Vu-(Vu)td$+C/(|“|2p+|Vu|2q) dz,
Q 0 2

2
Consequently
/ vu.(Vu) dz < C/ (Jul® + | v ul*) dz.
Q Q
Hence
(2.15) /uf dz < 4C/(]u|2” +| v ul*) dz.
Q Q
Integrating (2.15) in time over {0, T] and using (2.9) we get
(2.16) (u)dz dt = / u? dz dt < Cp,
Qr Qr

where Cy is a positive constant.
By considering (2.16) we can suppose, possibly by passing to a subsequnce, that

(u"); = w  weakly in L%(Qr).

Since u € L*(Qr), we have u € D'(]0, T[; H}(Q)), where D'(]0,T[; H3(R)) is the space
of the H}(S2)-valued distribution on ]0,T[. Thus, du € D'(J0,T[; X). Moreover for
¢ € C§°(Qr), we have

ouldzdt = —/ ulydzdt = — lim UG dz dt
Qr n=oe Jor

Qr
= lim/ (u,,),(dzdt:/ w( dz dt,

20 JQr Qr

and consequently, w = dyu. Therefore, u € L2(0,T; H}(Q?)) and 8,u € L?(0, T; H{(Q)).
Hence as a consequence of [5, Proposition A.6}, there exists & € W'2(0,T; H}(f)) such
that

u =7 and du = du/dt almost everywhere in ]0, T[.

This completes the proof of theorem. 0

3. COMPARISON THEOREM AND UNIQUENESS

In this section, we consider subsolutions and supersolutions for the problem (1.1),
and we prove a comparison theorem for these kind of solutions.

DEFINITION. We say that u(z,t) € W'2(0,T; H}()) is a subsolution (supersolu-
tion) of the problem (1.1), if u(z,0) < (2)¢(z) on 2 and the inequality

Qr

/ u(drdt —l—/ Vu. v (dzdt -/ (alul® + b v u|?)¢ dz dt < 0(> 0),
Qr Qr
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holds for every nonnegative test function ((t,z) € L?(0, T; H}()).

THEOREM 3.1. If u_ is a subsolution and u, a supersolution of problem (1.1)
and p = q =1 then u_(z,t) < uy(z,t) on Qr.

PROOF: We prove the theorem for the case a > 0 and b > 0, the proof of the other
cases is simillar. Let v(z,t) = us(z,t) — u_(z,t). By the definition of supersolution and
subsolution, v(z, t) must satisfy in the following inequality:

(3.17)
vl dx dt + / Vv. v (dz dt[12pt] > / (alus| + 8| 7 ui|)¢ da dt
Qr

Qr

Qr
—/ (alu-| + b| v u_|)¢ dz dt,

Qr

for every test function ¢ > 0. Hence

/vt(da:dt+/ V.V (dzdt
Qr Q

2 / (alut|+b] 7 uy|) da dt
Qr

(3.18)
—/ (alu—| +alv] + b V uy| + b| Y v]) v ¢ dzdt
Qr
=—a/ jv[¢dzdt — b | ¥ v|¢ dz dt.
Qr Qr
Let

vl —v

—_ LtL
(o) = — 0<t<h,

0 To<tg T,

where 0 € Ty € T is arbitrary.
If we set

() = {z€Q|v(z,t) <0},0(t) = {z € Q| v(z,t) > 0},

where 0 € t < T, it follows that

/Qvt(x,t)((z,t)dx =/nl(t)vt(dz +/n t)v,Cd:c

(3.19) y
=/ Uthl‘:"/ Ct(dﬂ?:—/nCthx-

() (2
On the other hand

/v'u(:z:,t).vC(:v,t)dx =/ vv.v(dz+/ vv. v (dz
1] (t) Qa(t)

=- / | v vf*dz
(3_20) i (t)

=- | v ¢l dz
n;(t)

~- [Iv4(z0[" dz,
Q
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ol [ loicdz =tal [ pids+lol [ folcds <ol [ (as
(3.21) e () 2;(t) ()
< lal / ¢ dz,
Q
and
|b|/|vv|<dx =|b|/ Ivolcds+ bl [ |V ul¢dz
Q Q1(t) Qa(t)
=|b|/ | ¢l de
(3.22) 20

</ | v ¢|* dz + b ¢dzx
Qu(t) 2(t)
</|VC|2dx+b2/§2d:c.

Q Q

By considering (3.17), (3.18), (3.19}, (3.20), (3.21), (3.22), we get

To To
//(tz:t (z,t)dz dt +/ /|v(mt|dmdt

To TO
/ /lv(|2dzdt+C/ /Czdzdt
where C is a positive constant. Hence

To To
/ /(,Cdzdt < C/ / ¢?dzdt.
0o Ja 0o Ja
On the other hand

T 1 ) 1 ! )
/0 /Qctcdzdt-ifnc (z,To)dz—§L<2<z,0)dz—§L< (z,Ty) do

Therefore
/(2(1: Ty) d 20/ /(2dzdt

/Q[L 2C/T°/[|”| *dzdt.

Then Gronwall’s inequality implies that

/Q[Mg—ﬁ]zdx =0.

Hence (Jv| — v)/2 =0, and v > 0. This completes the proof of the theorem. 0

COROLLARY 3.2 Ifin problem (1.1), p = q¢ = 1 and ¢(z) = 0, then there is at
least one positive solution.

Hence

CoROLLARY 3.3. The solution of problem (1.1) is unique forp =g = 1.
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4. BOUNDEDNESS OF SOLUTIONS

In this section by using the comparison Theorem 3.1, we prove the boundedness of
solutions in L*®(Qr) forp=¢ = 1.
Consider the problem

(4.23) AYp+Ip=0, z€Q, v=01z¢€d,

where  is a bounded domain in RY. The following lemma is well-known, the reader is
referred to [10] for the proof.

LEMMA 4.1. There exists a positive eigenvalue of the problem (4.23) which has a
positive eigenfunction on ). Moreover this eigenvalue is simple.

PROPOSITION 4.2. Let in the problem (1.1), Q be a regular domain of class C?
inRY, b <0, ¢(z) € L*(R) and 0 < ¢(z) < ¥(z), where () is the above eigenfunction.

(i) Ifa<O0andp=gq=1, then u(z,t) is bounded in L®(Qr).
(ii) Ifa > 0 and small, g =p =1, then u(z,t) is bounded in L*(Qr).

ProoF: (i) Consider the function W(z,t) = e */?y(z) on Q x [0,T]. For this
function we have

(420)  Wem AW —alW| =]y W|= S(a)e™ — alW| bl v W[ > 0,

in Q x [0,T) and W (t,z) = 0 on 8Q x [0,T).
Let {(¢,z) be a nonnegative test function. By multiplying (4.24) by ((¢,) and
integrating over Qr, we get

Wi dz dt + vVV.v(da:dt—a/ |WIP((t, z) dz dt
Qr Qr Qr

- b/ | 7 W[ (¢, z) dz dt > 0.
Qr
But 0 < ¢(z) < W(z,0) = 9(z). Thus by Comparison Theorem 3.1
0 < u(z,t) < Ce /2,
(ii) Again if we let W(z,t) = e */%)(z) and a < A/2, we have:
W, — AW —a|W| - by W| > 0.
Hence by a simillar argument, we get
0 < u(z,t) < Ce ™2, 0

REMARK. By Considering (2.9), it follows that ||u|12(g,) is bounded for 0 < p, ¢ < 1.
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