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In this paper, we study existence of rotating periodic solutions for p-Laplacian
differential systems. We first build a new continuation theorem by topological
degree, and then obtain the existence of rotating periodic solutions for two kinds of
p-Laplacian differential systems via this continuation theorem, extend some existing
relevant results.
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1. Introduction

In this paper, we are concerned with the existence of rotating periodic solutions for
the following differential system with p-Laplacian operators:

= (¢p()) = f(t,u(t), W' (), teR, (1.1)

where ¢, : RY — RY defined by ¢,(z) = |x\p_2x itz #0,¢,(00=0,p>1, f:Rx
RY x RN — R¥ is Carathéodory with f(t + 7T, z,y) = Qf(t, Q 'z, Q" 'y), Q €
O(N). Here O(N) denotes the orthogonal group on RY. Specially, Q may be an
N x N orthogonal matrix.

We say u(t) is a Q-rotating periodic solution of (1.1), if u(t) satisfies (1.1) and
u(t+T) = Qu(t) for t € R. To this end, we first study the existence of solutions

for the following p-Laplacian rotating periodic boundary value problem (RPBVP
for short):

_(¢p(u'))/ = f(t,u(t),u' (t)), 0<t<T,
{U(T) = Qu(0), W (T) = Qu/(0). (HQ)

If u(t) is a solution of RPBVP (H_Q), then we can extend u(t) from [0, 7] to R
such that u(t +T') = Qu(t) for t € R.
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Indeed, suppose that u(t) is a solution for RPBVP (H_Q). Let u(t + T) = Qu(t),
t € [0, T]. So we have that

~ (WP ) = (e e+ )P Wt + 1))
= f(t,Q 'u(t+T),Q "W (t+T)), telo,T].
By f(t+T, z,y) = Qf(t, Q 'z, Q'y), we obtain
— (‘Q_lu/(t + T)|p*2Q‘1u’(t + T))/ =Q ' ft+T,u(t+T),d(t+T)), tel0,T].

As @Q € O(N), then |Qu'(t)| = |u/(t)], furthermore, the above equation deduces to

~ (WP 0) = feue), 1), ¢ e [T,

In this way, it is easy to claim that u(t) satisfies (1.1) and u(t + T) = Qu(t) for
teR.

Hence we may say that the solution u(t) of RPBVP (H_Q) is Q-rotating peri-
odic solution which satisfies u(t + T') = Qu(t) for ¢ € R. This kind of solutions may
be periodic, anti-periodic, subharmonic, or quasi-periodic, if @ is identity matrix
Inx N, negative identity matrix —Iyxy, a power identity matrix, i.e., Qk =1
for some k € N, k > 2, or an orthogonal matrix except for the previous cases,
ie, @ € O(N). So RPBVPs are more general than periodic boundary problems,
subharmonic problems and so on.

In recent years, many scholars began to study the rotating periodic solutions for
differential systems. In [1], Chang and Li proved the existence of rotating periodic
solutions for a class of second-order dissipative dynamical system by using the coin-
cidence degree theory. After that, they studied the existence of rotational periodic
solutions for singular second-order dissipative dynamical system (see [2]). In [3],
using the fountain theorem, Shen and Liu obtained infinitely many rotating periodic
solutions for sup-linear second-order impulsive Hamiltonian system. In [4], Xing,
Yang and Li built an averaging method for first-order perturbed affine-periodic
system and studied the existence of affine-periodic solutions. For more results on
rotating periodic solutions, please refer to [1-7] and references therein. However, it
should be pointed out that there is no work on discussing the existence of rotating
periodic solutions for p-Laplacian differential systems (1.1).

To our knowledge, p-Laplacian differential equations(systems) with Dirichelt or
periodic boundary value conditions have been researched by many scholars. It is well
known that Mandsevich and Mawhin [8] studied the existence of periodic solutions
for p-Laplacian-Like systems via building continuation theorem. The nature ques-
tion is whether new continuation theorem can be established for studying RPBVPs
with p-Laplacian operator.

Inspired by [8] and above works, our paper aims to give a new continuation
theorem for p-Laplacian differential systems with rotating periodic boundary con-
ditions, which should give a criterion for proving the existence of rotating periodic
solutions to such problems. The new continuation theorem generalizes and enriches
the classical continuation theorem [1, 9]. And then we apply this theorem to obtain
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some existence results for two kinds of p-Laplacian rotating periodic differential
systems. Furthermore, if p and @ are special cases, problem (H_Q) is existing clas-
sical problem, for example, when p > 1 and Q = I, (H.Q) is same as [10]; when
p=2and Q € O(N), (H.Q) is same as [1]; when p = 2 and Q = I, (H_Q) is general
periodic problem [9, 11]. So, our results extend some existing relevant results.

The paper is organized as follows: we present some preliminary concepts, a new
Sobolev inequality and an important proposition in § 2. In § 3, we give a completely
continuous operator. By the Leray-Schauder degree, a new continuation theorem
will be proved in § 4. In § 5, using the new continuation theorem, we show the
existence of rotating periodic solutions for two kinds of p-Laplacian differential
systems.

2. Preliminaries

In this section, we present some preliminary concepts, a new Sobolev inequality
and an important proposition.

For convenience, we first introduce some necessary basic knowledge and signs.
Throughout the paper, (a, b) denotes the inner product for any a, b € RY, while
la| denotes the Euclidean norm for a € RN. Q € O(N) and O(N) denotes the
orthogonal group on RV,

Set C = C°([0, T], RY) with the norm [Juf|, = Jnax lu(t)], C™ = Cc™([0, T], RY)

u™|| }, LP = LP(0, T;RY) with

with the norm ||ul,, = max{[|ull,, [|«||y, -+,

the norm [[ul| ., = (fy [u(t)[” dt)/?.
Let Co={uecC:ul)=Qu(0)} , C4H={uecC" :u(l)=CQu(0),u(T)=

Qu'(0)},
X={ue Cé : ¢p(u') is absolutely continuous} and Y = L'(0, T; RY).

The function f : [0, T] x RY x RN — R¥ is assumed to be Carathéodory, which
satisfies

(1) the function f(t, -, -) is continuous on RY x R¥ for a.e. t € [0, T7;

(2) the function f(-, x, y) is measurable on [0, T for each (z, y) € RY x RY;

(3) for each r > 0 there exists a, € L'((0, T);R) such that, for a.e. t € [0, T] and
each (z, y) € RN x RN with |z| < r, |y| <7, one has

[f(t, 2z, y)] < ar(t).

Let @ € O(N) and I be the identity operator. By the orthogonal decomposition
theorem in linear algebra, we have

RY =ker (I - Q) @ Im(I - Q). (2.1)
Define the orthogonal projector
P:RY = ker (I- Q). (2.2)

If ker (I-Q) # {0} and @ # I, define Lp = (I - Q)|,,, p- Then Lp is a bijection from
ker P to Im(I - Q).
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IfQ=1I thenlet P=1and Lp =1.
Let Hp o = {ue€ H" : u(T) = Qu(0)} € H' with the inner product

<wv%=A (ult), v(t)) + (i(t), ot)) dt,

and corresponding norm |ju/|* = (u, u), where Q € O(N). It is easy to show that
Hf  is a Hilbert space and the embedding Hr o, < C' is compact. Next we will
check Wirtinger inequality and Sobolev inequality still hold on Hzlpr.

THEOREM 2.1. Ifu € Hy , and fOTu(t) dt € Im(I — Q), then there exist constants
A1 >0, ¢1 > 0 such that

T T
/|wm%u<M/‘mwﬁw
0 0

(Wirtinger inequality) and
[ully < exflill L.,

(Sobolev inequality).

REMARK 2.2. If I = @, then the theorem 2.1 is the same as the classical result of
the periodic case (see [12]).

In order to prove theorem 2.1, we first prove the following lemma.

LEMMA 2.3. Define the functional J : H%«’Q — R by

J(u) = /0 a(t)]? dt.

Then cy = mig J(u) > 0, where
ue

T T
E= {u € HilF,Q : / lul” dt = 1,/ u(t)dt € Im(IQ)}.
0 0

Proof. Let cp = ing J(u). Obviously, J is coercive on E. Then there exists bounded
ue

sequence {u,} € E such that J(u,) — c2. Because H%Q is a Hilbert space,
there is a subsequence of {u,}, which we rename the same, which satisfies
un = u(n — o0). The set F is weakly sequentially closed, as follows easily from
the compact embedding of HF}’Q in C. Then u € E. Because J is continuous and
convex on FE, then J is weakly lower semi-continuous on E. It follows that

co = limJ(uy,) = J(u) = 0.

Then we have that J gets the minimum value co at u, ie., J(u) = co. If co =0,
then u =a € RY with (I — Q)a = 0. However foT u(t)dt = Ta € Im(I — Q) from
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the definition of E. Then by (2.1), a = 0, which contradicts fOT lu|* dt = 1. Thus,
co > 0. ]

Proof of theorem 2.1. Suppose that u € Hi o Wwith fo t)dt e Im(I— Q). If
fo lu(t)]* dt = 0, then the result is obviously true. Assume fo lu(t))* dt # 0. Let

u

(fo () at)”

Then v € E. By lemma 2.3, we have

T
/ o2 dt > o,
0

and hence
T T
/ i(t)|? dt > 02/ lu(t)|? dt.
0 0
Taking Ay = -, Wirtinger inequality holds. Because Hy, 1 1. < C, there exists ¢ > 0
such that ||u||O c|lu||. Then we obtain Sobolev inequality lully < el 2 O

LEMMA 2.4. Suppose Q € O(N). Then
(2) ¢p(Qa) = Qpy(c), for any o € RY;
(b) (@p(@) = 6p(B), @ = B) >0, for any o, B € RN, a # 3.
Proof. (i) As Q € O(N), for a € RN, one has |Qa| = |a|, and
$p(Qa) = |Qal"*(Q) = |a"*(Qa) = Qla["*a = Qay(«).
(ii) Tt can be checked by simple calculation. O

LEMMA 2.5. Assume u(t) € X. If v/(t) = a(a € RY), then a =0 and u(t) = 3 €
ker (I-Q).

Proof. 1f u/(t) = a, then u(t) = at + (8 € RY). By w(T) = Qu(0), we have T +
8 =Qp which implies « € Im(I-Q). From «/(T) = Qu'(0) it follows that « €
ker (I-Q). Hence av = 0 and § € ker (I-Q) via (2.1). O

Assume that ker (I-Q) # {0}. Consider the simple rotating periodic boundary
value problem

—(8p(u'))" = £ (1), (2.3)

where f(t) € Y satisfying f(t +T) = Qf(t).
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Suppose that u(t) € X is a solution to (2.3) (2.4). By integrating (2.3) over [0, T7,
we have that

T T
$p (1 (0)) — dp(u'(T)) = /0 (—(gp(u'))) dt = /0 f(t)dt
Using (2.4) and lemma 2.4(i), we get

T
(1 Q)6 (0))) = / £(t)t. (2.5)

P(I = Q)(¢p(u'(0)))) =P (/0 f(t) dt) ;

( / 1) ) - (2.6)
On the other hand, since

¢p(u'(0)) = P(¢p(u'(0))) + (I = P)(p(u/(0))),

[P ([Frou) oo {[faos)

(I = Q)(P(dp(u'(0))) + (I = P)(¢p(u'(0))))

=P </O £(t) dt> +(1-7P) (/0 F(t) dt) . (2.7)

From (2.6),(2.7) and the definition of P, it follows that

(1 QP(6,(u (/ It dt)
(1- Q)1 - P)(ey(u (/ £t dt)

Taking Lp to act on above equation, one has

T
(I=P)(¢p(u'(0)) = Lp' (1= P) (/0 f(t)dt> (/ f(t dt) (2.8)

So

which yields

and

then

and
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Integrating (2.3) and combining (2.8), we have

byl (¢ /f Yds + P(6,('(0)) + Lp </f )

t T
u'(t) = ¢q (—/0 f(s)ds + P(dp(u'(0) + Lp! ( ; f(s) d8>> Salt), (29

where % + % = 1(p, ¢ > 1). Integrating (2.9) over [0, T, we obtain

w(0) — u(T) = /0 (—a(t)) dt.

Similar to the previous discussion, we have

P(/OT(—a(t))dt>:0,
P(/OT qsq( /f s)ds + P, (/' (0)) + Ly, /f ) ) - (2.10)

Following (2.5)-(2.8), and

(I=Q)(I=P)(u(0))

I
o
|
)
S
c\
ﬂ
|
IS
=
o,
~
~_
Il
c\
S~
|
Q
=
(oW
“@F

we get
T
(I=P)(u(0)) = Lp' (/O (—a(t)) dt) : (2.11)
Integrating (2.9), we obtain
T t
u(t) = P(u(0)) + Lp' ( /O (=a(s)) ds> + /0 a(s) ds. (2.12)

On the basis of (2.10), we define mapping Gy, : ker(I — Q) — ker(I — Q) by

P/ gbq( / s)ds+~v+Lp /OTh(s)ds> dt, vy eker(I-Q),

(2.13)
where h € Y1 = {h cY ‘fo s)ds € Im(I - Q) } Next we discuss the properties
of G}L.
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PROPOSITION 2.6. The mapping Gy, has the following properties:

(a) For any given h € Y1, the equation
Gi(1) =0, (2.14)

has a unique solution 7(h) € ker (I-Q).
(b) The functional
¥:Y: — ker (I - Q),
15 continuous and sends bounded set into bounded set.

Proof. (i) Because P : RY — ker (I - Q) is the orthogonal projector, then for any
1, Y2 € ker (I-Q), we have

<a _p ( [ ( [ rras vz [ nis ds) dt) > o

Let

Kh(y):/oT% <—/Oth(s)ds+7+LP1/OTh(s)ds> dt
=1-7P) (/()Tqbq (—/Oth(s)ds+v+L;l/OTh(s)ds> dt>
+7></0T¢q <—/Oth(s)ds+7+L;l/OTh(s)ds> dt).

From the definition of G, and P, it follows that

(Gh(m),72) = (Kn(71),72) - (2.15)

According to lemma 2.4 (ii), for 1 # 72, we have
(Kn(1) = Kn(y2),71 —72)

T
- / (ba (11 + 10(1)) — bq (2 + In(t)) 31 — ) lE >0,

where I),(t) = — fg h(s)ds + Lp' fOT h(s)ds € C. Combining (2.15), we obtain

(Gh(m1) = Grh(2):71 —72) = (Kn(711) = Kn(v2), 11 — 72) > 0. (2.16)

And hence, if (2.14) has a solution then it is unique. O
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To prove existence of solutions, we will show that (Gj(v),y) >0 for ||
sufficiently large. Indeed, we have

(Grh(7),7) = (Kn(7),7)

T
- / (b0 (7 + 1u(8) ) dt

- / (b0 (3 + (1)) 7y + In(0)) it — / (b0 (7 + (D)) In(8)) .

So

(Gr(v),7) 2/0 (0 (v +In(t)) 7 + In(t)) dt — ||th0/0 |¢q (v + In(2))] dt.

(2.17)
Due to the definition of ¢,, we have
’ 1
(Gr(v),7) 2/0 (v + IO = llEnllo) (v + I ()1 dt. (2.18)
Since ¢ > 1 and |y + I,,(t)| — oo as |y| — oo, there exists r > 0 such that
(Gh(7),7) > 0 for ally € ker (I — Q) with |y| > r. (2.19)

It follows from the properties of topological degree that the equation G () = 0 has
a solution for each h € Y7, which is unique by our previous argument.
(ii) From (i), we can define a functional 7 : Y7 — ker (I-Q) which satisfies

Gn(y) =P (/0 bq (—/0 h(s)ds +4(h) —|—L;,1/0 h(s) ds) dt) =0, (2.20)

for any h € Y;. Hence,

Then

T T
/0 (G0 (5 + 1n(8)) 7 + n(D)) dt = / (60 G+ 1) In(0) A (2.21)

Let Q@ C Y7 be a bounded subset. Then there is M; > 0 such that ||h]|,, < M; and
fot h(s) ds‘ < My, for any h € Q. Due to the definition of L ;" and 5, (t), there exists

a constant Ms > 0 such that ‘L;l fOT h(s)ds

/Ot h(s)ds

that is, [|ln]|, < VN (M + Ms), for any h € Q.

g Mg, and

In(t)] < + < My + Mo,

T
Lyt / h(s)ds
0
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Now we show |¥(h)]| is bounded on €. Assume on contrary that {J(h) : h € Q} is
not bounded. Then for any given Mz > \/]V(Ml + Ms), there is h € Q such that

M;3 < W(lh> + lh(t)| , te [OvT]'

Hence by (2.21), we find that
T T
My / 5(0) + (O] dt < / 5(0) + In()] dt
T
- / (G0 (G4 1n(1)) .7 + In(0)) dt
T
- / (b0 (5 + () . In(8))

T
< lally / 5(0) + In ()] .

Thus M3 < ||ln]|,, a contradiction. Therefore 4 sends bounded set in Y; into
bounded set in ker (I-Q).

Finally we show the continuity of 4. Let {h,} be a convergent sequence in Y7,
ie., h, — h, as n — oo. It is easy to show that I, — I in C[0, T] as n — oo.
Since {¥(lx, )} is bounded sequence, there exists a subsequence {¥(Ix,)} such that
A(ln;) — A(j — o0). Letting j — oo in

P (/OT bq ((ln;) + 1n, (1)) dt) =0,

T
P </O bq (Y + (1)) dt) =0,

and (lp,;) = 7 from the definition of 4, which show the continuity of 5.
Define the projectors P:X—>Xand Q:Y Y respectively by

we find that

P(u) = P(u(0))
o(f) =P (; [ o dt) .
For h €Y, let v:Y — ker (I-Q) be defined by
1) =3((1 - ). (222)

Then, it is clear that + is a continuous function and sends bounded set into bounded
set. Noting that dim ker (I-Q) < oo, so v is a completely continuous mapping.
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3. An equivalent operator equation

In this section, we give an equivalent operator equation with RPBVP (H_Q).
Firstly, set Nemytski operator Ny : X — Y by

Nyu = f(tu(t), u/(t))a (3.1)
where f : R x RY x RN — RY is Carathéodory with f(t+ T, =, y) = Qf(t, Q 'z,

Q'y).
Next, we define the operator H on X by

T t
(Hu)(t) = P(u) + Q(Nsu) — Lp' ( /0 c(s) ds) + /0 c(s)ds, (3.2)
where

e(s) = 4, ( - [ o
T
+Lp! [ 0= QN par+ (1 Q)(Nw))) ,

F((T-Q)(Nyu)) is defined in (2.22) and % + é =1(p, ¢ > 1).
By (2.20) and the definition of 4, we have P(fOT c(s)ds) =G 1 _gy(n,u)(7) =0
So the definition of H is fine.

LEMMA 3.1. The mapping H is a continuous operator from X to X.
Proof. Obviously, H is continuous in C' from the continuity of P, O, N ¢ and L;l.

Writing H (t) 2 (H(u))(t) and 5 = 5((I -Q)(N;u)), we have that

t N T N
H' (1) = 6, ( / (I— O)(Nyu)(s)ds + L / (I— Q)(Nyu)(t)dt + a) ,
t . T R
by (H'(1)) = — / (1— O)(Nyu)(s)ds + L' / (1= O)(Npu)(t)dt +5, (3.3)

which show H € C!' and ¢p(H'(t)) is absolutely continuous, where %—l—%:
1(p, ¢ > 1). =

Next, we will prove H(T) = QH(0) and H'(T) = QH'(0).
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By (3.2), we have

T T
H(T) =P(u) + Q(Nfu) —Lp! (/0 c(s) ds> +/O c(s) ds, (3.4)
and
X X T
H(0) = P(u) + Q(Nyu) — Lp! (/0 c(s) ds) .
Then
. . T
QH(0) =Q (P(u) + Q(Nypu) — Lyt (/O c(s) ds>> . (3.5)

From the definition of 4, we find that

P (/OT c(s) ds)

T s T
=P </O Pq (—/0 (I— Q)(Nfu)(t)dt—&-L;,l/O (1 — Q)(Nu)(t) dtjw) ds)

=0.

The definitions of P and Q yield that

(I-QPu) =0, (I—-QQNysu)=0,

Pu) = Q(P(w), Q(Nsu)=Q(Q(Nyu)). (3.6)
According to the definition of L;l, we get that

T T T
QLR! </o c(s) ds) =-1-Q)Ly' (/0 c(s) ds> + L5} </0 c(s) ds)
T T
= —/0 c(s)ds+ Lp (/0 c(s) ds> . (3.7)

Substituting (3.6)—(3.7) into (3.5), we obtain

On the other hand, we see from (3.3) that

T . T R
0, (1) = = [ (1= QW) dr+ L5 [ (1= Qu(e) i+
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and

¢y (H'(0)) = Ljal/0 (I— O)(Nyu)(t)dt + 7.

Because 7 € ker (I-Q), i.e., @y = 7, then we have that
T ~
Q¢ (H'(0)) = QLp" </0 (I = Q)(Nyu)(t) dt) + Q7
T A
- (- Q)L ( / (1= O)(Nyu)(t) dt>
0
L5 ( | 1= dt) 5

T T
= —/ (I— Q)(Nyu)(t)dt + Lp' (/ (I—- Q)(Nyu)(t) dt) +7
0 0
It follows from lemma 2.4 that

¢p (H'(T)) = Qo (H'(0)) = ¢ (QH'(0)),

which yields that H'(T) = QH'(0). Hence the H is a continuous operator from X
to X.

LEMMA 3.2. The mapping H is a completely continuous operator on X.

Proof. We only need to prove that H is a compact operator. Let S C X be an
open bounded subset such that |u||, < M; for any u € S. It is easy to see that
Ny is continuous and sends bounded set into equi-integrable set. Then there exists
I(t) € L*((0, T); R) such that |[Ng(u)| <U(t) for any u € S. Taking {u,} C S, we
have

(Hu,)(t) = P(un) + Q(Nju,) — Lp' < /0 cn(s)ds> + /0 cn(s)ds, (3.8)

where
s T
cn(s) = oq (—/ (I— Q)(Npuy)(t) dt + Lp_l/ (I— Q)(Npu,)(t) dt +i> :
0 0

and 5 = 3((I1 -Q)(Nyu,)) is defined in (2.22). Obviously, ‘ﬁ(un) < M, and

1 T
0

|OWVsun)

<
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Then

[ a-owuwa]
< /OT |(Npu,)(2)] dt—I—/OT ‘Q(Nfun)(t)‘ dt < Z/OTZ(T) dr = 2M,,

uniformly in s € [0, T]. By the continuity of the L;l and 7, there exists M3 > 0
such that

T ~
Lp! [ = Qw0 at] < s

and
17| < Ms.
Hence we have that

q—1

lea(s)] = ’— / (1 O)(Npun) () dt + L / (1 - O)(Nyun)(t)dt 17

q—1

< Lt /0 (I — Q) (Nyun)(t) dt| + 7]

/OS (I1— Q)(Nyuy,)(t) dt‘ +

< (2(Ma + Ms))* ™,

uniformly in s € [0, T]. Therefore, we obtain that there is a constant My > 0 such
that

[(Hun)(t)| < My, Y u, €S,

uniformly in ¢ € [0, T], which shows that { H (u,)} is uniformly bounded in C. Since
(Huy,)'(t) = cn(t), then {H (uy)'(¢)} is uniformly bounded in C. Hence, {H (u,)} is
equi-continuous. According to the Arzela-Ascoli theorem, {H (u,)} is sequentially
compact.

For any u € S and sy, s3 € [0, T, we have

[ o al+ |l -

S1

|w(sg) —w(s1)] <

S92 T
< / I(r)dr + |s2 — 31|/ I(7)dr,
s 0

1

where w(s) =[5 (I- Q)(Nyu)(t) dt.
Taking sequence {u, } C S, then {— J5 X-Q)(Nyu,)(t) dt} is uniformly bounded
and equi-continuous. By Arzela-Ascoli theorem there is a subsequence of
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{— f, -Q)(Njuy,)(t) dt}, which we rename the same, which is convergent in C.
Then, passing to a subsequence if necessary, we obtain that the sequence

s T
{ / (1— O)(Nyun)(t)di + L / (I@foun)(t)dtw},
0 0

is convergent in C. Using that ¢, : C' — C is continuous it follows that {c,} is
convergent in C'. Hence the mapping H is a completely continuous operator. O

LEMMA 3.3. The fized point of operator H is equivalent to the solution of RPBVP
(HQ).
Proof. Assume that u € X is a fixed point of H: H(u) = u, i.e.,

L . o T t
u(t) = P(u) + O(Nju) — Ly ( /O o(s) ds> + /0 o(s) ds), (3.9)
where
c(s) = ¢g (- /0 (I— Q)(Nyu)(t) dt
T
+Lp! / (1 - Q)(Nyu)(t)dt +5 (1 é)(m))) ,

and ((I —Q)(Nfu)) as (2.22). Hence

From the definitions of P, Q and L;l, it follows that

T T
P(u(0) = P (Pu(O) + 7P | () ar - 7! < | et ds>>

= P(u(0) + 7P ( | v d7> ,

which yields

=P < /O (Npu)(r) dT> —o. (3.10)

By (3.9), (3.10) and the definition of Q, we have

(0p(u' (1)) = —(T = QY(Nju)(t) = —f(t,u(t), v/ (1)) + Q(Nyu) = — (¢, u(t), v (t)).
Noting the definition of X, we know that w is a solution of (H_Q). O

https://doi.org/10.1017/prm.2023.83 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.83

Rotating periodic solutions for p-Laplacian differential systems 1619

On the other hand, assume that u € X is a solution of RPBVP (H_Q), i.e.,

{—(¢p(U'))' = f(t,u, '),
u(T) = Qu(0),w(T) = Qu'(0).

Similar to the previous discussion, we obtain that

T
P [ iy de=o, (3.11)
0
T t T
P ( /0 bq (— /0 (N¢(u))(s)ds + Py (u'(0)) + Lp' /0 (Ng(u))(s) ds) dt) =0,
(3.12)
and
T t
u(t) =P(u) — Lp! (/O a(s) ds> +/O a(s)ds, (3.13)
where

T

a(t) = g (-/0 (Ng(u))(s) ds + Py (u'(0)) +LE1/0 (N (w))(s) d8> :

Due to (3.11), we have

(I= Q)(Nyu)(t) = (Nyu)(t).

According to the definition of 4 and (3.12), we get that
Py (0)) =7 (1= Q(Nu)(®)) -
From (3.13), it follows that
X R T t
u(t) = P(u) + Q(Nyu) — Lp' (/ c(s) ds) +/ c(s)ds,
0 0

where

+Lp! [ - Qiumar+5 (- @><Nfu><t>)> .

Hence, we obtain
u=H(u),

i.e., u is a fixed point of operator H.
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4. A new continuation theorem

In this section, we build a new continuation theorem for studying the existence of
solutions of RPBVP (H_Q).

THEOREM 4.1. Suppose that ) is an open bounded set in X such that the following
conditions hold.

(a) For¥ X\ € (0, 1), the problem

—(gp(u')) = Af(t, u,u’),
B Do = oo 4D
has no solution on OS).
(b) Assume that ker (I - Q) # {0}, the equation
F(a) := %P (/0 f(t,a,0) dt) =0, (4.2)

has no solution on 9Q Nker (I - Q), and the Brouwer degree
degp(F,QNker (I—Q),0) #£0, (4.3)
where the orthogonal projector P : RY — ker (I - Q).
Then RPBVP (H_Q) has at least one solution in .
Proof. Consider the following homotopy boundary value problem with (H_Q)
(@) = ANpu)(t) + (1= NP i (Npu)(7) i,
u(T) = Qu(0),w(T) = Qu'(0),

where (Nyu)(t) = f(t, u, v'), A € [0, 1]. For A € (0, 1], if u is a solution to problem
(4.4), then by integrating both sides of (4.4) over [0, T], we have

Pp(u'(0)) = ¢p(u'(T)) = (I — Q)(¢p(u'(0)))
T T
“ /0 (Npu)(r) dr + (1= AP ( /O (N ) () dT) .

(4.4)

Taking P to act on above equation, one has

T
P </0 (Nyu)(r) d7‘> =0. (4.5)

Similarly, if u is a solution to problem (4.1), then

T
P ( /0 (N ) () dT) —0.
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Hence, for X € (0, 1], problems (4.1) and (4.4) have the same solutions. Define
homotopy operator N : X x [0, 1] = Y by

T
N(u,\) = A(Nyu)(t) + (1 — )\)%P/O (Nju)(r)dr = ANju + (1 — \)OQ(Nju)(t).

From lemma 3.3, problem (4.4) can be written by the equivalent operator equation
u = Hyu, (4.6)

where

T t
Hyu = P(u) + Q(Nju) — Lp! </0 ex(s) dS) +/0 cx(s)ds),

ex(5) = 64 (— | - awguma iz [T A= Q@ de+ a) |

5 = F(A(I-Q)(Nyu)) is defined in (2.22). O

Assume that for A = 1, the problem (4.6) has no solution on 9 otherwise the
proof is complete. Due to hypothesis (i) we know that (4.6) has no solutions for
(u, A) € 092 x (0, 1]. For A = 0, (4.4) is the form

(@) = P (J (Nyu)r)ar),
u(T) = Qu(0),u/(T) = Qu'(0).

Now we claim the problem (4.7) has no solution on 9 x 0. If u is a solution of
problem (4.7), then u satisfies (4.5), which shows u'(t) = ¢,(c), where a € RY. By
lemma 2.5, we have o = 0 and u(t) = 8 (5 € ker (I - Q)). It follows from (4.5) that

T
P (/0 f(T,ﬁ,O)dT) =0,

which, together with hypothesis (ii), implies that u = § ¢ 9. Thus we have proved
that (4.6) has no solution (u, A) € 9Q x [0, 1].

By lemma 3.2, H) is a completely continuous operator. Then we have that for
each A € [0, 1], the Leray-Schauder degree deg; o(I — Hy, €2, 0) is well defined, and

(4.7)

deg; o(I — H1,9,0) = deg; (I — Hyp, Q2,0). (4.8)
It is clear that the operator equation
u= Hi(u) (4.9)

is equivalent to the problem (H_-Q). Now, we only prove that deg;q(I — Ho,
Q,0) #0.
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Because

T
(I = Ho)u = u—P(u) — %P (/O (N ) () dT> ,

(I — Hp)u =0 deduces to u=P(u) — %P(IOT (Nyu)(7)dr), which from the def-
initions of P and P yields u =c in €. On the basis of lemma 2.5, we have
¢ € ker (I — Q). Hence by the properties of the Leray-Schauder degree and (4.3),
we get that

deg; (I — Hy,,0) = deg; (I — Hp,Q2Nker (I—Q)),0)
= degB(_Fvg N ker (I - Q)),O) 7é 07

where the function F is defined in (4.2). Then deg, (I — Hi, 2, 0) # 0, that is,
RPBVP (H_Q) has at least one solution in €.

REMARK 4.2. If Q@ = I, then ker (I - Q) = R" and P = I. Theorem 4.1 is the same
as the continuation theorem [8] for periodic boundary value problems.

THEOREM 4.3. Suppose that ker (I - Q) = {0}, and Q is an open bounded set in X
such that 0 € Q and the problem

{—(¢p(u’))’ = M (t,u '),
u(T) = Qu(0),u/(T) = Qu'(0),

has no solution on 98, for ¥ X\ € (0, 1). -
Then RPBVP (H_Q) has at least one solution in €.

(4.10)

Proof. Since ker (I - Q) = {0}, there exists (1- Q )~ ". Define H : X — X by

f{u:/otqﬁq <_/O (Nfu)(T)dT—F(I—Q)_l/OT (Nfu)(f)d7> ds

-(I-Q /OT q <— /0 (Npu)(r)dr+(I-Q)™" /OT (Nyu)(T) d7> ds.
(4.11)
Then the RPBVP (H_Q) is equivalent to the operator equation
u= Hu.

Similar to the lemmas 3.1-3.2, we can prove that His a completely continuous
operator from X to X. Furthermore, define H) by

- t s e
H,\u:/o g (—/0 A(Npu)(r)dr + (I - Q) /0 AU\’f“)(T)dT> ds

T s T
~1-7 [ o (— | e a-o7 [ A(wa(r)dr) ds,
(4.12)
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for A € [0, 1]. We assume that for A = 1, (4.10) has no solution on 99 otherwise the

proof is complete. For A = 0, the Eqn (4.10) only has zero solution via lemma 2.5
and ker (I - Q) = {0}. By hypothesis, for each A € [0, 1], the Leray-Schauder degree
degrg(I — Hy, Q, 0) is well defined, and

deg; o(I — Hy,9,0) = deg; g(I — Hy,Q,0) = deg; ¢(I,9,0) = 1.

Hence, the RPBVP (H_Q) has at least one solution in €. O

5. Applications

In this section, we take useful of theorem 4.1 to further discuss the sufficient
conditions of existence of solutions for the two kinds of RPBVP (H_Q).

5.1. Existence of solutions for a kind of the RPBVP (H_Q)

THEOREM 5.1. Assume that ker(I — Q) # {0} and the following conditions hold.
(f1) There exist h € L'([0, T], Ry) and n € CY(RYN, RN) satisfying n'(x) is
negative semi-definite and n(Qx) = Qn(z) for each x € RN such that

|f(t, 2 y)| < (f(E 2, y),n(z)) + (1), (5.1)
for any x, y € RN and a.e. t € [0, T).

(f2) f satisfies a generalized Villari-type condition, i.e. there exists a constant
M > 0 such that for all v € X with n[lin] |u(t)| > M,
te[0,T

T
P </0 ft,u,u )dt) # 0, (5.2)

where P : RY — ker (I - Q).
Then the problem (H_Q) has at least one solution.

Proof. First we take a priori estimate for solutions of (4.1). Let (u, A\) € X x (0, 1)
be a solution to problem (4.1). Then we have

t T
aﬁp(U'(t)):*/o Af(s,um’)C15+7’(¢>zn(U'(0)))JrL1?>1/O Af(s,u,uf)ds, (5.3)

and
T t
- Quo) = [ o, (— [ Attty s+ PGy )

T
+L;1/ Af(s,u,u')ds) dt € Im(I — Q),
0
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where % + 1 =1(p, ¢ > 1). Hence,

P (/0 bq <—/0 A (s,u,u') ds 4+ P(pp(u'(0))) + L}Sl/0 Af(s,u,u’) ds) dt) =0.
(5.4)
O

Because n/(u) is negative semi-definite, we obtain that
T
03 [ {6,000 (ult))u' (1) a
0
T
= (o) n®) 5~ [ (6,0 mule)) at
T i
= (G0l (D) (7)) = (00 O, a0~ [ (600 mlute)) a
T
= (Qep(v/(0)), Qn(u(0))) — (¢p(u/(0)), n(u(0))) +/O (Af(t u,u'),n(u(t))) dt

- / NS (), n(u(t))) . (5.5)

T
P (/0 Mty )dt) ~0. (5.6)

By (5.1) and (5.5), we have that

Furthermore, we have that

T T T T
) ’ A
A/O |f(t,u,u)|dt</0 (F(t,u, '), n(w)) dt+/0 h(t)dtg/o h(t)dt 2 M.

(5.7)
According to the definition of Lp , there exists My > 0 such that

T
L;l/ M (t,u,u')dt| < Mo. (5.8)
0

From (5.6) and (5.7), it follows that Af(t, u, u’) € Y7 is L'-bounded for any solution
of (4.1). According to the definition of Gy (7) , proposition 2.6 , (5.4),(5.7) and (5.8),
we have that ¥ = P(¢,(v/(0))) is bounded, i.e., there exists Mz > 0 such that

P (ép(u'(0)))] < Ms.

Hence for any ¢ € [0, T, we have

t T
1650 (1))] < / A (s, u0) ds L3 / (s, ) ds

+[P(6p((0)))] +

< My + My + M.
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In the light of the definition of ¢, , there exists M4 > 0 such that

[u'llg < Ma.

Thanks to (5.6) and hypothesis (f2), there exists ¢; € [0, 7] such that |u(t;)| < M,

and
¢
/ u'(s)ds
t .

J

u(®)] = lu(t;)] + <M +TMy = Ms.

It follows that
lull, < My+ Ms 27,

Let Qo = {u € X |||lul|; < r+1}. Then condition (i) of theorem 4.1 is satisfied.
Take constant a € X, then a € ker (I-Q). By hypothesis (f2), one of the following

conditions holds:
T
<77 (/ f(t,a,0) dt) ,a> >0, |a]> M, (5.9)
0

T
<7> (/ F(t, a,0) dt) ,a> <0, |a|> M. (5.10)
0

In the case (5.9), define the following homotopy mapping:

Hy(a)=poa+(1—p </ftoz0dt>

in the case (5.10), define the following homotopy mapping;:

Hy(a)=—pa+(1—p (/ ftondt)

where p € [0, 1]. It is easy to check that the solution of H,(«) =0 must be in
Qy Nker(I — Q), where Q1 = {u € X |||u]|; < M + 1}. Then we have that

or

degp(H, (o), 2 Nker(I — Q),0) = degg(P (/OT ft,«,0) dt) , Q1 Nker(I—Q),0)

= degp (£l 5 Nker(I—Q),0) # 0.

Thus the condition (ii) of theorem 4.1 is satisfied with .
Finally, take

Q={ve X||u|, <max{r+1,M+1}}.

Then conditions (i) and (ii) of theorem 4.1 are satisfied on 2, which leads to the
problem (H_Q) has at least one solution.
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REMARK 5.2. The Villari condition was first introduced for the scalar case by
Villari in [13], i.e., there exists a k > 0 such that for all u € C'([0, T], R) with

min |u(t)| >k,
t€[0,T)

T
sgn(u)/ f(t,u,u')dt = 0.
0
Obviously, the above condition requires v and fOT f(t, u, u') dt to be the same sign.

But our conditions do not require that.
In [8], Mandsevich and Mawhin gave the generalized Villari condition for periodic

problem, i.e., there exists a k > 0 such that for all u € Ch, u = (uq, -+, uy), with
min |u;(t)| > k, for some j € {1, ---, N},
i u;(0)] > jed )

T
/ filt,u,u')dt # 0,
0

for some i € {1, ---, N}. However, this does not lead to the condition (ii) of
theorem 4.1.

COROLLARY 5.3. Assume that ker(I— Q) # {0} and the following conditions
hold.

(1) The condition (f1) of theorem 5.1 holds.

(2) There exist hy € L*([0, T], Ry) and a : [0, +o0) — [0, +00) such that a(s) —
+00 as s — 400 and

a(lz]) = ha(t) < [Pf(t, z,y)| (5.11)
for almost all t € [0, T] and all x, y € RN,

(3) Condition (4.3) holds.
Then the problem (H_Q) has at least one solution.

Proof. Let (u, A\), A € (0, 1) be a solution for problem (4.1). As in the proof of
theorem 5.1, it follows from 1) that there is M; > 0 such that ||u/||, < M;. We
claim that 1) and (5.11) imply that there exists My > 0 such that |Jul|, < Ma.

In fact, by (5.1) and (5.5), we have fOT |f(t, u, v")| dt < ||h[| ;1. From (5.11) and
|Px| < |z|, it follows that
T T T
[ atubar< [ pstua) el < [ 1] des il
0 0 0
<Bllpe + lThall s

Since a(s) — 400 as s — 400, we find the required bound for [Jul|,.

Now let a € ker(I— Q) such that PfOT f(t, a,0)dt =0. By (5.11), we get
that «(|a|]) < M3, and hence |a| < M. Here Mz and M, are positive con-
stants. Thus there is >0 such that all solution to (4.2) belongs to
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Q={aecker(I -Q):la] <r}. The rest of the proof follows

theorem 5.1.

1627

from the

O

ExXAMPLE 5.4. Now, we give a simple example for corollary 5.3. Consider the

following p-Laplacian differential systems
_(|u’|P*2u'1)/ +up (14 ud) +up (14 ud)
—e(t), — (|u/‘p—zu/2)’ 4y (14 u2) = ea(t),
with rotating periodic boundary conditions

u(T) = Qu(0), '(T) = Qu'(0).

0
-1

)

(5.12)

where u(t) = (Z; i ) ( ) € LY(0, T;R?) and Q = ((1)
Then we have (I — Q) = ( 8 (2) ) ker (I-Q)=a (é) and Im(I- Q) =a <(1)>,
acR.

Let P (x1> = (gﬁ), n(z) = (—2x1 — 222) and o(|z|) = |z, for z € R%
Xro O

Set

flt,z) = (—z1(1+23) — 21 (1 + 23) + ex(t) — z2(1 + 23) + ea(t)) .

Obviously, for a.e. t € [0, T] and x € R?, we have

—le®)] + |z| < [Pf(t,2)] < |f(t,2)] < 2lal” + |2] + |e(t)],

as |r1] = 1 and |z2| > 1. Hence for some I(t) € L'([0, T], R), we have

£t @) < 20’ + ] + JU(2)]
for a.e. t € [0, T] and all x € R%. On the other hand,

(f(t,2),n(x)) > |2|* +2ef* — 2]z Je],

for a.e. t € [0, T] and all z € R?. Thus for a.e. t € [0, T] and all z € R?, we can

choose h(t) € L'(]0, T], Ry ) such that

[f(t, )| < (f(t, ), n(x)) + h(?).
Next, for b € ker (I - Q), we have

F(b) = < bi(1+b%) — by + — fo er(t dt)
0

By the properties of the Brouwer degree, we have for sufficiently large r > 0

degp (F(b),Q(T‘), 0)=1,

where Q(r) = {b € ker(I — Q) : |b| < r}. Hence, the RPBVP (5.12) has at least one

solution.
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5.2. Existence of solutions of RPBVP (H_Q) for the p-Laplacian
Liénard-type system

Consider the following p-Laplacian Liénard-type system with the rotating
periodic boundary conditions:

(6p(u' (1)) + (VF ()" + Au(t) = e(t),
{U(T) = Qu(0),u'(T) = Qu'(0), (5.13)

where p > 2, Q is an N x N orthogonal matrix with ker (I-Q) # {0}, Aisan N x N
matrix with AQ = QA, F € C?(RY, R) with F(u) = F(Jul),e € L? withe(t + T) =

Qe(t).
In [10], Mawhin studied the T-periodic solutions of the following p-Laplacian
Liénard system:

{(%(U’))/ + (VF(u))' + Au = e(t),
u(0) = w(T), v (0) = /(7).

And the author obtained some existence theorems for the above problem.

Next, we extend periodic boundary value conditions to rotating periodic bound-
ary conditions and give some existence results for (5.13).
THEOREM 5.5. Assume that A is a negative definite matriz and satisfies PA(«) =
AP(a) for any a € RN, where P : RN — ker (I - Q). Then for each e € L%, problem

(5.13) has at least one solution.

Proof. To apply theorem 4.1, we consider the auxiliary RPBVP:

{(¢p(u/(t)))’ + A(VF(u) + Au(t) = Xe(t), (5.14)

w(T) = Qu(0),w(T) = Qu'(0),
where A € (0, 1]. O

First, we make a prior estimate. Let (u, A) € X x (0, 1] be solution of (5.14).
Integrating (5.14) over [0, T], we get that

) dF u(0) r B T
(1= Q)0 (0 (0) + (L= QNGO+ [ e(yar =24 [ uttar

Taking P to act on the above equation, we have

P (/OTe(t)dt> = AP (/OTu(t)dt>.

Let &= P(L [ e(t)dt) and @ = P(% [ u(t)dt), then

lu|=|A"e| < |47 e (5.15)
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Now taking the inner product for the both side of (5.14) by u and integrating over
[0, T, we obtain

/0 (0@ ) u(®)) dt = (@) ue) [§ = [ (@pla (1) 0 0) e

0

= (Qép(u'(0)), Qu(0)) — (¢p(u'(0)), u(0))

_ /OT (1) dt
--/ o

T T
| (vF@) ) dt = (P - [ 9P
0 0

_/_dF u(0)
— Q4 (o))

(O 2O

(G )G )
— F(u(T)) + F(u(0

— F(u(0)) - F(Qul

and

Il

~
w

A
~
+

o\
~

™
—
N
7:1
=
=

o

~

T
/0 (e(t),u(t)) dt

Then we have
T T T
/ |u’(t)\pdt - )\/ (Au(t),u(t)) dt = =AT (e,u) — )\/ (e(t),u(t)) dt, (5.16)
0 0 0

where é(t) =e(t)—e=e(t fo and  u(t) =u(t) —u=u(t)—P
fo t)dt), which yield fo t)dt, fo dt € Im(I - Q). According to the
assumptlon of A and (5.15), we get that

T
/0 W (O dt < T)A| |62 + Nel] a1l (5.17)

For u, it follows from Sobolev inequality that
lallg < M@ g2 = MJu'|| 2 (5.18)
Next we claim there exists My > 0 such that

'] 2 < Mo. (5.19)
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If this is false, there are A, € (0, 1] (n =1, 2, - - - ) such that corresponding solutions
uy, satisfy ||uy,|[,2 — oo (n — o0). By (5.17), (5.18) and p > 2, we have

T 2/P
]2 < (1)~ ( / |u;<t>|pdt>
2/p

<O (T A Jel* + NMIEl a2 )

which is a contradiction as n — oo. From (5.15), (5.18) and (5.19), together with
u(t) = a(t) + u, it follows that there exists M3 > 0 such that

l[ullg < Ms. (5.20)
(5.14) implies that
2 U N
G| < | D) 4 o) + 3 s

for a.e. t € [0, T]. And owing to (5.20) and the quality of F'(u), we obtain

[CXER0)

M4Z|uz |+|A|M3+Z|e,

=1

where ’%’ < My. By Holder inequality, we have

@) <

N(M, 2Z|ul M) + 3| A (Ms) +3NZ|61
i=1
Furthermore,

T 2
/o |G @))'|| dt < B(M2)2N? |72 + BT|AP (Mo)? + BN el .

< 3(My)2N%(My)? + 3T|A* (Ms)? + 3N2|le||%, & M.
(5.21)

Write v(t) = ¢,(u/(t)) and decompose it as v(t) = 9(t) + v. We have fo t)dt €
Im(I - Q) and

u'(t) = ¢q (0(t) + ) ,

where % + % = 1(p, ¢ > 1). Hence,

T
P (/O ¢q (0(t) +0) dt> = 0.
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We deduce, from (5.21) and Sobolev inequality, that

T T 2
lollg < az? / 7' (1)" dt=M2/ (@ ()| at < MM £ M.

0 0

From proposition 2.6, it follows that |o| = |§(9(t))| is bounded. Therefore
ép(ullp = llvllo < N19llp + 9] < Mr.
Then
[/ ]lp < Ms.
So there exists My > 0 independent of A such that
[[ull; = max{[|ully, [[u']lo} < Mo.

Secondly, to check the condition (ii) of theorem 4.1, we see that

T
F(a):=7P <T/o (e(t) — Aa) dt> =e— Aa,

where o € ker(I — Q). Then F(«) = 0 has the unique solution o = A~1é which triv-
ially yields that degg(F, B(r), 0) is well defined and equal to %1 for all sufficiently
large r > 0, so that condition (ii) of theorem 4.1 is satisfied.

COROLLARY 5.6. If A is a negative definite matriz and satisfies PA(a) = AP(«)
for any o € RN, then for each e € L?, the RPBVP

(6p(u' (1)) + Au(t) = e(t),
{“(T) = Qu(0),v(T) = Qu'(0), (5.22)

has an unique solution.

Proof. Only the uniqueness has to proved. Let u and v be solutions of (5.22). Then
we have

(ép(u' (1)) = (dp (' (1)) + Alu = v) =0,
u(T) = Qu(0),u(T) = Qu'(0), v(T) = Qu(0),v"(T) = Qu'(0).

And hence, after multiplication by u — v, and integration by parts over [0, T], we

get
T
/O (¢p(u/ (1)) — Sp(v'(1)), 0/ (t) — v'(2)) dt
T
7/0 (A(u(t) = v(t)), (u(t) —v(t))) dt = 0.
The above formula and lemma 2.4 yield that u = v. O
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COROLLARY 5.7. If A is a negative semi-definite matriz with PA(a) = AP(«) for
any o € RN, then for each e € L* with e = P(+ fOT e(t)dt) =0, the RPBVP (5.13)
has at least one solution u such that @ = P( fOTu(t) dt) = 0.

Proof. Consider the auxiliary RPBVP:
(8p (1)) + (VF (@) + Au(t) ~ ~ult) = e(t),
w(T) = Qu(0),w'(T) = Qu'(0),

where n > 0. By integrating the equation over [0, T] and using P to act, then each
solution u of (5.23) satisfies

(5.23)

A ! 1 L[ d L d e
( - )P T/o u(t)dt | =P T/o e(t)dt | =e=0.
Notice that (A — %I) is negative definite for each n. So uw = 0. It follows from
theorem 5.5 and its proof that, RPBVP (5.23) has at least one solution wu,(t)
for each n. Further there is o > 0 independent of n such that ||u,||; < 7. From
lemma 3.3, it follows that those wu,, are fixed points of the equivalent completely
continuous operator. So there exists a subsequence converging to a solution of (5.13)
with u = 0. O

COROLLARY 5.8. If A 2a<0isa constant, then for each e € L?, the problem
(5.13) has at least one solution u.

REMARK 5.9. If @ = I, then we immediately deduce Theorem 6.1 in [10] from
theorem 5.5.
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