PARSEVAL RELATIONS FOR KONTOROVICH-
LEBEDEV TRANSFORMS

by J. S. LOWNDES
(Received 15th July, 1961)

1. Kontorovich-Lebedev Transforms

The Kontorovich-Lebedev Transform of a function f(r), 0<r<co, may be
written in a general form as f(i2) where,

£ = j B 0
V]

G,(kr) is a Bessel function of order u and argument kr and k = k +ik,
is a complex constant. If f(r) satisfies certain conditions then the inversion
formula corresponding to equation (1) may be written as

1+io

u
f(r)=1[f, M(kr)] = W (WM (kr)dp .................. 2
#1—iow
where the path of integration is some abscissa g, in the plane of the variable
U= p+ips. M kr) = ¢(uIN,(kr) where ¢(u) is a constant or a function of
w alone and N,(kr) is a Bessel function of order y and argument kr.
Particular transforms of f(r) may be written as

@ £, = rfmJ,L(kr)r'ldr, (6) £,(0) = rf(r) Y, (kryr=tdr
0 0 ,..03)

© fi(w) = j " O HDGeryr e, () fo() = rmeff’(kr)r-‘dr

where J(kr) and Y,(kr) are Bessel functions of the first and second kinds
respectively and H{V(kr), HP(kr) are Bessel functions of the third kind.
Snow (1, § VIII (3)) has shown that provided f(r) satisfies a number of well-
defined conditions then there exist the following inversion formule corres-
ponding to the transforms given in equations (3).

P 1 -1
f(r)=Lﬁ,%Y{I:[f}.,;Hﬁ”iI: fj,TH‘(‘Z)], —dé<pu; <o (4a, b, ¢

= fy’%"u:l=[fy’%H;(tl):]= fy’ZLH;EZ)jl’ —6<p;<d (5a, b, )

[, 1 1 [ i
(i |-[nge-[ 23]
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= [fp 41 '™ sin (,un)H,(‘l)iI, —bé<u; <6 (6a, b, c, d)
i

_ -1 0 el RN i
o e

= [fz,%e_i‘"' sin (;m)H,(,Z)jI, —é<y;<6. (7a, b, c, d)
i
The value of & determines the strip or half plane of u in which the corres-
ponding transform of f{r) is an analytic function of y. In equation (4) J is
arbitrary and in equations (5), (6) and (7) J is positive. Some further useful
formule given by Snow are

[fi,J,]=0, —=d<p;<oo (8)
[f1, H;(‘z)] = Lfa Hﬁl)] =[f,Y,]1=0, —d<p;<é (9a,b,0)
[f1, 9WHP] = [f2, gwHP] =0, —6<p; < (10a, b)
[f1 g@we™ H D] = [ f, g)e™ *"HP] =0, —d<p,<é (l1a, b)

where g(u) is an even function of .

The imaginary axis is a possible path for the integrals (5, 6, 7, 9, 10, 11)
and also for the integrals (4) and (8) when 6>0. In some cases the integrals
may be reduced to those along the upper half of this axis. For example in
equation (6d) ™" sin unH{"(kr) is an even function of u and taking the path
i = 0+iu, = il we have

() =—3 f " Je= i sinh (Am)H D (kr)d2 f T HOHDKOEAE. ... (12)
0 [¢]
Similarly (7d) may be reduced to

fn=-1 Jw Ae*™ sinh (Am)H{P(kr)di wa(f)H,-‘f)(kf)é‘ ae. ... (13)
0

0

It is also possible to express the above results in terms of the modified
Bessel functions 7,(z) and K,(z). If, for example, we set k = iy in equation

(4b) we find
1 1 tioo -] . o1
f(n= n—_[ uK,,(nr)d,uJ‘ fEOIMEEdE o (14)
p1—iw Y
Examples of other formule which may be obtained in a similar fashion are
. uy+iowo
fr) = i f B (DR oo (15)
p1—ioo
1 p1—ioo
= pr L (mr)Odp. ..o (16)
p1—ioo
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== |  psinGmK0N® Wdp (17
= 32 r Asinh (AWK (1)@EAAA .ooovie (18)
" Jo

where
®(p) = J SOK, (&)1 de.
0

Kontorovich and Lebedev (2) first reported formule (7b, d) and Lebedev
(3), (4), (5) has given formule (6b, d), (14) and (18). Turner (6), Wells and
Leitner (7) and Lowndes (8) have applied formula (16) to solve certain diffrac-
tion problems.

2. General Parseval Relation

In this section we obtain formally a general Parseval relation for the
transform pair given by equations (1) and (2).

If f,() and hy(u) are Kontorovich-Lebedev transforms of the functions
f(r) and A(r) and if L be the path of integration over which the inversion
formul for f(r) and A(r) are defined then

by the definition of A (u). Assuming that an interchange of the orders of
integration is permissible we have

f (D, ()i = r h(r)r-*drf DS, (kr)d. ....20)
L L

0

If we now define (i) such that

J wr(w) f (WG (kr)dp = J wf (M (kr)dp = f(r)............... 21)
L L

we find that the general Parseval relation is
J wp () f,(Wh(Wdu = J SORPDr~Ydr. (22)
L 1]

3. Particular Parseval Relations

The particular Parseval relations are characterised by the function ()
and the path of integration L. These are listed in table 1 for some of the
transforms defined in § 1 and they are derived by means of the general method
outlined in § 2.

To obtain the Parseval relation for the transform (6b) for example, we
proceed in the following way. Since

J) = [fy, $,.(kn)]
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we have, by equation (21), to find a function y(u) such that

f W GG H er)ds = %f W) (k)
L L

where L is the path (u, —ico, p, +io0).

TABLE 1
Equation Number Y L
a, b, c 1
6
d 1 €™ sin un
4i K
(py—ico, py +ic0)
a, b, c -3
7
d L p-tun i U
4i
12 —}e~** sinh An
(0, )
13 —1e* sinh An
15, 16, 17 = sin pn (11— i00, gty +ic0)
n
2 .
18 — sinh An 0, )
T

Now
2J (kr)=H, ,E"(kr) +H ,‘f’(kr)

and therefore substituting for H{(kr) in the left-hand side of equation (23)
we have

[ wmomgnu=2 [ wawr,ends
L L
- || W WEP ... 0
L

Equation (24) reduces to (23) if we choose ¥ = 4 since, in this case, by
equation (9a) the second integral on the right-hand side of (24) is zero.

In the following section a number of integrals will be evaluated with the
aid of two of the Parseval relations indicated in table 1.
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4. Evaluation of Integrals
Consider the transforms given in equations (13) and (18), i.e.

Fi(w) = f " SOHPY M oo 25)

Fy(p) = fw SOK(r~tdr o, (26)
0

where for simplicity we have taken k = 1, 1 = 1.
We shall use the following transform pairs

f(n= -17((% eiern, Fy(p) = sech (um)HP(@) ......... 27
f(r) = $exp {_—' (ﬁ +2 5 %éi)} Fy(1) = Kif@Kiu(B) vvvvvevveren, (28)
2\ a r
fin = f—z(’%’ye"*’, Fy(p) = sech (um)P_ 44 ;,($) ... (29)
2
fin= 4(2‘:") 5 %P (—r— %) Fy(1) = Kpiu(0) cveeeveaninenneenne (30)
f(r) = nEZ_Tr) e @0, Fy(p) = sech (un)K (@), -vveneee (31)

where P,(z) is the Legendre function of the first kind. The result (27) is given
in (9, p. 381) and the results (28) to (31) can be found in (9, pp. 175-177).
Consider the integral

I, =1 .[ pe*™ sech (ur) tanh (um)HZ()HP(BYdp. ............ (32)
0
Using the Parseval relation given by (13, table 1), i.e.

3 Jw p sinh (um)e*" Fy(Hy(p)dp = — Jmf (Nh(r)r=tdr
and putting ° °

Fy(u) = sech (um)H(@), H (1) = sech (um)H(B)
we see from the results (27) that

I, =% '[ N pet™ sech (um) tanh (um) HZP() HP(B)dp
0

- (dﬂ) —s(a-f—ﬁ)f € iz
[}

k3 @@
* fel” i(B-a)
- (O:tﬂz) { " E:( i20) + eﬁ_a Ei(—iZB)} ............ (33)
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@ e—il
where Ei(—ix) = — f - di.

A second integral is

I,= n% J “ 1t sech (um) tanh ()P_y 4 (DK@t ... (34)
0

Setting
Fy(w) = sech (um)P_ 1 4,,($), H,(w) = sech (um)K; ()
we find from equations (29) and (31) that
2 (nr\t _, (ro)r _
=< r’ h - VN (r+a).
) n? ( 2) ¢ ") n(r+a) ¢

Hence, using the Parseval relation (18, table 1) we have

2 (= .
I, = ! I p sinh (um) Fp () H (p)dp
(V]

2 (a\t ® g=r(¢+1) 2 [a\t ,
= = ~a dr=— 2| =) eEi[ —a(¢+1]...... 35
<2n> ¢ L r+a n? <27r> [-a(¢+1)] (33)

which is in agreement with a result given in (10).
Other integrals which may be evaluated using the Parseval relation for the
transform (18) are as follows:

I3 =— I u tanh (#n)P—-i+m(¢)Km(a)Km(ﬁ)d# (ZZﬁ> K&( ) (36)
where z2 = a?+ % +2afé.

=2 r p sinh (uE)K 5 (@K (DK (o) = - exp [— (@+f) y] 37)
7 Jo 4y 2,/eB

where y? = 468 +0a?. The values for I; and I, are in agreement with results
given in (9).

where (cxﬂ-i—xy)l: ﬂ(a +ﬁ2)+ (x +y2):|

2 [ o +1\}

I = —ZI ptanh (um)P_ 4 4 ($)K ;i (0)dp = — Ko [“ (L) :I --(39)
™ Jo 27 2

The integral I; is evaluated using the transform pairs (28) and (29), I,

using the pairs (28) and (30), 75 using the pair (28) and I using the pairs (29)
and (30).
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