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CLASS NUMBERS OF REAL QUADRATIC FIELDS

JAE Moon Kim

Let k = Q(\/ﬁ) be a real quadratic field. It is well known that if 3 divides

the class number of k, then 3 divides the class number of Q(v/=3m), and thus
it divides B, -1, where x and w are characters belonging to the fields ¥ and

Q(v/=3) respectively. In general, the main conjecture of Iwasawa theory implies
that if an odd prime p divides the class number of k, then p divides By yw-1,
where w is the Teichmiiller character for p.

The aim of this paper is to examine its converse when p splits in k. Let koo
be the Zp-extension of k = ko and hn be the class number of &, , the nth layer of
the Zp-extension. We shall prove that if p | B, ,,—1, then p | hy foralin > 1. In
terms of Iwasawa theory, this amounts to saying that if Mo, /kw is nontrivial, then
L /keo is nontrivial, where My and Lo, are the maximal abelian p-extensions
unramified outside p and unramified everywhere respectively.

1. INTRODUCTION

Fix a square free positive integer m and let k = Q(y/m). Class numbers of these
real quadratic fields have been studied for a long time. Two outstanding formulas
related to class numbers are the analytic (classical or p-adic) class number formula [7]
and the index theorem of circular units discovered by Sinnott [6].

In this paper we study the class number of k by examining the p-divisibility of the
class number for each prime p. When p=2, the answer is well known and can be easily
checked either by considering the genus field of k£ or by using cohomological arguments:
if the discriminant of k has at least three distinct prime divisors, then the class number
is divisible by 2. Note that the converse of this statement is not true. For instance,
the class number of Q(v/85) is 2 and that of Q(v/21) is 1. Both of these fields have
discriminants with exactly two prime divisors.

The answer for p=3 is also known [5, 7]: if 3 divides the class number of k, then
3 divides the class number of Q(v/—3m). This can be proved either by applying the
p-adic class number formular or by using the Kummer pairing as Scholz did [5]. The
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converse of this does not hold either. For example, the class number of Q(v/85) is 2,
but that of Q(\/—_255) is 12. Let x be the nontrivial character belonging to & and w
be the Teichmiiller character for p = 3. Then xw™! belongs to the field Q(v/—=3m)
and —B, -1 is the class number of Q(v/=3m). Thus we can rephrase the statement
as 3 divides B, ,,,-1 if 3 divides the class number of k.

This can be generalised to an arbitrary odd prime p by using the main conjecture
of Iwasawa theory. Let w be the Teichmiiller character for p. Let ko, be the Z,-
extension of k¥ and My, be its maximal abelian p-extension unramified outside p. Let
fx be the Iwasawa power series in A = Z,[[T]] corresponding to the p-adic L-function
Ly(s,x). Then by the main conjecture, which is a theorem now [4], Gal (M /koo) is
pseudo-isomorphic to A/(fy) as a A-module. We also have

fx(O) = LP(Ov X) = _Bl,xw‘l’

Thus if p does not divide B, ,,-1, then fy is a unit in A. Hence Gal(Muo/kco)
is trivial, since it has no nonzero finite A-submodules (see [3, appendix]). Therefore
Gal (Loo/koo) is also trivial, where L, is the maximal unramified Abelian p-extension
of ks . Thus p does not divide the class number of £. To summarise, we proved:

THEOREM 1. Let k=Q(y/m) and p be an odd prime. If p divides the class
number of k, then p divides By ,,,-1.

The aim of this paper is to discuss the converse of theorem 1. According to the
previous example for p = 3, the converse cannot be true in general. However, we have
the following result when p splits in k. For each n > 0, let h,, be the class number of
kn, the nth layer of the Zp-extension ko, of k.

THEOREM 4. Suppose an odd prime p splits in k = Q(/m). If p divides
B, y.-1, then p divides h, for all n > 1.

For the proof of Theorem 4, we shall use circular units defined by Sinnott and his
index Theorem [6]. In Section 2, we briefly review his definition of circular units and
compute cohomology groups of them in the Zy-extension. In Section 3, we shall assume
that p splits in &, so there are two prime ideals gy and gy above p in k. Let gp,, and
©n be the prime ideals of k, above gy and go respectively. We shall see that every
circular unit 8, of k, whose norm to ko equals 1 has the property that &, = ag~! for
some oy, € k, satisfying (an) = pi"p.°" for some integers g, and §,, where o is a
topological generator of the Galois group I' = Gal (koo/k). Then we pick a special 4y,
and show that

gn —gn = :i:\/aBl,xw_l mod pZ,,

where d is the conductor of k. Finally, we apply this congruence to prove Theorem 4.
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2. CiRCULAR UNITS

Let F be an abelian field. For each n > 2, let F,, = FNQ(¢,) and Cr, =
Ng(cn)/Fa (Catcn))» Where Co,) is the group of the cyclotomic units of Q((s) in
the usual sense. We define the group of circular units Cr of F as the multiplicative
subgroup of F* generated by Cr, together with —1 (see [6]). Note that if n is prime
to the conductor of F, then F,, = Q and so Cr, = {1}. Thus there are only finitely
many n's to be considered in the definition of Cr. For example, when F = k =
Q(vm), Cr = (Ngca)/k(Carcy))> —1), where d is the conductor of k (d will always
mean the conductor of k throughout this paper). To see this, first observe that & N
Q(¢y,) is either Q or k. If £ N Q(¢,) = Q, then Ck, = {1}. Otherwise, Q(¢,) contains
Q(¢4) as a subfield and thus NQ(Cn)/k (CQ(Cn)) is contained in NQ(Cd)/k (CQ(Cd)) .

Fix an odd prime p with (p,m) =1, and let kx = |J kn be the Z,-extension of
n>0

k = ko = Q(/m). For each n > 0, we denote the group of circular units of k, by C,.
It is not hard to show that

) Cn =Gt (Vg s k0 Cogmire))) Mo(guas) 00 Cofsyren)))

where Q,, is the subfield of Q(Cpn+1) whose degree over @ is p". Thus the generators
of C, are given so explicitly that we can compute the cohomology groups of circular
units in the Z,-extension. Another feature of the circular units is the following index
theorem discovered by Sinnott [6].

THEOREM. Let E, be the unit group of k, and h, be the class number of k.
Then [E, : €,) = 2°*h,, for some integer cy .

Before we compute the cohomology groups of C,,, we set up some notation. For
each integer s > 1, we choose a primitive sth root {, of 1 so that (f/ =, if
s |t Let K = Qa), F = Q(p) and K = Q(¢pa). We denote their cyclo-
tomic Zp-extensions by Koo, Foo, and K;o. Let o be the topological generator of
the Galois group I' = Gal (K;O/K') which maps (= to C;,T” for all n > 1. Re-
strictions of ¢ to various subfields are also denoted by o. Let A = Gal(K/k), A =
Gal (K/Q) and Ay = Gal(k/Q) = {id,p}. Elements of A or A will be denoted by
7’s. Let R be the set of all roots of 1 in Z,, that is, R = {w € Z, | wP~! = 1}.
Then R can be regarded as the Galois group Gal(F/Q) or any Galois group iso-
morphic to it such as Gal(F,/Q,). For m > n, let G, be the Galois group
Gal (K:,‘/K:,) and Npm,n be the norm map Ny .+ from K, to K,. We shall
abbreviate Gy, 0 and Np, o to G, and N, respectively. G, , will also mean the Ga-
lois groups Gal (km/kn), Gal(Fy,/F,) and Gal(Qm/Qn). Similarly Ny, , will have
various meanings. Finally we fix a generator ¥, of the character group of Gal (Q,/Q)
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such that v¥,,(o) = {pn. Thus 9, is an even character of order p™ with conductor pm+?
such that 92 = 111,._

THEOREM 2. Suppose p splits in k. For m > n 2 0, we have the following.

(1) camm = C,,
(2) H®(Gmn,Crm) ~ Z/p™ ",
(3) H™YGmpn,Cm) ~ (2/p™ L)

PROOF OF (1): It is clear that C, C Co™"

a theorem of Ennola on relations of cyclotomlc units [1]: If a cyclotomic unit § =

[T (1-¢3)* in Q({,) is a root of 1 for some ‘integers z,, then Y (6,£) = 0 for
1<a<n
every even character 8 of conductor n, where Y (8,£) = . 68(a)z,.
1ga<n

To prove CS™" C C,, it is enough to check the inclusion when m = n + 1.

. 'To prove the converse, we invoke

Suppose that u € Cp4; is fixed by Gpii,n, that is w? = u. By (%), ¥ = unvni1

. p™
for some up, € Cp, and vpy1 € Ny 1/kﬂ+1( X', )NFn+1/Qn+1 (CFpyy) - Since ug =

P .
Un, we have v],; = vp41. Thus we may assume u, = 1. Then we can write u as

: b
. oltke™, cr Gk [ Gltkp, o 1k H ol+EP, 1 Lk
u = pn+2 d pn+2 d pn+2 ’
ogl<p™ ‘WER wER
ogk<p TEA

for some integers a;x,b;x and ¢ .

We apply Ennola’s theorem to the relation u°’ = 1 with characters of the form

7 1x for 0< j < p™1, (j,p) = 1. Notice that

Y(win, I (" - ) ) (- 1)@ 3 (o7,

wER
TEA

Y(¢z;+1x, H ( ;::;’;P"w _ Cg‘r) ) _(p _ 1)¢(d) 3 (do_H_kpn)’
e
and

(W I (G257 1) ) =o.

w€ER

Thus we have

j l+kp™
Y (e —bz,k)%bf;“(” TEP ) =0.
ogi<p™
0g<k<p
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By letting j run through all the integers 0 < j < p™*! with p { j, we have a
system of linear equations AX = O, where 4 is a (p"*! —p*) x p"*! matrix with
entries ¢£,+1 (a‘“‘pn) and X = (...,a1x — bg,...)". Since rank A = p"+! — p” the
rank of solutions must be p™. And we can exhibit p™ independent solutions explicitly.
Namely, for each s, 0 < s <p™,let Xo=(..., fik,.. .)t be such that

0 ifls#s
f""‘{1 ifl=s.

Then X, is a solution since Y, ¢3;+1 (o””"’") = 0 for all j, and {X,}ogs<pn
0<k<yp

is clearly linearly independent. Therefore if X = (...,a1x — bi, .. .)t is a solution of
AX = O, then ay r—b, x is independent of k forall s, 0 < s < p™,say agx—bsp = €.
Then we can write u as

e b c
_ oltkp™ -\ oltke™ AN k", 1 bk
u= pr+2 — (g pn+2 - Cq pr+2 - .

Lkw,T Lkw Lk,w
veA
. . he fi duct is in C.. . si gitkp™, 7Y isin C.. Th
In this expression, the first product is in C,,, since kl_[ pn+2 —¢37)isin Cp. e
lwlT

second and the third products in the expression, on the other hand, are circular units
of Qu41. Thus we can write u as u = v,v for some v, € C, and v € Cg,,,, and
. " . L+kp™ dr,x
v satisfies v°° = v. Now write v as v = I1 ( ;’,,:zp w— 1) and apply Ennola’s
lLk,w

Theorem to v°° ~! = 1 with characters of the form 1/ +0 0<i<p*tl, ptj. Aftera
similar computation, we see that v is a circular unit in Q,, hence v € C,,. This proves

(1). a
PROOF OF (2): Foreach! > 0,let §; = [] (C“’,+1 - (5) and m = [] (C“’H_l - 1).
ngAi L4 WwER P

Then 4, 71';"1 € C;. Note that for m >n > 0,

Nm,n(‘sm) = H (C;,Jn+1 - C.';m—nf) = 0n,

wER
TEA

since p splits in k and thus 7, (Frobenius automorphism of Q({4) for p) permutes A.
In particular,

Ni@) =8 =]](¢~¢G) = %%—-%:7) -t

w,T
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Also note that, for any u € C,,, we can write v as u = uou; - - - u,,,, where ug € Co and
for k > 1, ug is of the form

Y anjets

- P ]
e R
(**) ug = 6k SIS T, Si<p

First we claim that Cy, = CoNy, nC. Clealy CoNy, ,Cpn is contained in C,. To check
the converse, let u = wuou; - - u,, where uy is as in (xx) for £ > 1. Let o, = o’

Then Npx = Y. of. Foreach i, 0 < i < p™ %, write i = ap™* + b with
ogi<pm—k
0<a<p™ ™, 0<b<p**. Then

N = az,ba,‘?’"_k*" - (}: a;;P""‘) (Xb: a,';) - (Z ag) (ij a,';)

a

Therefore

Zag (o-1) ZUZ
8k = N k0m = Npn (5,,5’ ) and 787! = Npp py (wm b )

Hence ug € Ny nCr, foreach &, 1 < k< n.

Next we show that Co N NpnCm =CE . Obviously, CE" " C CoN NpyuChn.
For the converse, suppose u € Co N Ny, nCp, and write u = Ny, ,(v) for some v € Cy, .
As before, we can write v = vov1 - - - U With vk of the form in (xx) for & > 1. By taking

m—k
N, , we have N,(u) = Np(Nm,n(v)) = Nm(v). Since Np(vk) = Ni(vi)? =1 for
k > 1, we obtain u?" = v(’,’m. Thus u'lv(’)’m-n is a p"th root of 1 in k, hence equals 1.

pm—n pm—'ﬂ
Therefore u = vg € C . Thus

~

Ho(Gm,n, Cm) = Cn/Nm,nCm = CONm,nCm/Nm,nCm

m—n

= Co/Co N Nm,nCm = CO/C(I))

Note that Cp is generated by [] (1-¢7), [I (1-¢§7) and —1. But [] (1-¢3)

TEA TEA TEA
[T (1—-¢f7)=1. Hence
TEA

H(Gumm,Cn) ~Z/p™ "L
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and is generated by [] (1 —¢3). a
TEA

PROOF OF (3): Let &, and 7, be as in the proof of (3). We saw that N,(6,) =
Np(mg~!) =1. We shall prove

n
(% % *) if 62m{?~1% € €91, then a = b= 0 mod p".

This would imply H~Y(Gp,Cy) ~ (Z/p"Z)? and I?‘I(G,., C,,) is generated by d,, and
72~ 1 since the Herbrand quotient for C,, is p™ and H “YG,,C,) is annihilated by p".

n
Then from the inflation- restriction sequence

0— H! (Gn,Cm""") 25 HY (G, Crm) 25 HY(Gmom, Crm),

we obtain
0= (2/p"2)* - (Z/p™Z)? = H'(Gmn,Cm)

since the first cohomology group H! is isomorphic to H~!. Thus (Z/p’"‘"Z)2 in-
jects into H*(Gmn,Cm). But we already know that its order is p>(™~™). Therefore
HYGmmn,Cm) =~ (Z/p™"TL)°.

It remains to show (% **). We shall prove this by induction on n. Suppose
that 6‘1‘7r§”—1)b = u°~! for some u € C,. As before we can write u = ugu;, where

ug € Cp and u, is of the form in (**). So we have 6f7r§°_l)b = u‘l"'l, where u; =

(512 ai,jaipjﬂia—l) Z t:,-o'i

equation. Then we have

. We apply Ennola’s Theorem with the character 1;x to this

aY (Y1x,61) = (¥1(0) - 1) (z ai,j¢1X(Uipj))Y(¢1X,51)~
i,J
Since p
YW 8) = 3 tix(-wd +5°r) = 0 - ) 8Dy, () 20,

w,T

we get

a = (¥1(0) = 1) (Z a,-,jwlx(a‘p’)).

Note that Y a;j¥1x(0'p’) is integral. Therefore a = 0 mod ((p — 1), hence mod p.
Since N161 = 1,

ec{ L

5’; Z (l-g") _ 61(2 (1—0‘)/(0—1)) (o-1)

& = 55 =0
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Then from §27{""1° = 4o~ we obtain 7{"""® = v7~1 for some v € C,. This implies

that 7} = vayg for some ag € k. As ideals, we have (nt) = (ap), which is impossible
unless b = 0 mod p since primes of k above p ramify totally in k.

(6~1)b _
8 =
(o-1)b _

Now we prove (* * *) for n, assuming the result for n — 1. Suppose 827
uZ~! for some u, € C,. By applying N, ,_1 to both sides, we have 62_,~
(N,,,,,_lun)"_1 € C2-1. Then by the induction hypothesis, a = b = 0 mod p*~1. Let
a =p" la; and b= p"~1b;. Note that

1-0*?)/(o-1)
(Sgn_l E (1-0*) /(o o—1

"t _ 0gk<p™ !
oF (Nn,105) (Norb) 01 (5,,

and

5 (1), g1
) .

n—-1
P (o-1) _ o—1 k
L =My Tn

Therefore 62~V = ug-! reads 62'7{°™® = v2-1 for some v, € C,. By the
injectivity of the inflation map

H-YG1,Cy) ~ HYNG1,Cy) 24 HY(G,, Cp) ~ HY(Ga, Ch),

61“#{”_1)1’1 must be in C{~!. Thus a; = b, = 0 mod p and so a = b = 0 mod p".
This finishes the proof. 0

REMARK. In the proof of (1), we did not use the splitting of p. So (1) is still valid
even when p remains inert in k. If p remains inert in &k, the Frobenius automorphism
7p of Q(¢q) for p is not in A.. Thus

TTa-2 =TI =5 =TT - F) = 60 = M(5).

1—=¢(7
TEA TEA Cd w,T

Therefore [] (1 —¢]) € Ni(C1). With this additional information, one can modify
TEA
the proof of (2) to obtain:

THEOREM 2'. Suppose p remains inert in k. For m > n > 0, we have

(11) gm,n = Cna
2') A%(Gmyni Cm) = {0},
(3") H Y(Gmpn,Cm) ~Z/p™ L.
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3. MAIN RESULTS

Let p be an odd prime which splits in k and let 8, = T[] ((p,ﬂ_l Cd) n =
wER,TEA

1T (C;’,,H - 1) as before. We know that 8, and nJ~! generate b3 “YG,,Cr). Let
w€eR

E:, be the group of p-units of k,,.
LEMMA 1. The homomorphism ﬁ’l(Gn,Cn) - fI‘l(Gn,E:,) induced by the
inclusion C,, — E;, is a zero map.

PROOF: Since Gy, is cyclic, it is enough to show that H}(G,,, C,) — H! (Gﬂ, E;)
is a zero map. By taking limits under the inflation maps, we have a homomorphism

HY(I,Co) — H! (F,E;o), where Coo = L>)0 C, and E;o = L>JOE',’,. By Theorem 2,
nz nz

HY(I',Co) ~ (Qp/Zy)*. On the other hand, H* (I‘, E;o) is a finite group [2]. Since
(Qp/Zy)? cannot have a nontrivial finite quotient, the map H (', Coo) — H' (F, E;o)
is a zero map. Then the lemma follows from the injectivity of the inflation maps. [

Thus 6, = a~! for some p-unit a, in k, by the lemma. Let p,, and g, be the
prime ideals of k,, above p as in the introduction. Then (as) = pg" ﬁ;" for some
integers g, and gn. If 8, = aZ~! = B! for some other p-unit B,, then a, = Braq
for some p-unit ag € kg. Thus g, and g, are determined uniquely modulo p" by
8, since po and po ramify totally in k.. If &,, = a2 ! with (om) = I P 57 9™ for
m > n, then 6, = Ny nm = (Nm,,,o:m)"_1 and (Nmnom) = pim ,,g"'. Therefore
9m = Gn, Gm = Gn mod p".

THEOREM 3. Let 6, = oS! with (a,) = p2"pn ~;" Then g, — §n=9g1— g1 =
i\/—Bl,xu—l mod pZy,.

REMARK. The signature in the theorem depends on the embedding of Q@ into @;.
Fix an embedding ¢ once and for all and assume that under this embedding, k, is

completed at p, rather than p,. We denote ¢((4) just by (4. Let p(7) be the
integer modulo d corresponding to 7 under the isomorphism A ~ (Z/dZ)*. Then

o¢3) = L(CP(T)) = (¢’ = CZ(T). Again we simply write (] for ¢«((]) = CP(T)
Q.

Before we prove Theorem 3, we need the following proposition which is valid even
when p remains inert in k.

PropPOSITION 1.
E x(7) logp( Cd) = —x(p)VdB, ,,-1mod (2 —1)"7".

TEA
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PrROOF: For 0 i<p, 0Kk <p,let

Ti= Y x()log, (3 - i),
wER,TEA

Sk— Z "/}k tIy

0<i<p

where ¥ =1;. When £ =0,

So= Y T

0<€i<p

=Y x(n) Y log, (¢ - i)

rel 0gi<p
wER

= Z X(T) lng 1 Ccdp‘r

TEA

= (x(7) ~x(™)) 2 x(n)log, (1 - ¢3)

TGK

(1-x(@) Y x(a)log,(1-¢3)

s mod d
(a,d)=1

X(p) P‘/_Lp(l X)-

When & #£ 0,
Sk-Z'/’k UTIOgP( —Cd)
e 5 v (1)
1<bgp?d
PRp*d, (=

where T(;/ﬁ‘-x) is the Gauss sum of the character _'c,b—"x. Note that

r(PFx) = Y (@G,
1<a<p2d

— 2 ds

D YRx(pPe +dy)hg
ogz<d
ogy<p?
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¥ (d) (Z () ) (Zj x(x)cz)

= PF(d)7 (V%) ().

We also have

-~
—~
%
~—
Il

Z Eﬁ(y) :,12

ogy<p?

= Z ﬁ(a‘w) p2

0<i<p
wE€R

— Z C;kiC}£;+ip)u
i,w

- S (Se)

= pC“'(k)

where w(k) is the root of 1 in Z,, satisfying w(k) = k mod p. Therefore, for k # 0,
= —pva¢ ML, (1,9%x).

Thus we have a system of linear equations

(v,
7, "() Ly(1,x)
) Ty
(d)k(g‘)) 5 = —pVd o, (1 T )
T :

By solving this equation, we have

Ty = —\/E(;:X(p) L+ S ¢ ‘“"‘)L,,(LEEX)).

P
x(p) 1<k<p—-1

Since L,,(l,%x) = Ly(1,x) = Lp(0,x) = ~By -1 mod G — 1,

To = \/8(1 -x)+ > c}‘j}"))Bl,xw-I mod C, — 1.

1<k<p—1
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Since ¢4*) = (&, mod (¢, - 1), +% ¢ =(1-6)/(1-Ge) = 0mod (1- ()"

Therefore Ty = —x(p)VdB, ,,,-1 mod ({2 — l)p_l. 0

PROOF OF THEOREM 3: We already know that g, = ¢1 and g, = g; mod p.
For brevity, we denote g, and g, by g and §. We read 6, = o' in @, under the
embedding . Since k; is assumed to be completed at p,, we have (a;) = (m)?. Let
m=(p2—1. Then (a;) = (®)® in Q, (¢y2) - By taking p € Ay, we get 67 = ofe
and (o) = p9%:? in ky, hence (o) = (r)°P~Y in Qp(¢2) - Thus 6,77 = a{l=P)e=1)
and (a}“”) = (n)(g_a(p_l). Hence, in Qp((,2),

§1F = p(9-8)P-D)(o-1)po-1
for some unit 7 in Q,((y2). It is easy to see that
7°"1=14 77" mod n?, and 5°~! =1 mod #P.
Therefore
57 =14+(@g-9—- P =1+ (§ - g)nP~! mod ({p - 1).

Hence
log,, 67 F = = log, (1+ (g — g)=*~!) mod (¢ — 1).

Now we compute both sides of this congruence.

LHS = log, é;~°

=log, [ ( o2 —Cﬁ)l_p

w€ER
TEA

= log, H ( p2 )X(T)

wER
TEA

=3 x(r)log, (G - 2)

wER
TEZ
= —\/(_iBl’xw-l mod 7.
On the other hand,
RHS = log, (1 + (g — g)7*™')

= G- = (@) 4t (@ g -
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In this expression, every term except ((§ — g)np‘l)p /p is congruent to 0 mod 7, and
nP=UP /p = —1 mod 7. Therefore

log,(1+ (g — g)n?"') =g — g mod .
By equating both sides, we obtain
g—g= —\/(_i-Bl,xw—l mod .

Since both sides are in Zjy, the congruence holds mod pZ,. 1

THEOREM 4. Suppose an odd prime p splits in k = Q(v/m). If p | By 4,1,
then p| hy, forallmn > 1.

PROOF: By class field theory, it is enough to show that p | hy. If p | hg, then
there is nothing to prove. So we assume that p{ ho. In particular, there is no nontrivial
capitulation from ko to k.

Let &) = o' and (a1) = p{'p1"* as before. Since p | B, -1, 1 = g1 modp
by Theorem 3. Let g be such that 0 £ ¢ < p and g1 = gy = g mod p. Then

(c1) = (p11)7To = (n{) 1o

for some ideal Iy of ko. Since there is no nontrivial capitulation, Iy = (ag) for some
ag € ko. Hence (a1) = (rjag) and 8§, = Wf(a_l)nf_l for some 7, € E;. Thus
HY(G,,C,) - HY(Gy, E}) is not injective. From the short exact sequence 0 — C; —
E, = E,/Cy — 0, we get a long exact sequence

00— Co — Ey — (El/Cl)Gl — Hl(Gl,Cl) — Hl(Gl,El) - .

Therefore (E;/C1)%' ® Zy # {0}. Hence p | [E, : Cy] and so p | hy by the index
theorem. 1

COROLLARY. Let M., and Lo, be as in the introduction. If Gal(Mu/koo) is
nontrivial, then Gal (Lo, /koo) Is also nontrivial.

PROOF: As in the proof of Theorem 1, if Gal(My/ks) is nontrivial, then f, is
not a unit in A. Hence f,(0) = —B, ,,,-1 is divisible by p. Thus the corollary follows

from Theorem 4. a
REFERENCES

(1] V. Ennola, ‘On relations between cyclotomic units’, J. Number Theory 4 (1972), 236-247.

{2] K. Iwasawa, ‘On cohomology groups of units for Zp-extensions’, Amer. J. Math. 105
(1983), 189-200.

https://doi.org/10.1017/50004972700031646 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700031646

274 JM. Kim [14]

[8] S.Lang, Cyclotomic fields, Graduate Texts in Mathematics I and II 59, 69 (Springer-Verlag,
Berlin, Heidelberg, New York, 1990).

[4] B. Mazur and A. Wiles, ‘Class fields of abelian extensions of Q’, Invent. Math 76 (1984),
179--330.

[5] A. Scholz, ‘Uber die Beziehung der Klassenzahlen quadratischer Kérper zueinander’, J.
Reine Angew Math. 166 (1932), 201-203.

(6] W. Sinnott, ‘On the Stickelberger ideal and the circular units of an abelian field’, Invent.
Math. 62 (1980), 181-234.

[7] L. Washington, Introduction to cyclotomic fields, Graduate Texts in Mathematics 83
(Springer-Verlag, Berlin, Heidelberg, New York, 1980).

Department of Mathematics
Inha University

Inchon

Korea

e-mail: jmkim@math.inha.ac.kr

https://doi.org/10.1017/50004972700031646 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700031646

