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Abstract. In this paper, we focus on dynamical properties of (real) convex projective
surfaces. Our main theorem provides an asymptotic formula for the number of free
homotopy classes with roughly the same renormalized Hilbert length for two distinct
convex real projective structures. The correlation number in this asymptotic formula is
characterized in terms of their Manhattan curve. We show that the correlation number
is not uniformly bounded away from zero on the space of pairs of hyperbolic surfaces,
answering a question of Schwartz and Sharp. In contrast, we provide examples of diverging
sequences, defined via cubic rays, along which the correlation number stays larger than a
uniform strictly positive constant. In the last section, we extend the correlation theorem to
Hitchin representations.

Key words: low-dimensional dynamics, higher Teichmiiller theory, thermodynamic
formalism
2020 Mathematics Subject Classification: 37D35, 57M50 (Primary)

Contents
1 Introduction 2939
2 Preliminaries for convex real projective structures 2943
3 The correlation theorem 2950
4 Correlation number, Manhattan curve, and decay of correlation number 2953
5 The renormalized Hilbert length along cubic rays 2956
6  Generalization to Hitchin representations 2963
Acknowledgements 2971
References 2971

https://doi.org/10.1017/etds.2022.56 Published online by Cambridge University Press

()

Check for
Updates


https://creativecommons.org/licenses/by/4.0
http://dx.doi.org/10.1017/etds.2022.56
https://orcid.org/0000-0001-5554-2382
mailto:xdai@mathi.uni-heidelberg.de
mailto:martone.math@gmail.com
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2022.56&domain=pdf
https://doi.org/10.1017/etds.2022.56

Correlation for convex projective surfaces 2939

1. Introduction

In this paper, we study the correlation of length spectra of pairs of convex projective
surfaces. We describe how length spectra of two convex projective structures p; and p
correlate on a closed connected orientable surface S of genus g > 2. More precisely, we
investigate the asymptotic behavior of the number of free homotopy classes of closed
curves whose p;-Hilbert length and p»-Hilbert length are roughly the same. This question
was first considered by Schwartz and Sharp in the context of hyperbolic surfaces in [56]
(see also [27]), and more generally for negatively curved metrics in [23, 49]. The holonomy
of a real convex projective structure is an example of a Hifchin representation and our
correlation theorem holds in this more general setting.

We now discuss our results in greater detail. A (marked real) convex projective structure
on the surface S is described by a strictly convex set £2,, in the real projective plane which
admits a cocompact action by a discrete subgroup of SL(3, R) isomorphic to I = m1(S).
We denote by p: I' — SL(3, R) the corresponding representation and by X, the surface
S equipped with the convex projective structure. Goldman [30] proved that the space
of convex projective surfaces €(S) is an open cell of dimension —8y (). Hyperbolic
structures on S define, via the Klein model of the hyperbolic plane, a —3 x (5)-dimensional
subspace of &€(S), called the Fuchsian locus, which is naturally identified with the
Teichmiiller space 7 (S) of S. As customary, we will blur the distinction between 7 (S)
and the Fuchsian locus.

Every convex projective structure p induces a Hilbert length Egl for non-trivial
conjugacy classes of group elements in I'. Given [y] € [I'] a non-trivial conjugacy class,
we define Z;’ ([yD as the length of the unique closed geodesic with respect to the Hilbert
metric on X, that corresponds to the free homotopy class of [y'] on S. Concretely, £ ;’ (IyD
is the logarithm of the spectral diameter of p(y), see §2.1 for details. The (marked) Hilbert
length spectrum of p is the function Ef : [T'1 — R.o. We investigate a slightly different
notion of length. Denoting the topological entropy of (the Hilbert geodesic flow of) p as

h* (p) = lim sup % log #{[y] € [T1] £/ ([y]) < T},
T— o0
we define the renormalized Hilbert length spectrum of p as L;’ =ht (p)fo . It follows
from [7, 10] that 1 (p) is positive and finite, as it is the topological entropy of an Anosov
flow.
Our first theorem concerns the correlation of the renormalized Hilbert length spectra of
two different convex projective structures.

THEOREM 1.1. (Correlation theorem for convex real projective structures) Fix a precision
e > 0. Consider two convex projective structures p1 and py on a surface S with distinct
renormalized Hilbert length spectra L Z * Lg. There exist constants C = C (g, p1, p2) >
Oand M = M(p1, p2) € (0, 1) such that
eMx
Mlyl € M1 | Ly (IyD) € (. x + 7 (pne), Ly ([y]) € (v, x +h" (02)e)} ~ C 75,

where f(x) ~ g(x) means f(x)/g(x) = lasx — oo.
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Remark 1.2

(1) There is an involution on the space of convex projective structures, called the
contragredient involution, which sends p to p* = (p~ ). Cooper and Delp [21] and
Kim [36] show that LZ = Lg if and only if p; is p; or pi“.

(2) It follows from the generalized prime geodesic theorem [44, 47] that for any fixed ¢,

if p is a convex projective structure, then

#Iy1 € [T LA (AyD) € (x +hf (p)e)) ~ (" Pe — 1)%.

This implies that if p; and p» converge to convex projective structures with the
same renormalized Hilbert length spectrum, then M (p{, p2) converges to one and
C (e, p1, p2) diverges.

The topological entropy of any hyperbolic structure is equal to one [34] and its renor-
malized Hilbert length coincides with its Hilbert length. The entropy varies continuously
on &€(S) [52, Proposition 3.8] and Crampon [22] shows that it is strictly less than one away
from the Fuchsian locus. Nie and Zhang [46, 60] prove that the entropy can be arbitrarily
close to zero. In Example 5.2, we show that there exist a Fuchsian representation p; and a
representation py € €(S) with topological entropy different from one such that

Jim #{[y] € [T £ (yD € (x.x + ), £ (y]) € (v, x +)} =0.

In particular, for these representations, the size of the set {[y] e [[']| Eg (IyD €
(x,x+€),i = 1,2} does not grow exponentially in contrast with what happens for the
renormalized Hilbert length spectra by Theorem 1.1. However, the renormalized length
spectra arise naturally from a dynamical point of view and they play a key role in our
discussion.

We refer to the exponent M (py, p2) from Theorem 1.1 as the correlation number of pi
and py. An important goal of this paper is to study the correlation number as we vary p;
and po in €(S). One interesting question asked in [56] for the case of the Teichmiiller space
is whether the correlation number M (p1, p2) is uniformly bounded away from zero as its
arguments range over all hyperbolic structures. We answer this question in the negative
in §4. We prove the following.

THEOREM 1.3. (Decay of correlation number) There exist sequences (p,),2  and (1,);2

in the Teichmiiller space T (S) such that the correlation number satisfies
lim M (pn, n,) = 0.
n—oo

The sequences in Theorem 1.3 are given by pinching a hyperbolic structure along two
different pants decompositions which are filling. Intuitively, these are two families of
hyperbolic structures diverging from each other in the Teichmiiller space thus suggesting
a small correlation number when going to infinity. A key to prove Theorem 1.3 is a
characterization of Sharp [58] of the correlation number in terms of the Manhattan
curve [17]. In Theorem 4.2, we extend Sharp’s characterization of the correlation number
to the case of two convex projective structures.
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In §5, we study explicit examples of correlation numbers in the space of convex
projective structures. In contrast to Theorem 1.3, we provide pairs of diverging sequences
for which the correlation numbers are uniformly bounded below away from zero. These
sequences (pr);>0, called cubic rays, are defined using holomorphic cubic differentials via
Labourie-Loftin’s parameterization of €(S) [38, 43]. More precisely, Labourie and Loftin
describe a mapping class group equivariant homeomorphism between €(S) and the vector
bundle of holomorphic cubic differentials over 7 (5). The sequences (p;),>0 lie in fibers of
&(S) with base point pp € T (S) and correspond to rays (¢q);>o for a fixed po-holomorphic
cubic differential g. We will recall Labourie-Loftin’s parameterization of €(S) and the
definition of cubic rays more precisely in §5.

Using work of Tholozan [59], we show in Lemma 5.1 that for a cubic ray (p;);>0, the
renormalized Hilbert length of p; is bi-Lipschitz to the one of py with Lipschitz constants
independent of #. We deduce that the correlation number of any two convex projective
structures in different fibers is uniformly bounded from below by the correlation number
of its base hyperbolic structures.

THEOREM 1.4. Let (p:);=0 and (n;)r>0 be two cubic rays associated to two different
hyperbolic structures poy # no. Then, there exists a constant C > 0 such that for all t > 0
andr > 0,

M pz, nr) = CM(po, 10)-

A similar statement holds for most pairs of cubic rays with the same base hyperbolic
structure.

THEOREM 1.5. Let (p;)r=0 and (n,)i>0 be two cubic rays associated to two different
holomorphic cubic differentials q1 and g on a hyperbolic structure X such that q1, g2
have unit L*-norm with respect to Xo and q1 # —q». Then there exists a constant C > 0
such that forallt > Q0 andr > 0,

M(pr, 1) = C.

In §5, we discuss how the assumptions in Theorems 1.4 and 1.5 allows application of
the correlation theorem.

In §5.3, which is for the most part independent of the rest of the paper, we show how
Lemma 5.1 can be used to study renormalized Hilbert geodesic currents v,, along a cubic
ray (p;)s~0. Geodesic currents are measures on the space of complete geodesics on the
universal cover of S and each geodesic current v has a corresponding length spectrum
£, [I'] = Rxo with systole Sys(v) = inf.¢r] £, (c). See §2.5 for a detailed discussion.
It follows from [9, 15, 45] that for every convex projective structure p, there exists a unique
geodesic current v, whose length spectrum coincides with the renormalized Hilbert length
spectrum of p. We call v, the renormalized Hilbert geodesic current (also known as the
renormalized Liouville current) of p. We prove the following.

THEOREM 1.6. As t goes to infinity, the renormalized Hilbert geodesic current (vp,):>0

along a cubic ray (p;)i>0 converges, up to subsequences, to a geodesic current v with
Sys(v) > 0.
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This should be compared with what happens for hyperbolic structures: given a sequence
of hyperbolic structures which leaves every compact subset of 7(S), up to rescaling
and passing to subsequences, the corresponding sequence of geodesic currents converges
to a geodesic current with vanishing systole. Burger et al [18] show that this fact no
longer holds for general sequences of Hilbert geodesic currents. Theorem 1.6 provides
new examples of diverging sequences of convex projective structures whose associated
geodesic currents converge (projectively and up to subsequences) to a geodesic current
with positive systole. In light of [2, Theorem 1.13], Theorem 1.6 extends a theorem of
Burger et al [18, Theorem 1.12] who prove that the Hilbert geodesic currents of a diverging
sequence of convex projective structures of a triangle group converge (projectively and up
to subsequences) to a geodesic current with positive systole.

Finally, in §6, we generalize the correlation theorem (Theorem 1.1) to Hitchin compo-
nents for a large class of length functions. We will replace the Hilbert geodesic flow of a
convex projective structure, which is Anosov, with more general metric Anosov translation
flows.

Given a hyperbolic structure p € 7(S), seen as a (conjugacy) class of representation
p: ' = PSL(2, R), we obtain a representationi o p: I' — PSL(d, R) by post-composing
o with the unique (up to conjugation) irreducible representation i: PSL(2, R) —
PSL(d, R). The Teichmiiller space 7 (S) embeds in this way in the character variety of S
and PSL(d, R). The connected component H,4(S) of the character variety containing
this image is known as the Hitchin component. Hitchin [33] showed that Hg(S)
is homeomorphic to an open cell of dimension —(dim PSL(d, R))x(S). Choi and
Goldman [20] identify H3(S) with the space €(S) which will be our main focus from
§2 to §5. Let us remark that, although the spaces H;(S) consist of conjugacy classes of
representations, for this paper, the distinction between a representation and its conjugacy
class is inconsequential. Because of this, when clear from context, we will not distinguish
between a representation and its conjugacy class.

To state the general correlation theorem for Hitchin representations (Theorem 1.7), we
need to introduce some Lie theoretical notation.

Let

a={FeR x4+ -+x=0} and at ={Fecal|x > > x4}

denote the (standard) Cartan subspace for PSL(d, R) and the (standard) positive Weyl
chamber, respectively. Let A : PSL(d, R) — a™ be the Jordan projection given by A(g) =
(log A1(g), . . ., log L4(g)) consisting of the logarithms of the moduli of the eigenvalues
of g in non-increasing order. We consider linear functionals in

cizo,Zci>o},
i

where o;: a — R are the simple roots defined by «;(X) = x; —x;11 withi =1,...,
d — 1. Observe that if ¢ € A, then ¢(¥) > 0 for all X in the interior of a*. The length
function E% for ¢ € A and p € Hy4(S) is defined by E(ﬁ([y]) = ¢(A(p(y))). The length
function is strictly positive because A(p(y)) is in the interior of a™ for all [y] € [I']
(see [25, 37]). The topological entropy h®(p) and renormalizedp-length Lﬁ([y]) =

A= {61061 + -t ca-104-1
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h‘z’(,o)Zq;([y]) are defined in similar manner as for convex projective structures. Given a
Hitchin representation p, we denote by p* its contragredient given by p* = (p~H.
We are now ready to state the correlation theorem for Hitchin representations.

THEOREM 1.7. Given a linear functional ¢ € A and a fixed precision ¢ > 0, for any two
different Hitchin representations p1, p2 : I' = PSL(d, R) such that p> # ,01", there exist
constants C = C(e, p1, p2, ¢) > 0and M = M(p1, p2, ¢) € (0, 1) such that

eMx
#ly1 € [TT1 LY (IyD € (x.x +h?(pDe), LY, (IyD) € (. x +h%(p2)e)} ~ C—5.
X
Remark 1.8
(1) For p e Hy(S), when ¢ =a; and i =1,...,d — 1, we know that h% (p) =1

thanks to [50, Theorem B]. Thus, Ly = ¢5' is the simple root length without any
renormalization. The correlation theorem in this case can be seen as a natural
generalization of Schwartz and Sharp’s correlation theorem for hyperbolic surfaces.

(2) Note that Theorem 1.1 is a corollary of Theorem 1.7 when we set d = 3 and consider
the positive root ¢ (X) = (a1 + a2)(X) = x1 — x3.

It would be interesting to extend the results on the correlation number proved in
§84 and 5 to the context Hitchin representations. In this spirit, we end the paper by
raising Question 6.15 and Conjecture 6.16 which are motivated by Theorems 1.3 and 1.5,
respectively.

1.1. Structure of the paper. In §§2-5, we focus on convex projective structures. In this
case, the length function can be defined geometrically via the Hilbert distance, and Benoist
proved in [7] that the associated geodesic flow is Anosov. These two facts will simplify the
exposition. The main results (Theorems 1.3, 1.4, and 1.5) in §§4 and 5 concern the behavior
of the correlation number along geometrically defined sequences of convex projective
structures. We establish the correlation theorem in full generality in §6, after recalling
the precise definitions of Hitchin representations and their length functions and the theory
of metric Anosov translation flows.

2. Preliminaries for convex real projective structures

Consider a connected, closed, oriented surface S with genus g > 2 and denote by I its
fundamental group. In this preliminary section, we focus on convex projective structures
on S. We will discuss in §6 how parts of the material presented here hold for general
Hitchin components.

The structure of §2 is as follows. In §2.1, we briefly recall the relevant geometric aspects
of the theory of convex projective structures on surfaces. We refer to [7, 30] for further
details and background. In §2.2, we collect dynamical properties of convex projective
surfaces which will play an important role in §§3 and 4. In §2.4, we prove the independence
lemma (Lemma 2.11) which plays a key role in the proof of Theorem 1.1. Finally, we
briefly survey the theory of geodesic currents in §2.5 which will be used in the proof of
Theorem 1.3 and in §5.3.
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2.1. Convex projective surfaces. A properly convex set €2 in RP? is a bounded open
convex subset of an affine chart. A properly convex set whose boundary does not contain
open line segments is strictly convex. We will exclusively focus on strictly convex sets in
this paper. We equip a strictly convex set 2 with its Hilbert metricdg. More precisely,
if x, y € , the projective line Xy passing through x and y intersects the boundary of 2
in two points a, b, where a, x, y, b appear in this order along xy. The Hilbert distance
between x and y is

do(x,y) = 3 logla, x, y, b],

where [a, x, y, b] denotes the crossratio of four points on a projective line. With the Hilbert
metric, geodesics are segments of a projective line intersecting 2. Typically, the Hilbert
metric is not Riemannian, but it derives from a Finsler norm. Thus, one can study the unit
tangent bundle T'Q of a strictly convex set 2.

The main objects of interest are representations p: I' — SL(3, R) such that p(I")
preserves a properly convex set £2,, on which it acts properly discontinuously with quotient
homeomorphic to the closed surface S. In this case, we say that p is a (marked real) convex
projective structure which divides 2, and denote by X, the surface S equipped with the
convex projective structure p. Since S is a closed surface of negative Euler characteristic,
2, is strictly convex and if y € I' is non-trivial, then the moduli A1 (o (y)) > A2(p(y)) >
A3(p(y)) > 0 of the eigenvalues of p(y) are distinct. (See for example [30, Theorem 3.2]
and references therein).

The Hilbert distance on 2, induces the Hilbert length spectrumﬁg for non-trivial
conjugacy classes of group elements in I". Algebraically, if [I'] is the set of conjugacy
classes of non-identity elements in I', namely [y] € [I'] is the conjugacy class of y # id,
then

A1(p(y))

e _ L
o D=5 108 o

Benoist [7] proved that if p is a convex projective structure on S, then (£2,, dg,) is
Gromov hyperbolic, the Gromov boundary and the topological boundary of 2, coincide,
and 092, is of class C'* for some « € (0, 1]. For a(ny) point 0 € 2,, the orbit map
y = p(y).o is a quasi-isometric embedding. It follows (see e.g. [26, Ch. 7, Proposition
14]) that the orbit map induces a limit map &,: 0I' — 02, between Gromov boundaries
which is a p-equivariant bi-Holder homeomorphism.

If p(I') divides a strictly convex set 2, in RP?, then the representation p* divides
a (typically different) strictly convex set £2,+. Here we recall that the contragredient
representation is defined as p*(y) = (p (y)~ 1! for all y € T'. We refer to this operation
on the space of convex projective structures as the contragredient involution. The
contragredient involution preserves the Hilbert length because for all [y] € [I'],

H b () 1 1/A3(e(v) g
o rb=sloe o =2 ey = D
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A standard computation using the irreducible representation PSL(2, R) — PSL(3, R)
shows that if p is a hyperbolic structure, then p = p*. The converse holds by [5, Theorem
1.3]: if p is a convex projective structure such that p = p*, then p is a hyperbolic structure.

2.2. The Hilbert geodesic flow and reparametrization function. Suppose that p is a
convex projective surface. The Hilbert geodesic flow ®F is defined on the unit tangent
bundle of the surface 71X p- The image <I>f (w) of a point w = (x, v) is obtained by
following the unit speed geodesic for time ¢ leaving x in the direction v. When it is clear
from context, we simply write ®° as ©.

The Hilbert geodesic flow ® on 71X o 1s an example of a topologically mixing Anosov
flow by [7, Propositions 3.3 and 5.6]. A standard reference for the theory of Anosov flows
is [35, §6]. A key property for our discussion is that topologically mixing Anosov flows
can be modeled by Markov partitions and symbolic dynamics in the sense of Bowen [11].

Given a positive Holder continuous function f: T'X o — R, one can define a Holder
reparameterization of the flow ® by time change. We construct the flow ®/ following
[53, §2]. First, we define « : T'X, x R — R as

t
k(x,t) = / f(@5(x)) ds.
0

Given the fact that f is positive and 7' X p 1s compact, the function « (x, -) is an increasing
homeomorphism of R. We therefore have an inverse a : T'X, x R — R that verifies

a(x,k(x, 1) =k(x,a(x,t) =t

forevery (x,1) € T'X o X R. The Holder reparametrization of ® by the Holder continuous
function f is given by d>,f (x) = Py (x,r)(x). We say that f is a reparameterization function
for /. The new flow &/ = {<I>,f }ter shares the same set of periodic orbits of ®. For any
periodic orbit 7 of ® with period A(t), its period as a ®/ periodic orbit is

()
wpo= [ r@as, 1)
Property (2.1) is a simple application of the definitions of o (x, ¢) and k (x, ).

Remark 2.1. Each oriented closed geodesic ¥ on a convex projective structure p is
associated with a periodic orbit T of ®. However, an oriented closed geodesic y
corresponds to a free homotopy class [y] € [I']. We adopt different perspectives depending
on necessity in this paper while keeping in mind that they are the same object described
from different points of view.

Remark 2.2

(1) One can check from the definition that ® is a Holder reparameterization of &/ with
the Holder reparameterization function given by 1/f.

(2) SetW = &/ and consider g a positive Holder reparameterization of W, then W$ is a
Holder reparameterization of ® by the Holder function g - f.
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Let p; and po be two convex projective structures on a surface S. The next lemma,
which is essentially due to Sambarino [53, §5], states that there exists a positive Holder
continuous reparameterization function f,flz :T'X o1 — R encoding the Hilbert length
spectrum of py. We include a proof for completeness.

LEMMA 2.3. (Sambarino [53]) Let p and py be convex projective structures on a surface
S. There exists a positive Holder continuous function f,ﬁz :T'Xx o1 — Rsuch that for every
periodic orbit T corresponding to [y] € [I'], one has

AP Ty = ey D).

Proof. Let us lift the picture to the universal cover. By [7, equation (20)], there exists a
Holder continuous pj-equivariant homeomorphism 7'Q,, — 3%Q,, x R, where 3*Q,),
is the set of ordered k-tuples of distinct points in €2, . Since the limit map of p; is Holder
continuous, we have a bi-Holder homeomorphism 33Q,, = 3°Q,, x R. We thus obtain
a Holder continuous pj-equivariant homeomorphism  : TISZ'O1 — 83Qpl. Since the
Hilbert geodesic flow is Anosov [7, Proposition 3.3], it follows from [53, Theorem 3.2] (see
also [16, Proposition 5.21]) that for any choice of an auxiliary hyperbolic surface pg, there
exists a Holder continuous positive reparameterization function gh?: T'Q,, = 3°H? —
R of the geodesic flow of pg with periods Eg([y]). Considering the Holder continuous
function £ 3°Q,, — 3°H? induced by the inverse of the limit map &,, and the limit
map &,,: o' — dH?, we obtain the composition ggg 0@ oy TIQp1 — R which is
the lift of the desired reparameterization function f,ﬁ?. The equality A( fp’f, T) = Eﬁ (lyD

2
follows from equivariance of the limit maps. O

2.3. Thermodynamic formalism. In this subsection, we will introduce several important
concepts from thermodynamic formalism in our context that will be needed later. Standard
references for thermodynamic formalism and Markov codings are [12, 47].

For a continuous function f : 71X o — R, we define its pressure with respect to ® as

1
P(®, f) =i —1 >~ M),
(1) %m_f‘ifTOg< ‘
TERT

where R7 := {t periodic orbit of ® | A(t) € [T — 1, T]}. One can check that the topo-
logical entropy i (p) is P(®, 0). For simplicity, we omit the geodesic flow ® from the
notation and write P(-) for P(®, -). The pressure can be characterized as follows.

PROPOSITION 2.4. (Variational principle) The pressure of a continuous function f :
TlXp — R satisfies

P(f)= sup (h(M)Jr/fdM),

neM®

where M® is the space of ®-invariant probability measures on T'X o and h(u) =
h(®, ) denotes the measure-theoretic entropy of ® with respect to i € M®.

A ®-invariant probability measure y on 7' X o 1s called an equilibrium state for f if the
supremum is attained at u.
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Remark 2.5

(1)  For a Holder continuous function f : T'X p» — R, there exists a unique equilibrium
state i ¢ by [13, Theorem 3.3].

(2) The equilibrium state wg for f =0 is called a probability measure of maximal
entropy or a Bowen—Margulis measure, denoted as ¢. The Hilbert geodesic flow
® is topologically mixing and Anosov, thus it admits a unique measure of maximal
entropy on T'X o- The entropy of the measure of maximal entropy coincides with
the topological entropy. See for instance [35, §20].

The following lemma, derived from Abramov’s formula [1], allows us to rescale a
reparameterization function to be pressure zero.

LEMMA 2.6. (Sambarino [53, Lemma 2.4], Bowen and Ruelle [13, Proposition 3.1]) For
a positive Holder reparameterization function fon T'X o and h € R, the pressure function
satisfies

P(=hf) =0
if and only if b = h(®T), where

1
h(®7) = lim sup - log #{t periodic orbit | A(f,7) < T}.

T—o0

By definition, h(®7) is the topological entropy of the reparameterized flow ®/ .
We will use Lemma 2.6 in the proofs of Theorems 1.1, 1.3, and 1.5.

Remark 2.7. By construction, if f = fé’f is the reparameterization function defined in
Lemma 2.3, then the topological entropy of the flow ®7 is equal to the topological entropy
hf (p2) of py as defined in the introduction.

Finally, we introduce (Livsic) cohomology. We say two Holder continuous functions f
and g are (Livsic) cohomologous if there exists a Holder continuous function V: T1X P
R that is differentiable in the flow’s direction such that for all x € 71X,

a
fx) —gkx) = 3 V(P (x)).

0 t=0
Remark 2.8. (Livsic’s theorem, [41])

(1) Two Holder continuous functions f and g are cohomologous on 71X o if and only
if A(f, ) = A(g, ) for any periodic orbit T of ®. It follows that the pressure of a
Holder continuous function depends only on its cohomology class.

(2) Two Holder continuous functions f and g have the same equilibrium state on 7' X 0
if and only if f — g is cohomologous to a constant C. In this case, we have P(f) =
P(g) + C [35, §20].

2.4. Independence of convex projective surfaces. We start by recalling the notion of

(topologically) weakly mixing flows which motivates the concept of independence of
representations. A flow ¢ on 7' X o 18 weakly mixing if its periods do not generate a discrete
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subgroup of R. In particular, we can ask whether the Hilbert geodesic flow & is weakly
mixing. Equivalently, we ask whether there exists some non-zero real number a € R such
that a/ f){ (y) € Zforall [y] € I'. In the proof of Theorem 1.1, we will need a strengthening
of this property for a pair of representations.

Two convex projective structures o1 and p; are dependent if there exist aj, ar € R, not
both equal to zero, such that ale;’l (IyD + azﬁg([y]) € Z for all [y] e [T']. Otherwise,
p1 and pp are independent over Z. The next definition clarifies that this notion of
independence is of a dynamical nature.

Definition 2.9. Two positive Holder continuous functions fi, fo: T1X o — R are depen-
dent if there exists a1, a; € R not both equal to zero and a complex valued C'! function u :
T'X, — S'suchthata; fi +asfo = (1/27i)(u' /u). Here, u’ denotes the derivative of u
along the flow, thatis, 9/9¢|;—ou o ®;. Otherwise, f1 and f, are independent. In particular,
f is said to be (in)dependent if f and the constant function g = 1 are (in)dependent.

Remark 2.10. The integral over a closed orbit of u’/u is an integer multiple of 27i.
Thus, by integrating along closed orbits and using equation (2.1) and Remark 2.2, we
see that if p; and p, are independent, then the reparameterization function f/ff onT'X o1
is independent.

We now prove that convex projective surfaces with distinct Hilbert length spectra are
independent.

LEMMA 2.11. (Independence lemma) Let p; and py be convex projective structures
with distinct Hilbert length spectra. If there exist aj,ay € R such that alﬁg (IyD +
azﬁf){ (lyD € Z forall[y] € [T'], then a; = ap = 0.

2

Proof. Our proof follows from combining the results of Benoist [5, 6] and an argument of
Glorieux [28].

We prove this statement by contradiction. Consider the product representation n = p; X
p2: I' = G x Gy, where G; denotes the Zariski closure of p;. Benoist [5, Theorem 1.3]
proved that G; is PSL(3, R) or isomorphic to PSO(1, 2). Either way, this Zariski closure is
connected, center-free, and simple, so G| x G; is semi-simple. Choose a Cartan subspace
of G| x Gy such that

aC{F V) eR xR | x1 +x2+x3=0=y +y2+ y3)

and a positive Weyl chamber a® contained in {(¥,¥) € a|x; > x > x3 and y| >
y2 > y3}. Denote by A: G x G, — a* the corresponding Jordan projection and by
¢g’a2 the non-zero linear functional 4’5{,5;2 (X,y) = ai(x; — x3) +ax(y; — y3) so that
Py ay () = arlfi (Ly]) + a2l (D).

Denote by H € G; x Gy the Zariski closure of n(I"). As a first step, observe that
H # G; x G;. Otherwise, Benoist [6, Proposition on p. 2] shows that the additive group
generated by A(n(I")) is dense (in the standard topology) in a. We obtain a contradiction
as we assumed ¢5f’a2 (A(n(y))) € Z forall y € " and ¢£’a2 is continuous.

Let mj: H— G; for i = 1,2 denote the projection maps. It follows from [24,
Lemma 3.1] that m; is surjective for i = 1, 2. Denote by Ny = 7, 1(id) (respectively
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No=m 1(id)) the kernel of my (respectively mq) which is naturally identified with a
normal subgroup of Gj (respectively Gy) (note the indices in the definition of N;). Then,
Goursat’s lemma [32, Theorem 5.5.1] states that the image of H in G{/N; x G /N3 is the
graph of an isomorphism G1/N; = G, /Nj. Since Gy is simple, connected, and center-free,
then N| = {e} or Gj.

Case 1: Suppose N1 = Gj. Then N, = G; and H is the direct product G; x G, which
is a contradiction.

Case 2: Suppose N1 = {e}. Since G is simple, Ny = {e} and G| = Gy. In other words,
H is the graph of an automorphism ¢: G; — G». This induces an automorphism of the
corresponding Lie algebras and, by the classification of their outer automorphisms given
in [31] (see also [14, Theorem 11.9]), we deduce that p, is conjugated to either p; or pj,
which contradicts our hypothesis. U

Observe that Lemma 2.11 readily implies that the geodesic flow of a convex projective
structure is weakly mixing. Otherwise there exist a € R, a # 0 such that aﬂg (IyDh eZ
which directly contradicts Lemma 2.11 with a; =a, a =0, p; = p, and py € €(S)
different from p; and py'.

2.5. Geodesic currents for convex projective surfaces. Fix an auxiliary hyperbolic
structure m on S. A geodesic current is a Borel, locally finite, 71 (S)-invariant measure
on the set of complete geodesics of the universal cover S. An important example is the
geodesic current §,, given by Dirac measures on the axes of the lifts of a closed geodesic y
in S.

The space C(S) of geodesic currents is a convex cone in an infinite dimensional vector
space. Bonahon [8] extended the intersection pairing on closed curves to the space of
geodesic currents, that is, there exists a continuous, positive, symmetric, bilinear pairing

i:C(S) x C(S) > Rx

such that i (6., 84) equals the intersection number of the closed geodesics ¢ and d.

Extending the work of Bonahon [9], in [15, 45], it was shown that for each convex
projective surface p, there exists a Hilbert geodesic current v, such that for every
[yl ell']l,

i(vp,8) = € [y D,

where y denotes the unique closed geodesic in its free homotopy class [y]. Bonahon
[9, Proposition 15] proves that the geodesic current v, of a hyperbolic structure p has
self-intersection i (v,, v,) = -2 x (). However, if p € €(S) is not in the Fuchsian locus,
theni(v,, vy) > —12x(S) by Corollary 5.3 in [15].

In general, given a geodesic current v, we can use the intersection number to define its
length spectrum £, : [['] — RT as £,([y]) =i(v, dy). The systole of v is then Sys(v) :=
infj,1erry v ([¥]). Corollary 1.5 in [18] shows that Sys: C(S) — [0, 0o) is a continuous
function.

A geodesic current is period minimizing if for all T > 0, the set #{[y] €[] |
£,([y]D < T} is finite. We define the exponential growth rate of a period minimizing
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geodesic current v by

1
h(v) = lim T log#{[y] € [T'] | &u([yD < T}

The notation is motivated by the fact that if p is a convex projective structure and v, is
the corresponding Hilbert geodesic current, then 2 (v,) is equal to the topological entropy
hf (p) of p.

The systole and the exponential growth rate of a geodesic current are related by the
following inequality, which will play an important role in the proof of Theorem 1.3.

THEOREM 2.12. (Corollary 7.6 in [45]) Let S be a closed, connected, oriented surface of
genus g > 2. There exists a constant C > 0 depending only on g such that for every period
minimizing geodesic current v € C(S),

Sys(v)h(v) < C.

3. The correlation theorem
In this section, we study the length spectra of two convex real projective structures
simultaneously.

This idea appeared first in [56] for studying correlation of hyperbolic structures. We
adapt their argument to the context of convex real projective structures. Theorem 3.1, which
was proved independently by Lalley and Sharp with slightly different conditions, gives the
asymptotic formula for the number of closed orbits of an Axiom A flow under constraints.
Anosov flows are important examples of Axiom A flows and Theorem 3.1 will be a crucial
ingredient for our proof of Theorem 1.1.

Fix a convex projective surface p. Let f: T'X » — R be a Holder continuous function
and consider the function + — P(¢f) for + € R, where P denotes the pressure. This
function is real analytic and strictly convex in  when f is not cohomologous to a constant
[47, Proposition 4.12]. Its derivative satisfies

d
Plf) = 5 Pf) = / £ duy, 3.0

where w,r is the equilibrium state for 7f. We denote by J(f) the open interval of values
P'(tf). If a € J(f), we let t, € R be the unique real number for which P’(t, f) =
f f du, f = a. We ease notation and set (g = iy, f-

The following is the key result needed to establish our Theorem 1.1 (and Theorem 1.7).

THEOREM 3.1. (Lalley [39, Theorem I], Sharp [57, Theorem 1]) Let f : TlXp — R be
an independent Holder continuous function and let a € J(f). Then, for fixed ¢ > 0, there
is a constant C = C(f, €) such that

exp(h(ia)x)

#Hr: () e (x,x+¢), AM(f,1) € (ax,ax +¢e)} ~C 5
x

Proof. Recall that the Hilbert geodesic flow on 71 X o 1s Anosov and, as pointed out at the

end of §2, weakly mixing. Thus, we can apply Lalley and Sharp’s results which hold for
all weakly mixing Axiom A flows. O
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Remark 3.2. The constant C = C(f, €) > 0 has the same order of magnitude as ¢2 and is
related to P” (1, f). See [39, Theorem 5] and [56].

We introduce the concepts of pressure intersection and renormalized pressure intersec-
tion which we will need for the proof of Theorem 1.1.

Definition 3.3. Let py and p; be two convex projective structures and let f: 71X o —~ R
be a Holder continuous reparameterization function. The pressure intersection of p; and

P2 is
o1, p2) = / f duon,

where peri is the measure of maximal entropy for ®°!'. The renormalized pressure
intersection of p1 and p» is
h (p2)

, = ——I(p1, p2).
J(p1, p2) W (py) (p1, p2)

By LivSic’s theorem, the definitions of pressure intersection and renormalized pressure
intersection do not depend on the choice of reparameterization function (see Remark 2.8).

PROPOSITION 3.4. [14, Proposition 3.8] For every pi, p2 € €(S), the renormalized
pressure intersection is such that

J(p1. p2) = 1
with equality if and only ingI1 = LII;IZ.

Proof. Notice that by LivSic’s theorem, LZ =Lﬁ;’2 if and only if the function

(W (p2)/h" (p1))f is Livsic cohomologous to the constant function 1. Then the
proposition is a direct application of [14, Proposition 3.8]. O

Now we are ready to prove our main theorem stated in the introduction and repeated
below for the convenience of the reader.

THEOREM 1.1. Fix a precision ¢ > 0. Consider two convex projective structures p| and
02 on a surface S with distinct renormalized Hilbert length spectra L g * Lg. There exist
constants C = C(g, p1, p2) > 0and M = M(p1, p2) € (0, 1) such that

Mx
#ly] € ITT| L (vD) € rox 4™ (one). L (v]) € (xox + ' (o2)e)) ~ C

where f(x) ~ g(x) means f(x)/g(x) = 1 asx — oo.

Proof. This proof is inspired by the proof for hyperbolic surfaces in [56]. Our first goal
is to show that for the reparameterization function f,ff described in Lemma 2.3, the value
a in Theorem 3.1 can be chosen to be hH(,ol)/hH(,oz). To ease notation, we set [ = f;flz
and we write ® for the Hilbert geodesic flow &' on T!X .

By Lemma 2.6, we have that

0= P(—ht (p2) ) = h(tt_pit ) — / W (02) f ity -
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where K_hH (py) f is the equilibrium state of —hH (p2) f. Hence,

ht (p2) / fdu_pi iy =h(_pt ) f)

and

h(p_pu ) h (p1)
[ 1 i = ) = G2

Notice the equality can be attained only when wu_jn ) = e, Where pe is the
(Bowen—Margulis) measure of maximal entropy for the geodesic flow ®. This happens
only if =1 (py) f is cohomologous to a constant which, by integrating, implies the length
spectrum Egl is a multiple of Eg. This is impossible by Lemma 2.11 and therefore the
inequality is strict.

However, by Proposition 3.4, we have that

/’lH H
1 < J(p1, p2) = hHEp ; (o1, p2 hHEpZ; /f
This yields
hH (p1)
3.3
[ 1oz W (02) G-

Moreover, the equality is attained only when A% (p,) f is cohomologous to 4 (p;) which
is impossible given our hypotheses.

Combining the inequalities (3.2) and (3.3), together with the fact that J(f) is an open
interval, we conclude that (2" (p1)/h™ (p2) — 8, K (1) /R (p2) + 8) C J(f) for small
8 > 0. In particular, because P’(rf) is a strictly increasing continuous function, there exists
some 14, € (—h(p2), 0) such that ag = P'(ta, f) = hf (p1)/hH (p2), as desired.

We now show that 0 < h(pg,) < hf (p1). Because the Hilbert geodesic flow is Anosov,
it has positive entropy with respect to any equilibrium state of a Holder reparameterization,
500 < h(pgy) < h(pne) = hH(,ol) and the equality occurs if and only if , = ne is the
measure of maximal entropy. However, as shown above,

hH
frove 55 o

This shows that j1,, can not be the Bowen-Margulis measure and hence i (ptq,) < hf (py).
Thanks to Lemma 2.11 and Theorem 3.1, we can conclude that for p;, p» convex
projective structures such that p # p1, ,oi“, there exists C = C(p1, p2, €) such that

hH(,Ol)y hH(pl)y+8)}
hH (p2)"" hH (p2)

{[V]G[F] A yD e oy +e), £ ([y])e(

~ & xp(ltta,)y)
y3/2

Setting x = A" (p1)y and clearing denominators, we have the desired statement with
C =h"(p1)’>C and M = (h(pnap) /" (01)) € (0, 1). O
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4. Correlation number, Manhattan curve, and decay of correlation number

In this section, we focus on the correlation number M (p1, p2) from Theorem 1.1. In
Theorem 4.2, we express the correlation number in terms of Burger’s Manhattan curve
[17] generalizing the main result in [58]. In §4.2, we prove that the correlation number is
not uniformly bounded away from zero in €(S). Specifically, we provide two sequences of
hyperbolic structures along which the correlation number goes to zero, thus answering a
question from [56].

4.1. Manhattan curve and correlation number. Let p; and py be two convex projective
structures. The Manhattan curve of p1, p> is the curve C(p1, p2) that bounds the convex
set

{(a peR: Y IO +OO}_
[y]ell]
Equivalently (see [58]), the Manhattan curve can be defined in terms of the pressure
function and the reparameterization function f = f,ﬁ’f (TYX o, — R from Lemma 2.3 as

C(po1, p2) = {(a, b) € R*: P(—a — bf) = 0} = {(a, b) € R*: P(=bf) = a}.

The next theorem collects the properties of the Manhattan curve we will need which
were first discussed in the setting of representations into isometry groups of rank one
symmetric spaces (see [17, Theorem 1]). We recall that a convex curve is a simple curve
in the Euclidean plane which lies completely on one side of any of its tangent lines. The
boundary of a convex set is always a convex curve. A strictly convex curve is a convex
curve that does not contain any line segments.

THEOREM 4.1. Let p1, p2 € €(S) denote two convex projective surfaces.

(1) The Manhattan curve is a real analytic convex curve passing through the points
(h* (p1), 0) and (0, K (p2)).

(2)  The normals to the Manhattan curve at the points (hH(p1 ), 0) and (0, hH(,Oz)) have

slopes 1(p1, p2) and 1/X(p2, p1), respectively.
(3)  The Manhattan curve is strictly convex if and only if py # p1, pf.

Proof. For item (1), convexity of the Manhattan curve follows from its definition since it
bounds a convex set. However, because the Manhattan curve is the graph of a function ¢
defined implicitly as P(—q(s) f) = s, the implicit function theorem and real analyticity of
the pressure function yield real analyticity of the Manhattan curve.

For item (2), we notice P(0) = h (p1) and P(—h" (p2) f) = 0 (recall Lemma 2.6).
Therefore, C(p1, p2) passes through (A" (p1), 0) and (0, 2 (p;)). To see that the normal
to the Manhattan curve at (b (p1), 0) has slope I(p1, p2), we differentiate the equality
P(—q(s)f) = s using equation (3.1) at (hH(m), 0) to obtain

d

=2
ds [s=nt (py)

P(—q(s)f) = (— / fduqm)q/(hH(m))-

Therefore, the normal to the Manhattan curve at (h¥ (p1), 0) has slope I(p1, p2) =
[ f diwger . The rest of item (2) follows by symmetry.
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hH(Pz)

0 a h (p1)

FIGURE 1. Manhattan curve and the point (a, b) described in Theorem 4.2.

For item (3), if C(py, p2) is not strictly convex, then by real analyticity, it must be a
line segment. From item (2), we have I(p1, 02) = 1/1(02, p1). Therefore, we conclude
J(p1, p2) = 1/J(p2, p1). By Proposition 3.4, we conclude J(p1, p2) = J(02, p1) = 1 and
therefore L/I = LI Then Remark 1.2 gives the results. O

Sharp [58] expressed the correlation number M (p1, p2) in terms of the Manhattan
curve for hyperbolic structures. We establish an analogous result for convex real projective
structures.

THEOREM 4.2. Let p1 and py be convex projective structures with distinct renormalized
Hilbert length spectra. Then, their correlation number can be written as

a b
TIPS RLITSY

where (a, b) € C(p1, p2) is the unique point on the Manhattan curve at which the tangent
line is parallel to the line passing through (hH(,ol), 0) and (0, hH(,oz)). See Figure 1.

M(p1, p2) =

Proof. By the proof of Theorem 1.1, the correlation number is such that i (p;)
M(p1, p2) = h(iay), where ag = [ f day = (W (p1)/h" (p2)). By definition,

hH (p1)

h(pay) = Pty f) — faom‘

Note that C(p1, p2) is the graph of a real analytic function ¢ defined implicitly as
P(—q(s)f) = s. Setting g (s9) = —1q4,, it follows that

W) _ PaG0f)  aGo) _ s q(so)
hH (p1) hH (p1) hH(py)  hH(p1)  hH(p2)

M(p1, p2) =

https://doi.org/10.1017/etds.2022.56 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.56

Correlation for convex projective surfaces 2955

)T (L

FIGURE 2. Closed curves a1, o2, and a3 and 81, B2, and B3 give two pair-of-pants decompositions whose union
fills the surface of genus two.

Moreover, observe that

d
1= %P(—q(S)f) = (—/fdﬂ—q(wf)‘l/(s)-

We conclude by recalling that f f dutao f= (h"(p1)/h™ (p2)) and that the line passing
through (2" (p1), 0) and (0, 2" (p2)) has slope —(h" (02) /R (01)). O

Remark 4.3. 1t follows from strict convexity of the Manhattan curve and Theorem 4.2 that
M(p1, p2) € (0, 1). This fact is independently proved in Theorem 1.1.

4.2. Decay of correlation number. This section is dedicated to the proof of Theorem 1.3
from the introduction, which we restate here for the convenience of the reader.

THEOREM 1.3. There exist sequences (o), and (n,) o, in the Teichmiiller space T (S)
such that the correlation numbers M (py, n,,) satisfy

lim M (pn, n,) = 0.
n— o0

Proof. We construct two special families of hyperbolic structures p,, 1, and consider their
corresponding geodesic currents vy, , vy, as in §2.5. Our proof proceeds in two steps. First,
we take geodesic currents v,, + vy, given by the sum of the currents of p, and 1, and
show that their exponential growth rates satisfy lim,_, ; #(v,, + vy,) = 0. Then we show
that this condition implies that the correlation number M (p,, 1,) goes to zero as well.

We consider two pair-of-pants decompositions («;) and (B;) whose union is filling
on a hyperbolic structure pg. See Figure 2 for an example. A family of simple closed
curves is filling if the complement of their union consists of topological discs. We take
(Pn);2.; to be a sequence of hyperbolic structures obtained by pinching all ; on pg so that
the hyperbolic length £, (¢;) = €, with €, — 0 when n — ooc. Similarly, we take () to
be another sequence of hyperbolic structures obtained by pinching all §; on pg so that the
hyperbolic length £,, (B;) = €,. Note in such cases, we have that Eg = {p, and Z,,Hn =1y,
and that the topological entropy 1 (p,) = h* (17,) = 1 for all n. We now proceed to prove
lim;, o0 h(vy, +vy,) =0.

By definition, the systole of v,, + v,, isequalto L, = inf[yJE[r]{Eg (IyD + Zg (IyD}.
Note that for a fixed n, #{[y] € [T1] €4 ([y]) + £} (ly]) < T} < oo for all T > 0. In
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other words, the geodesic current v,, + vy, is period minimizing and so we can apply
Theorem 2.12 to find a constant C depending only on the topology of S such that

C
h < —.
(Upn + 1)77n) — Ln

Therefore, to show lim, . A(vy, +vy,) =0, it suffices to show that lim,
L, = oo. Because of the filling condition, the geodesic representative of any [y] € [I']
must intersect transversally either curves in (¢;) or curves in (8;). By the collar lemma (see
[19, Ch. 4]), each geodesic representative of «; (respectively §;) for p, (respectively n,)
is enclosed in a standard collar neighborhood of width approximately log(l/€,). In
particular, every closed curve traverses a collar neighborhood of width approximately
log(1/e,) for the hyperbolic metric p, or the hyperbolic metric n, which implies that
lim, oo L, = 00.

We now show that lim,,_, » A(v,, + vy,) = 0 implies that the correlation number goes
to zero as well. Consider the reparameterization functions f," as in Lemma 2.3 and
notice that A(1 + ;7: T) = Zf}; (IyD + Zan ([y]) for every periodic orbit corresponding to
[¥] € [T']. By Lemma 2.6, for all n,

P(=h(vp, +vy,) —h(v,, +vy,) ;)7:) = P(=h(v,, +vy)(1+ fg:)) =0.

We have that (h(v,, + vy,), h(v,, +vy,)) € C(pn, n,) thanks to the characterization of
the Manhattan curve in terms of the pressure function. If the line y + x = 2h(v,, + vy,)
is tangent to the Manhattan curve C(p,, 17,,), then by Theorem 4.2, we obtain M (p,,, n,) =
2h(vy, + vy,). If not, then the line y +x = 2A(v,, + v,,) must intersect transversally
C(pn, nn) at two points. See Figure 3. Now, by the mean value theorem and the convexity
of the Manhattan curve, we have from Theorem 4.2 that there exists 0 < a,, b, <
2h(vp, + vy,) such that

0 < M(pon, mn) = an + by < 2h(vy, + vy,).

This immediately implies that M (p,,, n,) goes to zero as n goes to infinity. O

5. The renormalized Hilbert length along cubic rays

5.1. Cubic rays and affine spheres. Building on work of Hitchin [33], Labourie [38], and
Loftin [43] have independently parameterized €(S) as the vector bundle of holomorphic
cubic differentials over 7 (S). This is called the Labourie-Loftin’s parameterization. We
briefly recall this parameterization since we will use it in this subsection to study the
correlation number. The reader can refer to [38, 43] for a detailed construction. This
parameterization shows that the space of pairs formed by a complex structure J on S and
a J-holomorphic cubic differential g is in one-to-one correspondence with the space of
convex real projective structures on S.

Because of the classical correspondence between hyperbolic structures and complex
structures, we will sometimes blur the difference between a Riemann surface X and a
hyperbolic structure X. We recall that a holomorphic cubic differential ¢ is a holomorphic
section of K ® K ® K, where K is the canonical line bundle of a Riemann surface X.
Locally, a holomorphic cubic differential can be written in complex coordinate charts
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14

2h(vp,, + vn,, )8

h(vp, + vy ) f--mmnmnne-3

O h(ypn + V"7n) 2}7/(1//)71 + V"?n) 1

FIGURE 3. Manhattan curve and the point (h(vp, + vy,), h(vp, + vy,)) described in the proof of Theorem 1.3.

as ¢ = q(2)dz ® dz ® dz (often written as q(z)dz3) with g (z) holomorphic. The cubic
differential ¢ is invariant under change of coordinates, meaning that if we pick a different
coordinate chart w, then g (w)dw? = ¢(z)dz>. The hyperbolic metric o that corresponds
to the complex structure of X induces a pointwise Hermitian metric (-, -) for holomorphic
cubic differentials on X defined as follows:

q192
(91, q2) = —-.
o

The L2-norm of a cubic differential q is defined as

lg1I% =/<q,q> do.
X

The correspondence between the space of pairs of complex structures on S and
holomorphic cubic differentials on associated Riemann surfaces with the set of convex
real projective structures on S goes through a geometrical object invariant under affine
transformations, called an affine sphere. We briefly describe the relation. Consider a pair
(J, g), where J is a complex structure and ¢ is a holomorphic cubic differential on the
Riemann surface X ; associated to J. Then one can obtain an affine sphere, which is a
hypersurface in R3 that is invariant under affine transformations, by solving a second-order
elliptic partial differential equation (PDE) called Wang’s equation (see [43, §4]). The affine
sphere can be projected to RP? so as to obtain the developing image €2 o of some convex
projective structure p. Conversely, given a convex projective structure p and its developing
image €2,, we can construct an affine sphere by solving a Monge—Ampére equation (see
[43, §7]). The affine sphere will provide a complex structure J and a holomorphic cubic
differential g on X .
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Since hyperbolic structures correspond to complex structures, the above identification
provides a way to parameterize the space of convex projective structures €(S) as the
vector bundle of holomorphic cubic differentials over 7 (S). In particular, we can fix a
non-zero cubic differential ¢ and consider the associated family of representations (o;);cr
in €(S) parameterized by (¢q):;cr. When t > 0, we call such a family a cubic ray. In this
section, we study the properties of the renormalized Hilbert length spectrum along cubic
rays in €(S).

Note that we can use the holomorphic data introduced above to describe when two
convex projective structures p; and p, have the same renormalized Hilbert length spectra
(see Remark 1.2). Fixing a Riemmann surface X j, the case p; = py happens when their
corresponding holomorphic cubic differentials g; and g with respect to X; are equal in
the Labourie-Loftin’s parameterization. However, if p; is the contragredient of p,, then
their corresponding holomorphic objects must be (X, g1) and (X, ¢2) = (X7, —q1),
respectively. For a detailed explanation of this fact, we refer the reader to [42, §8].

For the reminder of this section, when there is no ambiguity, we ease notation by writing
hy = hfl(p,) for the topological entropy, and L = L/Ift for the renormalized Hilbert
length spectrum of a cubic ray (p;);>0. With these notation, pg is the hyperbolic structure
associated to X¢. The entropy %o equals 1 and the renormalized Hilbert length spectrum
L} is the Xo-length spectrum.

The following observation is important and follows immediately from the work of
Tholozan [59].

LEMMA 5.1. Let (p;):=0 be a cubic ray. There exists D > 1 such that for all t > 0,
%Lg' <LF <pL{.
Proof. Tholozan [59, Theorem 3.9] proves that there exists B > 1 such that for all # > 0,
%zl/%g’ < eH < BBl (5.1

In turn, this implies that for all 7 > 0 and ¢ > 0,

1 1 @yD) = —T | <#n1 1 e @D = Ty < #{ 1 1 €D < 5T
0 — Btl3 |~ t -7 = 0 = a3t
Since ho = 1, by definition of topological entropy, the above inequalities imply that for all
t >0,

1

B/ <h < VR (5.2)

The result follows by taking D = B? and combining the inequalities (5.1) and (5.2). The
case for r = 0 is obvious. O

The following example points out a problem with comparing un-renormalized length
spectra and partially motivates our study of the renormalized Hilbert length spectrum. In
particular, equation (5.3) below should be compared to the correlation theorem.
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Example 5.2. Fix € > 0. Let pg be a Fuchsian representation in €(S) and consider a cubic
ray (pr)r>0 C €(S). Consider any ¢ > 0. Then,

Jim #{[y] e M1 65/ (IyD € Gox +e), ¢ (IyD € (ux+0)} =0 (53)

Proof. Fort > 0, consider § > 0 small enough so that 4; < 1 < D — §, where D is as in
Lemma 5.1. Here we recall that A% (p) is strictly less than one when p € €(S) is not in the
Fuchsian locus (see [22]). There exists M sufficiently large such that (Dx/x +¢) > D —§
for all x > M. Therefore, forall x > M, if x < 661([)/]) < x + €, then

D
¢t (IyD = 6 (D) > Xx>x+e.
t

D -
This shows that {[y] e [['] | E(f)l([y]) € (x,x+¢), EIH([)/]) € (x,x+¢e)} =0 for all
x > M, which implies that equation (5.3) holds. U

5.2. Cubic rays and correlation numbers. In contrast with Theorem 1.3, we show some
instances in which the correlation numbers M (po;, 1;) arising from two different cubic rays
are uniformly bounded away from zero. We first introduce a convenient lemma that will be
used in the proof of Theorems 1.4 and 1.5.

LEMMA 5.3. Suppose p and n are different convex real projective structures such that
p* #n. Let v, and vy, be the renormalized Hilbert currents associated to p and 1,
respectively. For s € [0, 1], let ug denote the geodesic current sv, + (1 — s)vy. Then there
exists a unique so € (0, 1) such that

M(p,n) = h(us,).

Proof. Since n # p, p*, the Manhattan curve C(p, n) is strictly convex. The line
(x/ nH )+ & /hH (7)) = 1 intersects the Manhattan curve in the first quadrant only at
the points (1 (p), 0) and (0, 1" ()). It follows that for every s € [0, 1], the straight line
connecting (sh™ (p), (1 — s)h™ (1)) and the origin must intersect C(p, ). By Lemma 2.6,

P(=h(ug)sh™ (p) — h(uy)(1 — )™ () £1)
= P(=h(uy)(sh" (p) + (1 — )" () £)) = 0,
where fg is the reparameterization function from Lemma 2.3. It follows from the definition
of the Manhattan curve that every point on C(p, ) in the first quadrant can be written in

the form of (h(us)sh™ (), h(us)(1 — s)h (n)) for some s € [0, 1]. By Theorem 4.2, there
exists so € (0, 1) such that

 sohus ) (p) (1 — so)h(usy ) ()
Mo = —=4u ) nH ()

= h(”so)- O

We first study the case of two cubic rays which lie in two different fibers of the vector
bundle €(S) — 7 (S) given by the Labourie-Loftin parameterization of the space of
convex projective surfaces.
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THEOREM 1.4. Let (o:)i=0, (nr)r=0 be two cubic rays associated to two different
hyperbolic structures po # no. Then, there exists a constant C > 0 such that for all
t,r >0,

M(ps, nr) = CM(po, no).

Proof. Fix t,r > 0 and write p = p; and n = n,, for simplicity. Note that by hypothesis,
LY # LY and LY # LI This is because LY = L if and only if p equals 1 or its
contragredient involution n*. Clearly, p # n. Moreover, p = n* only happens if their
associated pairs of complex structures and holomorphic cubic differentials by the above
construction are (Xo, g) and (X, —¢q), respectively (see [42, §8]), which is excluded as
well. For s € [0, 1], let uy denote the geodesic current given by sv, + (1 — s)v,, where
v, and v;; are the renormalized Hilbert geodesic currents of p and 7, respectively. Denote
by h(uy) the exponential growth rate for the geodesic current u;.

By Lemma 5.1, there exist constants D1, D, depending on pg and 7o, respectively, such
that

sLY + (1 =)L) <sD| LY + (1 =)Dy L] < max{Dy, Dy}(sLf + (1 —s)LY).

Set C = 1/max{D1, D>} and wy = svp, + (1 — s)vy,, where v,, and vy, are the renor-
malized Hilbert geodesic currents of pg and ng, respectively. Then,

h(us) = Ch(ws).

By Lemma 2.6, the intersection between the Manhattan curve C(pg, 7o) and the
line passing through the origin and the point (s, (1 —s)) has coordinates (sh(ws),
(1 — s)h(wy)) and lies on the line y 4+ x = h(wy). Then, by Theorem 4.2,

h(ws) = M (po, n0)-
See Figure 4. Finally, by Lemma 5.3, there exists so € (0, 1) such that
M(p,n) = h(us)) = Ch(wsy) = CM(po, no),
which concludes the proof. O

Finally, we prove Theorem 1.5 from the introduction which can be seen as a ‘limiting
case’ of Theorem 1.4 if we avoid pairs of sequences related by the contragredient
involution.

THEOREM L1.5. Let (p1)i=0 and (ny)r>0 be two cubic rays associated to two different
holomorphic cubic differentials q1 and g on a hyperbolic structure X such that qi, q2
have unit L?-norm with respect to Xo and qi # —qa. Then the correlation number
M ((pr, 1r) is uniformly bounded away from zero for allt > 0 andr > 0.

Proof. This proof is similar to the proof of Theorem 1.4. We note that pg = 1o and L ;‘(') =
LnHo = L{. Recall from Lemma 5.1, there exists Dy, D, > 1 such that for all ¢, r > 0,

1 H H H 1 H H H
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y+x = h(ws)

y+x = M(po,no)

(1 — 8)h(ws)f--3xc----

0 sh(ws) 1

FIGURE 4. The correlation number of pg and 19 is less or equal to the exponential growth rate of the geodesic
current w.

Consider the renormalized Hilbert currents v,, and v, for p, and 7,, respectively. Let
s € [0, 1] and set the geodesic current u, , y = svp, + (1 — s)vy, . As a first step, we show
that the entropy of the geodesic current u; , s = sv,, + (1 — s)vy, is uniformly bounded
away from zero. We have from Lemma 5.1, for all [y] € [I'],

SLI(yD + (1 =)L ([y]) < (sD1 + (1 — 5)D2)L{ ([y]) < max{D1, D2} L{ ([y D).

Thus, we obtain h(u; ) > 1/D for every s € (0, 1), where D = max{Dj, D»}.

Next we want to show this implies the correlation number M (p;, n,) is bounded away
from zero. Because ¢ and ¢» both have unit L2-norm and ¢ # —q1, we have L Z * Lg{ as
pi* # ny when t = r > 0. Again, here we use the fact that p, = n/ only if their associated
pairs of complex structures and holomorphic cubic differentials (via affine spheres) are
(Xo, tq1) and (X9, —tq1), respectively. For each r > 0 and r > 0, by Lemma 5.3, we can
find some sg € (0, 1) such that

M(pi, ) = h(ut,r,so)-

We conclude that M (p;, ) > 1/D forall ¢t > 0 and r > 0, as desired. ]

5.3. Cubic rays and geodesic currents. In this section, we observe two properties of
renormalized Hilbert currents v, = h,v,, along cubic rays (p;);>0 which readily follow
from Lemma 5.1. Let us start by showing that the self-intersection of the renormalized
Hilbert geodesic current is uniformly bounded along cubic rays.
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PROPOSITION 5.4. There exists C > 1 such that for all t > 0,

|
E <i(vp,vp) <C,

where vy, is the renormalized Hilbert geodesic current of p;.

Proof. Recall from §2.5 that Bonahon proved that i (v, Uy,) = —712)((S), where x (S)
is the Euler characteristic of S. Corollary 5.2 in [15] states that

( . L{*([y1>>2< iUy Up) << “ Lf"([y]))2
[y] ’

el LEAyD /) ~ iWops p) = \ y1erry L (¥ D)
o)
LH 2 LH 2
—nzx(S)< inf ‘HLVD) < i(Up, Up) < —nzx(S)( sup ﬁ) .
V1l Lyt ([v D iylery Ly ([yD)
We conclude by applying Lemma 5.1. O

Bonahon [9] showed that Thurston’s compactification of the Teichmiiller space can be
understood via geodesic currents. Explicitly, given a diverging sequence of hyperbolic
structures m;, there exists A; > 0 and a geodesic current « with i(«, o) = 0, a measured
lamination, such that A,v,,, converges up to subsequences to «. In this case, the systole of
« vanishes, that is,

Sys(a) = inf i(w,d,) =0.
ys(e) [y]em( )

Burger et al [18] show that there exist diverging sequences of Hilbert geodesic currents
which converge projectively to a current « with Sys(«) > 0. We use Lemma 5.1 to show
that this happens along cubic rays.

THEOREM 1.6. As t goes to infinity, the renormalized Hilbert geodesic current v, along
a cubic ray converges, up to passing to a subsequence, to a geodesic current v with
Sys(v) > 0.

Proof. Suppose (;) and (B;) are pair-of-pants decompositions which fill the surface, that
is, they are pants decompositions such that the complement of their union is a collection
of topological discs. Set u = Zye(ai)U(ﬂj) 8y and let M = maxye(q;)u(g;) L¥([y1). For
every t € R, we have

i)=Y LIyD.
ye(@i)U(B;))
By Lemma 5.1, v, lies in {v € C(S) | i(v, u) < (6g — 6)DM]} for some D > 1. This set
is compact by [9, Proposition 4] and by linearity of the intersection number. Thus, v,
converges, up to passing to a subsequence, to v € C(S). Applying Lemma 5.1 again, we
see that Sys(v,, ) is greater or equal to D_ISys(va) > (. By continuity, the systole Sys(v)
is strictly positive. O
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6. Generalization to Hitchin representations
In this section, we illustrate how to generalize the main results of §§3 and 4 to the context
of Hitchin representations.

We start with introducing Hitchin components and Hitchin representations. Given
p € T(S), we can postcompose the corresponding holonomy representation p: I' —
PSL(2, R) with the unique (up to conjugation) irreducible representation i : PSL(2, R) —
PSL(d, R) given by the action of A € PSL(2, R) on the space of degree d — 1 homo-
geneous polynomials in two variables. The Hitchin component H4(S) is the connected
component of the character variety Hom(I", PSL(d, R))/PSL(d, R) containing i o p.
The copy of the Teichmiiller space 7(S) embedded in the Hitchin component is its
Fuchsian locus. Hitchin proves in [33], using Higgs bundles techniques, that H;(S) is
homeomorphic to an open Euclidean ball of dimension (2g — 2) - dim(PSL(d, R)). When
d = 2, the Hitchin component H; (S) coincides with the Teichmiiller space 7 (S). Choi and
Goldman [20] identify the Hitchin component H3(S) with the space of convex projective
structures on the surface S, which is the main focus of §§2-5.

In this section, we establish the correlation theorem 1.7 for pairs of Hitchin representa-
tions for any d > 3. In this setting, the length spectra will not be defined geometrically as
for the Hilbert length spectrum of a convex projective structure, but they will be interpreted
as periods of the Busemann cocycle, which was first introduced by Quint [51]. Then, we
follow a construction of Sambarino [53, 54] to replace the geodesic flow on the unit tangent
bundle of a convex projective surface with Sambarino’s translation flows. These flows are
not necessarily Anosov, but fit in the more general framework of metric Anosov flows.
Nevertheless, the main results coming from thermodynamic formalism needed for this
paper still hold in this setting [48, §3].

6.1. Length functions, Busemann cocycles, and entropy. In this section, we define length
functions for Hitchin representations and the Busemann cocycles associated to them. We
refer to [51, 53] for a more detailed construction.

We need to recall some Lie theory. Let G = PSL(d, R) and consider the standard
choices of Cartan subspace

a:{ieRd|x1+---+xd=0}

and positive Weyl chamber at = {X¥ € a | x; > - - - > x4}. Let A: G — a™ be the Jordan
projection

A(g) = (log A1(g), . .., log Ay(g))

consisting of the logarithms of the moduli of the eigenvalues of g in non-increasing order.
We will use the following fundamental property of the Jordan projection of the image of a
Hitchin representation.

THEOREM 6.1. (Fock—Goncharov [25], Labourie [37]) Every Hitchin representation
0 € Ha(S) is discrete and faithful and for every [y] € [T'],

Ao(y)) > - > rg(p(y)) > 0.
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The limit cone L, of a Hitchin representation p € H4(S), introduced in [6], is the closed
cone of a™ generated by A(p(y)). This cone contains all the rays spanned by positive
multiples of A(o(y)) for all y € I". The (positive) dual cone of L, is defined as E; =
{p €a*: ®lc, = 0} Foreveryi = 1,...,d — 1, the ith simple root «; : a — R, defined
by o; (X) = x; — x;1. We will focus on linear functionals in the set

CiEO, Zci>o}’
i

which is contained in the interior of LZ by a result of Potrie—Sambarino [50, Theorem B
and Lemma 2.7].
Given ¢ in the interior of L7, the ¢-length of [y] € [I'] is defined as

A= {Clal + -t cqo10g-

O (lyD = ¢(Alp())) > 0,

and its exponential growth rate is

) 1

h?(p) = lim sup —#log([y] € [T'] ] £5([y]) < T}.
T—oo T

Sambarino [54] established the following important property of linear functionals in A.

We include the proof for completeness.

LEMMA 6.2. (Sambarino [54, Lemma 3.2]) If ¢ € A, then h?(p) € (0, c0).

Proof. Since we know h* (p) = 1 from [50, Theorem B], by Lemma 2.7 in [50], a linear
functional ¢ € E;‘) has finite and positive entropy if and only if it belongs to the interior
of E;. Since elements in A are contained in the interior of /3;, the entropy 7% (p) is positive
and finite for every ¢ € A. O

The ¢-length function can be realized via the period of the ¢-Busemann cocycle. To
define ¢-Busemann cocycles, we need to introduce the Frenet curve &, for a Hitchin
representation p. A complete flag F in R? is a maximal nested sequence of subspaces
of R?. Explicitly, F is a collection of subspaces F®) of R, with the properties that F@ ¢
FUtD) and dim F®O =i for all i =0, 1,...,d. Denote by F; the space of complete
flags in R4, Fock and Goncharov [25] and Labourie [37] show that for every Hitchin
representation p, there exists a unique (up to PSL(d, R)) p-equivariant Frenet curve
&,: 0I' = F4 which is bi-Holder continuous onto its image, transverse, positive, and it
satisfies certain contraction properties. Moreover, the Frenet curve is dynamics preserving:
if y* € 9T is the attracting fixed point of y € I, then &,(y ™) is the attracting eigenflag
of p(y). We refer to [25, Theorem 1.15] and [37, Theorem 4.1] for precise statements.

We are now ready to define ¢-Busemann cocycles for ¢ € A. Fix Fy € F; and observe
that for every F € Fg, there exists k € SO(d) such that F = kFy. Every M € SL(d, R) can
be written as M = L(exp o (M))U, for some L € SO(d), 0 (M) € a, and U is unipotent
and upper triangular. This is known as the Iwasawa decomposition of M. The Iwasawa
cocycle B: SL(d, R) x F; — ais defined as B(A, F) = o (Ak).
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The vector valued Busemann cocycle B, : I' x dI' — a of a Hitchin representation p
with Frenet curve &, is

B,(y,x) = B(p(y), &p(x)).

For every linear functional ¢ € A, we set B,?()/, x) = ¢(By(y,x)). Lemma 7.5 in [53]
directly shows that the cocycle Bg’ encodes the ¢-length via the equality BZS()/, yT) =
Z(ﬁ([y]), forevery y e I'.

The ¢-Busemann cocycle is an example of a Holder cocycle.

Definition 6.3. A Holder cocycle isamap c: I x ' — R such that

c(yn, x) = c(y, nx) +c(n, x)

forany y,n € I" and x € dI', and there exists « € (0, 1) such that c(y, -) is «-Holder for
ally el

For a general Holder cocycle, let £.(y) = c(y, ¥ ™) denote the c-length (also known as
period) of y € I'. Two Holder cocycles are cohomologous if they have the same periods.
We can define the exponential growth rate h. of a general Holder cocyclec : I' x dT' — R
as

) 1
he =limsup —#log{[y] € [T'] | £.(y) < T}.
T—o0 T
Note that the exponential growth rate 49 (p) of the linear functional ¢ € A is the same
as the exponential growth rate / y¢ of the cocycle B,‘f. The number 7% (p) is also called
I
the topological entropy of a Hitchin representation p with respect to the ¢-length. Indeed,
h? (p) is the topological entropy of a translation flow, as we recall in the next section.

6.2. Translation flows and metric Anosov flows. In this subsection, we recall how
to equip Hitchin representations with translation flows which will allow us to use
thermodynamic formalism tools to study them. We start by recalling the construction of
Sambarino’s translation flow [53], which is analogous to Hopf’s parameterization of the
geodesic flow of a negatively curved manifold.

Let 3T = {(x, y) € 9T x 9T : x # y}. The translation flow {¢;};cr on 3°T x R is

@r(x,y,8)=(x,y,8—1).

Given a Holder cocycle c: ' x aI" — R, the group I' acts on 3°T" x R by

]/(X, Y, Z) = ('}/X, Yyt — C(yv y))

The translation flow {¢;};cr then descends to the quotient M, of I xR by the I'-action
via ¢. Sambarino proves a reparameterization theorem for the translation flow ¢;.

First, recall that two (Holder) continuous flows v, and v/, on compact metric spaces X
and Y, respectively, are (Holder) conjugated if there exists a (bi-Holder) homeomorphism
h:X — Ysuchthat /) = ho; o h~! forevery t € R.
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THEOREM 6.4. (Sambarino [53, Theorem 3.2]) Given a Hdlder cocycle ¢ with
non-negative periods and h. € (0, 00), the action defined by the cocycle ¢ on 9*T" x R
is proper and co-compact. Moreover, the translation flow ¢; on the quotient space M, is
Hélder conjugated to a Hilder reparameterization of the geodesic flow on T' X, where
Xo is a(ny) hyperbolic structure on S. The translation flow on M, is topologically mixing
and its topological entropy equals h.

From now on, we will always assume that the cocycle c is of the form Bg for some
Hitchin representation p and ¢ € A. In this case, the hypotheses of Theorem 6.4 are
satisfied. We will still denote the translation flow associated to B‘g by ¢; and write
M? =M 5

We want to use thermodynamic formalism methods for the translation flow ¢; and we
briefly explain why we can do so in this setting. While it is well known that a Holder
reparameterization of an Anosov flow is an Anosov flow [3, p. 122], Holder conjugacy
does not necessarily preserve the Anosov property [29]. To construct symbolic codings
and use results from the thermodynamic formalism for Hitchin representations, we will
work in the more general setting of metric Anosov flows. Metric Anosov flows (or Smale
flows) were introduced by Pollicott in [48] to generalize classical results for Anosov flows
and Axiom A flows. In particular, he constructed a symbolic coding for metric Anosov
flows [48].

Our definition of metric Anosov flow, which is better suited to our purposes, differs
from the original definition in [48]. The main difference is that we allow an «-power of
the distance d(x, y) for the exponential diverging and expanding properties in part (1) of
Definition 6.5 below. This property guarantees that Holder conjugacy preserves our notion
of metric Anosov flow (see Proposition 6.7) and is useful in our setting, for example, in
Proposition 6.8.

Recall for any continuous flow ¥, on a compact metric space X, the local stable set of a
point x € X is defined for € > 0 as

Wix)={y e X :dx, yry) <e, forallt > 0and d(¢;x, ¥;y) — 0ast — oo}.
The local unstable set of a point x for € > 0 is

Wix)={yeX :dW_x,¥_1y) <e, forallt > 0and d(y_,x, y_;y) = Oast — oo}.

Definition 6.5. A continuous flow ¢ on a compact metric space X is metric Anosov if the
following hold.

(1) There exist positive C, A, € and @ € (0, 1] such that
d(x, Yry) < Ce ™ d(x, y)® wheny e Wi(x)andt >0
and
d(Y—ix, ¥—y) < Ce™™d(x,y)* wheny e W"(x)andt > 0.

(2) There exists § > 0 and a continuous map v on the set {(x,y) € X x X :d(x, y)
< 8} such that v = v(x, y) is the unique value for which W!(yr,x) N Wi(y) is
non-empty. The set W (y,x) N WS (y) consists of a single point, denoted as (x, y).
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Remark 6.6. Metric Anosov flows in Definition 6.5 have a symbolic coding. Indeed,
these flows verify one of the key properties [10, Lemma 1.5] used by Bowen to build
symbolic codings for Axiom A flows. From this, and after adapting Bowen’s arguments
to accommodate for the exponent « in the definition, we observe that the metric Anosov
flows in Definition 6.5 satisfy the expansivity, tracing, and specification properties [10,
Proposition 1.6 and §2]. These are also the crucial properties used by Pollicott in his
construction of symbolic codings for Smale flows [48].

PROPOSITION 6.7. Let ' be a Hélder continuous metric Anosov flow on a compact
metric space X. If Y2 is a flow on a compact metric space Y and W?* is Holder conjugate
to !, then W? is a Holder continuous metric Anosov flow.

Proof. We show here that a Holder conjugacy preserves metric Anosov properties. By
hypothesis, there exists a bi-Holder homeomorphism 4 : X — Y with Holder exponent
ap € (0, 1] (for both 4 and h~!) such that 1 o ¢! = 2 o h. We want to show that 2 also
satisfies the metric Anosov property.

Given x; € Y, we want to find suitable parameters so that conditions (1) and (2) in
Definition 6.5 hold. We show condition (1) for local stable sets. Suppose x» = h(xy).
Because w,l is metric Anosov, we can find €1, Cy, A1, 61 positive and «; € (0, 1] so that

W (x1) = {y1 € X :dx(W'x1, ¥/ y1) < e1 and dx (! x1, ¥/ 1)
< Cre Mdy(xy, y)* forall 1 > 0}.
Note,
dy (Wrh(x1), YR (y1)) = dy (h(y!x0), R} y) < Crdx (W x1, ! y)™
< Cu(Cre ™M dy (x1, y)™)* < Cae M dy (h(x1), h(y1)**,

Here we have used the Holder properties of both 4 and h~!, and Cj, is a constant from
the Holder property of h. This implies that we can find &, > 0 so that W (x2) satisfies
condition (1) in Definition 6.5 for %2 with positive C», A» = A1 and ap = a%al. The
argument is similar for local unstable sets. Furthermore, given x,, y» € Y close enough,
condition (2) in Definition 6.5 can be verified by taking (x2, y2) = A((h~1(x2), h~1(12))).
We conclude that y? is metric Anosov. O

The translation flow has been introduced and extensively studied by Sambarino in [53].
For completeness, we provide a proof that the translation flow is metric Anosov.

PROPOSITION 6.8. The translation flow ¢; on Mg’ is a metric Anosov flow which admits a
symbolic coding with Hélder continuous roof functions.

Proof. Let X be a base hyperbolic surface. The geodesic flow on T'! Xy is a (metric)
Anosov flow which admits a symbolic coding with Holder roof function. From Theorem
6.4, we know that the translation flow ¢; associated to the cocycle B,?,5 defined on the
quotient space Mg’ is Holder conjugate to a Holder reparameterization of the geodesic flow
¥, on T'! Xg. In other words, there exists a Holder continuous function f: 71Xy — R.g
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and a bi-Holder homeomorphism / : T' X — MZ) such that (W' o @ o h); = 1//,f for all
t € R. Since wtf is an Anosov flow (see [3, p. 122]), ¢; is a metric Anosov flow by
Proposition 6.7.

The coding is therefore preserved. The roof function remains Holder by either Holder
conjugacy or Holder reparameterization as it is given by an opportune composition of
Holder functions. The translation flow is therefore a metric Anosov flow on a compact
metric space that admits a symbolic coding with Holder roof function. O

6.3. Reparameterization functions. ~ After constructing flows for Hitchin representations,
the next thing that we want to do is to define the reparameterization function with domain
M‘g for p a Hitchin representation. This construction is well known and it is contained
in the work of Sambarino [53]. We include this discussion to make our exposition
self-contained.

In §2.2, given a positive Holder continuous function f on the unit tangent bundle 7' X 0
of a convex real projective structure, we defined a reparameterization of the flow by time
change. This can be done more generally for any Holder continuous flow on a compact
metric space X. In particular, given two Hitchin representations p; and p in Hq(S), we
will show the existence of a positive Holder continuous reparameterization function fé’f :
Mg)l — R. o that encodes the ¢-length spectrum of p,.

We start with a lemma that relates the positivity of the Holder reparameterization
function to the positivity of its entropy. The entropy of a Holder function f on a compact
metric space X equipped with a metric Anosov flow is defined as

=7}

LEMMA 6.9. (Ledrappier [40, Lemma 1], Sambarino [53, Lemma 3.8]) Ler f : X — R
be a Holder continuous function with non-negative periods on a compact metric space X

1
h ¢ = lim sup 7# log {r periodic

T—o0

equipped with a topological transitive metric Anosov flow. The following are equivalent:
(1) the function fis cohomologous to a positive Holder continuous function;

(2) there exists k > 0 such that fr f > kp(t) where p(t) is the period of T;

(3) the entropy hy € (0, 00).

We also need the following theorem of Ledrappier [40] which establishes the corre-
spondence between cohomologous Holder cocycles and cohomologous Holder continuous
functions on T'' X(. We will state this theorem for vector valued Holder cocycles. Their
definition is analogous to Definition 6.3.

THEOREM 6.10. (Ledrappier [40, p. 105]) Let V be a finite-dimensional vector space.

For each Holder cocycle ¢ : ' x oT' — V, there exists a Holder continuous map F, :
T'Xo — V, such that for every y € T’ — {e},

KC(V) = f Fc-
[v1
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This map ¢ — F, induces a bijection between the set of cohomology classes of V-valued
Hélder cocycles and the set of cohomology classes of Hilder maps from T'Xq to V.

For a Hitchin representation p, this tells us that we can find a Holder continuous
map g, : T'Xo — a with periods equal to the periods of the vector valued Busemann
cocycle B,. Since hgog, = hye = h?(p) is finite and positive, by Lemma 6.9, the

]

reparameterization ¢ o g, on T X is cohomologous to a positive Holder continuous
function.

Now we are ready to state our lemma about the existence of positive reparameterization
functions, which should be compared to Lemma 2.3.

LEMMA 6.11. Let p1 and py be two different representations in Hy4(S). There exists a
positive Holder continuous function fppl2 : M?l — R.q such that for every periodic orbit
T corresponding to [y] € [T'],

ML T =00,y D.

Proof. We denote the translation flow for MZ)I. with respect to the Busemann cocycle Bf)bl.
as ¢! fori = 1, 2. Now since B;fi has positive entropy, by Theorem 6.4, both ¢! are Holder
conjugate to Holder reparameterizations of the geodesic flow on T'!X(, where X is an
auxiliary hyperbolic surface. The reparameterization functions for ¢! on T'Xg can be
chosen to be positive by the discussion after Theorem 6.10. Generalizing Remark 2.2,
we conclude that the flow (ptz is Holder conjugate to a Holder reparameterization of thl
on Mg’l. Therefore, there exists a Holder function f : Mffl — R such that the flow ¢? is
Holder conjugate to (got1 )/ where the flow (‘le )/ is a reparameterization of (ptl by f. Because
hy=h B? is positive and finite, we can always choose f = fppl2 in its cohomology class to

be a positive function by Lemma 6.9. One easily checks that A(f, ) = Zj’,?z([y]). O]

Once we have defined reparameterization functions, we see that all definitions, remarks,
and results in §2.3 regarding thermodynamic formalism readily generalize to this context
by simply changing the domain from 7' X o to MZ’.

6.4. Correlation and Manhattan curve theorem revisited. First, we state the indepen-
dence lemma for Hitchin representations which generalizes Lemma 2.11.

LEMMA 6.12. (Independence lemma) Consider ¢ € A and Hitchin representations
01, P2 € Ha(S) such that py # p1 or p;". If there exist a1, ar € R such that alﬁgl (IyD +
ayl%,([y) € Z forall [y] € [T'], then a; = ay = 0.

Proof. The Zariski closure G; of p; (I') is simple, center-free, and connected by a result
of Guichard (see for example [14, Theorem 11.7]. See also [55, Corollary 1.5]). Then, we
argue by contradiction, as in the proof of Lemma 2.11. O

Recall that a flow is weakly mixing if its periods do not generate a discrete subgroup
of R. In particular, the independence lemma implies that the translation flow ¢; is weakly
mixing.
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We are now ready to state our correlation theorem for Hitchin representations. Recall
that we denote the renormalized length spectrum of p by L = h‘i’(p)Kﬁ.

THEOREM 1.7. Given a linear functional ¢ € A and a fixed precision ¢ > 0, for any two
different Hitchin representations py, p2: I' — PSL(d, R) such that py # py, there exist
constants C = C (e, p1, p2, ¢) > 0and M = M (p1, p2, ¢) € (0, 1) such that

Mx
#yl1e L] | LY (yD € (. x +h?(p1)e). LY, ([y]) € (x. x + h?(p2)e)} ~ Cfﬁ.
Proof. By Proposition 6.8 and Lemma 6.12, the translation flow associated to the linear
functional ¢ is a weakly mixing metric Anosov flow on Mg)] that admits a symbolic coding
with Holder continuous roof function. Moreover, p; and p, are independent thanks to the
independence Lemma 6.12. Thus we can apply Lalley and Sharp’s Theorem 3.1 which
holds in the context of flows with a symbolic coding with Holder roof function.
Recall J( fff) is the open interval of values P’ (¢ f,ﬁ’,z) for t € R. We then want to verify
h?(p1)/h?(p2) € J(f5?). The proof of this fact follows from the same argument as in the
proof for Theorem 1.1. O

Remark 6.13

(1) Fix ¢ € A. Sambarino’s orbit counting theorem [53, Theorem 7.8] implies that the
correlation number M = M (p1, p2, ¢) converges to one and C (g, p1, p2, ¢) diverges
if p1 and p, converge to Hitchin representations with the same ¢-length spectrum.

(2) Note that Theorem 1.7 holds more generally for any functional ¢ which is contained
in the interiors of E;l and £;§2.

For two Hitchin representations pi, p2 with py # p1, pj and ¢ € A, consider the
Manhattan curve

C?(p1, p2) = {(a.b) € R*: P(—a —bf) = 0},
where f is the reparameterization function from Lemma 6.11. We obtain a characterization
of the correlation number analogous to Theorem 4.2.
THEOREM 6.14. Fix ¢ € A, and let py and py be Hitchin representations in H4(S) such
that py # p1, p}. Their correlation number can be written as
a n b
h?(p1) — h?(p2)’

where (a, b) € C?(p1, p2) is the unique point on the Manhattan curve at which the tangent
line is parallel to the line passing through (h®(p1), 0) and (0, h? (p2)).

M(p1, p2, ) =

We conclude by raising two questions which are motivated by Theorems 1.3 and 1.5.

Recall that Potrie and Sambarino [50, Theorem B] showed that for every Hitchin
representation p, the simple root lengths are such that h% (p) = 1fori =1,...,d — 1.
Moreover, the simple root lengths restrict to the hyperbolic length on the Fuchsian locus
T(S) C Haq(S). Thus, Theorem 1.7 in this case is a particularly natural generalization of
the correlation theorem for hyperbolic surfaces [56]. Theorem 1.3 exhibits examples of
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sequences for which the «;-correlation number decays. We ask whether there exist similar
examples which lie outside the Fuchsian locus.

Question 6.15. Ford >3 and i =1,...,d — 1, do there exist sequences (p,);~; and
(Mn)yey in Hy(S) which leave every compact neighborhood of the Fuchsian locus and
such that the correlation numbers satisfy lim,— oo M (05, My, i) = 0?

Finally, we raise a conjecture motivated by Theorem 1.5. Similarly to cubic rays
introduced in §5, in general for the Hitchin component #4(S), one can consider a dth-order
holomorphic differential g over X and its associated family of representations (p;);cr in
Ha(S) parameterized by (tg);cr. These representations are given by holonomies of cyclic
Higgs bundles. We refer to [4] for a detailed definition and discussion. When ¢ > 0, we say
this family of representations (p;);>0 is a ray associated to q.

Conjecture 6.16. Let (p;):>0 and (17;);>0 be two rays associated to two different dth-order
holomorphic differentials ¢g; and g on a hyperbolic structure X such that g1, g2
have unit L?-norm with respect to Xo and ¢ # —g». Then the correlation number
M (p;, 11, Zfz_ll «;) is uniformly bounded away from zero as ¢ goes to infinity.
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