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Abstract

For a positive integer n > 2, let M, be the set of n X n complex matrices and H, the set of Hermitian
matrices in M,,. We characterize injective linear maps ¢ : H,,,....,, = H, satisfying

rank(A; ® - - ®A) =1 = rank(¢(A4; ® -- - ®A)) =1

forall Ay € H,,,k=1,...,1, where ,my,...,m; > 2 are positive integers. The necessity of the injectivity
assumption is shown. Moreover, the connection of the problem to quantum information science is
mentioned.
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1. Introduction and the main theorem

Let M, be the set of n X n complex matrices and H, the set of Hermitian matrices in
M,,. Suppose that m,n > 2 are positive integers and suppose that A € M,, and B € M,
are the states of two quantum systems. Then their tensor (Kronecker) product A® B €
M,, ® M,, will be the state in the (bipartite) joint system. In many applied and pure
studies, one considers the tensor product of matrices (see for example [1, 4, 8, 13]).
Most noticeably, the tensor product is often used in quantum information science [10].
In quantum physics, quantum states of a system with n physical states are represented
as density matrices, that is, positive semi-definite matrices with trace one. If A € M,,
and B € M,, are two quantum states in two quantum systems, then their tensor product
A ® B describes the joint state in the bipartite system, in which the general states are
density matrices in M,, ® M, = M,,,. More generally, one may also consider tensor
states and general states in a multipartite system M, ® --- ® M,, = M,,,...n,, where
[ > 2 is a positive integer.
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Let us point out that it is relatively easy to extract information from matrices
in tensor product form. For instance, if A € M,, has eigenvalues (respectively,
singular values) a1, ..., a, and B € M, has eigenvalues (respectively, singular values)
by, ..., b,, then the eigenvalues (respectively, the singular values) of A ® B have the
form a;b; with 1 <i<mand 1 < j < n. Thus, it is interesting to get information on
the tensor space M,,,, by examining the properties of the small collection of matrices in
tensor form A ® B. In particular, if we consider a linear map ¢ : M,,, = M,,, and if one
knows the images ¢(A ® B) for A € M,,, and B € M,,, then the map ¢ can be completely
characterized since every C € M,,, is a linear combination of matrices in tensor form
A ® B. Nevertheless, the challenge is to use the limited information of the linear map
¢ on matrices in tensor form to determine the structure of ¢.

Recently, there has been considerable interest in studying linear preserver problems
on tensor spaces arising in quantum information science (see for example [5, 6,
11, 12] and references therein). In [6], Huang et al. and the third named author
characterized linear maps on H,, ® H, = H,,, preserving the spectrum o0(A ® B) and
the spectral radius r(A ® B) for A € H,, and B € H,,. Furthermore, in [11], Friedland
et al. considered the linear group of automorphisms of Hermitian matrices which
preserve the set of separable states. Recall that density matrices in H,,, that can be
written as a convex combination of product states are separable states. It is easy to see
that S € H,,, is separable if and only if it is a convex combination of P; ® P,, where
P, € H,, and P, € H, are rank-one orthogonal projections. In [11], it was shown that
a linear map sending the set of separable states onto itself has a very nice structure.
Namely, it has the form

A®B+— T](A)®T2(B)

or m = n and
AQ® B 1(B)®T11(A),

where 74, k = 1,2, has the form X — UkXU,’(k or X — UkX’U,’{k for some unitary
U, € M,, and U, € M,,. Here, Y’ denotes the transpose of a matrix ¥ and Y* denotes
the conjugate transpose of Y. For more information on linear preserver problems, one
may see [7] and references therein. We also refer the reader to [2, 9, 15], where some
new results on the topic can be found.

The purpose of this paper is to study injective linear maps ¢ : H,,, = H,,, satisfying

rank(A ® B) = 1 = rank(¢(A® B)) =1
for all A € H,,, B € H,. We will show that such a map has the form
A®B=AT(t(A) ® To(B)T""

for some invertible matrix 7' € M,, ® M, = M,,,,, where A € {—1, 1} and 7 is the identity
map or the transposition map X — X' for k = 1,2. More generally, we consider linear
maps on multipartite systems H,,, ® - - - ® H,,, = Hypyyom;s [ = 2.

Before writing our main theorem, let us introduce some basic definitions and fix
the notation. First of all, throughout the paper, [, n, my,...,m; > 2 will be positive
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integers with n > my ---m; and r = n —m; --- m;. For an integer k > 1, I; denotes the
k X k identity matrix, Oy the k X k zero matrix, and Egc), 1 <1, j <k, the k X k matrix,
all of whose entries are equal to zero except for the (i, j)th entry, which is equal to
one. The set of rank-one matrices in H; will be denoted by H ,} If ki, kp are positive
integers, then My, x, denotes the set of all k; X k, complex matrices. As usual, we use
the notation Diag(ay, . .., a;) to denote the k X k diagonal matrix with diagonal entries
ar,...,dg.

For the sake of readability, we will usually write O instead of O, for the k X k zero
matrix. Similarly, for positive integers k, k», we will denote (where dimensions of the
matrices are obvious) the k; X k; zero matrix simply by 0.

We call a linear map 7 on H,,, ..., canonical if

A ® - ®A)=11(A)® - - ®T(A)

forall Ay € Hy,, k=1,...,1, where 7 : H,, = H,,, k=1,...,1, is either the identity
map X +— X or the transposition map X +— X'. In this case, we write 1 =7, ® - - ® 7.
Our main result reads as follows.

MAIN THEOREM. Let ¢ : Hy,..,, = H, be an injective linear map. Then, for any
Al ®---®A € Hyyomy,

rank(A; ® -+ - ®A;) =1 = rank(¢(A; ®--- @A) =1 (1.1)

if and only if there exist an invertible matrix T € M,,, A € {—1, 1}, and a canonical map
mon Hy, ..., such that

dAI®- - QA)=AT(A, ®---®A)®0,)T" (1.2)
forall A\, ®---®A; € Hy,..m,.
Let us point out that » in the above theorem must be greater or equal to m; - - - my

since ¢ is assumed to be injective. Moreover, the next two examples will show that
without the injectivity assumption our main theorem does not hold in general.

ExampLE 1.1. Let R € H! be any rank-one Hermitian matrix and let ¢ : H,,,...,, — C be
any linear map such that p(A; ® -- - ® A;) # 0 for all Ay € H}nk, k=1,...,1. Then a map
¢ : Hy, .., > H, defined by

PA1® - ®A)=p(A1 ®---®A)R, Al®---®A € Hy

is linear and it satisfies the condition (1.1). On the other hand, ¢ is not injective and it
is not of the form (1.2).

In the next example, [ =2, my =mp =2, and n = mymy = 4.

(2)
L E(,zz)
0 E®

#(A®B)=T(A®B)T*, A,B€ H,.

Exampie 1.2. Let T = [ ] and let ¢ : Hy — H,4 be a map defined by
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Clearly, ¢ is linear and it satisfies the condition (1.1). Namely, if we write A = [a;;]
and B = [b;;], then

T(A® B)T* = [12 E(lzz)] [0113 auBH L 0 ]
0

2 (2) (2)
E(ll) dz]B a22B E21 E11
{0113 + a21E(122)B apB + CQQEE?B] [ I, 0 :|
= 2 2 (2) 2
ar E\ l)B azzE(l l)B Ey Ey

and, hence, ¢(A ® B) is equal to the 4 X 4 matrix of the form

12 11

2 2 2 2 2
[anB + azlE(lz)B + (alzB + azzE( )B)Eél) (alzB + ang( )B)Egl)]
2 2 2 2 2
anE)B + anEVBES) anE\)BE

Suppose that there exist rank-one matrices A, B € H) such that the rank of ¢(A ®
B)=T(A® B)T* is not one. Then T(A ® B)T* must be the zero matrix. In particular,
azinzl)BEizl) = axnb;; = 0. More precisely, either a,; = 0 or by; = 0.

If ar, =0, then a;> = 0 since rank(A) = 1. Hence, A = allE(lzl) with a;; # 0 and,
consequently,

_ «_lanB 0O
0=T(A®B)T _[ ) 0]'

But then B = 0, which is a contradiction.
On the other hand, if b;; = 0, then B = by, ES;) with by, # 0 since rank(B) = 1. Thus,
2) _ Q) p _ Q) p _ (2) 2) _ (2) (2) 2) _ (2) :
.BE“. = O, Ell B = 0, EIZB = b22E12 . BE21 = b22E21 . and E12 BE21 = bzzEll . This
implies that
arp ap
0=TUeBT = |2 [alz an} 0
0 0
But then A = 0, which is a contradiction. So, we showed that ¢ satisfies the condition

(1.1). On the other hand, ¢ is not injective (since 7T is not invertible) and it is not of
the form (1.2).

2. Preliminary results

Before proving the main theorem of this paper we introduce some additional
results which will be used in the sequel. The first one is a direct consequence of
[3, Theorem 2].

ProrosiTion 2.1. Let m,n be positive integers with 2 <m <n and ¢ : H,, - H, an
injective linear map. Then, for any A € H,,

rank(A) = 1 = rank(¢(A)) =1
if and only if there exist an invertible matrix T € M,, and A € {—1, 1} such that either

$(A) = AT(A®O0,,)T*
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forall A € H, or
$(A) = AT(A' ®0,,)T"

forall A € H,.

Remark 2.2. Let 7 : H,, — H,, be the identity map X — X or the transposition map
X — X" and let ¢ : H,, — H, be a linear rank-one preserver of the form

¢(A) =T((A)©0,-)T", A€H,,

where T € M,, is a fixed matrix. Then ¢ must be injective. Namely, if ¢ is not injective
and if 7 is the identity map, then, by [3, Theorem 2], there exists a nonzero vector
B € C" such that

$(A) = p(A)BB", A€ Hpy,

where ¢ : H,, — Cis alinear map satisfying ¢(A) # O for all rank-one matrices A € H,,,.
Hence,

A 0], .
T[o o]T = (A)BB

for all A € H,. Since §# 0, we may find an invertible matrix P € M,, such that
BB = /lPEﬁ’?P* for some nonzero scalar A. Writing ¢(A) instead of Ap(A) and T
instead of P7'T,

A Ol . 0)
T[O O]T = p(A)E™.

Let P = [p;j]. By choosing A = EY;’), E;’;) in the above equality, we conclude that
pi1 = pip =0 for i > 2. Moreover, QO(EYT)) = |pnl* and ‘,o(Eg;)) = |p1o*. Now let & be
any nonzero scalar. Then, according to the above observations,

(p(sEgnll) + E_IE;';) + E(1"21) + E;nll)) = 8_1|8p11 + p12|2.

m)

Taking & = '—pfll P12, We get go(sEY;’) + s"Eg;) + E(l";) + E(21 ) = 0, which contradic?s
the assumption that ¢ is a rank-one preserver. In the same way we show that ¢ is
injective in the case when 7 is the transposition map.

We continue with a series of simple lemmas. The proof of the first lemma will be
omitted, since it is similar to the proof of Lemma 2.5 in [16].

Lemmva 2.3. Let my,my be canonical maps on H,, .., and let T € My,,..,,, be an
invertible matrix. If

Tri(A;® - QANT = m(A1 ®--- ®A))

forall Aye Hy,, k=1,...,[ then my =ny and T = Al,,,...,,, for some nonzero scalar
1eC.

Lemma 2.4. Let m > 2 be a positive integer and let A, B € H,, be Hermitian matrices
with rank(A) = 1. If rank(eA + B) < 1 for any real scalar € # 0, then B = 1A for some
AeR.
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Proor. Without loss of generality, we may assume that A = Ei'f) If we write

B = [Z“ Bf,l]’ where B, | € H,_1, b;; €R, and g € C"!, then, according to our

assumptions,
£+ by B
rank(eA + B) = rank . <1
( ) B Bm—l
for all nonzero scalars € € R. Therefore, if € is any nonzero real number not equal to
—b11, then
A+ by ﬁ
rank dap| 1
0 B, —(e+bn)"'B'B
and, thus,

By —(e+b1)) ' BB =0.

Since this is true for all real scalars € # 0, —byy, it follows that B,,_; = 0 and §*8 = 0.
This means that 8 = 0 and, consequently, B = bnEY;’) = b1 A. O

LemmaA 2.5. Let r, s,t be positive integers with t > s and let d € R be a real number.
Suppose that matrices A € Hsl, Al = EYI) ®A,A»,Az€eH,;, BCe M, D€ H,1 satisfy

8A1+A2+8_1A3 B+e'C _
a“k[ B+ (d+e |

for all nonzero scalars € € R. Then d = 0 and there exists an invertible matrix T € My,

such that
A O 1A 0
B—[O O}T and D=T [O O}T'

Moreover, if B=[4 ], then D = [§ J)].
Proor. According to the assumptions, we can write
A=LUEP)U" and D= LVEWV

for some invertible matrices U € M, V € M,, and A;, A, € {—1,1}. Let A,, A3 € H,,,
B, C € M, be matrices such that

Ay = (U Iy_)A(U ® Is_y)",
A3 = (U @ Ly )A3(U @ I_)",
B=U®]I,_,)BV*,
C=U®I,,)CV".
Then
8/11E(lrls) + A+ & 14, B+¢&1C

rank - A ) ol = 1
B +&'C* (d+e)E
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. . Ind a) ~ asy
for all nonzero scalars & € R. Furthermore, if we write Ay = [o} ], A3 = [+ 5.

B=[2F1.C=[5&] then

Y B
el +am+e'las ax+ela b+elc B+ els
a; +£_la§ R+&'S y+&ln B +e&'C
rank A -1 * —1,% -1 =1
b+e'c y'+ent (d+e ) 0
Br+elsr  Bj+&'C 0 0

for all nonzero scalars € € R. Thus, By + &~ 1C; =0, B+ &£716 = 0 and, since this is true
for all nonzero scalars € € R, we have By = 0 and 8 = 0.

Next, according to the above observations, the determinant of the submatrix
-1 -1 .
[8/1 ‘g“sz_ a3 bte ¢ ] must be zero. More precisely, for all nonzero scalars & € R,
+e'C (d+& )y
d+eHhEl +ar+e'as) = b+ &' )b + £7'0).

This implies that 1} = A5, d =0, and |b| = 1. Now assume that 1; = A, = 1. Since, for
all nonzero scalars € € R,

-1 -1

s+ a +&

rank[ lg)+ 71_3 Y - n]sl,
g'c g

we conclude that y = 0. Thus,
B [U 0 } [bEﬁ) o] o {UE}?U* o] [bU* 0 ] v
0 Lss|| O O 0 0 s
If we write s~ 0
T := [ 0 IH] Vv,
then B = [{ 3]T and

(s)
D=VEV* = V[E“ O] v
11 0

0
_yleut o UEP)U* 0][pU~ 0 Ve
0 It—s 0 0 0 II—S
Ja o
3 O

Finally, if B = [ {] and, if we write T = [ 72], where Ty € M, then AT = A and

AT, = 0. Therefore,
| T, [A o|[T, T2] [A © q
|1y T4 |0 Of|T5 Tyl |0 O

The next result is immediately obtained from [14, Lemma 2.2].
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LemmA 2.6. Let m, i, j be positive integers with m>2 and 1 <i< j<m. If A € Hy,
satisfies
rank(A + kE{" + k™' E0?) = 1

for all positive integers k, then A = /lEg") + /_lE;'i") for some A € C with || = 1.

The proof of our main result will heavily rely on the following lemma. Since
its proof is quite long and technical, we will present it at the end of the paper (see
Section 4).

Lemma 2.7. Lett > my - - -my be a positive integer, f : Hy,...u; = Mon,..mx: an arbitrary
map, and 7 a canonical map on H,,...,,. Suppose that a linear map L : Hy,...n, =
M, ..om)x: Satisfies
LAI® - ®A)=mA1® - QADf(A| Q@ ---®A))
forall Ay € H) , k=1,...,1. Then there exists Q € Mp,..uyx: such that
LAI® - -®A)=n(A1®-- '®A1)Q

forall Ay e H,,, k=1,...,1. Moreover, if L(A) # 0 whenever 0 + A € Hy,...n,, then
rank(Q) =m; ---my.

v

3. Proof of the main theorem

Since the sufficiency part of the main theorem is clear, we consider only the
necessity part. So, throughout this section, we assume that ¢ : H,,,...,, = H, is an
injective linear map satisfying (1.1).

Considering the map X ¢(E(1’"‘)

1 ® X), X € Hy,...p,» and using Proposition 2.1, we
conclude that

HEV ® X) = AT((EV)” @ 1(X)) ® 0)T", X € Hypyeom,

for some invertible matrix 7 € M,,, where A € {—1, 1} and 7 is a canonical map on
H,,..n,- Composing ¢ with the map ¥ + T~'Y(T*)~! and, if necessary, with the map
Y — —-Y, we may assume that

GE™ ©X) = (E™ @a(X) ®0,, X € Hpyoom,. G.1)

Let 1 < s < m, be a positive integer. Using induction on s, we have to show that for
allA; e Hyand all X € Hy, ...,

¢((Av @ Oml—s) ® X) = (Tl (Av 52 Oml—s) ® ﬂ(X)) ®0,,

where 7 is either the identity map on H,,, for all 1 < < m; or the transposition map
on H,, forall1 <s<m.
By (3.1), the above statement holds true for s = 1. Now suppose that s > 1 and that

¢((As—1 @ Oml—s+1) ® X) = (TI (As—l ® Oml—s+1) ® ﬂ(X)) @ Or (32)
forall A,y € Hy_y and all X € H,p,...p,.
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Set
Ay(X)  By(X)

HE" @ X) = [BS(X)* Dy(X)

:| > X € Hmzmm;

and
A(X)  Bis(X)

(my) (my) _
¢((Els + ESl )®X) = [BIS(X)* D14(X)

] > X € Hmz-nmp
where A, and A;; are maps from H,,...n, t0 H(s—1ym,..,,- Then, of course, Dy maps from
Hpym; 10 Hiy— (- 1ymy-my)- Lt

A={A1®--®A : AjeH, ), Ti:={A®---®A : AjeH,}.

By injectivity of ¢, Dy(X) # O for every X € I';. Indeed, if D (Xy) = O for some X, € I},
then By(Xy) = 0 and, thus,

¢(Ess ® XO) = AS(XO) @ O(n—(s—l)mzu-m,)-

On the other hand, there exist A;_; € H;_y and Y € H,,,..,,, such that 7/(A;_; &
Oml—s+1) ® 7T(Y) = AS(XO) ® O(ml—s+1)m2-~m/' Therefore: by (32),

¢((As7] @ Omlfﬁl) ® Y) = AS(XO) @ 0(,17(57]),”2...,",),

which contradicts the injectivity of ¢. Moreover, if X € I';, then we have rank(D,(X)) <
¢(E s ® X) = 1 and, hence, rank(D(X)) = 1. In other words, D; maps tensor products
of rank-one matrices to rank-one matrices.

Let X € I'; be an arbitrary matrix and let £ € R be any nonzero scalar. Since
(E + e ' EWY + EM + EMy @ X e A,

rankg((eE\" + & ES + EM + ETY @ X) = 1.

Thus, by the induction hypothesis (3.2),

rank [8E(1S1_1) ®a(X) +A,(X) + e Ay(X)  Biy(X) + s‘lBS(X)]

Bls(X)* + 8_1BS(X)* DlY(X) + S_IDS(X)

and, hence,
rank(D;(X) + e 'Dy(X)) < 1.

We already know that rank(D (X)) = 1. Thus, by Lemma 2.4, there exists a scalar
d € R such that D(X) = dD(X). This yields that

(s=1) - -
rank[sE” ®a(X) + As(X) + 67 A(X) Bii(X) +¢ 1BS(X)]=1

Bi,(X)" + &~ By(X)" (d + & H)Dy(X) (3-3)

Applying Lemma 2.5, we conclude that d = 0 and that there exists a map f : I} —
M(mZ"'mz)X(n—mzmmz) such that

Xel,

Bi,(X) = [”(X)Of (X)} ,
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Now, using Lemma 2.7,

B5(X) = [ X € Hyyeomy»

n(X)Q
0 2

for some Q € My,...on)yx(n—rmy--my)-
Furthermore, if B,(Xp) = O for some nonzero Xy € H,,,...,,, then

Ay5(Xo) 0]

(m1) (m1) —
¢((E1;+ES;)®X0)—[ A

which contradicts the injectivity of ¢ (see the arguments above for D). Applying the
second part of Lemma 2.7, we obtain that rank(Q) = m; - - - m;. Hence, Q = [I,,,..n, OIR
for some invertible matrix R € M,_(s—1ymy--m,-

Now, without loss of generality, we may compose ¢ with the map ¥ — ({(5—1ymy-m, ®
R™Y*Y(I(s-1ymy-m ® R™') (this does not change the induction hypothesis (3.2)). Next,
we rewrite By(X)((s—1ymy-m, ® R™") as By(X). Note that then By,(X) = ["" J]. Using
(3.3) and Lemma 2.5, we see that Dy(X) = [”(OX) 8] Hence,

A(X)  By(X)

(my) _

], XeHy,.mm-
On the other hand, considering the map X +— ¢(E§’s"‘) ®X), X € Hy,...n,, and using
Proposition 2.1, we conclude that

HE™ @ X) = AT(E™ @ /(X)) ® 0)T*, X € Hppyooy»

for some invertible matrix T € M,,, where A € {—1, 1} and 7’ is a canonical map on
H,y,..n,- This yields that

0 0 A Bu(X)
A [O ﬂ'/(X)®0}T _[BS(X)* aX)e0|’ X € Hyyomy-
Set
Ty Ty Ty
T=|Ty Trn Txn
131 T3 T3

with Ty, € M(sfl)mz...m,, Ty € My,..n,, and T33 € Mgy, - Then

*

Ty Tip Ti3|{0 0 O|Tun T Ti3
ATy Ty Txu||0 7/X) Of|Ta Trn T =[

A(X)  By(X) }
T3 Tz T3]0 0 0|73 T3 Ts3

B,(X)" n(X)®0

and, thus,

T127T’(X)Tik2 TIZH’(X)T;Q T]zﬂ"(X)T;z
A T227T’(X)Tik2 T227T’(X)T§2 Tzzﬂ"(X)T;z :[

As(X) Bs(X)]
T327T’(X)TT2 T327T’(X)T;2 T327T'(X)T;2

B,(X)" n(X)®0
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Choosing X = I,,...,,, we see that 4 =1, T3, = 0, and that 75, must be invertible.
This implies that Ton"(X)T5, = n(X) and, by Lemma 2.3, = = n’. Moreover, there
exists a nonzero scalar y € C such that Ty = pl,y,...,,. If we write

. I(S—l)m2~~m] ﬂT12 0
T=| 0 Ly, 0|,
0 0 In—smz-um1
then
leﬂ(X)sz ,L_lleﬂ'(X) 0 s 0 0 0 ~
H(Ess ® X) = | un(X)Ty, n(X) 0|=T|0 n(X) O|T".
0 0 0 0 0 O

Hence, without loss of generality, we may assume that
HE™ @ X) = (E"™ @ (X)) ®0,, X € Hppyo,- (3.4)
To prove the induction, we have to show that for any 1 <i < s and any X € H,,...n,,,
S(EY + ED)@X) = (EY + E) @ (X)) @0,
and
d(V-1EY = V=1IED) @ X) = (V-1EY - V-1E¥) @ 1(X)) @ 0,,

since matrices El(ss) + ES), \/—IES) - V—IES), E;j.), 1 <i,j < s, form the base of H,.

To see this, let X € I'; be any matrix and let 1 <i < s be any integer. Denote
T(X) := Diag(T\(X), ..., Ts(X), Li—smy--m,)>
where Ti(X) = I,..m, for 1 <k < s,k #1i, and T;(X) = T5(X) € M,p,...n,, 18 an invertible
matrix such that 7,(X)a(X)T*(X) = E">"™. By (3.2) and (3.4),
TXOPE™ & X)T(X) = (E/™ @ EV™ ™) @0,

and
T(X)¢(E§rsn1) X)T(X) = (E§zz1) ® E§"112~-m1)) 20,.

Using Lemma 2.6, there exists Ay € C with |1x| = 1 such that
TX)P(ES™ + EX) @ X)T(X)" = (AxEL @ EVf* ™ + AxES @ EV1* ™) @0,
Let
LX) := T EYP (T ™

Then
P(EM™ + EM) @ X) = (E™ @ LX) + E" @ L(X)") ©0,.

Note also that
LX) = AxT(X) " E" (T (X)) ™" = Axn(X).
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If we define a map f: Iy = My,...n, by f(X) = AxLpyn;, X €y, then Axm(X) =
f(X)n(X) and, using Lemma 2.7,
Axn(X) = 7(X) f(X) = n(X)Q

forall X € H,,...n,. Choosing X = I,....,,, we see that Q = /l,m2
X € Hpy,.m)

Ly,...m,- Thus, for every

my

S(EM + EUY @ X) = (LEM™ + L EY™) ® n(X),

where A;; = 4y, ., -
Similarly,

SV-TE = V=1ES) @ X) = Guis V-TE" = s V-TE™) @ w(X)

for some y;; € C with |u;s = 1.
Since the rank of the matrix

PUET™ + (1 + V=DE"™ + (1 - V=DE""™ + 2Em) @ EV>™))
is one, we have (A5 + s \/—_l)(/_lis — His \/—_1) =2 and, hence, either A;; = y;; or
Ais = —is. More precisely, there exists €;; € {—1, 1} such that y;; = &;54;5.
Case 1. Let s =2. Then there exists T such that
(A2 @ 0, 2) ® X) = (TT1(ADT” & Oy —2) @ (X)) B O,

Now, if g15 = 1, then u;; = A;5 and 7 is the identity map, that is,

(A2 @ 0y 2) ® X) = (TALT” & 0y 2) @ (X)) B O,
On the other hand, if €, = —1, then y;; = —4;; and 7 is the transposition map, that is,

A((A2 ® 0py—2) ® X) = (TALT" @ 0,y —2) @ (X)) © 0.
Case 2. Let s> 2 and let us assume for a moment that 7; = id. Since the
matrices (Elfi'”‘) + EE’."‘) + Eg’”) + Eﬁ’i’“) + E™) 4 E(fs’") + Eg."‘) + EE".“) + E"y @
E{™ and (E"™ + V=1E( + EQ" — V=1ES" + EU — N=TE!" + EU +
\/—_1E§'J'.”) + EM™)® E(I"fz"'m’) belong to the set I';, we have, for 1 <i< j<s,

1 1 Ay
rank | 1 I A5=1
Adis A 1
and
1 V-1 A;

LS
rank [ — V-1 1 —gjsdjs V=1 =1.
/_11‘5 Sjs/_ljs V—l 1
Thus, A, = 4;;, = 1 and &, = 1 and, consequently,
d((As @ Oml—s) ®X)=(As® Oml—s) ® (X)) ©0,.
The proof is completed.
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4. Proof of Lemma 2.7
We divide the proof into several lemmas.

Lemma 4.1. Let t, m be positive integers with t > m, let f : H,, —» M,,», be a map, and
let T be the identity map or the transposition map on H,,. Suppose that a linear map
L: H, — M, satisfies

L(A) =1(A) f(A)

forall A € H),. Then
L(A) =1(A)Q, Ae€H,,

where Q = Y\, E?l.m)f(Eg")).

Proor. Without loss of generality, we may assume that 7 is the identity map since the
proof in the other case is similar.
First, it is clear that

LG = E (B = E7 ) B0 FGE) = E
i=1
forall 1 <i<m. Nowlet 1 <i< j<mand let us denote
A = AE + EXY + ES + 1'EY, 0#A€R.
If we write f(A()) = [a,s(1)] and Q = [g,], then
LAQ)) = (AEY + Eg.'” + E;’l.m + 17! Eﬁ.’]'.’)) F(A)

0 ... 0
Adaip(D) +apD) - Aay(D) +ajp (D)
ap() +A7'aj(A) - ap(D) + 17 a()
0 e 0

On the other hand,
L(A() = LAE"™ + Ef.;”) + Ej;?” + A—lEy;?))
= L(EY” + Ef.;.") + Eﬁ.’i’” + E;’j'.’)) + (A= DLE;) + (A7 = DLE))

0 0
ag(D)+ay(D)+A-1Dgy - ap(1)+a;(1)+ (A= 1)g;
- 0 0 )
an()+ap)+@"'=Dgn - ag(D)+ap()+@" = Dg;
0 0

Comparing the above equalities,

ax(1) + ap(1) + (A = Dgu = Aag(D) + ap(1) + (A = Dgp)
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for all integers 1 < k < t. This yields that for all nonzero scalars 4 € R,
(I =Dau() +ap(1) - g —qp) =0

and, hence,
agp(D) +ap()=qi+qp, 1<k<t

Thus,
L(Ef.;’” + Ej.';”) = L(EV" + Ef.;”) + Ej.;m + Eﬁ.’}@) - L(EM™) - L(Eﬁ.’?)

0 0
ag(D+aj()—qn - ay(1)+a;(D)-qi
an(h)+ap(l)—gqp - a(l)+au(1)—qj
_ 0 0
0 .- 0
qgj1 0 4

-lo ... 0
g 0 i
0 -~ 0

So, we proved that
(m) (m)y _ p(m) (m) .
L(El.j -%EJ.;")—(EJ1 +EJ.:")Q, I1<i<j<m.
Using similar arguments, we can show that
LOV=IE! - N=1EW) = (V=1E" - NZ1EY")0, 1<i<j<m.

This completes the proof, since the matrices E;T) + E;’lm, \/—IEE;”) - V—IE%"), E,(:k"),

1 <i< j<m,1<k<m,form the base of H,,. O

Lemma 4.2. Let k, t be positive integers with 1 <k <mj; and t > mymy, let f : H,, —
M, my)x: be a map, and let T be the identity map or the transposition map on H,,,.
Suppose that a linear map Ly : Hy, — Mp,my)x: Satisfies

Li(A) = (EX @ T(A)) f(A)
forall A e H,LZ. Then
L(A) = (E" @ 1(A)Qx, A € Hyy,
where Q = Y1 (EW" @ EV™) f(E™).
Proor. We observe two cases.

Case 1. First we consider the case k = 1. Let us write

_ &4
fA) = [h(A)], A€ H,,,
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where g(A) € M,,,;. Then

Li(A) = (E\}Y @ A)f(4) = (E\" ® A) [g(fU] _ [T(A)g(m]

h(A)| ~ 0

forall A € H), . Now let L, : H), — M, be a linear map such that L;(A) = 7(A)g(A)
for all A € H,, . Then, by Lemma 4.1,

Li(4) = 7(A) Z EM™(EM™),  AcH,,

Hence,

(A) Z E(mz) (E(mz))
0

(mz)
= (B @ 7(4)) ;(E<m‘) ®E;"”) [gi E(mz)ﬂ

Li(A) =

= (E{]" @ 7(4)) Z(E“"” ® E;)f(E™)
= (EY}" @ 7(4)01.

Case 2. Suppose that k > 1. Let Py := I, — E(ﬁ“) - E,(:knl) + EY,'(“) + E,E'l'”). Then
E"™ = Py E"TV Py and

Li(A) = (PRE" Piy) ® T(A)) f(A)
= (Pix ® I, (EM @ T(A))(P1 ® L)) f(A).

Let us define a map f : Hy, = Mpymyxe by FA) =Py ® Iy,)f(A) and a linear map
Ly : Hyy, = Mgpmy)xe by Li(A) = (P1x ® Iy, ) Li(A). Then, for any A € H mz,

LiA) = (E17Y @ (AN F(A).

Applying Case 1,
Lia) = (B! @ 1(4)) Z(E“”” ® EM)f(EY™), A€ H,,.

Thus, forany A € H,,,,,
Li(A) = (P1x ® Iy, ) L1 (A)

= (Pu® L, )(EY}Y @ 7(4)) Z(E“”“ ® Ej)(Py ® L, f(E™)
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= (Pix ® L, EV™ @ T(A)(P1i ® In,)
my

3 P ® L )E © ES)(Pri® L) FES™)
i=1
my

— (E(ml) 1= T(A)) Z(E(ml) Q El(lmz))f(El(lmz))
= (B ® T(A) Q. o

Lemma 4.3. Let k, t be positive integers with 1 <k <my and t > mymy, let f : H,, —
M, my)x: be an arbitrary map, and let T be the identity map or the transposition map
on Hy,. Suppose that a linear map Ly : Hy, — M, my)x: Satisfies

Li(A) = (((A) ® EP) f(A)
forall A € H,, . Then
LA) = (t(A)®E) O, A€ Hy,

where Q. = Y1 (E™ ® E{i™) f(EY™).

Proor. Let P € M,,,,,, be a permutation matrix such that P(A ® B)P~! = B® A for all
A€ H,,, BeH,, Define amap f: H,y, — Mum)x by f(A) = Pf(A) and a linear
map Ly : Hy, = Monmyxi by Li(A) = PLi(A). Then, for any A € H), ,

LyA) = P(X) ® EP F(X) = (X ® T(A)) f(A).
Thus, by Lemma 4.2,

Li(A) = (B> @ 7(A) Z(E“"z) ® EFEM™), A€H,,.
Hence, for all A € H,,,,

L) = PPUES @ () S (B © ESPAES)
i=1
nmi

= PU(E[Y @ T(A)P Z PTUES ® E)PAES™)

=(1A)® E(mz)) Z(E(m]) ® E(mz))f(E(ml))

= (1(A) ®E<’"2>)Qk. O

Levmma 4.4. Let h,k,t be positive integers with 1 <h <my, 1 <k <mz, and t >
mymoms, let f 1 Hy, — Mn, mmy)x: be an arbitrary map, and let T be the identity map
or the transposition map on H,,,. Suppose that a linear map Ly : Hy, = Monmoms)xe
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satisfies
Lix(A) = (E" @ T(A) ® E\™) f(A)

forall A e H,i,z. Then
Li(A) = (EjpY @ 7(A) ® E™)Onis A € Hyy,
where Qni = Y% (Ef ® EY™ @ ER) f(ES™).

PrOOF. Let P € My, m,m, be a matrix such that PA® B® C)P™' = A® C ® B for all
AeH, Be ~Hm2, C € H,,. Define a map~f : Hyy = M mymy)xe by f(A) = Pf(A) and
alinear map Ly : Hy, = Monmyma)xt by Lii(A) = PLyi(A). Then, for any A € H, mz,

LixA) = (M @ E"™ @ 1(A) f(A).

Thus, by Lemma 4.2, we conclude that for all A € H,,,,

nmi

Lis4) = (Epp @ [ @ 7(A) Y (B © B @ E™)f(E]™).
Hence, for all A € H,,,,
m
Lh,k(A) P (E(ml) ® E(m;) ® 7(A)) Z(El(lf;lll) ® E(mz) ® E(m2))Pf(E(m2))
=P EM @1(A)® E(””))P
. Z P_I(E;:ZI) ® Egnz) ® E](:]:h))Pf(El(lmz))

(E(ml) ®1(A)® E(mz)) Z(E(ml) ® E(mz) ® E(mz))f(E(mz))
i=1

= (E\7" ® T(A) ® E{;”) Q. O

Before writing the last lemma of this section, let us fix some additional notation.
For Hy,...n,» we define a chain of sets

A {E(ml) ® E(mz) ® - E(ml) 1 < l] < m]}

i I i

Ay ={AQE™ @ - @E" : Ay € H) 1 <i;<mj),

ul

Ar={A1®-- ®Ak®E(m]‘+]) ® - ®E(m[) AjEHrlnj, 1 SijSl’)’lj},

Ut 1 U+ 1 ut

A={A®---®A : AjeH, ).
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It is clear that Ag € A; C --- C A, and that the linear span of A; is equal to the whole
algebra H,, ...,
Lemma 2.7 is a direct consequence of the following result.

Lemma 4.5. Let t be a positive integer with t > my ---my, let f: Hy,...py = M, .myxt
be an arbitrary map, and let © be a canonical map on H,,,...,,. Suppose that a linear
map L : Hy, .., = M, Satisfies

L(A) = n(A) f(A)

forall A € A;. Then
L(A) = n(A)Q. A€ Hypyom,,

where
mp  mp my
_ (my) (my) (my) (my)
0= Z "'Z(Eim ® - @EM)FE" @ @ EM).

i|=1 i2=1 l1=1

RemMARK 4.6. If [ =2 and m; = my = 2, then

nmp  nyp
B (m1) g M)y o prmn) o pm2)
Q= Z Z(Eilill ® E (B ®E )
i=1ir=1
2 2
— (2) (2) (2) (2)
- Z Z(Eilil ®Ei2i2)f(Ei1i1 ®Ei2iz)
=1 ir=1
2 2 2 2 2 2 2 2
= (E)) ® EV)f(EY]) @ EY) + (Ey) ® EY)f(Ey) @ EYY)
2 2 2 2 2 2 2 2
+ (Eg 1) ® Egz))f(Eg 1) ® Egz)) + (E(zz) ® Egz))f(E(zz) ® Eéz))'

Proor oF LEmma 4.5. It suffices to prove that

L(A) = n(A) f(A) = n(A)Q (4.1)

forall A € A, k=0,...,I. We use induction on k.
First, let A € Ag. Then we may write A = E,(:]”;”) ® - ® E;l’:;‘[) for some 1 < hj < mj,
j=1,...,1,and
n(A)Q = (B} @ ® E;ih0
=(E" e @ EfEN ®---®E)
= Af(A) =n(A)f(A) = L(A).

So, (4.1) holds for k = 0.
Now, assume that (4.1) holds for O < k < I. We would like to prove that (4.1) holds
for k + 1. Let us write

T=7T18---8T1,

where 7 is either the identity map or the transposition map on H,, foreach j=1,...,L
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Case I. Ifk=0and A=A ® E;") ®---®E," € A with A, € H}, , then

LA) = ((AD®E @ - @ E/") f(A| @ E" & ® E}}").

Let us define a map f: Hy, = My, .ot bY

fX)=fX ®E" ® - ®E),  X| €H,,

and amap L : H,,, = M, ..upx: bY

LX) =LX ®E/ ®---®E/)), X\ €H,,.

Clearly, L is a linear map. Moreover, rank(L(X;)) = 1 whenever rank(X;) = 1.
Applying Lemma 4.3,

LX) =LX; ® E;;";Z) Q- ® Em{l))

i

my
=X QEM @@ EN)- Y (ES @ E) @ @ Eyi) f(E]™)
i=1

for all X; € H,,. On the other hand, we already know that
(m1) (m2) (my) (m1) (m2) (my)
(E; " ® Ehzhz ®--® Eh,h, M(E; ® Ehz/’lz ® - Eh/hz)
_ pm) (mz) (my)
- (Eii : Ehzﬁz ®--® Ehlh]l )0

for all 1 <i < m,. Comparing the above two equations, we arrive at

_ (m3) (my)
L(A) = LA ®E, " ®- - ®E,"")
nmy
= AN BE @9 Ey)) ) (B 0 E) @ ® Eji))Q
i=1

=(MAD®E @ @E" I, ®E,"? ® - ® E,'\))Q

hzhz hlhl
= (AN E,) ®- 0 EL)0

=n(A)Q.

Case 2. LetO<k<I[l-1andlet

_ (My+2) (my)
A=A1Q® QA ®Ar11 ® Ehk+2hk+2 ® -® Ehzhz € Aryq

with A; € H,lnj for j=1,...,k+ 1. For the sake of readability, let us denote

. (my42) .. (my)
E:= Ehk+2hk+2 ® ® Ehlhl :

S0, A=A ® --®A;®Ars1 ® E. Since rank(r1(A;) ® - -- ® 7x(Ay)) = 1, there exist
invertible matrices U, V € M,,...,,, such that

T1(A) ®- - @ Te(Ar) = UEY|™™V.
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Let us define a map f: Hy,,, = Man,.mpyxe bY

k+1

FXis1) = (V& L) F(T1(A) ® -+ ® T1(Af) ® Ths1 (Xi1) @ E)

for all X;,| € H,,,, andamap L : H,,.,, = M, ..uyx: bY

LXis1) = (U™ ® Ly, o) L(T1(A]) © -+ - @ Tr(Ag) ® Tho1 (Xir1) ® E)

for all Xy, € H,,,,. Clearly, L is a linear map and, for any Xy, € H!

k+1° My ?

LX) = (U @ Ly o )T1(AD @ - - @ Th(AL) ® Thr1 (K1) ® E)
: (V_l ® Imk+1-~-m,)f(Xk+1)
= (EV1"™ @ Tp1 (Xpa1) ® E) f(Xir1)-

By Lemma 4.4,

LX) = (EV"™ @ Tya1 (Xis1) ® E)
LU3S!

. Z(Egnlﬂ'"mk) ® El(imkn) ® E)JZ(Egﬂkﬂ))
i=1

= B @ 1y (Xt ® EXU™ @ o)
M+ 1
’ (U ® Im/m ~-'m,)(E(lnlllmmk) ® El(imk”) ® E)
i=1
(V& Ly, ) f(T1(A1) ®@ -+ @ T4 (Ap) ® E;l.mk”) ®E)
= B @ 1y (Xt ® EXU™ @ o)

M+ 1

: Z(Tl(Al) ® - ®Ti(Ay) ® EM @ E)
i=1

fri(A)D ® - - @ Tr(Ar) ®E§imk+|) ® E)

for all Xy, € H,,,,. Using the induction hypothesis,

k+1°

LX) = (E]}™ @ Tt (Xiee)) ® EYU ™" ® Ly,
M1

(@A) 8- 8 T(A) ® B ® E)Q
i=1
= (E\"""™ @ Tp1 (Xya1) ® E)

M+

O ET @ ES Y @ E)V @ Ly,ym)Q

i=1
= ("™ ® 741 (Xjs1) ® E)
. (Eiﬂlll--.nlk) ® Imk+l ® E)(V ® Imkﬂu-m,)Q
= (E)7"™ ® T 1 (Xie1) ® EXV ® L) Q
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for all Xy, € H,,,,. Hence,
LA =LA ® - @At @A QF)

= (U ® Imk”"-ml)z(AkJrl)

= (U & Ly, ) ET ™ @ Ts1 (A1) @ E)V ® Ly, ) O

= (T1(AD) ® - - - @ Ti(Ax) ® Ter1(Ak+1) ® E)Q

= m(A)Q.
Case 3. If k =1—-1, then the proof is similar to the proof in Case 1 and the proof in
Case 2. We just use Lemma 4.2 instead of Lemma 4.3 or Lemma 4.4. O

RemArk 4.7. If rank(Q) < m; - - - my, then we can write
I. 0
e=v [o os] 4

for some invertible matrices U € M,,,..,,, and V € M,, where r <m; ---m; and
s=my---my—r>0. Since a canonical map 7 is bijective on H,,...,,, there exists a
nonzero matrix A € H,,,...,, such that

0, O]

_ —1y* -1
n(A) = (U™ o I{U )
Consequently,
.00, o], . [, 0O
L(A) =n(A)Q = (U™ 0 IS_U ‘U»0 0, V' = Oy ooyt

So, if L(A) # 0 whenever 0 # A € H,...,,, then rank(Q) = m, - --m;.
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