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Operator noncommutative functions

Meric Augat® and John E. McCarthy

Abstract. We establish a theory of noncommutative (NC) functions on a class of von Neumann
algebras with a particular direct sum property, e.g., B(H). In contrast to the theory’s origins, we do not
rely on appealing to results from the matricial case. We prove that the kth directional derivative of any
NC function at a scalar point is a k-linear homogeneous polynomial in its directions. Consequences
include the fact that NC functions defined on domains containing scalar points can be uniformly
approximated by free polynomials as well as realization formulas for NC functions bounded on
particular sets, e.g., the NC polydisk and NC row ball.

1 Introduction

Noncommutative (NC) function theory, as first proposed in the seminal work of
Taylor [25, 26] and developed, for example, in the monograph [16] by Kaliuzhnyi-
Verbovetskyi and Vinnikov, is a matricial theory, that is, a theory of functions of
d-tuples of matrices. Let M, denote the n-by-n square matrices, and let

M = oo M

A NC function f defined on a domain Q in M} is a function that satisfies the
following two properties.

(i) The function is graded: if x € M, then f(x) € M.

(i) It preserves intertwining: if L : C™ — C" is linear, x = (x',...,x%) e M9, and
y=(y'...,y%) are both in Q and Lx = yL (this means Lx" = y'L for each
1<r<d), thenLf(x) = f(y)L.

The theory has been very successful, and can be thought of as extending free
polynomials in d variables to NC holomorphic functions. See, for example, the work
of Helton, Klep, and McCullough [6-10]; Salomon, Shalit, and Shamovich [23, 24];
and Ball, Marx, and Vinnikov [5].

However, the negative answer to Connes’s embedding conjecture [11] shows that
evaluating NC polynomials on tuples of matrices is not sufficient to fully capture
certain types of information, e.g., trace positivity of a free polynomial evaluated on
tuples of self-adjoint contractions [17]. Thus, there is an incentive to understand NC
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Operator noncommutative functions 493

functions applied not to matrices, but to operators on an infinite dimensional Hilbert
space . Accordingly, it seems natural to exploit the fact that there are (noncanonical)
identifications of a matrix of operators with an individual operator, and so one isled to
consider functions that map elements of B(()“ to B(J{) and preserve intertwining.

Such functions were studied in [2, 19]. A key assumption in those papers, how-
ever, was that the function was also sequentially continuous in the strong operator
topology. This assumption was needed in order to prove that the derivatives at 0 were
actually free polynomials, by invoking this property from the matricial theory and
using the density of finite rank operators in the strong operator topology. The main
purpose of this note is to develop a theory of NC functions of operator tuples that
does not depend on the matricial theory.

Other approaches to studying NC functions of operator tuples include the work
of Pascoe and Tully-Doyle [20]; Voiculescu [27, 28]; Jury and Martin [13, 14]; Jury,
Martin, and Shamovich [15]; and Jury, Klep, Mancuso, McCullough, and Pascoe [12].

For the rest of this paper, the following will be fixed. We shall let I be an infinite-
dimensional Hilbert space. Let A be a unital subalgebra of B(J{) that is closed in the
norm topology. Let T, (A) denote the upper triangular n-by-n matrices with entries
from A. We shall assume that A has the following direct sum property:

(L) Vn21, 3U, : @73 - K, unitary, with U, (T,(A))U, € A.

Examples of such an A include B(J); the upper triangular matrices in B(JH) with
respect to a fixed basis; and any von Neumann algebra that can be written as a tensor
product of an I, factor with something else.

We shall let d be a positive integer, and it will denote the number of variables. For a
d-tuple x € A9, we shall write its coordinates with superscripts: x = (x',...,x%). We
shall topologize A with the relative norm topology from B(J{)“.

Definition 1.1~ A set Q ¢ A% is called an NC domain if it is open and bounded, and
closed with respect to finite direct sums in the following sense: for each # > 2, there

exists a unitary U, : H (") = F( so that whenever X1,...,%n € Q, then
xx 0 - 0

1.2) u, |0 * Ol ¢ a.
0 0 X,

Example 1.2 The prototypical examples of NC domains are balls. The reader is
welcome to assume that ) is either a NC polydisk, that is of the form

(1.3) P(A)={x¢ A ma); 7] <1},
1<r<

or a NC row ball, that is,
(14) R(A) = {x e A x (") + -+ x9(x)* <1},

More examples are given in Section 6.
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Definition 1.3 Let QcA? be an NC domain. A function F:Q — B(H) is
intertwining preserving if whenever x,y € Q and L:H — H is a bounded linear
operator that satisfies Lx = yL (i.e., Lx" = y"L for each r), then LF(x) = F(y)L.

We say F is an NC function if it is intertwining preserving and locally bounded
on Q.

Remark 1.4  For any positive integer b, we may similarly define an NC mapping
F:Q - B(H)" where T = (F',...,F*) and each F' : Q — B(J{() is an NC function.
Many of our results can be reinterpreted for NC mappings with little to no overhead.

In Section 2, we show that every NC function is Fréchet holomorphic. Our first
main result is proved in Theorem 3.6. A scalar point a is a point each of whose
components is a scalar multiple of the identity.

Theorem 1.5 Suppose Q is an NC domain containing a scalar point a, and F is
NC on Q. Then, for each k, the kth derivative D*F(a)[hy,..., hi] is a symmetric
homogeneous free polynomial of degree k in hy, . .., hy.

We derive several consequences of this result. In Theorem 4.2, we show that if Q) is
a balanced NC domain, then a function F on Q is an NC function if and only if it can
be uniformly approximated by free polynomials on every finite set. In Theorem 6.2,
we show that NC functions on most balanced domains are automatically sequentially
strong operator continuous. This allows us to prove that every NC function on the
NC matrix polydisk (resp. row ball) has a unique extension to an NC function on
P(B(¥)) (resp. R(B(0)))-

Similarity preserving maps of matrices were studied by Procesi [21], who showed
that they were all trace polynomials. In the matricial case, this can be used to prove
the analogue of Theorem 1.5 [18]. In the infinite-dimensional case, we cannot use
this theory, which makes the proof of Theorem 1.5 more complicated. However, we
can then use the theorem to prove that the only intertwining preserving bounded k-
linear maps are the obvious ones, the free polynomials. In Theorem 5.1, we prove the
following theorem.

Theorem 1.6  Let Q be an NC domain. Let A : Q¥ — B(H) be NC and k-linear. Then
A is a homogeneous free polynomial of degree k.

2 Preliminaries

Throughout this section, we assume that Q is an NC domain in A%, and F: Q -
B(H) is an NC function. Let N* denote the positive integers.
For each n € N¥, define the unitary and similarity envelopes by

Q, ={U*xU|U:H™ - H, unitary, x € Q},
Q, = {S7%S|S: H™ - K, invertible, x € Q}.
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Notably, for xi, ..., x, € Q, ®7_,x; € Q.. We can extend Fto Q = U, Q,, by
2.1) F(%) = SF(x)S7,

where & = $7'xS for some x € Q.

It is straightforward to prove the following from the intertwining preserving
property of F. Nevertheless, we include a proof to showcase the simplicity of working
with F in lieu of F.

Proposition 2.1  The function F defined by (2.1) is well defined, and if x € Q. and
3 € Q,, satisfy Lx = yL for some linear L : H{ ® C™ - H ® C", then LF(%) = F()L.
In particular, if xj € Q for 1 < j < n, then F(@x;) = ®F(x;).

Proof Let%=S"'xSandj=T"'yT forx,ye Q. DefineL:H — HbyL=TLS™
and consider the following intertwining:
Lx=TLS"'%=TLS'SxS™"

=TLxS' = TyLS™ =TT 'yTLS™

=yL.
Thus, LF(x) = F(y)L and consequently

LE(x) = LST'F(x)S = T'LF(x)S = T"'F(y)LS = F(7)T"'LS
=F(y)L.
Finally, let P;:JH — H be the inclusion of H onto the jth coordinate of

H("). Observe that (&7_,x;)P; = Pjx;. Hence, ﬁ(ea;’zlx,-)Pj = Pjﬁ(x,-)j P;F(x;). The
intertwining with P/ has x;P; = P/ (®[_,x;). Thus, P;F(x;) = P;F(®}_x;), and

combining these two intertwining shows that F(@"_,x;) is a diagonal block operator
and

F(®x;) = @] F(x;). |
For later use, let us give a sort of converse.

Lemma 2.2 Suppose that Q) is an NC domain, and F : Q — B(H) satisfies
(22) F(S7'[x®y]S) = ST'[F(x) ® F(»)]S

whenever § : 7 — H®) and x, y, S\ [x ® y]S € Q. Then F is intertwining preserving.

Proof  Suppose Lx = yL. Let

and (2.2) implies that LF(x) = F(y)L. |
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Recall that F is Fréchet holomorphic if, for every x € Q, there is an open neighbor-
hood G of 0 in A“ so that the Taylor series

(2.3) F(x+h) =F(x) + iD"F(x)[h,...,h]
k=1

converges uniformly for 4 in G.

Using (1.1), it follows that if x;, ..., x, € Q, then 3¢ > 0 so that if y € T,,(A) and
|y - @xj| <e, then U,yU, € . The following is proved in [2], and, in the form
stated, in [3, Section 16.1].

Proposition 2.3 If Q c A% is an NC domain and F is an NC function on Q, then:
(i)  The function F is Fréchet holomorphic.

(ii) ForxeQ,heA,
~(lx h F(x) DF(x)[h]
(e E A

We wish to prove that when x is a scalar point, each derivative in (2.3) is actually a
free polynomial in A. This is straightforward for the first derivative.

Lemma 2.4 Supposea = (a,...,a%) is a d-tuple of scalar matrices in Q. Then F(a)
is a scalar, and DF (a)[c] is scalar for any scalar d-tuple c.

Proof Forany L € B(H), since La = aL, we have LF(a) = F(a)L. Therefore, F(a)
is a scalar. For all ¢ sufficiently close to 0, a + tcisin Q and F(a + tc) — F(a) is scalar,
and therefore DF(a)[c] is scalar. [

Lemma 2.5 Suppose a = (a',...,a%) is a d-tuple of scalar matrices in Q. Then
DF(a)[h] is a linear polynomial in h.

Proof  First assume that h = (h,0,...,0). Let >0 be such that the closed

max(e, €] hy||) ball around a @ a is in Q. Let J = (1,0,...,0) be the scalar d-tuple
with first entry 1, the others 0. As

1 0||a eh| [a €J||1 O
0 h1 0 a - 0 a 0 h] ’
we get from Proposition 2.1 that
(2.4 DF(a)[h] = DF(a)[J] .

By Lemma 2.4, DF(a)[]] is a scalar, ¢; say, so we get

DF(a)[(hl, 0,... ,0)] = Clhl.
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Permuting the coordinates and using the fact that DF (a)[ k] is linear in h, we get that,
for any h,

U

DF(a)[h] =) c/h,

r=1

for some constants c,. u

3 Derivatives of NC functions are free polynomials
The derivatives are defined inductively, by
D*F(x)[hy,..., h] =

(1) lim % (D*'F(x + Ahg)[ha, ... gy ) = DM'E(x) [hys - hea]) -

The kth derivative is k-linear in hy, .. ., hy. To extend Lemma 2.5 to higher deriva-
tives, we need to introduce some other operators, called nc difference-differential
operators in [16].

A¥E(x1,. .., xke1) [ ..., by ] is defined to be the (1, k + 1) entry in the matrix

X1 ]’l] 0 0o ... 0
6.2) I O
0 0 0 0 ... X

We shall show in Lemma 3.2 that it is k-linear in [hy, ..., hg].
The A occur when applying F to a bidiagonal matrix. This is proved in [16,
Theorem 3.11].

Lemma 3.1 Let F be NC. Then,

xx h 0 ... 0
ey F||° 2o 0
0 0 0 ... x.
F(x) AF(x,x)[m] ... A*F(xy,...oxe0)[h1s. .. hi]
(3.4) 0 F(xz) Ak’lF(xz,...,x.k+1)[h2,...,hk] .
0 0 . Flxen)

Proof ~ We will prove this by induction. For k = 1, it is the definition of A'. Assume
that it is proved for k — 1. Let I denote the k-by-k matrix with diagonal entries the
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identity, and off-diagonal entries 0. As

X1 ]’ll 0 0 X1 I’l] 0 0
0 X2 ]’lz . 0 [Ik] _ |:Ik:| 0 X7 hz 0
E : SRR : 0 (k+1)xk 0 (k+1)xk : : E T E
0 0 0 ... xpu 0 0 0 ... x

we conclude that the first k columns of (3.3) agree with those of (3.4). Similarly,
intertwining by [0 I k], we get that the bottom k rows agree. Finally, the (1, (k + 1))
entry is the definition of AX. [ ]

A key property we need is that A* is k-linear in the directions. In the nc case, this
is proved in [16, Section 3.5].

Lemma 3.2 Letxy,..., %k € Q. Then A¥F(xy, ..., x541)[h1s. .., hy] is k-linear in
his..., h.

Proof  Letus write A¥[hy,..., h] for AKF(xy, ..., x541) B, Bk
(i) First, we show that this is linear with respect to h;. Homogeneity follows from
observing that

X1 Cl’ll 0

i 0 Oflxgy h O
0 X2 ]’l2 0 1

0 X2 ]’lz

and using the intertwining preserving property Proposition 2.1.
To show additivity, let p > 1and g > 0 be integers. Let Y be the (p+ k+¢q) x (p +
k + q) matrix

—Xl 0 hl 0 Y]
0 x ... 0o ... 0
0 X1 ]’l{ 0
Y= 0 X2 h2 0
Xk+1 0
Xk+1

Let L be the (k +1) x (p + k + q) matrix

1 0 0 0 0

0 0 1 0
L=|0 0 1 0

0

0 1 0 1
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Let X be the (k +1) x (k + 1) matrix

xx h 0 0 ... 0
xo[0 = B0 0
o 0 O 0 Xk+1
Then,
X hy 0 0
Iy = 0 ... x 1'12 XL
o ... 0 ... X1 00 oo Xgka

Therefore, the (1, p + k + q) entry of F(Y) is A*[hy, ..., hy].

Let L' be the matrix obtained by replacing the first row of L with the row that is 1
in the pth entry and 0 elsewhere. Then L'Y = X'L’, where X' is X with h; replaced by
the d-tuple k). This gives that the (p, p + k + q) entry of F(Y) is AF[h], ..., h].

Now, let L” be the matrix that replaces the first row of L with a 1 in both the first
and pth entries, and let X" be X with h; replaced by h; + h{. Then LY = X”L"”, and
we conclude that

Ay, . b ]+ AR[R ] = AF[Ry + R g

Therefore, A¥ is linear in the first entry.
(ii) To prove that A* is linear in the ith entry, for i > 2, choose p, g so that

p+i-l=k-i+1l+q.
Then Y decomposes into a 2 x 2 block of (p + i — 1) x (p + i — 1) matrices.
A B
=[5 5]

Moreover, B is the matrix whose bottom left-hand entry is /;, and everything else is 0.
Therefore,

~ F(A) A'F(A,D)[B]

F(Y) = =~ ,

(Y) [ 0 F(D)

and A'F(A, D)[B] is linear in B (and hence in h;) by part (i). Therefore, the (1, p +
k + q) entry of F(Y), which we have established is A*[hy, ..., hi], is linear in h;, as
desired. |

Lemma3.3 Supposea = (ay,...,axs) isa (k +1)-tuple of points in Q, each of which
is a d-tuple of scalars. Then A¥F(ay,...,ax)[h...,hi] is a free polynomial in h,

homogeneous of degree k.

Proof Let us write A*[hy,..., hi] for AKF(ay,...,ax)[h, ..., hi]. By Lemma
3.2, we know that A¥[hy,..., hi] is k-linear. So we can assume that each h; is a
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d-tuple with only one nonzero entry. Say h; = H;ej,, where ej,is the d-tuple that is
lin the j; slot, 0 else, and H; is an operator.
Claim:

(35) Ak[Hlejl,ngj'z,. ] = H1H2 .. .HkAk[ejl,Ejz,. ..,ejk].

This follows from the intertwining

H\H, ... Hy 0 0 ... J[a e, O

0 H2...Hk 0 0 aj ejz
1 Ak+1
ay elel 0 H1H2...Hk 0 0
_ 0 aj eszz 0 Hz...Hk 0

Ak+1 1
Let
ay Elel 0
X = 0 aj eszz

Ak+1
As X is a d-tuple of (k+1) x (k+1) matrices of scalars, it commutes with any
(k+1) x (k +1) matrix that has a constant operator L on the diagonal. There-
fore, L commutes with A*[e;j,ej,,...,e;]. As L is arbitrary, it follows that
A¥[ej,ej,,... ej ] is a scalar. So, from (3.5), we get that A*[Hyej,, Hzej,,...] is

a constant times HyH, ... Hy, and by linearity, we are done. ]

Now, we relate A¥ to D*.

Lemma 3.4 Let F be NC. Then,

AE(x, .. %) [y h] = %DkF(x)[h,...,h].

Proof Let T be the upper-triangular Toeplitz matrix given by

1 1 1
Ly s o
1 1

00 0 .. 1
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Its inverse is

1 2 L (=D*
A 212 Tt kIAK
—1 _ 1 (_l)k—l
T 0 1 I e W
0 0 0 1

We have, componentwise in x and h,

X 0 0 ... 0 X h 0 ... 0
T 0 x+./1h 0 0 T 0 x+.)th h 0
0 0 0 ... x+khh 0 0 0 .. x+kh
Therefore,

(-1)k &

ARF(x,x + Ay x + kAR b,y . ] mk Z( 1)1( )f(x+]/\h)

Take the limit as A — 0, and the right-hand side converges to

k'D kF(x)[h, h,..., h].

By continuity, the left-hand side converges to AkF(x, e x)[h, .. R ]

Derivatives of NC functions are symmetric. The case k = 2 was proved in [4].

Proposition 3.5 Suppose F is an NC function and k > 1 is an integer. If o is any
permutation in Sy, then

DkF(x)[hl, ‘e ,hk] = DkF(x)[ha(l), P ha(z)]

for any x in the domain of F and for all hy, . .., hy € A,

Proof The case k =1is trivial, and k = 2 was proved in [4]. Assume that k > 3 and
that the result holds for k — 1. If we can show that we can swap the last two entries

(3.6) D*F(x)[hy, ..., hx_y, hie] = DYF(x) [y, ..., By b ]
and also permute the first k — 1 entries
(3.7) D*F(x)[h,..., o1, hi] = DF(x) [hgrys - - s Bo(horys Bk

then the result follows. Set G = D*"2F, and consider it as a function of x, Ay, . . ., hj_,.
Then G is an NC function, and by the k = 2 case,

D*G(x, hyy s i) [(Cos o3 lkz)s (B - o o5 Ui ]
= DZG(X,hl, e ,hk,z)[(@o, . ,Zk,z), (60, e ,Zk,2)].
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Since
D*G(x,hyy ...y by )[x-150, .., 0, By, 0, ..., 0] = DXF(x) [y, . ..., by,
we see that equation (3.6) holds. The induction hypothesis says that

(3.8) D*'F(x)[h,..., hxt] = DXV (x) o1y - o5 ho(rny -

If G’ = D¥"'F is treated as function in x, hy, . .., hg_y, then applying equation (3.8),
we have

D*F(x)[hys. .., i1y hi] = DG (%, by, . ..y hiey) [k, 0, ..., 0]
=DG'(x,ho(1)s - - - Bo(k-1)) [k 05 .., 0]
= D*F(x)[hoqrys - ho iy Bi)-
Thus, both equations (3.6) and (3.7) hold. Therefore, the kth derivative of F is

symmetric in its arguments. u

Combining Lemmas 3.3 and 3.4 and Proposition 3.5, we get our first main result.

Theorem 3.6  Suppose Q) is an NC domain that contains a scalar point a and F is
an NC function on Q. Then, for each k, the kth derivative DF(a)[hy,...,hi] is a
homogeneous polynomial of degree k, it is k-linear, and it is symmetric with respect to
the action of &.

Proof ~Weknow that D¥F(a)[hy, ..., h;] is k-linear, so we can assume that each h;
is a d-tuple with only one entry; we can write h; = H;ej,, as in the proof of Lemma 3.3.
We want to show that

(3.9) D*F(a)[Hiej,,. .., Hye;,]

is ahomogeneous polynomial of degree k in the operators Hj, . . ., Hg. Let s; be scalars
for 1< i <k, and consider

(3.10) DkF(ol)[slHlej1 +-o+ sgHyej,, siHyej, + -+ + sgHgej,, ... ]

Since all the arguments are the same, by Lemma 3.4, this agrees with k! times A*,
which by Lemma 3.3 is a homogeneous polynomial of degree k. Group the terms in
(3.10) by what the commutative monomial in s, . . ., s is, and consider the sum of the
terms in (3.10) that are a multiple of s, . . . s;. These correspond to

(3.11) Z DkF(a)[HU(l)Eja(l), ey Ho'(k)eja(k)].

0eSy

By Proposition 3.5, (3.11) is just k! times (3.9), and hence this is a homogeneous
polynomial in Hjy, ..., Hy, as desired. |

4 Approximating NC functions by free polynomials

The results in this section are in improvement over those in [2], as they do not need
the a priori assumption that the function is sequentially strong operator continuous.

https://doi.org/10.4153/50008439522000339 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439522000339

Operator noncommutative functions 503

Recall that a set Q) in a vector space is balanced if aQ) € ) whenever « is a complex

number of modulus less than or equal to 1. Importantly, P(A) and R(A) are balanced.
If Q) contains a scalar point &, and F is NC on (), then F is given by a convergent

series of free Taylor polynomials near «. For convenience, we assume that « = 0.

Lemma 4.1 Let Q be an NC domain containing 0, and let F be an NC function on Q.
Then there is an open set Y c Q containing 0, and homogeneous free polynomials py. of
degree k so that

(4.1) F(x)=)Y pr(x) VxeY,
k=0
and the convergence is uniform in Y.

Proof By Proposition 2.3, we know that F is Fréchet holomorphic at 0, and by
Theorem 3.6, we know that the kth derivative is a homogeneous polynomial p; of
degree k. Therefore, (4.1) holds. [ |

Theorem 4.2 Let Q be a balanced NC domain, and F : QO — B(H). The following
statements are equivalent.

(i)  The function F is NC.

(ii)  There is a power series expansion Y. o px(x) that converges absolutely and
locally uniformly at each point x € Q) to F(x) such that each py. is a homogeneous
free polynomial of degree k.

(iii) For any triple of points in Q, there is a sequence of free polynomials that converge
uniformly to F on a neighborhood of each point in the triple.

Proof (i) = (ii): By Lemma 4.1, F is given by a power series expansion (4.1) in a
neighborhood of 0. We must show that this series converges absolutely on all of Q.

Let x € Q. Since Q is open and balanced, there exists r > 1 so that D(0,r)x € Q.
Define a function f : D(0,r) - B(H) by

f(O) = F(¢x).

Then f is holomorphic, and so norm continuous [22, Theorem 3.31]. Therefore,

1+r
sup {171 0= 57} = <o
By the Cauchy integral formula,
1 dk 2 k
k() = T ’d(kf(()’o < M(m) i

Therefore, the power series Y. py(x) converges absolutely, to (1) = F(x).
Since F is NG, it is bounded on some neighborhood of x, and by the Cauchy
estimate again, the convergence of the power series is uniform on that neighborhood.
(ii) = (iii):Letx), xp,x3 € Q. Let gy = Z?:o Px- Then g4 (x) converges uniformly
to F(x) on an open set containing {x;, x2, x3 }.
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(iii) = (i): Since F is locally uniformly approximable by free polynomials, it is
locally bounded. To see that it is also intertwining preserving, we shall show that it
satisfies the hypotheses of Lemma 2.2. Let S : H — H(?) be invertible, and assume
that x, y, and z = S7'[x ® y]S are all in Q. Let g be a sequence of free polynomials
that approximate F on {x, y,z}. Then,

(i 1) (s )
:111131(31 [P"éx) pk(()y)]s)
:(s—l[F(Ox) F(Oy)]s).

So, by Lemma 2.2, F is intertwining preserving. u

The requirement that F be intertwining preserving forces F(x) to always lie in the
double commutant of x. However, if F is also locally bounded on a balanced domain
containing x, we get a much stronger conclusion as a corollary of Theorem 4.2.

Corollary 4.3  Suppose F is an NC function on a balanced NC domain Q. Then F(x)
is in the norm closed unital algebra generated by {x',...,x}.

5 k-linear NC functions

In the following theorem, we assume that A is NC as a function of all dk variables
at once, and is k-linear if they are broken up into d-tuples. If we had an independent
proof of Theorem 5.1, we could use it to prove Theorem 3.6 with the aid of Lemma 5.3.
Instead, we deduce it as a consequence of Theorem 3.6.

Theorem 5.1  Let Q) be an NC domain. Let A : Q% — B(H) be NC and k-linear. Then
A is a homogeneous free polynomial of degree k.

Proof Leth=(hy,...,h;) be a k-tuple of d-tuples in Q. Calculating, and using
k-linearity, we get

DAG[H] = lim £ [ACx + M) - A(x)]

=A(hy, %0, xk) + A(x, By, o xp) + ..

Repeating this calculation, we get that D*A(x) [, h] is 2! times the sum of A evaluated

at every k-tuple that has k — 2 entries from (x,...,x;) and two entries from b.
Continuing, we get
(5.1) DFA(x)[b,...,0] = k! A(hy,..., k).

By Theorem 3.6, the left-hand side of (5.1) is a homogeneous free polynomial of degree
k, so the right-hand side is too. ]

It is worth singling out a special case of Theorem 5.1.
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Corollary 5.2 Let A : [B(5()]%* — B(3() be k-linear, intertwining preserving, and
bounded. Then A is a homogeneous nc polynomial of degree k.

Lemma 5.3  The kth derivative D*F(x)[hy,..., h;]isNCon Q x A% Ifae Qisa
scalar point, then DXF(a)[h, ..., hi] is NC on A%,

Proof  The first assertion follows from induction, and the observation that differ-
ence quotients preserve intertwining. The second assertion follows from the fact that
if a is scalar,

D*F(a)[S7'hyS, ..., S heS] = DFF(S7'aS)[S7'IyS, . .., S ki S]. -

Realization formulas

One can generalize Example 1.2. For § a matrix of free polynomials, let
Bs(A) = {xeA:|8(x)| <1}.

These sets are all NC domains. If

X0 ... 0

0 x2 ... 0
s(xy=|° F ,

0 0 ... x4

then Bs(A) is P(A) from (1.3). If we set
8(x) = (x' x% - x4,

then Bs(A) is R(A) from (1.4).
The sets Bs(A) are closed not just under finite direct sums, but countable direct
sums, in the following sense.

Definition 6.1 A family {E; } 2, is an exhaustion of Q if:

(1) Eg ¢ int(Egy,) forall k;

(2) Q=Ug Es

(3) each Ej is bounded;

(4) each E is closed under countable direct sums: if x; is a sequence in Ej, then
there exists a unitary U : 7{ - 5((>*) such that

X1 0 .
(6.1) U'lo x - |U € E.

If we set
By = {x ¢ By(A) £ [8(x)] <1-1/k, and |x] < K},

then Ej is an exhaustion of Bs(A).
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We have the following automatic continuity result for NC functions on balanced
domains that have an exhaustion.

Theorem 6.2 Suppose Q € A? is a balanced NC domain that has an exhaustion (Ey),
and F : Q — B(H) is NC and bounded on each Ej. Suppose that, for some k, there is a
sequence (x;) in Ej that converges to x € Ej in the strong operator topology. Then F(x;)
converges to F(x) in the strong operator topology.

Proof LetU : 3 — 3(*) beaunitarysothat U™ [@x;]U = z € Ey. LetIT; : H{* —
H be projection onto the jth component. Let L; = IT;U. Then Lz = x;L;. Therefore,
F(z) = U'[@F(x;)]U.

Let v be any unit vector, and € > 0. By Theorem 4.2, there is a free polynomial p so
that | p(x) — F(x)| < ¢/3and | p(z) - F(z)| < &/3. Therefore, | p(x;) — F(x;)| < ¢/3
for each j.

Now, choose N so that j > N implies |[p(x) — p(x;j)]v| < /3, which we can do
because multiplication is continuous on bounded sets in the strong operator topology.
Then we get for j > N that

IIFC) = FGep) vl < [F(x) = p() | + [[p(x) = p(xep) vl + [p(x) = F(xj)| < e.
]

Definition 6.3 Letdbean I x ] matrix of free polynomials, and F : Bs(A) — B(J).
A realization for F consists of an auxiliary Hilbert space M and an isometry

A B]|. L ;
(6.2) [C D].(C@M CeM

such that for all x in B5(A),

63) F(x)=Ael+(Be1)(18d(x))[1-(De1)(188(x))]" (Co1).

In [2], it was shown that if Bs(B(J)) is connected and contains 0, then every
sequentially strong operator continuous function (in the sense of Theorem 6.2) NC
function from Bs(B(J)) that is bounded by 1 has a realization. The strong operator
continuity was needed to pass from a realization of B; in the matricial case given in
[1] to a realization for operators. In light of Proposition 6.2, though, this hypothesis is
automatically fulfilled. So we get the following corollary.

Corollary 6.4 Let § be an I x ] matrix of free polynomials, and F : Bs(B(H)) —
B(3) satisfy sup | F(x)| < 1. Assume that Bs(B(H)) is balanced. Then F is NC if and
only if it has a realization.

As another consequence, we get that every bounded NC function on Bs(M) (by
which we mean {x ¢ Ml?] : |§(x)| < 1}) has a unique extension to an NC function
on Bs(B(%)), where we embed M!] into B(3) by choosing a basis of H and
identifying an n-by-#n matrix with the finite rank operator that is 0 outside the first
n-by-n block.

https://doi.org/10.4153/50008439522000339 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439522000339

Operator noncommutative functions 507

Corollary 6.5  Assume that Bs(B(H)) is balanced. Then every NC bounded function
fon Bs(M) has a unique extension to an NC function on Bs(B(H)).

Proof Suppose F; and F, are both extensions of f, and let F=F, - F,. As O ¢
Bs(B(H)) and § is continuous, there exists r > 0 so that ¥P(B(H)) € Bs(B(H)).
Let x € ¥P(B(J()). Then there exists a sequence (x;) in rP(M) that converges
to x in the strong operator topology. As F(x;) = 0 for each j, by Theorem 6.2, we get
F(x) = 0. Therefore, F vanishes on an open subset of Bs(B(H)). As F is holomorphic,
and Bs(B(H)) is connected, we conclude that F is identically zero. ]

Question 6.6  Are the previous results true if Bs(B(H)) is not balanced?
If one has a realization formula (equation (6.3)) for Bs(.A), then it automatically

extends to Bs(B(J()). We do not know how different choices of algebra A; and A,
satistying (1.1) affect the set of NC functions on their balls.
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