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SOLUTIONS OF THE SECOND AND FOURTH
PAINLEVE EQUATIONS, 1

HIROSHI UMEMURA aAND HUMIHIKO WATANABE

Abstract. A rigorous proof of the irreducibility of the second and fourth
Painlevé equations is given by applying Umemura’s theory on algebraic differ-
ential equations ([26], [27], [28]) to the two equations. The proof consists of two
parts: to determine a necessary condition for the parameters of the existence of
principal ideals invariant under the Hamiltonian vector field; to determine the
principal invariant ideals for a parameter where the principal invariant ideals
exist. Our method is released from complicated calculation, and applicable to
the proof of the irreducibility of the third, fifth and sixth equation (e.g. [32]).

In previous papers [27] and [28], we settled the problem of the ir-
reducibility of the first differential equation F; of Painlevé. Namely we
proved that no solution of the first Painlevé equation is classical. So the
first Painlevé equation defines highly transcendental functions different from
the classical functions. The proof depends on the condition (J) introduced
in [28], which is of arithmetic nature and plays an important role in the
proof of the irreducibility of the first equation Fj.

Our framework tells us that if an ordinary algebraic differential equation
of second order satisfies the condition (J), then no transcendental solution
of the differential equation is classical. So for the first equation P;, the proof
of the irreducibility consists of two parts: (i) To prove that the first equation
satisfies the condition (J); (ii) To show that the first Painlevé equation has
no algebraic solutions.

In this paper we discuss in this framework the irreducibility of the
second and fourth equations Pi(e), Prv(a, ) of Painlevé:

d?q 3
PII(a) -d_ti = 2(] +tq+01,
d?q 1 /dg\? 3 16]
Plv(a,ﬂ) ﬁ = Z] (E{) + §q3 + 4tq2 + 2(t2 — a)q + E
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Since, for particular values of the complex parameters «, 3, the equations
Pi(a) and Pry(a, 3) have algebraic solutions, or classical solutions ratio-
nally expressed by solutions of Riccati equations. Our objective should be
the determination of all the classical solutions of the equations. To this
end, we have to do the following:

(i) To show that the equations Pyi(«), Py (e, 8) satisfy the condition (J)
for general a, J;

(ii) To determine transcendental classical solutions for particular values of
the parameters «, § for which the equations Pyj(«), Pv(a, ) do not
satisfy the condition (J);

(iii) To list up all the algebraic solutions.

We leave (iii) for a separate paper [30]. Our main results are Theorems 2.1
and 3.2. In their proofs, we use birational transformations between solutions
of a Painlevé equation.

As for (iii) Murata [16] determined algebraic solutions of Pi(c) and
Pry(a,3). (i) and (ii) were done by Noumi [18] and Okamoto [21] for the
second and fourth equations respectively (See also [19]). Murata [15] worked
out with the third Painlevé equation. All these works were done in the
above framework. But in these works the authors checked the arithmetic
condition (J) by straightforward calculations. The calculations are hard
particularly in the fourth and third equations, so that there is little hope
of applying their calculations to the fifth and sixth Painlevé equations. We
analysed the note [21] of Okamoto on the fourth Painlevé equation (see also
[19], §2) and tried to simplify his argument so that we can treat the fifth
and sixth equations. We succeeded in this attempt, and we are preparing
papers on solutions of the third, fifth and sixth equations (e.g. [32]). The
aim of the present paper is to explain our method for the second and fourth
equations.

In order to prove our main theorems, Theorems 2.1 and 3.2, it is crucial
to prove Propositions 2.2 and 3.5. In the process of their proofs there are
two major technical improvements. Taking Proposition 3.5, for example,
we briefly explain these improvements. Let K[p, ¢] be the polynomial ring
in two variables p and g over an ordinary differential overfield K of C(%).
Let X (v) be the derivation on K|p, g] associated with the fourth Painlevé
equation (for the definition see Subsection 3.2). The main task for proving
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the proposition is to analyse an equality
(1) X(v)F =GF

for some G, F' € K|p,q]. The first improvement is how to endow the poly-
nomial ring K|p, q] with a grading structure that simplifies the detailed
analysis of (1). To this end we choose the weights of both p and ¢ as one,
which coincide with the order of moving poles of the solutions of the system
Sty (v) of differential equations equivalent to the fourth equation. But this
analytic interpretation of the weights is not necessarily satisfactory if we
treat the other Painlevé equations. We show in Subsections 2.5 and 3.5 that
good weights come from the Newton polygon of the Hamiltonian vector field
associated with each Painlevé equation. The second improvement is the “di-
visibility lemmas” (Lemmas 2.3, 2.4, 3.6-3.8). If we write F' = F,,+---+Fj
as a sum of homogeneous polynomials F; of weight ¢ with respect to the
above grading of K|p, q|, then the divisibility lemmas show that the poly-
nomials F,, F,_1, Fim_2, and so on, are divisible by a certain product of
three monomials p, ¢, p — q. Hence we can argue as if m = 3, so that we
are released from complicated caluculation. We deduce the divisibility lem-
mas from several commutative diagrams ((14), (18), (22) in Subsection 3.2,
etc.). These diagrams simplify the proofs of the divisibility lemmas.

The references show that there is a tradition in the study of the Painlevé
equations, which deserves respect, developed in Russia and Belorus. So far
as the second and fourth equations are concerned, our results look over-
lapped with theirs (e.g. Gromak [8], and Gromak and Tsegel'nik [10]).
There are, however, two major differences: (i) We have the clear defini-
tion of classical functions; (ii) Our method is effective so that we can apply
it to the fifth and sixth Painlevé equations.

§1. Preliminaries

Let D be a domain of the complex line C with a complex coordinate
t. We denote by M (D) the field of meromorphic functions on D. M (D) is
an ordinary differential field with a derivation d/dt and contains the field
C(t) of rational functions of one variable t as a differential subfield. In
a previous paper [26] (especially Part II, §2, see also [28]) we defined a
classical function. Let us review our definition.

DEFINITION. An ordinary differential field extension L/C(t) is said to
be a classical extension if there exist a complex domain D in C and a finite

https://doi.org/10.1017/50027763000006486 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006486

154 H. UMEMURA AND H. WATANABE

sequence of elements y1,---,yny in M (D) such that the following conditions
are satisfied:

(1) the field L is a differential subfield of the field C(t)(yy, - -, yn) differen-
tially generated over C(¢) by the y;’s: L C C(¢){(y1, -, yn);

(ii) for each ¢ (1 <14 < N), one of the following conditions is satisfied:

(a) there are m elements aj,---,an of C(t){y1,---,yi—1) such that y; is
a solution of a homogeneous linear ordinary differential equation of

order n:
dny dn—ly
~cﬁ—n+alm+---+any:0;
(b) there are an Abelian function f(z1,---,2,) of n variables, and n el-
ements a,---,an of C(¢)(y1,--,¥i—1) such that y; is the composite
function f(ai1, - -, an).

An element of a classical extension field is said to be a classical function.

Remark. In [26] we explained the theoretical significance of the pre-
ceding conditions (a), (b), which are related with algebraic groups. In fact
we proved in [26], Part II, Theorem 2.19 that a differential field of mero-
morphic functions is classical if and only if it is a differential subfield of a
successive G-primitive extension in the sense of Kolchin [12], Chap. VL.

EXAMPLE.

(i) If a function y is algebraic over a classical extension field, then y is
classical. In particular an algebraic function is classical (cf. Lemma 1.1

in [28]).
(ii) If f is a classical function, then every function y satisfying

dy
E?‘f

is a classical function. In fact the function y satisfies a homogeneous
linear ordinary differential equation

a2 dtdt

Since f, df /dt are classical, y is a classical function by definition.
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(iii) For classical functions ai, az, every function g satisfying

d
(1) E%—I—aquraz:O

is a classical function. The assertion is obvious if as = 0. Assume
az # 0. A function y (# 0) satisfying

dy
hat:4 -0
a + a1y
is classical by definition. If we set ¢ = uy and substitute it into (1),
we have
du  ap
dt oy’

so that u is classical by (ii). Hence ¢ = uy is a classical function.

(iv) For rational functions ag,a1,az € C(t), every function ¢ satisfying a
Riccati equation

d
d—3+a0q2+a1q+a2:0

is a classical function. If ap = 0, then ¢ is a classical function by
(iii). If ag # 0, then, replacing ¢ by ¢/ag if necessary, we may assume
ag = 1 without loss of generality (see e.g. [11], Chap. II). If we set
q = (d/dt)(log ), we obtain a homogeneous linear ordinary differential
equation:

d*r n dr n 0
— +a;— + a7 =0.
dez " hde P
Therefore every solution of Riccati equations with coefficients in C(t)

is a classical function.

Now we review the condition (J). Let K be an ordinary differential
overfield of C(t) with derivation . So the restriction of § to C(t) agrees
with the usual derivation d/dt on C(t). Let K|p, q] be the polynomial ring
over K in two variables p and ¢q. The derivation § on K is uniquely extended
to a derivation on K|p, g] such that §(p) = 6(¢) = 0, which we denote by the
same symbol 8. For two polynomials A(p,q), B(p,q) € C(t)[p,q] C K|p,q],
we define a derivation X on K|p, q| by

d d
X=6+A4A ~ 4B . K Klp, ql.
+ A(p, q) 9q + B(p,q) o [p,q] — K[p,q]

https://doi.org/10.1017/50027763000006486 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006486

156 H. UMEMURA AND H. WATANABE

So, if K = C(t), we have

0] 0 0]
X=—+4A —+B —.

5 T AP 30 " (pq) Bp
We say that a polynomial F' in Klp,q| is X-invariant if there exists a
polynomial G in K|p,q| such that XF = GF. We also say that an ideal T
of K|p,q] is X -invariant if we have X H € I for every H € I. The following

conditions for a principal ideal I of K|p, q] are equivalent:
(i) the ideal I is X-invariant;
(i) the ideal I is generated by an X-invariant polynomial;
(iii) every generator of the principal ideal I is X-invariant.

When the equivalent conditions are satisfied, the zero locus V(I) C Spec
K|p, q] is called an X -invariant curve defined over K if the principal ideal
I is properly between the zero-ideal and K[p,q|: 0 # I C K|p, q], or equiv-
alently, if a generator F' of I does not belong to K.

We introduce the following condition for X:

(J) For any ordinary differential field extension K/C(t), there exists no
X-invariant curve defined over K.

Now, let us consider the following system of ordinary differential equations:

dq
a = A(p7 Q),
(2) p
p
= _B
o (P, q)

We say that a solution (p, ¢) of (2) is algebraic if both p and q are algebraic
over C(t). Otherwise, the solution (p, q) is said to be non-algebraic or tran-
scendental. When both p and ¢ belong to C(t), we say that the solution
(p, q) is rational. We also say that a solution (p, q) of (2) is classical if both
p and q are classical, and a solution (p,q) is non-classical if not so. The
proof of Lemma 0.8 in [27] allows us to show the following fundamental the-
orem that is indispensable to the classification of solutions of the Painlevé
equations.

THEOREM 1.1. Let (p,q) be a solution of the system (2). If the deriva-
tion X satisfies the condition (J), then one of the following conclusions
holds:
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(i) the solution (p,q) is algebraic;
(ii) the solution (p,q) is not classical.

Namely there is no transcendental classical solution of (2).

§2. The second Painlevé equation

2.1. Statement of the theorem

We know that the second Painlevé equation is equivalent to the follow-
ing system Sp(a) of ordinary differential equations of first order:

at ~ P 2’
St(a)
@—2 +oz~l—l

where « is a complex parameter (cf. [20]). In fact, if we eliminate the
unknown p from Sy(a), we get the second Painlevé equation:

d*q 3
Pri(a) 2 =2q¢" +tq+a.

So the second Painlevé equation Pij() and the system Syj(a) are paramet-
rized by the complex line C.

In order to state Theorem 2.1, we review birational transformations of
solutions of the system Sy(a) associated with a group of complex affine
transformations of the complex line C. We define affine transformations s,
ty,t_ of Chy s(a) = ~-1—a,t_(a) =a—1,t4y(a) =a+1fora € C.
Let G be the subgroup generated by them in the group of complex affine
transformations of the complex line C. Then the group G is isomorphic
to the semidirect product of a cyclic group (s) of order two and a group
(t_,t4). Since the latter group is isomorphic to the additive group of the
integers Z, we find G = Z/2Z x Z, so that it is isomorphic to the affine
Weyl group of the root system of type A; ([1], Chap. 4, §2, 1). Let Cy be
the subset of C that consists of all the complex numbers o satisfying the
following conditions:

(i) —3 < R(a) <0

(i) S(a) > 0 if R(a) =0 or —3,
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where R(v) and I(v) denote the real and imaginary parts respectively of a
complex number v. We see that Cj is a fundamental region of C for the
group G.

For a € C, let ¥(a) be the set of solutions (p, q) of the system Syi(a).
Here we assume that a solution is meromorphic over a complex domain.
We set ¥ = |J, 2() (disjoint union). We define rational transformations
Siy (t=)x, (t4+)« of the set ¥ as follows ([20], Section 1): For (p,q) € X(e),

(i) we define s.(p,q) € ¥(—1 — a) by

oz—irl . 1
5+(p,q) = (p,q+ » 2) lfa#—E,

and

, 1
s«(p,q) = (pq) ifa= —3

(ii) we define (t_)«(p,q) € E(a — 1) by

1
a— 5 1
t_ =(-p+2¢®+t,—qg+ ——2— ) if @ # =
( )*(p’q) ( p q ) q p 2q2 t 1 2)

and
. 1
(t-)e(pa) = (-p+2¢° +t,—q)  ifa=;
(iii) we define (t4). € E¥(a+1) by

o+ 3\2 a+ 3 1
2) +t,—q— 2) ifa#——,
p p 2

(t4)+(p,q) = (—p +2(g+

and

. 1
(t)s(p,q) = (—p+2¢° +t,—q) ifa= .

The definitions of s., (t—)«, (t+)« are well-defined by the following facts:
for (p, q) € X(a),

() p#0ifa#—1/2

(i) p—2¢®> —t #0if a # 1/2.
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In fact, the assertion (i) is trivial. If p—2¢? —t = 0, we have 0 = (d/dt)(p —
2¢%? — t) = a — 1/2, which proves the assertion (ii).

Since we have s2 = (¢4 )«(t_)s = (t-)«(t+)« = 1, where 1 denotes the
identity transformation of X, we see that the mappings s., (t_)s, (t+)«
define birational transformations. Let G, be the subgroup generated by
(t4+)« and sy in the group of all bijections of the set X. The group G.
consists of birational transformations of X that respect the natural fibration
m: ¥ — C defined by m: ¥(a) 3 (p,¢) — a € C. Hence we have a surjective
group morphism ¢ of G, onto G such that ¢(s.) = s, ¢(t«) = t. Since
Sx(t4)xsx = (t=)x and s«(t—)«s« = (t4)«, ¥ is an isomorphism of G, onto
G. For g € G,, the following diagram is commutative:

N

CcC——C
w(9)

Since g is C(t)-birational, a solution (p, q) is classical (resp. algebraic, ratio-
nal) if and only if the solution g(p, q) is classical (resp. algebraic, rational).
Now let us state our main result for the second Painlevé equation.

THEOREM 2.1. (i) For every integer a € Z, there exists a unique ra-
tional solution of the system Si(a).
(i1) For every o € 1/2 + Z, there ezists a unique one-parameter family of
classical solutions of Syi(a), of which each solution is rationally written by
a solution of a Riccati equation

dg 9 t

1 aq_ _o_t
(1) it
(iii) Let (p,q) be a solution of Si(a) different from those mentioned in (i)
and (ii). Then neither the function p nor the function q is classical, and
the transcendence degree of C(t,p,q) over C(t) equals two.

Using the birational transformations introduced above, we can explic-
itly write the solutions (p, q) in the assertions (i) and (ii). In fact, if (p, q)
is a rational solution of Sy(«) for @ € Z, then we have

() = ()2 (5:0)

2)
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If (p, q) is one of the classical solutions of Syj(a) (o € 1/2+ Z) in (ii), then
we have

(p7 q) = (t+)3+% (07 q?“);

where ¢, is a solution of the Riccati equation (1).
Let us introduce a new unknown u by

d
q= a(log u).
Substituting it into (1), we obtain the Airy differential equation

d*u t
Hence all the classical solutions of Sy(a) for e € 1/2 + Z are rationally
generated from Airy functions.

We explain here how we prove the theorem. Let K be an ordinary
differential overfield of C(¢) with derivation § and let K|p,q] be the poly-
nomial ring over K in two variables p and ¢. According to §1, we introduce
a derivation X («) on K|p,q] by

s t\ O 1\ o

X(a) =6+ (p—q - 5)8—q+ <2pq+0z+ 5)5;
To prove the theorem, we may assume that the parameter o belongs to the
fundamental domain Cy by the operation of G. The proof consists of the
following three parts:
(I) Non-classical solutions. If there exists an X («)-invariant curve defined
over K (a € Cp) for any differential extention K/C(t), then we have
a = —1/2. We conclude by Theorem 1.1 that, for a« € Cp such that
a # —1/2, every solution of Sy(a) is non-classical if it is not algebraic
(Corollary 2.6).
(IT) Classical solutions. For every X(—1/2)-invariant polynomial F' in
K[p,q] and not in K, there exists an integer i > 0 such that (F)) = (p)
(Lemma 2.7). So every transcendental classical solution of Sy(—1/2) is de-
fined by the Riccati equation (1) (Proposition 2.9).
(III) Algebraic solutions. The system Sp(a) (a € Cp) has a rational solu-
tion if and only if & = 0. The solution (p, q) = (t/2,0) is a unique rational
solution of S11(0) (In particular the assumption “if it is not algebraic” in
(1) is always satisfied.).
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The procedures (I) and (II) will be done in Subsections 2.2 and 2.3.
We discuss the procedure (III) in Subsection 2.4, but it will be done in a
separate paper [30].

Remark. It turns out from Theorem 2.1 that the following conditions
for a transcendental solution (p, q) of Sii(a) are equivalent:

(i) (p,q) is classical;
(i) tr.d.[C(t,p,q): C(t)] = 1.

The similar result holds for the fourth Painlevé equation (cf. Theorem 3.3).
Some authors determined solutions (p,q) of Si(a) or Spy(v) (see §3) with
tr.d.[C(t,p,q): C(t)] = 1. It is not, however, obvious at all from their
determination that there is no classical solution (p,g) in our sense with
tr.d.[C(t,p,q): C(t)] = 2. In his Stockholm Lessons [25], Painlevé had an
idea of classifying transcendents by the degree of algebraic differential equa-
tion that defines the transcendents. Their determination of solutions (p, q)
with tr.d.[C(¢,p,q); C(t)] = 1 comes from the same idea as Painlevé’s. We
can not, however, measure the complexity of a function by the transcen-
dence degree. For example a linear differential equation of order three is
simpler than the Painlevé equations just as in number theory, whatever the
degree may be, an abelian extension is simpler, at least theoretically, than
a non-abelian extension. Generalized differential Galois Theory will give a
satisfactory answer to this kind of questions (cf. [29]).

2.2. Non-classical solutions
The following proposition is crucial for the proof of Theorem 2.1.

PROPOSITION 2.2. If the derivation X (o) does not satisfy the condi-
tion (J), then there exist non-negative integers i and j such that

(2) i+j>1
o - 3)=i(o+2)

Proof. We shall proceed in six steps.
Step 1. By hypothesis there exists a differential overfield K of C(t)
such that we find an X («)-invariant principal ideal I properly between the

https://doi.org/10.1017/50027763000006486 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006486

162 H. UMEMURA AND H. WATANABE

zero-ideal and K[p,q]: 0 # I C K|p,q]. Let F' € K|p,q| be a generator of
I. So we have [ = (F), F ¢ K and

(4) X(a)F =GF

for some G € K|p,q]. We define the weights of p and ¢ to be 2 and 1
respectively, so that the weight of a monomial apq’ (0 # a € K) in K|p, q]
is 21 4 7.

Let Rq be the K-linear subspace of Kp, q] generated over K by all the
monomials with weight d. Hence Kp, g] becomes a graded ring: K|p,q| =
®d20Rd with Rp = K and Ry Ry C Ryiqa. We set

0
PR N 9
X1 =(p Q)aq+2pq8,
XO—(S’
t o0
X ==
1 28(],
1\ 0
X_ — N
2 <a+2)<9p’

so that X (a) = X; + Xo + X_; + X_2 is the homogeneous decomposition.
Namely each X; (¢ = —2,-1,0,1) is a derivation that maps Ry to Rg;.
Since the highest part X; of X is of weight one and since the polynomial
F'in (4) is not equal to zero, the polynomial G in (4) belongs to the direct
sum Rg @ R;. Therefore we have G = uq + v for some u,v € K. Since
F ¢ K, we have an expression F' = Fy+---+ F,, with F; € Ry and F,,, # 0
for some integer m > 1. So the equation (4) is written as

(5) (Xi+Xo+X1+X_9)(Fm+-+Fo)=(pg+v)(Fn+-+ F).

Comparing the homogeneous parts of both sides of (5), we have a system
of m + 4 equations equivalent to (5), hence to (4):

(6)d X1Fg=pqby+vFy — XoFgp1 — X-1Fgp2 — X 2F443

for each integer d such that —3 < d < m. Here we consider F._3 = F_5 =
F_ 1 = Fn+1 = Fpto = Fis = 0. In Steps 3-6, we shall recursively
determine the polynomial Fy; for d = m,m — 1, m — 2, m — 3. The polyno-
mials Fp,, Fi—1, Fin_2 are determined without imposing any condition on
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the parameter oe. The expected relation (3) appears as an obstruction to
the determination of F,_3.

Step 2. We need the following two auxiliary lemmas, which deliver us
from a brute force calculation (cf. [18], [19], [21]).

LEMMA 2.3. Let d be a non-negative integer and let k be a positive
integer. Let A be a polynomial in Ry, and let u' be an element of K. If
—d+4l—4 # 0 for every integer | such that 1 <1 < k and if A satisfies

a congruence

(7) XiA=p'qA  mod (2¢° - p)F,
then A = 0 mod (2¢2 — p)*.

LEMMA 24. Letd, k, A, p' be as above. If i/ +d — 4l +4 # 0 for
every integer I such that 1 <1 <k and if A satisfies a congruence

(8) X1A=pgA modpF,
then A = 0 mod p*.

Proof of Lemma 2.3. We denote by K[T] the polynomial ring in one
variable T over K. Let ¢ be the K-algebra morphism of K[p, g| onto K|[T]
defined by ¢(q) = T and ¢(p) = 27%. Then the kernel Kery of ¢ is
the principal ideal generated by 2¢? — p. The following diagram (9) is
commutative:

Klp,q] —— KI[T]
d
arT

9) Xll T?
Kp,q] — KI[T].

So the kernel Ker ¢ = (2¢ — p) is X;-invariant. In fact we have a formula

(10) X1(2¢* — p) = —2q9(2¢* - p).

Now we show A = 0 mod (2¢® — p)! by induction on I (1 <1< k). We
set A =9, j—qci;p'q’ with c;; € K. Applying ¢ to both sides of (7), we
have

p(X1A4) = p('qA).

This is equivalent to

T? dC; (A) = o(1'qA)
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by the commutative diagram (9). Since p(A) = (3 g;1j-q 2ic;;)TY, it follows
that

(W —d)( > 2T =0.
2i+j=d

Since y' — d # 0 by hypothesis, we have ZQicij = 0 and hence A =
0 mod 2¢? — p. This proves the case [ = 1. Assume that A = 0 mod (2¢° —
p)=! for | > 2. We show A = 0 mod (2¢® — p)\. If d < 2] — 2, we have
A = 0 since A € Ry is divisible by (2¢? — p)'~!, and there is nothing to
prove. Therefore we may assume d > 2] — 2. Then we can put

(11) A= B2 - p)!

with a polynomial B € Ry o ,5. If we substitute (11) into (7) and divide
both sides of the resulting congruence by (2¢% — p)l‘l, we get

(12) X1B= (4 +20—2)¢B mod (2¢% — p)*~+L

If we put B =Y o, ;g o0 €ijp'q’ with e;; € K and apply ¢ to (12), then
the same argument as above gives us a relation

(u,—d+4l—4)( Z 2i€ij) =0
2i+j=d—21+2

Since y' —d+4l—4 # 0, we have 3" 2°¢;; = 0 and hence A = 0 mod (2¢? —p)h.
This is what we had to show, and the lemma is proved.

Proof of Lemma 2.4. Let 9 be the K-algebra morphism of K|p, q] onto
K|[T] defined by ¥(q) = T and ¢(p) = 0. The kernel Ker 1 is the principal
ideal generated by p. The following diagram (13) is commutative:

Klp,q] K [T]
(13) xll l_ﬁ%
Klp,q] o KT

So the kernel Ker ¢ = (p) is X;-invariant. In fact we have a formula

(14) X1(p) = 2qp.

The argument of the proof of Lemma 2.3 allows us to prove this lemma if
we use 9 and (13) for ¢ and (9) respectively. Hence we omit the detail.
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Remark. The commutative diagrams (9) and (13) are obtained in the
following procedure. Let us determine the homogeneous K-algebra mor-
phism @ such that the following diagram is commutative:

[
K[p’q]—) K[T]

2 _d
X1 T2 4

K(p,q] TK[T]-

Here we consider the polynomial ring K[T'] as a graded ring in the usual
way. Hence we can set ®(p) = aT? and ®(q) = bT for some a,b € K and
get a system of algebraic equations:

{ 2ab = 2a,
a—0b*=bh.

Therefore we have the solutions (a,b) = (2,1),(0,-1),(0,0). The first
two of them define the expected morphisms ¢ and 1 respectively, and the
remainder gives a trivial solution that has no importance.

Step 3. Now we come back to the proof of the proposition. The poly-
nomial F),, satisfies the equation (6)m,:

(6)m X1Fy = pgF,.

We claim that (m — p)/4 is a nonnegative integer. In fact, otherwise, we
would have p — m + 4l — 4 # 0 for every integer [ > 1. By Lemma 2.3
it would follow that F,, = 0 mod (2¢® — p)* for every integer k > 1. This
contradicts the hypothesis F),, # 0. Moreover we claim that (m + p)/4 is a
non-negative integer. In fact, otherwise, we would have p+m —4l+4 # 0
for every integer [ > 1. By Lemma 2.4 it would follow that F},, = 0 mod p*
for every integer k > 1. This contradicts the hypothesis F,,, # 0. If we put
i=(m+u)/4 and j = (m — p)/4, we have

(15) m = 2(i + j)
and
(16) p=2(i - j).

Since m > 1, (15) implies (2) as required. If j > 1, we have F,, = 0 mod
(2¢% — p)? by Lemma 2.3 because u —m+ 4l — 4 # 0 for every integer [ such
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that 1 <1 < j. If i > 1, we have F};, = 0 mod pi by Lemma 2.4 because
p+m —4l+4 # 0 for every integer [ such that 1 < [ < i. By (2) we
have F,,, = 0 mod p*(2¢® — p)?. Since the polynomial p*(2¢*> — p)’ belongs
to R,,, we have F, = ap‘(2¢q> — p)’ for some non-zero element a € K.
The polynomial a=!F is X (a)-invariant and generates the ideal I = (F)
introduced in Step 1. So we may assume a = 1 and therefore

(17) Fr =p'(2¢° —p)’.

Step 4. The polynomial F,,_; satisfies the equation (6)p,—1:
(6)m—1 X1Fm—1 = pqFm 1 +vEy — XoFy,.
Since XoF), = 0 by (17), the equation (6),,—1 is rewritten as
(19) X1Fpy = pqFm_1 + vp'(2¢* - p)’,

where p is given by (16). We have X1 F,, 1 = pgF,,_; mod pt. If i > 1,
we have F,,_; = 0 mod p’ by Lemma 2.4 because p 4 (m — 1) — 4l + 4 =
47 — 41 4 3 # 0 for every integer ! such that 1 <[ < 4. Similarly we have
X1Fy 1 = pgF,_1 mod (2¢2 —p)d. If j > 1, we have Fy,,_; = 0 mod (2¢% ~
p)’ by Lemma 2.3 because p1— (m — 1) +4l —4 = —4j + 4l — 3 # 0 for every
integer [ such that 1 <1 < j. By (2) we have F,,_1 = 0 mod p*(2¢° — p)’.
Hence we have

(20) Py = 0.

It follows from (18) that we have
(21) v =0.

Step 5. The polynomial F,,_o satisfies the equation (6),,—2:
(6)m—2 XiFm—92 = pqFm—2+vFy_1 — XoFm—1 — X_1Fpn.
If we substitute (17), (19) and (20) into (6)m,—2, we get
(22) X1Fpng = pqFm_s + 2jtqp'(24° — p) 2.

Since X is a derivation, we have

(23) X1((2¢*> = p)Fm—2) = —2q- (2¢* — p)Frn—2 + (2¢* — p) X1 Fn_s.
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Eliminating X3 Fy,,—2 from (21) and (22), we have
(24) X1((2¢° = p)Fru—s) = (1 — 2)q - (2¢* — p)Fyn—s + 2jtqp*(2¢° — p)’.
We have X1((2¢% ~ p)Fim—2) = (1 —2)q- (2¢°> — p)Fyu—2 mod p. If i > 1, we
have (2¢ —p)Fp—2 = 0 mod p’ by Lemma 2.4 because (u—2)+m—4l+4 =
45 — 4l 4+ 2 # 0 for every integer [ such that 1 < [ < ¢. Similarly we
have X1((2¢% — p)Fn—2) = (1 — 2)q - (2¢® — p)Fm—2 mod (2¢* — p)?. If
j > 1, we have (2¢°> — p)Frm—2 = 0 mod (2¢® — p)’ by Lemma 2.3 because
(b1—2)—m+4l—4 = —45+41—6 # 0 for every integer [ such that 1 <1 < j.

We have (2¢% — p)Fy,,_2 = 0 mod p*(2¢% — p)’ by (2). Then there exists an
element ¢ € K such that

(25) (2¢° — p) Fin—2 = cp'(2¢° — p)’.

If we substitute (24) into (23) and notice the relation (6),,, we have ¢ = jt.
We have by (24)

(26) Frn—z = jtp*(2¢° — py’ .
Step 6. Finally we determine the polynomial F,,_3 and derive the
relation (3). F,—_3 satisfies the equation (6),,—3:

(6)m—3 Xilm3=puqFpn_3+ vk, o
—~ XoFm 2~ X 1Fn 1 — X oFy,.

If we substitute (17), (19), (20) and (25) into (6)m,—3, we have
(27) X1Fm-3=pqFmn_3

. 1 . - . 1 . .
+i(a ;) —pp = i(at g )t - py

If m = 2, we have ¢ = 0 or j = 0 by (15). Therefore we have @ = 1/2 or
a = —1/2 by (26), which satisfy the relation (3). Assume m > 3. We have

(28) X1(p(2¢* = p)Fin—3) = p(2¢* — p) X1 Fp—s.
Substituting (26) into (27), we have
(29) X1(p(2¢* — p)Frn—3) = nq - p(2¢* — p)Frn_s

1\ . .
e D)ooy

VR -
— z(oz + 5)10 (2¢> — p)’*.
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We have X1(p(2¢> — p)Fm_3) = uq - p(2¢> — p)Fp_3 mod p*. If i > 1, we
have p(2¢? — p)Frn—3 = 0 mod p* by Lemma 2.4 because u + (m + 1) —
4l +4 = 4i — 41 4+ 5 # 0 for every integer [ such that 1 <[ < ¢. Similarly
we have Xi(p(2¢® — p)Fn_3) = uq - p(2¢> — p)Fp_3 mod (2¢%> — p)J. If
j > 1, we have p(2¢*> — p)Fyn_3 = 0 mod (2¢* — p)’ by Lemma 2.3 because
w—(m+1)+4 —4 = —45+ 4l — 5 # 0 for every integer [ such that
1 <1 < j. Therefore we have p(2¢*> — p)F,,_3 = 0 mod p*(2¢% — p)’. Since
Ry ={cq | c € K}, there exists an element ¢ € K such that

(30) p(2¢° = p)Fn—3 = cqp’(2¢° — p)’.
Substituting (29) into (28), we have

(oo feso-D) oo

and hence we have 1

(31) c=20 (OL + 5)

and ) .

3 ' “)=jla-=).
(3) z(a + 2) J (oz 2)

Thus Proposition 2.2 is proved.
Moreover, from (29) and (30), we have

2
- 1 7—1 2 j—1
=2j{a—5)w (2¢° —py ™.

COROLLARY 2.5. The complex number « in Proposition 2.2 is rational
and |a| > 1/2.

. 1 - -
(32) F3 =2 (a + —)qp’ L(2¢* — p)’™!

Proof. The number « satisfies the relation (3). We see i # j easily.
Then we have o = (i +5)/(2(i — 5)), and the assertion follows immediately.

Combining this corollary with Theorem 1.1, we deduce the next corollary
immediately.

COROLLARY 2.6. Let (p,q) be a solution of Su(a). If a € Cy and
a # —1/2, then one of the following conclusions holds:

(i) the solution (p,q) is non-classical;

(ii) the solution (p,q) is algebraic.
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2.3. Classical solutions
We determine all the X (—1/2)-invariant principal ideals of K|p, q].

LEMMA 2.7. For every integer i > 1, the principal ideal (p') is X (—1/
2)-invariant. Conversely, if I is an X (—1/2)-invariant principal ideal prop-
erly between the zero-ideal and K|p,q|, there exists an integer i > 1 such
that I = (p°).

Proof. Let the notation be as in Proposition 2.3. The first half is
obvious. For the second half, it is sufficient to show that the X(—1/2)-
invariant polynomial F is equal to p* for some integer i > 1. Since o =
—1/2, we have j = 0 from (3). Hence we have m = 2i = p, i > 1, Fy, = p’
and Fr1 = Fy_o = Frp_g = 0 by (2), (15), (16), (17), (19), (25) and (31).
Here we prove the next

SUBLEMMA. Let d be an integer such that 0 < d < 2i and let A be a
polynomial in Ry. If A satisfies an equation

(33) X1A = 2igA,
then A = 0.

In fact, if 29 +d Z 0 mod 4, we have 2i +d — 4l + 4 # 0 for every
integer [ > 1. Therefore we have A = 0 by Lemma 2.4. If 2 +d = 0 mod 4,
then k = (2i + d)/4 is a positive integer and we have 2i +d — 4l +4 # 0
for every integer [ such that 1 < < k. It follows from Lemma 2.4 that
A = 0mod p*. Since 2k —d = (2i — d)/2 > 0, we have A = 0, and the
sublemma is proved.

Now, let d be an integer such that 0 < d < m — 3, and assume Fy =0
for every integer d’ such that d < d’ < m (This assumption holds when
d = m — 3.). Then the polynomial F,; _; satisfies the equation (32) for
A = F;_q. Therefore we have F;_; = 0 by Sublemma. By induction on d,
we have Fy = 0 for every integer d such that 0 < d < m, and the proof of
the lemma is completed.

LEMMA 2.8. Let L be an ordinary differential overfield of C(t) with
derivation 6§, and let K be an ordinary differential field with C(t) C K C L.
If a pair (p,q) of elements of L satisfies the system Syi(—1/2), i.e.,

{6«1 =p—q-,

6p = 2pq,

(34)
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and if the transcendence degree tr.d.[K(p,q): K| equals one, then p equals
zero, and q satisfies the Riccati equation (1):

_ . t
6= -3 — =.

[\]

Proof. The polynomial ring K|[p, q| is an ordinary differential ring with
the derivation X (—1/2). Let ¢ be a surjective morphism of differential rings
of K|[p,q] onto K[p,q] sending p and q respectively to p and g. So Kerp
is X(—1/2)-invariant. Since every prime ideal of codimension one of the
polynomial ring K{p,q] is principal, Ker ¢ is X(—1/2)-invariant principal
ideal. Now it follows from Lemma 2.7 Ker ¢ = (p), so that we have p = 0.
Substituting p = 0 into (33), we find that g satisfies (1).

Let us determine all the classical solutions of the system Si(—1/2).

PROPOSITION 2.9. If a function q(t) satisfies the Riccati equation (1),
then (0,q(t)) is a classical solution of Sy1(—1/2). Conversely, let (p(t),q(t))
be a transcendental classical solution of the system Sy(—1/2). Then p(t)
equals zero and q(t) satisfies the Riccati equation (1).

Proof. For a = —1/2, the system Syj(«) is given by

dq_ 9
dt =p—9q 9
dp

— = 2pnq.

dt pq

So the first assertion is proved. To prove the converse, we use the notation
and argument of the proof of the theorem in [27], p. 787. There exists a
succesive G-primitive extension C(t) = K; € Ko C --- C K, (n > 2)
such that the field C(¢,p(t), ¢(t)) is a differential subfield of K,,. Since the
solution (p(t),q(t)) is non-algebraic, there exists an index ¢ (2 < i < n)
such that tr.d.[K;: K;_1] > 1. First, we may assume that the extension
K,/K,_1 is not algebraic. Then we may also assume that either p(t) or
q(t) is non-algebraic over K,,_1. We denote by K,,_; the algebraic closure of
K, in K,, so that K,/ K, iisa regular extension. et M be the quotient
field of K, ®g, _, Kn, which is an ordinary differential field (cf. loc. cit.).
We have two K,_j1-embeddings ¢q: K, — K, ®g,_, Kn C M (a=1,2):
vi(a) =a®1, pa(a) = 1®a for a € K,. As was shown there, we can
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find a tower of differential subfields po(K,,) = Mo C My C ---C My =M
(I > 1) such that tr.d.[M;: M;_1] <1 for 1 <i <. Since either p(t) or q(t)
is non-algebraic over K,,_1, either ¢1(p(t)) or 1(q(t)) is non-algebraic over
p1(Kp—_1), and consequently either ¢1(p(t)) or ¢1(q(t)) is non-algebraic
over w2(K,). Therefore there exists an index 7 (1 < ¢ < [) such that
tr.d.[M;—1(e1(p(t)), ¥1(q(t))): M;—1] = 1. So we see by Lemma 2.8 that
©1(p(t)) equals zero, and that ¢1(q(t)) satisfies the Riccati equation (1),
which proves the proposition in this case.

If the extension K, /K, is algebraic, then we can apply the similar
argument to the extension K,/ K; where 7 denotes the integer (1 < i < n—1)
such that the extension K, /K,y is algebraic and the extension K;ii/K;
is transcendental.

2.4. Algebraic solutions

The algebraic solutions ¢ of the second Painlevé equation Pp(a) are
determined by Murata [16]. Our definition of an algebraic solution (p, q)
is that both the functions p and g are algebraic. The equation P(«a) is
equivalent to the system Sy(a), but there is a slight difference between
these definitions. Evidently, if (p, q) is an algebraic solution of Sii(«), then
q is an algebraic solution of Pj(a). But a priori there is no reason to expect
the converse. In fact, as will be seen in Theorem 3.3, even if ¢ is an algebraic
solution of Prv(v), (p,q) is not necessarily an algebraic solution of Stv(v).
For the second equation, however, we classify the algebraic solutions of
Sti(a), and, as a result, we know that the converse is true.

ProposITION 2.10. (i) Every algebraic solution of Sti(a) is rational.
(ii) The system St(a) has a rational solution if and only if « € 1/2 + Z.
(iii) For each o € 1/2 + Z, the rational solution of St() is unique.

We will prove the proposition in a forthcoming paper [30].

2.5. The Newton polygon of the invariant polynomial F'

We defined a weight on K[p, ¢] in the proof of Proposition 2.2 (Step 1).
We explain where this weight comes from.

The polynomial ring K [p, q] is N%-graded: If we set R;; = {yp'q’ | v €
K} for (i,5) € N2, then we have K[p,q] = B jen: Bij with Ry Ry, =
Ritm4n for all (k,1),(m,n) € N2 By the Newton polygon of a polyno-
mial 3 app*q’ € K[p,q] we understand the convex closure of the subset
{(k,1) € N? | ag; # 0} in the plane R%2. We say that an endomorphism
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L: Kp,q| — K|p,q| of the additive group K{p, q| is homogeneous of weight
(L,m) ((I,m) € Z?) if L(Rij) C Riy1j+m for every (i,7) € N2. Here we
regard Rit;j4+m = 0 if either ¢ + 1 or j + m is negative. Therefore the
ring Endy K[p, q] of all endomorphisms of the additive group K|p,q] is a
Z2-graded ring. For example derivations pd/dq, —q?8/dq, 2pqd/dp, & are
homogeneous of weight (1, —-1), (0,1), (0,1), (0,0), respectively. So the ho-
mogeneous decomposition of the derivation X («), which is an element of
Endz K[p, q], is X(a) = X(l,—l) -+ X(O,l) -+ X(O,O) + X(O,—l) + X(—l,O)a where

X(l,-l) = Pé%>
Xo1) = —qza% + 21’93%»
X(0,0) = gi’

X0,-1) = _%8%’

1\ &
X1 = -\ Z
(~1,0) <Oé+ 2)61)’

each X(; j) being a homogeneous endomorphism of weight (7,j). We define
the Newton polygon of an endomorphism L € Endygz K|p, q] of the addi-
tive group K|p,g] as the convex closure of the subset {(i,5) € Z% | L;; #
0} in R?, where the homogeneous decomposition of L is given by L =
Z(i,j)ez2 L;; for some L;; € R;;. So the Newton polygon of the endomor-
phism X (a) is the convex closure of {(1,—-1), (0, 1), (0,0),(0,-1),(-1,0)}
in R2:

Here a (resp. b) denotes the first (resp. second) coordinate on the plane
R2. We show how the Newton polygon of the endomorphism X («) € Endg
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(K|p, q]) determines the Newton polygon of the X (a)-invariant polynomial
F e Klp,ql.

Since the N%-grading is not easy to treat, we introduced in the proof
of Proposition 2.2 an N-grading on K|p, ¢] to analyze the equation (4). To
understand the significance of this grading, we define a family of grading
structures on K [p, ¢]: We define the weights of p and q to be p and o respec-
tively, which are integers such that 0 > 0 and —o < p < 20. By definition
the weight of a monomial ap'q’ (0 # a € K) in K[p,q| is ip + jo. Let
R/, be the K-linear subspace of K|p,q] generated by all the monomials of
weight d. Hence K|p, q] becomes a graded ring with respect to this weight:
Klp,q] = @, R with R);- R, C R} ;. If we decompose the polynomial F
with respect to this gradation of K{p,q], we have the homogeneous decom-
position
(35) F=F,+ - +F,

with Fj € R!, and F}, # 0 for some integers n', n (n’ < n). If we set

0 0
X! = —¢?— + 2pg—
o= gt Wiy

dq
0
X =p—
pmo = P50
,_ 0
O o
1\ 0
X = — )=
- (a+2)8p’
t o
X =
-7 20q’

then we see that X (a) = X, + X, , + X+ X, + X’ and each X (i =
o,p—0,0,—p,—0) is a derivation mapping R} to R}, ;. The homogeneous
decomposition of the endomorphism X («a): K[p,q] — K|[p, q] with respect
to this grading is independent of p, . Then the equation (4) is written as

(36) (Xo+ X, ,+Xo+ X, + X ) (Fpy+--+Fp)

= (pg +v)(Fy + - + Fy).
We notice here 0 > max{p — 0,0}. Comparing the homogeneous parts of
the maximum weight o + n of both sides of (35), we have an equation for
Fl:
(37) XoF, = uqFy,,
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where p is given by (16). We set F, = > 110, cuptqt with ey € K.
Substituting this into (36), we have the relations (2k — [ — p)cg; = 0 for
integers k,l € N such that kp + loc = n. Since F), # 0, there exist non-
negative integers ko and lp such that cgy, # 0. So we have

(38) m = 2]€0 - lo.
If cgrp # 0 for other k' and I’, we have a simultaneous equation:

w=2ky—1lo=2k"-1,
n = pko + oly = pk’ + ol’.

Since the determinant Ii ”01’ =20+ p #0, we have kg = k¥’ and Iy = I, and

therefore the polynomial F, is given by
(39) F7/7, = ckolgpkoqlo'

This shows that (ko, lp) is a vertex of the Newton polygon of F', denoted
by P,and that the Newton polygon is contained in a subset

{(a,b) e R? | b—1p < —2(a —kg),a — ko < —(b— 1)}

as in the figure below:

In the Newton polygon of X () in Figure 1, as in Figure 2, there is no edge
with a vertex B and of slope 7 such that —2 < 7 < 1. Now we take the
weight introduced in the proof of Proposition 2.2 that comes from the edge
BC of the Newton polygon of the derivation X () (see Figure 1). Then the
highest component of the derivation X () is (p — ¢2)(9/9q) + 2pq(8/0p),
and we found the polynomial F;,, as the highest component of the invariant
polynomial F' (see (17)). In Figure 2, the polynomial Fy,, gives an edge with
the vertex P lying on a line

{(a,b) € R? | b— 1y = —2(a — ko)}.
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Therefore two monomials, £/, and 2/pq%¥ in F,, represent the same vertex
P, and hence are equal. Thus we have the relations

(40) ko = i,
(41) lo = 24,
(42) Choly = 27

If we repeat this procedure at each vertex of the Newton polygon of the
derivation X («), we can determine the whole figure of the Newton polygon
of the invariant polynomial F', which is the intersection of the first quadrant
and a quadrilateral PQRS such that the slope of the edges PQ, @R, RS,

SP are respectively 1, —1, 0, —2 as is shown below:

Here a (resp. b) denotes the first (resp. second) coordinate on R2.

Remark. The Newton polygon of an invariant polynomial can be de-
generate. In fact, we have an X (—1/2)-invariant polynomial p whose New-
ton polygon is a subset {(1,0)} C R2 Moreover, we have an X(1/2)-
invariant polynomial 2¢? — p 4+ ¢ whose Newton polygon is represented by
the following picture:
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These Newton polygons are degenerate forms of the Newton polygon in
Figure 3.

83. The fourth Painlevé equation

3.1. Statement of the theorem
Now we treat the following system Spv(v) of ordinary differential equa-

tions:
d
d—q = 2pq — ¢* — 2tq + 2(v1 — vy),
t
‘SI\/(V) dp
—; = 24— p” + 2tp +2(v1 — vg),

where v = (v, v, v3) denotes an arbitrary vector on a complex plane V in
C3 defined by v1 + v 4+ v3 = 0 ([20]). The system Spv(v) is equivalent to
the fourth Painlevé equation:

2 2
PIv(a,ﬁ) %{% = %(%) + §q3 + 4tq2 + 2(t2 — a)q + g
In fact if we eliminate the unknown p from Stv(v), we get Pryv(a,3) un-
der the relations: o = 3v3 + 1, f = —2(vg — v1)2. In order to state
Theorem 3.2, we review birational transformations of solutions of the sys-
tem Sty (v) associated with a group of affine transformations of the com-
plex plane V. We define three affine transformations s, s9, t_ of V by
s1(v) = (vg,v1,v3), s2(v) = (v3,ve,v1), t_(v) = v + (1/3)(-1,-1,2) for
v = (v1,v9,v3) € V. We have s? = s3 = 1, t_s; = s1t_, where 1 denotes
the identity transformation of V. If we set sg = t:1818281t_, Zg = 8189t_,
we have so(v) = (vi,v3+1,v2—1) and 29(v) = (v2—1/3,v3+2/3,v1 —1/3.
“We also have s% = zg =1, t~lsot_ = s15081. Let G be the subgroup
generated by s1, sg, t_ in the group of all complex affine transformations
of V. We can also choose sy, sq, zg as generators of the group G. Let H
be the subgroup of G generated by sg, s1, s2. Setting V! = VN R3, we
have Vs = V' ®g C = V. The group H of affine transformations of V'
leaves the real form V' invariant. The operation of H on the real space V'
is isomorphic to that of the affine Weyl group of the root system of type
Aj on the two dimensional real vector space (cf. [1], Chap. VI.). We easily
see that H is a normal subgroup of G, and we have a group isomorphism
G = H x (z0). Let I" be the subset of V that consists of all the vectors
v = (v1, vy, v3) satisfying the following conditions:
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(i) R(vg —v1) > 0;

(i) R(vy — v3) > 0

— ?

(i) R(vs — vy +1) > 0;

(iv) S(vg —v1) > 0 if R(vg —v1) = 0;

(v) S(vy —w3) >0 if R(v1 — v3) = 0;
(vi) S(vs —vg) > 0if R(vg —wva+1) =0.

Here R(v) and ¥(v) denote the real and imaginary parts respectively of a
complex number v.

LEMMA 3.1. The subset T" is a fundamental region of V' for the group
H.

Proof. We set V! = VN R3? and I' = I' N R3. The subset I is a
fundamental region of the real vector space V' for the group H, because the
set I is the closure of an alcove of the affine Weyl group H (cf. [1], Chap. VI,
§2). We set = {veV|Rwe—v1) > 0,R(vi—v3) >0, and R(vs—ve+1) >
0}. We have I O T, and the interior of I’ agrees with that of I'. Every H-
orbit on V contains a point of f‘, because I" is a fundamental region of V.
We show that the intersection of each H-orbit 2 and the subset I' consists of
one point. It is easy to see that this fact proves the lemma. The difference
between T and T" consists of boundary. So we may assume that the H-orbit
Q contains a point of boundary. For example, let us analyse what happens
on a boundary stratum

Bg = {V € f l §R(v2 - ’Ul) = 0, §R(v1 - 1)3)§R(’U3 — Vg + 1) 75 0}.
The stratum Bs is si-invariant. If we set

By ={v € B3| S(vz —v1) > 0},
By ={v € B3| S(vz — v1) = 0},
Bg = {V € Bg I S(vz —-’Ul) < O},

then we have a decomposition Bz = Bf U BJ U B; (disjoint union). The
restriction of s1 to BY is the identity mapping on BY, and we have sl(B; )=
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By and s1(B3 ) = Bi. So, if QN B3 # @, then QN (B3 UBY) # @, so that
QNI # @. Similarly a boundary stratum

B23 = {V € f‘ | %(Ug — 'Ul) = §R(’Ul — Ug) = (),
or, equivalently, ®(v1) = R(vg) = R(v3) = 0}

is W-invariant, where W denotes the subgroup of H generated by s, so.
We have

By = |J g({v €T | R(v) = R(v2) = R(vs) = 0}).
geW

Let us prove this equality. The set Bsg is regarded as a two-dimensional
real vector space of all vectors u = (uj, ug, ug) such that u; + ug + uz = 0.
The group W effectively acts on it as a subgroup of affine transformations,
and is isomorphic to the Weyl group of the root system of type Ag. Since
the set {v € I' | R(v1) = R(v2) = R(v3) = 0} is regarded as the closure of a
Weyl chamber with respect to this action, we easily have the equality above.
Now, if QN Bog # @, then QN {v e ' | R(vy) = R(ve) = R(vz) =0} # @
by the equality above, so that 2 NI # &. Applying the above argument to
every boundary stratum of T, we have QN T # @.

To complete the proof we have to show that for every H-orbit Q the
set 2 NI consists of one point. Let us show v; = vy for vi,ve € QNT.
There exists g € H such that v; = g(v3). In particular we have R(v,) =
gR(vy), where R(v) denotes the real vector (R(vy), R(va),R(v3)) in V’ for
v = (v1,v2,v3) € V. If R(vy) is in the interior of I', then the equality
R(v1) = gR(v2) implies g = 1, so that v; = vy. Assume that R(v;) lies
on the boundary of I”, for example, R(v;) € B3 NI'. Then we have g = 1
or s1. Therefore we have vi,vy € Bs with either vi = s1(v2) or vi = va.
We may assume v; = s1(vy). Then it follows from the decomposition
Bs = B;' U BY U B3 that vi,vy € BY, so that v; = s1(v2) = vo. Thus
Lemma 3.1 is proved.

Now, let Cgy be the subset of V that consists of all the vectors v =
(v1,v2,v3) satisfying the following conditions:

(1) R(vy —v3) > 0;
(ii) 3?(1)2 + ’U3) > 0;
(iii) R(vs +1/3) > 0;
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(iv) S(v1 —wv3) > 0 if R(vy —v3) = 0;
(v) S(v2 +v3) > 0 if R(vy + v3) = 0;
(vi) S(vs) > 0 if R(vz +1/3) = 0.

Since I' = Cp U 20Cp U 28Cp and G = H x (z0), we have the following
properties by Lemma 3.1:

() V = Ugea 9(Co);

(ii) for g,h € G (g # h) the interior of g(Cp) does not intersect that of
h(Cy).

We define two subsets W and D of V' by

W={veV|v—-vecZ}
U{veV]|v—-uveZlu{veV v —uv €Z}

D={veV] vy —veZ}
N{veV]v—-v3seZiN{veV|vs—uv €Z}.

They are G-invariant subsets of V. A subset CoNW =Con{veV | v =
vz} is a fundamental region of W for G. The set D is an orbit of the origin
0 of V by the group G: D = G - 0.

For v € V, let ¥(v) be the set of solutions (p,q) of Siy(v). We set
¥ = UyX(v) (disjoint union). We define three birational transformations
(81)x, (82), (t—)« of the set ¥ as follows (cf. [20]): For (p,q) € X(v),

(i) we define (s1)«(p,q) € E(s1(v)) by

(51)*(p7q): <p+Lvlq_'L2)7Q) ifvl‘—’UZ#O:

and
(s1)+(pq) = (pq) o1 —v2=0;
(i) we define (s2)«(p,q) € X(s2(v)) by

(52)*(paQ) = (P, q+ M) if vy — w3 # 0,
p

and
(s2)«(p,q) = (p,q)  if v1 — w3 =0;
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(iii) we define (t—)«(p,q) € L(t_(v)) by

(t-)u(p,0) = (JJ(P ~4 “itzz 2oo= vt 1)
o ony 4P —q—2t) +2(v1 — vy
(P—gq 2t)q(p~q—2t)+2(v3_1,2+1))

if (v —vg3 —1)(vg —v3 —1) #£0,

2(v1 q— 1)2))

(t-)«(p,q) = (—q,p —q—2t+

ifvo—v3—1=0and v; —v3 —1#0,
2(v1 — v2) )
t )ulpg)=(~qg—- 20— p—qg—2t
(t-)«(p,q) (q p—q 2P 4
ifvy —w3—1=0and vy —wv3 —1#0, and
(t-)«(p,@) = (~¢,p—q—2t)

ifvy —v3—1=wvy—v3—1=0 (i.e. v=(1/3,1/3,-2/3)).
The preceding definitions of (s1)«, (s2)x, (t—)s are well-defined by the
following facts: for each (p,q) € X(v),

(1) q¢ # 0 if vy — vg # O;
(i) p # 0 if vy — v3 # 0
(i) p—qg—2t #0 if vg —v3 — 1 # 0;
(iv) gqlp—q—2t) +2(v3 —v2 + 1) # 0 if (vg —v3 —1)(vy —wv3 — 1) # 0.
The assertions are proved in the same way as in the case of the second
Painlevé equation (cf. Subsection 2.1). We omit the detail.
Let G, be the subgroup generated by (s1)«, (S2)+, (£_)« in the group of

all bijections of the set ¥. The group G, consists of birational transforma-
tions of 3.. There exists a surjective group morphism f of G, onto G such

that f((s1).) = s1, £((52).) = 52, F((t_)s) = t_. We set H = /= (F).
Let m be the natural projection of ¥ onto V defined by m(p,q) = v for
(p,q) € £(v). Then the following diagram is commutative for every g € G,:

Yy—3

V— V.
f(9)
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Let us now state our principal theorem for the fourth Painlevé equation.

THEOREM 3.2. (i) For every vector v in W and not in D, there exists
a one-parameter family of classical solutions of the system Sty (v).
(ii) For every v € D, there exist two one-parameter families of classical
solutions of the system Syy(v).
(iii) Let (p, q) be a transcendental solution of Syy(v) (v € V) different from
those in (i) and (ii). Then neither the function p nor the function q is
classical, and the transcendence degree of C(t,p,q) over C(t) equals two.

As we shall see in Theorem 3.3 below, we have tr.d.[C(t, p,q): C(t)] <1
for every solution (p,q) in (i), (ii).

To prove Theorem 3.2, we may assume the vector v parametrizing the
system Syy(v) belongs to the fundamental region I' of the group H by
the operation of the group H, on the set of solutions. Consequently, it is
sufficient to prove the following theorem, in which we explicitly determine
all the transcendental classical solutions of Sty (v) for every v € I" for which
Stv(v) has such solutions.

THEOREM 3.3. (i) For every vi = (v1,vs,v3) € V such that vi = v3
and for every solution q of a Riccati equation

d
(1) o 2tg+ 20y — ),
dt
(0,q) is a classical solution of Stv(v1).
(ii) For every vy = (v1,v2,v3) € V such that vy = va and for every solution
p of a Riccati equation

dp 2

(2) E = —p° + 2tp + 2(’[}1 — '03),
(p,0) is a classical solution of Spy(va).
(iii) For every vz = (v1,v2,v3) € V such that v = vz + 1 and for every
solution q of a Riccati equation

d
(3) = = ¢+ 2tg + 2(v, — va),
(g + 2t,q) is a classical solution of Syy(vs).
(iv) Let (p,q) be a transcendental solution of Sry(v) (v € I') different from
those in (i)—(iii). Then neither the function p nor the function q is classical,
and the transcendence degree of C(t,p,q) over C(t) equals two.
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The assertions (i)—(iii) are obvious. The assertion (iv) is proved in Subsec-
tion 3.4.

Using the birational transformations in the group H,, we can explicitly
write every classical solution in Theorem 3.2 as a rational function of one
of the classical solutions in (i)—(iii) of Theorem 3.3. In fact, let (p,q) be
a classical solution of Spy(v) for a v € W. Since I' N W is a fundamental
region of an H-invariant subset W of V, there exist an element ¢ € H
and a unique vector vo € I' MW such that v = g(vg). Therefore, there
exists a classical solution (po, go) of Srv(vo) in Theorem 3.3 and an element

g € f~*(g) such that (p,q) = 4(po, 90)-
Moreover, we notice the following fact.

LEMMA 3.4. The three Riccati equations (1)—(3) are birationally equiv-
alent each other through the birational transformation (zg)s.

Proof. Let the notation be as in Theorem 3.3. The proof is divided
into the following three parts.
(i) Let (0,q) be a classical solution of Sry(vy) defined by (1). Then a
solution (z0)+(0,q) = (—¢, —q — 2t) belongs to ¥(z9(v1)), where the vector
zo(v1) = (v —1/3,v34+2/3,v1 —1/3) isin ’'N{v € V | vy = v3+ 1}. If we
set Q = —q — 2t, we see that @ satisfies a Riccati equation

d
= Q24210 + 20~ w5 1),

which is equal to (3) with vg = zp(vy).

(ii) Let (p,0) be a classical solution of Sty(vg) defined by (2). Then a
solution (zo)«(p,0) = (0,p — 2t) belongs to ¥(zo(vz)), where the vector
zo(ve) = (v —1/3,v3+2/3,v1 —1/3) isin 'N{v € V | vy = v3}. If we set
Q = p — 2t, we see that @ satisfies a Riccati equation

% = —Q* - 2tQ +2(vy —v3 — 1),
which is equal to (1) with v; = z(v2).
(iii) Let (¢ + 2t,q) be a classical solution of Spy(vs) defined by (3). Then
a solution (z0)«(q + 2t,q) = (—gq,0) belongs to X(z9(vs)), where the vector
z0(vs) = (v —1/3,v3+2/3,v1 —1/3)isin I'N{v € V | v; = va}. If we set
P = —q, we see that P satisfies a Riccati equation

% = —P?2 4+ 2tP 4 2(vy — v1),

which is equal to (2) with vy = zp(v3).
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Let us introduce a new unknown u by

(4) q log u).

= %(
If we eliminate the unknown ¢ from (1) and (4), we have the Hermite
differential equation for u

d*u du
Therefore, we see by Lemma 3.4 that all the solutions of the Riccati equa-
tions (1)-(3), and therefore all the classical solutions of Sty (v) for each
v € W, are rationally generated from Hermite functions defined by (5).

3.2. Non-classical solutions

Let K be an ordinary differential overfield of C(t), and let K|[p, g] be the
polynomial ring over K in two variables p and q. We consider the following
derivation X (v) on K|p,q|:

1o} 1o}
XW%=5+%%q—f—2m+2m—2wbg

-Hmm—p”+%p+2m—2w5%-

PROPOSITION 3.5. If there exists a vector v = (vi,v,v3) € V for
which X (v) does not satisfy the condition (J), then there exist nonnegative
integers i, j, k such that

(6) i+j+k>1
and
(7) i(’Ul ——’03) +vj(7)2 —v1)+k(1+v3—vz) = 0.

Proof. We shall proceed in five steps.

Step 1. By hypothesis there exists a differential overfield K of C(t)
such that there exists an X (v)-invariant principal ideal I properly between
the zero-ideal and K|p,q]. Let F € K|p, q] be a generator of I. So we have
I=(F),F¢K and
(8) X(v)F =GF

for some G € K|p,q]. We define both the weights of p and g to be one, so
that the weight of a monomial ap’¢’ (0 # a € K) in K[p,q] isi+j. Let Ry
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be the K-linear subspace of K|p, q| generated over K by all the monomials
of weight d. Hence Kp, q] becomes a graded ring: K|p,q] = @ >o Ra with
Ro=K and Ry - Ry C Ryyq. We set

) )
X1 = (29— p)p—p + (20 — q)q

) aq’
5] 16]
Xo = — + 2tp— — 2tq—

0 o
X 1= 2(’01 — 'Ug)a—p + 2('1)1 - '02)5‘(;7

so that X(v) = X3+ X+ X_1 is the homogeneous decomposition. Namely
each X; (i = —1,0,1) is a derivation that maps R4 to R4y;. Since the
highest part X; of X (v) is of weight one and since the polynomial F' in
(8) is not equal to zero, the polynomial G in (8) belongs to a direct sum
Ry 6 Ry. Therefore we have G = Ap + puq + g for some A, u,g € K. Since
F ¢ K, we have an expression: F' = Fy+-- -+ Fp, with Fy € Rgand Fy;, # 0
for some integer m > 1. So the equation (8) is written as

9) (Xi+Xo+X_1)Fo+ - +Fn)=0Qp+ug+9)(Fo+---+ Ep).

Comparing the homogeneous parts of both sides of (9), we have a system
of m + 3 equations equivalent to (9):

(10)4 X1Fg= (A\p+pq)Fg+ gF441 — XoFay1 — X_1Fg40

for each integer d such that —2 < d < m. Here we consider F_o = F_; =
Fm+1 :Fm+2 =0.

Step 2. Before treating the equations (10)4, we shall show the following
three auxiliary lemmas.

LEMMA 3.6. Let d be a non-negative integer and let k be a positive
integer. Let A be a polynomial in Ry, and let X' and u' be elements of K.
If N+ —d+ 3l —3+#0 for every integer | such that 1 <1<k and if A
satisfies a congruence

(11) X1A=Np+p'g)A mod (p—q)*,

then A =0 mod (p — q)*.
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LEMMA 3.7. Letd, k, A, X, i’ be as above. If u' +d — 31+ 3 # 0 for
every integer | such that 1 <1 <k and if A satisfies a congruence

(12) X1A= (Np+u'9)A  mod pF,
then A = 0 mod p*.

LEMMA 3.8. Letd, k, A, N, p' be as above. If N +d — 3l +3 # 0 for
every integer | such that 1 <1 <k and if A satisfies a congruence

(13) X1A=Np+p/9)A mod ¢~
then A = 0 mod ¢*.

Proof of Lemma 3.6. We denote by K|[T'] the polynomial ring in one
variable T" over K. Let ¢ be the K-algebra morphism of K|[p, g] onto KT
defined by ¢(p) = p(q) = T. The kernel Ker ¢ of ¢ is the principal ideal
generated by p — g. The following diagram (14) is commutative:

Klp,q) —— KT}

(14) Xll 17@%
Kip,q] —— KII].

So the kernel Ker ¢ = (p — gq) is X;-invariant. In fact we have a formula

(15) Xip—q)=—-p@+a9{—9-

Now we show A = 0 mod (p — ¢)! by induction on I (1 <1 < k). We
set A=31i 4 cijp'q’ with ¢;j € K. Applying ¢ to both sides of (11), we
have

P(X14) = o((N'p + 1'q)A).

This is equivalent to

T2 0(4) = o(Xp + W) (4)

by the commutative diagram (14). Since p(A4) = (32,4 —4 cij)T?, it follows
that

X+ =d)( Y )T =0.
it+j=d
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Since X' 4 p/ — d # 0 by hypothesis, we have ) ¢;; = 0 and hence A =
0 mod p— q. This proves the case | = 1. Assume that A = 0 mod (p—q)'~?
for I > 2. We show A = 0 mod (p — q). If d < [—1, we have A = 0 because
A € Ry is divisible by (p — ¢)'~1, and there is nothing to prove. Therefore
we may assume d > [ — 1. Then we can put

(16) A=B(p-g¢'"

with a polynomial B € Rg_;y;. If we substitute (16) into (11) and divide

both sides of the resulting congruence by (p — q)l'l, we get

(17) XiB={(N+!1-1)p+ @ +1-1)¢}B mod (p— q)k‘“'l,

Ifweput B=3 . 4141 ei;p'q’ with e;; € K and apply ¢ to (17), then
the same argument as above gives us a relation

N+ —d+31-3)( Z eij) = 0.
it j=d—1+1

Since ' +u'—d+31—3 # 0, we have 3" ¢;; = 0 and hence A = 0 mod (p—q)".
Thus Lemma 3.6 is proved.

Proof of Lemma 3.7. Let 1, be the K-algebra morphism of K [p, ] onto
KT defined by ¢, (p) = 0 and ¢,(q) = T. The kernel Ker 1y, is the principal
ideal generated by p. The following diagram (18) is commutative:

Klp,q) —2 K[T]

(18) XIJ l_w%
Klp,q] — KI[T].

D

So the kernel Ker v, = (p) is X;-invariant. In fact we have a formula

(19) Xi1(p) = (2¢ — p)p-

Now we show A = 0 mod p' by induction on I (1 <1 < k). We set
A= 1q cijp'q’ with ¢;; € K. Applying v, to both sides of (12), we
have

Pp(X14) = 1hp(1'qA).
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This is equivalent to

d
—T* = p(A) = p(i'gA)
by the diagram (18). Since ¥,(A) = coaT?, it follows that
(1 + d)cog T = 0.

Since u’ + d # 0 by hypothesis, we have cyq = 0 and hence A = 0 mod p.
This proves the case | = 1. Assume that A = 0 mod p'~! for | > 2. We
show A =0mod p'. If d < [ —1, we have A = 0 because A € Ry is divisible
by p'~!, and there is nothing to prove. Therefore we may assume d > [ — 1.
Then we can put

(20) A= Bp!

with a polynomial B € Ry ;1. If we substitute (20) into (12) and divide
both sides of the resulting congruence by p!~!, then we get

21) X B={(N+l-1p+ (4 —2+2)q}B mod pF L.

fweput B=73 1, 4141 ei;p'q? with ei; € K and apply 9, to (21), then
the same argument as above gives us a relation:

(W +d—3l+3)ega-141=0.

Since ' +d — 3l + 3 # 0, we have €0,d—i+1 = 0 and hence A = 0 mod P
Thus the lemma is proved.

Proof of Lemma 3.8. Let 14 be the K-algebra morphism of K|[p, g] onto
KT defined by 14(q) = 0 and 14(p) = T. The kernel Ker 9, is the principal
ideal generated by g. Then the following diagram (22) is commutative:

Klp.q — K[T]

(22) Xll l—TQ £
Klp, ] K [T].

q

So the kernel Ker 1, = (¢) is X;-invariant. In fact we have a formula

(23) Xi(q) = (2p - 9)q-

The argument of the proof of Lemma 3.7 allows us to prove this lemma if
we use Y, and (22) for ¢, and (18) respectively. Hence we omit the detail.
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Remark. The commutative diagrams (14), (18), (22) are obtained in
the following procedure. Let us determine the homogeneous K-algebra
morphism ® such that the following diagram is commutative:

Klp,q] —— KT

d
XIJ/ J«Tzﬁ

Klpa) —— K1)

Here we consider the polynomial ring K[T] as a graded ring in the usual
way. Hence we can set ®(p) = aT and ®(q) = bT for some a,b € K, and
get a system of algebraic equations:

(2b —a)a = a,
{ (2a — b)b = b.

Therefore we have the solutions (a,b) = (1,1),(0,~1),(-1,0),(0,0). The
first three of them define the expected morphisms ¢, 1, 14 respectively,
and the remainder gives a trivial solution that has no importance.

Step 3. Let us come back to the proof of the proposition. The polyno-
mial Fy, satisfies the equation (10),:

(24)., X1Fy = (Ap+ pq)Fp.

We claim that (m—A—pu)/3 is a non-negative integer. In fact, otherwise, we
would have A + pu — m 4+ 3l — 3 # 0 for every integer [ > 1. By Lemma 3.6,
it would follow that F,, = 0 mod (p — q)* for every integer k¥ > 1. This
contradicts the hypothesis F),, # 0. Similarly we see that (u + m)/3 and
(A +m)/3 are non-negative integers by Lemmas 3.7 and 3.8 respectively. If
we put i = (u+m)/3, j = (A+m)/3 and k = (m — A — p)/3, then we have

(25) t+7+k=m,
(26) A=3j—m,
(27) = 3i—m.

Since m > 1, (24) implies (6) as required. If i > 1, we have F,, = 0 mod p’
by Lemma 3.7 because u +m — 3l + 3 # 0 for every integer [ such that
1 <1<i4 Ifj>1, we have F,, = 0mod ¢/ by Lemma 3.8 because
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A+m —3l+ 3 # 0 for every integer [ such that 1 <1 < j. If £ > 1, we have
F,, = 0mod (p—q)* by Lemma 3.6 because A+ —m+ 31 —3 # 0 for every
integer [ such that 1 < I < k. By (6) we have F,,, = 0 mod p'¢’ (p — ¢)*.
Since the polynomial p’¢? (p—q)* belongs to R,,, we have F,,, = ap'¢’ (p—q)*
for some non-zero element a € K. The polynomial a~!F is X (v)-invariant
and generates the ideal I = (F) introduced in Step 1. So we may assume
a =1 and therefore

(28) Fr=p'd(p—qF.

Step 4. The polynomial F,,_; satisfies the equation (10),,—1:
(10)m—1 XlFm—l = (/\p'l—uq)Fm«l +gF7n '—XOF'm-
If we substitute (27) into (10),,—_1, we get

(29)  X1Fpo1=Op+pq)Fm1 +{g— 20— )t}p'd (p — q)*
—2kt(p+ q)p'¢’ (p — @)

)

where A and p are given by (25) and (26). Since X is a derivation, we have

(30) Xi((p—)Fn-1)=—-(+a)(p—q@)Fn+ (p— ) X1 Fn1.

Eliminating X Fy,—1 from (28) and (29), we have

(31) Xi1((p = @) Fm—1) ={(A = Dp+ (= 1)g}(p — @) Fm—1
+{g -2 —Ht}p'd (p— )"
— 2kt(p+ Q)p'¢’ (p — q)*.

We have X1 ((p—q) Fn-1) = {(A=1)p+(1—1)g}(p—q) Fr—1 mod p'. Ifi > 1,
we have (p—¢q)F,—1 = 0 mod p* by Lemma 3.7 because (u—1)+m—31+3 =
3i — 3l + 2 # 0 for every integer [ such that 1 < [ < i. We also have
Xi((p = @) Fm—1) ={(A = p+ (b = 1)g}(p — @) Frn—1 mod ¢/ If j > 1, we
have (p —q)Fn—1 = 0 mod ¢’ by Lemma 3.8 because (A—1)+m —31+3 =
3j — 3l + 2 # 0 for every integer [ such that 1 < [ < j. Moreover we
have X1 ((p — ¢)Fm_1) = {A = p+ (. — 1)g}(p — q)Frn—1 mod (p — ¢)*.
If £ > 1, we have (p — q¢)Fpn_1 = 0mod (p — ¢)* by Lemma 3.6 because
A=1)+(pg—1)—m+3l—3=—-3k+3l—5+#0 for every integer [ such
that 1 <1 < k. We have (p — q)F,_1 = 0 mod p'¢’ (p — q)* by (6). Then
there exists an element ¢ € K such that

(32) (p— @) Fm-1=cp'¢ (p — ).
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If we substitute (31) into (30) and notice the relation (10).,, we obtain a
relation

{9—2G—4)t}(p~q) — (c+2kt)(p+q) =0.

Hence we have

(33) g=2(i—j)t,
(34) c = —2kt.

From (31) and (33), we find
(35) Fynoq = —2ktp'q’ (p — q)* .
Step 5. The polynomial F,,_ satisfies the equation (10),,_2:
(10)m—2 XiFm o= ()‘p + /Lq)Fva + gFm——l — XoFn-1— X 1 Fp.
If we substitute (27), (32), (34) into (10),,—2, we get
(36) X1Fpo = (Ap+ uq)Frn2
+4k(k - 1)+ qp'd' (p — 9)*
+2i(v3 —0)p" ¢ (p — )"
+2j(v2 — 01)p'd’ " (p — 9)"
+2k(1+ vz —v2)p'g’ (0 — 9)* .
If m = 1, we have three cases: (i) ¢ =1and j =k =0; (ii) j = 1 and
t=k=0; (iii) k =1 and 7 = j = 0. If the first case holds, we have by (35)

vz —v; = 0. Hence the relation (7) holds in this case. Similarly we have
the relation (7) in the other cases, too. Assume m > 2. We have

(37) X1(pg(p — @)*Fn—2) = —(p + Q)pa(p — ¢)*Fin—2
+pq(p — q)* X1 Frp—s.

Eliminating X1 F,—2 from (35) and (36), we have

(38)  X1(pa(p — @)*Fm—2) = {(A = D)p+ (1 — )g}pa(p — q)* Frn—2
+ 4k(k — 1)t3(p + @)p' g T (p — g)*
+ 2i(vg — v1)p'g T (p — q)* T2
+2j(vg — v1)p" g (p — q)*F?
+2k(1 4 v3 — v2)p 7T (p — @)
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We have X1(pq(p—q)*Fm—2) = {(A—=1)p+ (1 —1)q}pq(p— q)* Frn—2 mod p*.
If i > 1, we have pq(p—q)?F,,—2 = 0 mod p* by Lemma 3.7 because (u—1)+
(m+2)—30+4+3 = 3i—3l+4 # 0 for every integer [ such that 1 <[ <1i. We
also have X1 (pg(p—q)* Fin—2) = {(A~1)p+(u—1)a}pa(p—q)* Fn—z mod ¢’.
If 7 > 1, we have pq(p — ¢)2Fyn_2 = 0mod ¢ by Lemma 3.8 because
(A=1)+(m~+2)—31+3 = 35j—31+4 # 0 for every integer [ such that 1 <1 < 5.
Moreover we have X;(pq(p — q)*Frn_2) = {(A — 1)p + (1 — 1)g}pg(p —
q)2F,,_o mod (p — q)*. If k > 1, we have pq(p — q)?F,,—2 = 0 mod (p — q)*
by Lemma 3.6 because (A—1)+(p—1)—(m+2)+3/—3 = -3k+3l—-7#0
for every integer [ such that 1 < I < k. We have pq(p — q)*Frn_2 =
0 mod p'q’(p — q)* by (6). Then there exists a polynomial A € Ry such
that

(39) pa(p — q)*Fr-2 = AP'¢ (p — q)*.

If we substitute (38) into (37) and divide the resulting equation by piq? (p —
q)k , then we obtain an equation for A:

(40) L(A) = 4k(k — 1)t*(p + q)pq
+ 2i(vg — v1)q(p — q)*
+2j(v2 — 01)p(p — @)
+ 2k(1 + v3 — v2)pg(p — q),

where we put L(A) = X14+ (p+ q)A. Three vectors pq, p(p — q), q(p — q)
form a basis of the K-linear space Ry, and four vectors (p+ q)pq, p(p — q)?,
q(p — q)?, pq(p — q) form a basis of the K-linear space R3. Hence, if we
consider the formulae

(41) L(pq) = 2(p + q)pg;
(42) L(p(p — q)) = pa(p — q) — p(p — 9)*,
(43) Lg(p— q)) = pa(p — q) + a(p — q)?,

then we see that L defines an injective K-linear mapping of Ry into Rs.
Since A € Ry, we can set

(44) A=¢&pq+np(p—q)+Calp—q)
with &, 71, € K. If we substitute (43) into (39), then we have

(45) € = 2k(k — 1)t%
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(46) n=—2j(vz —v1),
(47) C = 2?:(1)3 - ’Ul),
(48) N+ ¢ = 2k(1 + v3 — vg).

From (45), (46), (47), we find the expected relation (7). Hence, Proposi-
tion 3.5 is proved.

Moreover, let us determine the polynomial Fj, 9, which we will use
in the next subsection. Substituting (44), (45), (46) into (43), we get the
explicit form of A:

(49) A =2k(k — 1)t*pq — 2j(vy — v1)p(p — @) + 2i(vs — v1)q(p — q).

Ifi=0, pdivides A. If j =0, ¢ divides A. If £k = 1, p — g divides A. If
k=0, (p— q)? divides A because of the relation (7). If we substitute (48)
into (38) and divide both sides by pg(p — )%, we get

(50) Fr—g = 2k(k — 1)t*p'¢/ (p — q)F 2

— 2j(ve —v1)p'd " Hp— ¢
+ 2i(vs —v1)p" g (p — @)

)k—l

COROLLARY 3.9. The vector v in Proposition 3.5 does not belong to
the set ' — W.

Proof. 1t is sufficient to show that, for arbitrary non-negative integers
1,7,k such that i + j + k > 1, a complex line in V

(51) i(v1 —v3) +jlva—v1) + k(1 +v3 —v2) =0

does not intersect I' — W. Assume the contrary. There exist non-negative
integers ¢, 7,k with i + 7+ k > 1 and a vector v = (v, v2,v3) € I' — W such
that the relation (50) holds. From (50) we have

(52) iR(vy —v3) + jR(v2 —v1) + kR(L +v3 —v2) =0
and
(53) iS(v1 — v3) + 7S (v2 — v1) + kS (vz — v2) = 0.

The rest of the proof is divided into three cases:
(i) If the three real parts R(v; — v3), R(vy — v1), and R(1 + vz — vg) are
not equal to zero, then they are positive because v € I'. Hence we have
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it =7 =Fk=0Dby (51). This is a contradiction.

(ii) Assume that one of the real parts is equal to zero and the others are
not equal to zero. We assume, for example, R(v; — v3) = 0 and R(vy —
v1)R(1 + v3 — v2) # 0 because we can similarly treat the other cases. The
two non-zero real parts are positive because v € I'. We have j = k =0 by
(51). Since v ¢ W, the imaginary part &(v1 — v3) is positive. Therefore we
have ¢ = 0 by (52). This is a contradiction.

(iii) Assume that two of the real parts are equal to zero and the other is not
equal to zero. Then we can deduce a contradiction by the same argument
as above. We omit the detail.

3.3. Classical solutions

In the following two lemmas we determine all the non-trivial X (v)-
invariant principal ideals of K|[p,q| for v.€ I' N W. First we prove the

LEMMA 3.10. (i) Let vi be a vector in ' N{v € V | v; = v3} and
not in D. For every positive integer i, a principal ideal (p*) is X (v1)-
invariant. Conversely, if I is an X (v1)-invariant principal ideal properly
between the zero-ideal and K|p, q|, then there exists a positive integer i such
that I = (p%).

(ii) Let vy be a vector in I'N{v € V | v1 = va} and not in D. For every
positive integer j, a principal ideal (¢’) is X (va)-invariant. Conversely, if
I is an X (v2)-invariant principal ideal properly between the zero-ideal and
K|[p,q], then there exists a positive integer j such that I = (¢7).

(ili) Let vg be a vector in ' N{v € V | v = v3 + 1} and not in D.
For every positive integer k, a principal ideal ((p — q — 2t)*) is X (v3)-
invariant. Conversely, if I is an X (v3)-tnvariant principal ideal properly
between the zero-ideal and K [p, q|, then there exists a positive integer k such
that I = ((p — q — 2t)%).

Proof. Since we can similarly prove the remaing assertions, we prove
only the assertion (i). The first half is obvious. For the second half, the
notation being as in the proof of Proposition 3.5, it is sufficient to show that
the X (vi)-invariant polynomial F is of the form F = p¢ for some positive
integer i. We put vy = (v1,v2,v3). Since vy = v, we have

j(v2 —’Ul) +k(1 +1)3—-U2) =0
by (7). Then we have
j§R(U2 - ’Ul) + k%(l + v3 — Uz) =0
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and
JS(vg — v1) + k(v — vg) = 0.

Since vy isin ’'N{v € V | v; = v3} and not in D, we have j = k = 0 by
the same argument as in the proof of Corollary 3.9. We have i = m > 1,
A=-—m, p=2m, Fp, =p", Fp_1=Fp_9=0by (24)a (25)> (26)’ (27)7
(34), (49). Then the assertion (i) follows immediately from (10); and the
following

SUBLEMMA. Let d be an integer such that 0 < d < m and let A be a
polynomial in Ry. If A satisfies an equation

X1A = (—mp + 2mq)A,
then A = 0.

In fact, if 2m +d # 0 mod 3, then we have 2m +d — 3143 # 0 for every
integer [ > 1. Hence, by Lemma 3.7, we have A = 0. If 2m + d = 0 mod 3,
then k = (2m + d)/3 is a positive integer and we have 2m +d —3[+3 # 0
for every integer [ such that 1 <[ < k. It follows from Lemma 3.7 that
A = 0 mod p*. Since k > d, we have A = 0.

Now we prove the

LeEmMMA 3.11. (i) For arbitrary non-negative integers i, j such that i +
j > 1, a principal ideal (p'q’) is X (0)-invariant. Conversely, if I is an
X (0)-invariant principal ideal properly between the zero-ideal and Kp, ql,
then there exist non-negative integers i, such thati+j > 1 and I = (p'¢?).
(ii) For arbitrary non-negative integers i,k such that i+ k > 1, a principal
ideal (p*(p—q—2t)*) is X(~1/3,2/3, —1/3)-invariant. Conversely, if I is an
X(-1/3,2/3,~1/3-invariant principal ideal properly between the zero-ideal
and K|[p,q|, then there exist non-negative integers i,k such that i+ k > 1
and I = (p'(p — q — 2t)*).
(iii) For arbitrary non-negative integers j, k such that j+k > 1, a principal
ideal (¢/ (p—q—2t)*) is X (1/3,1/3,—2/3)-invariant. Conversely, if I is an
X(1/3,1/3,~2/3)-invariant principal ideal properly between the zero-ideal
and Klp,q], then there exist non-negative integers j, k such that j+k > 1
and I = (¢/(p — q — 2t)*).

Proof. Since we can similarly prove the remaining assertions, we prove
only the assertion (i). The first half is obvious. For the second half, the
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notation being as in the proof of Proposition 3.5, it is sufficient to prove
that the X (0)-invariant polynomial F is of the form F = p'q’ for some
non-negative integers i, j such that ¢+ j > 1. Since v =0, we have £k =0
by (7). Wehave i +§ =m > 1, A = 2j — 4, u = 2i — j, Fry = p'¢/,
F—1 = Fn—2 =0 by (24), (25), (26), (27), (34), (49). Then the assertion
(i) follows immediately from (10)4 and the following

SUBLEMMA. Let d be an integer such that 0 < d < i+ j and let A be
a polynomial in Ry. If A satisfies an equation

X1A={(2j —i)p+ (20 — j)q} 4,
then A = 0.

In fact, if 20 — 5 +d # 0mod 3, then we have 20 — j+d —3l4+3 # 0
for every integer [ > 1. Therefore, by Lemma 3.7 we have A = 0. If
25 —i+d # 0 mod 3, then we have 2j — ¢+ d — 3l 4+ 3 # 0 for every integer
{ > 1. Therefore, by Lemma 3.8, we have A = 0. Assume 2i—j+d = 0 and
2j—i+d=0mod 3. If we set i1 = (2i — j+d)/3 and j; = (25 — i+ d)/3,
then we see that ¢; and j; are non-negative integers and that i +j; > d. If
i1 > 1, we have A = 0 mod p" by Lemma 3.7 because 2i —j +d—31+3 # 0
for every integer [ such that 1 <1 <4;. If 53 > 1, we have A = 0 mod g
by Lemma 3.8 because 2j — ¢+ d — 3l 4+ 3 # 0 for every integer [ such that
1 <1< j;. Therefore, we have A = 0 mod p*'¢’!, and A = 0.

3.4. Proof of Theorem 3.3

The derivation X (v) for every v € I' — W satisfies the condition (J)
by Corollary 3.9. Hence we see by Theorem 1.1 that every transcendental
solution (p, q) of Sy(v) for all v.e I' — W is non-classical.

On the other hand, it follows that all the transcendental classical solu-
tions of Sty (v) for v € 'MW are determined by the principal prime ideals
(p), (q), (p — q— 2t), and that the other transcendental solutions of Sty (v)
for v.€ 'MW are not classical. Thus we complete the proof of Theorem 3.3.

3.5. The Newton polygon of the invariant polynomial F'

By definition, the Newton polygon of the derivation X (v) is represented
by the following picture:
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b

The grading introduced in the proof of Proposition 3.5 comes from the edge
joining the vertices (0,1) and (1,0).
On the other hand, by the same argument as in Subsection 2.5, we find

the following figure of the the Newton polygon of the invariant polynomial
F:

Here an integral point (u,v) in R? represents a monomial yp¥q® (y €
K). In the figure the Cartesian coordinates of the vertices O, A, B, C, D are
(0,0), (0,j+k—1), (¢,j+k), (i+k,j), (i-++k—3,0). The edge BC represents
the polynomial F,,, = p'¢?(p — q)¥, the edge AB a polynomial (—1)*(pg +
201 —2v3) ¢/ t*~%, the edge C'D a polynomial (pq+2v; —2v2)7p*=7. Notice
that the Newton polygon of F' can be degenerate similarly to the case in
the second Painlevé equation (see Lemmas 3.10 and 3.11).
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