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The g e n e r a l i z e d s y m m e t r i c g roup S(n, m) c o n s i s t s of a l l 
p e r m u t a t i o n s of m n s y m b o l s c o m m u t a t i v e with 

( l 1 2 1 . . . m 1 ) ( l 2 2 2 . . . m 2 ) . . . ( l n 2 n . . . m n ) . 

Since each cyc le Q^ = (1^ Z-x . . . m^) is of o r d e r m , t h e r e a r e 
mn p e r m u t a t i o n s wi th in the n c y c l e s , gene ra t ing an i nva r i an t 
subgroup Ç of o r d e r m n . A l s o , t h e r e a r e nl ways of p e r m u t 
ing the c y c l e s among t h e m s e l v e s , by t r a n s f o r m a t i o n s 

w * _ i i l *2 • • • lv\ / z l z 2 • • • 2 n \ / ' m i m 2 . . • m n 

w h e r e i i , i 2 , . . . , i n a r e the s y m b o l s 1, 2, . . . , n in s o m e 
o r d e r [ 5 , p . 39] . The p e r m u t a t i o n s W* fo rm a subgroup S n * 
of o r d e r nl , i s o m o r p h i c to the s y m m e t r i c group S n . 

C l e a r l y S(n, m) = Q S n * , and Ç n S n * = 1. Hence S(n, m) 
i s of o r d e r m n n l , and S(nt m ) / § = S n . The e l e m e n t s P of S(n, m) 
can be e x p r e s s e d in the fo rm P = W*Q, w h e r e W* € S n * and 

Q = Q i e i Q 2 ^ . . . Q n
e * (0 é e.L é m - 1 ) . 

F o r m = 1, the g e n e r a l i z e d s y m m e t r i c group r e d u c e s to 
the o r d i n a r y s y m m e t r i c g roup; i . e . , S(n, 1) = S n , which i s the 
comple t e s y m m e t r y g roup of the r e g u l a r ( n - 1 ) - d i m e n s i o n a l 
s i m p l e x ocn„ \ , the ana logue of the t e t r a h e d r o n [3, p . 133] . 
F o r m = 2 , the g e n e r a l i z e d s y m m e t r i c g roup b e c o m e s the 
h y p e r - o c t a h e d r a l g roup S(n, 2) , which is the comple te s y m m e t r y 
g r o u p of the n - d i m e n s i o n a l c r o s s polytope | 3 n , the ana logue of 
the o c t a h e d r o n [ 2 , p . 287; 3 , p . 133] . Equ iva len t ly , S(n, 2) 
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i s the comple t e s y m m e t r y g roup of the n - d i m e n s i o n a l m e a s u r e 
polytope -Yn, the ana logue of the c u b e , which i s r e c i p r o c a l to 
| 6 n [ 3 , p . 133] . In th i s p a p e r a g e o m e t r i c i n t e r p r e t a t i o n wil l 
l i k e w i s e be given for S(n, m) when m > 3. 

Let a s e g m e n t of l eng th a be denoted by the s y m b o l { ] a . 
Then the r e c t a n g u l a r p roduc t (}a x {]b i s def ined to be a 
r e c t a n g l e of s ides a and b . A r e g u l a r polygon of m s i d e s of 
length a wil l be denoted by the symbo l {m} a . The s q u a r e 
(4] a i s the r e c t a n g u l a r p roduc t of two equal s e g m e n t s {}a. 

Tha t i s , { ] a x { } a = ( { } a p = {4} a, A s e g m e n t of unspec i f i ed 
length wil l be denoted by { } , and a r e g u l a r m - g o n of unspec i f ied 
s i z e , by {m} . Thus one m a y w r i t e { }2 = {4} , o r , r e g a r d i n g 
a s e g m e n t and a s q u a r e a s m e a s u r e p o l y t o p e s , ~tfi - ^2 • 

The r e c t a n g u l a r p roduc t {}a x { m} b i s def ined a s the 
l i g M P r i s m of height a whose b a s e s a r e r e g u l a r m - g o n s of 
s ide b [ 1 , p . 351] . I t s m l a t e r a l f aces a r e , of c o u r s e , 
r e c t a n g l e s {}a x { }b. When a = b , the l a t e r a l f a c e s a r e 
s q u a r e s , and the p r i s m is u n i f o r m . If, f u r t h e r , m = 4 , the 
p r i s m is a cube ( 4 , 3} a . Th i s symbo l is to be i n t e r p r e t e d as 
r e p r e s e n t i n g a po lyhedron with s q u a r e f a c e s , t h r e e of which 
m e e t a t each v e r t e x , whose e d g e s a r e of l eng th a . When it i s 
not d e s i r e d to specify the leng th of i t s e d g e s , a cube m a y be 
denoted s imp ly by {4, 3} . The g e n e r a l r e g u l a r p o l y h e d r o n 
bounded by {p} a1 s , q at e ach v e r t e x , ha s the s y m b o l 
{p, q} a or {p, q} . 1). 

Th i s p r o c e s s m a y be ex tended indef in i te ly to y ie ld 
g e n e r a l i z e d p r i s m s in h ighe r s p a c e . Thus ( ja x { p , q } b , the 
r e c t a n g u l a r p roduc t of a s e g m e n t and a r e g u l a r p o l y h e d r o n , i s 
a f o u r - d i m e n s i o n a l polytope bounded by two {p, q} b ' s , i t s 
b a s e s , and N£(p , q) l a t e r a l c e l l s , each of which i s a r i gh t 
p r i s m { }a x {p] b , w h e r e N;?(p, q) i s the n u m b e r of f aces of 
a {p> 0.) ' Such a polytope i s ca l l ed a r igh t p o l y h e d r a l p r i s m . ^) 
When a = b , the l a t e r a l c e l l s a r e un i fo rm p r i s m s , and the 
p o l y h e d r a l p r i s m is u n i f o r m . If in add i t i on {p, q} i s the cube 

' Al l of t h e s e s y m b o l s a r e i n s t a n c e s o r e x t e n s i o n s of a g e n e r a l 
symbo l for r e g u l a r po ly topes d e v i s e d by the Swiss m a t h e m a t i c i a n 
Ludwig SchlMfli and a r e a c c o r d i n g l y known a s SchlMfli s y m b o l s . 

^i Mann ing [ 4 , p . 237] c a l l s t h i s f igure a r igh t h y p e r p r i s m . 
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fig. 1 
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{4, 3}, the polytope is a tesseract {4, 3, 3] a. This symbol 

indicates a polytope with cubic cells, three of which meet at 

each edge, whose edges are of length a. 

It is not necessary for the bases of such a four-dimen
sional prism to be regular. Any polyhedron will do, but if the 
prism is to be uniform, the bases must be uniform polyhedra, 
that is to say, polyhedra with regular faces and equivalent 
vertices, and {la must be of length equal to that of an edge of 
abase [ l , p. 351 (4,21)] . 

However, this is not the only means of obtaining a four-
dimensional prism. Another way is to form the rectangular 
product of two polygons {ml a x {p} b [3, p. 124]. The result
ing m-gonal p-gonal prisma) is bounded by p prisms { lb x {mj a 
and m prisms {]a x {p] b. When a = b, both sets of prisms 
are uniform, and the polytope is uniform- If, moreover, m = p, 
then all the prisms are alike. A polytope of this kind will be 
called a polygonal double prism. An m-gonal double prism is 
denoted by ( {ml a)^ or {ml ^ . When m = 4, this is the 
tesseract. An orthogonal projection of a hexagonal double 
prism is shown in fig, 1. 

The general situation is as follows [l , pp. 350-353; 3, 
pp. 12 3-124] , Let n^? FTj, a . . , Hs be polytopes of 
ii j , . . . , s dimensions. Then the rectangular product 
TTj xTTj' x . . . xTTs is a prism of i + j + . . . + s dimensions, 
with constituents TT̂ , TTj , . . . , fTs. The order of the 
factors is immaterial. Furthermore, if we denote the prism 
ITi *Hj by TTi+j and the prism TTj XTT-̂  by 77:^, we have 
71 i xTTj x n ^ = Tli+j *TT]£ = TTi xTTj+k. Thus rectangular-product 
multiplication is commutative and associative. 

A measure polytope ^ n can be expressed as the rectangular 
product of other measure polytopes in p(n) - 1 ways, where p(n) 
is the number of partitions of n. For example, 

?5 = Vl * V 4 = Ï2 x *3 = Vl2 * V3 = yi * * 22 = H3 * *2 = Vi5-

3 ' Manning [4, p. 248] calls such a figure a right double prism, 
but I prefer to give the term "double prism11 a more restricted 
meaning. 
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A p r i s m whose cons t i tuen t s a r e a l l a l ike wil l be ca l led a 
mul t ip le p r i s m . A p r i s m g e n e r a t e d by equal polygons is a 
polygonal mul t ip l e p r i s m ; one g e n e r a t e d by equal po lyhedra is 
a po lyhedra l mul t ip l e p r i s m ; e t c . A m e a s u r e polytope y n i s a 
mul t ip le p r i s m in r ( n ) - 1 w a y s , w h e r e x(n) i s the n u m b e r of 
d i v i s o r s of n . F o r e x a m p l e , 

n = v3
2 = Y23 = nb • 

T h u s , Y6 r n a y D e r e g a r d e d indif ferent ly a s a cubic double 
p r i s m , a s q u a r e t r i p l e p r i s m , o r a r ight sextuple p r i s m . 
The mul t ip le p r i s m s of chief i m p o r t a n c e f rom the s tandpoint 
of th i s p a p e r a r e t h o s e of the type ^m} n , i . e . , r e g u l a r poly
gonal mul t ip le p r i s m s . The n u m b e r of d i m e n s i o n s of such a 
mul t ip le p r i s m i s , of c o u r s e , 2n. 

In four d i m e n s i o n s two p lanes may be abso lu te ly p e r p e n d i 
c u l a r , i n t e r s e c t i n g only in a poin t . Since in four d i m e n s i o n s 
ro t a t i on t a k e s p lace i n a plane and about a p l a n e , i t i s poss ib l e 
to have a ro t a t ion s i m u l t a n e o u s l y in each of two abso lu te ly 
p e r p e n d i c u l a r p l a n e s , leaving only t h e i r point of i n t e r s e c t i o n 
i n v a r i a n t . T h i s combina t ion of ro t a t i ons th rough two independent 
ang les is ca l led a double ro t a t i on [ 4 , p , 145] . 

L i k e w i s e , in s ix d i m e n s i o n s ro t a t ion is in a plane and 
about a 4 - s p a c e . As t h r e e mutual ly p e r p e n d i c u l a r 4 - s p a c e s 
i n t e r s e c t only in a poin t , a s imu l t aneous r o t a t i o n in each of 
t h r e e abso lu te ly p e r p e n d i c u l a r p l a n e s , leaving only t h e i r point 
of i n t e r s e c t i o n f ixed, i s p o s s i b l e . Such a combina t ion of r o t a 
t ions t h r o u g h t h r e e independent ang les i s ca l led a t r i p l e r o t a 
t i on . The g e n e r a l c a s e i s that in 2n d i m e n s i o n s one m a y have 
a m u l t i p l e r o t a t i o n th rough n independent ang le s [ 3 , p . 225] . 

C o n s i d e r a p r i s m whose cons t i t uen t s a r e n r e g u l a r 
po lygons , say 

(mxl a i x {mi} a 2 x . . . x {mn} a n , 

and a s s u m e for the present that no two constituents are a l ike .^) 
The faces of this p r i s m cons is t of- |n(n - l ) m i m 2 . . . m n 

4 ) That i s , for all i , j , l ^ i < j <^n, {mjj a^ and {m;î aj differ 
in that either m^ ^ mj or a^ ^ a; or both. 

137 

https://doi.org/10.4153/CMB-1960-016-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1960-016-7


rectangles and m^m2 • • * mn/mi {rmj a^'s, 1 £ i ^ n. 
The faces {mjj â  are parallel to one another in much the 
same way that the m lateral edges of an ordinary prism 

{ I xr [m] are parallel, and the plane of any face {mjj â  is 
absolutely perpendicular to the plane of any face {m;} a; for 
i £ j . Thus the prism may be referred to a 2n-dimensional 
system of rectangular coordinates with the origin at the centre 
of the prism, so that the faces {m }̂ â  are parallel to the 
x2i-lx2i~P*aneJ which we may call the Mi-th plane" [cf. 2, p. 287] . 

Let Q| be a rotation parallel to the i-th plane, about the 
(2n - 2) - space determined by the remaining 2n - 2 coordinate 
axes, through an angle of Zn/m'l9 This is a symmetry opera
tion of the prism, concurrently taking each vertex of every face 
( m l̂ â  into the next one, while leaving fixed all the faces 
{mj} aj, j £ i. Then Qi, Q2, . . . , Qn generate the multiple 
rotation group Ç m m . # # m » the direct product of n cyclic 
groups: 

Cm,, x ^m^ x . . . x Cm^. 

This group is isomorphic to the permutation group represented 
by 

(ll 2l . . • m u ) e i (12 22 . . . rnzz)
ez . . . ( l n 2n . . . m ^ ) ^ 

and is of order m^m2 • • • mne 

If some, or all, of the n constituents are alike, there 
will also be transformations which permute these among them
selves. The corresponding isometry is an interchange of the 
i-th and j-th planes, which is effected by a half-turn Tjj about 
the (2n - 2) - space 

x2i-l = x2j-l> x2i = x2j° 

Suppose now that n\ constituents are of one kind, n2 con
stituents are of a second kind, etc. , so that the prism is 
denoted by 

( {mj ax)ni x ( (mzî a2)nz x . . . * ( {mk} ak)
n«c , 

where n̂  + n2 + . . . + nk = n. In order to distinguish the 
identical constituents, let them be further indexed as 
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f m u \ a l l f i m l 2 l a 1 2 , . . . , {m l n i) a l n i ; 

{mzï\ a21, 1^221 a22» • • • > irn2n2la2n2> 

f^k l^k l» £mk2lak2> • • • » {mknJ akn^ • 

Similarly re-index the coordinate axes as 

x n , x12; x 1 3 , x14; . . . ; x l t 2 n i . i ) t x 1 ( 2 l l l ) ; 

x21» x22* x23> x24> • • • '* x2(2n2-l), x2(2n2)i 

x k l » x k 2 ; x k 3 , x k 4 ; . . . ; 3^(21^-1) , ^ ( 2 ^ ^ 

so that the faces {m^; ] ahc are parallel to the x^ x^ -plane. 

For 1 ̂  i c j ^ n h ( l é h ^ k ) , the half-turn T^.. inter
changes the set of faces {m^. } a^ with trie set of faces 
{mh.} di^j • The totality of half-tarns TiLj- , T2 t j , . . . , Tk-. 
generates a group Sg n . . . nk of order n^in2l . . . nkl , the 
direct product of k symmetric groups: 

$n2 * ^nz
 x • • • x ^nk* 

It is apparent that 4 m j m ^ _ ^ rs S*t n ^ . . . n̂ = 1. 
Combining these two groups, we obtain the augmented multiple 
rotation group 

S(ni, n2, . . . , nk; mi , m2, • . . , mk). 

Its order is rrnnim2
n£ . . . m^11*^1. n2l . . . nkl . 

Now suppose that all n constituents are alike. This is 
the case of the multiple prism (m] n . Since k = 1, we now 
write m for mk, n for nk, x for xk, and T for Tk. The multiple 
rotation group Q m-tin . . ,m becomes the group Q mentioned 
at the beginning of the paper. The group Sn* is isomorphic to 
the group previously defined by the permutations W*. Hence 
the generalized symmetric group S(n, m) = <2 Sn* can be 
interpreted, for m > 3, as the augmented multiple rotation 
group of the polygonal multiple prism {m} n . 
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Osima [5 , p . 41] defines an e lement Q = Q | e i Û 2 e i . . . 
of V) (0 ^.e£ * m - 1) as being of type (no, n^, • . . , n ^ . i ) 
if the n u m b e r of e^ for which e j = k i s n^.. In t e r m s of ou r 
m o d e l , a mul t ip le 
r o t a t i o n Q is of 
type (nQ , nx , . . . , n m . 1 ) 
if for n^ d i s t i nc t v a l u e s 
of i the s e t s of faces 
{ m ] p a r a l l e l to the 
i-th p lane a r e each 
r o t a t e d th rough an 
angle of 2k iT/m, the 
r o t a t i o n be ing in each 
c a s e f r o m the p o s i 
t ive half of the ^2.1-1" 
ax i s t o w a r d s . t h e p o s i 
t ive half of the X2i~ 
ax i s ( s ee f ig . Z). 

*n 

x 2 i - l 

f ig . 2 

As p r e v i o u s l y i n d i c a t e d , the m u l t i p l e r o t a t i o n g r o u p of 
{m} n can be g e n e r a t e d by n r o t a t i o n s Q^ of type 
( n - 1 , 1, 0, . . . , 0) , e a c h of which r o t a t e s the faces p a r a l l e l 
to the i-th plane t h rough an angle of 2 r r / m whi le l eav ing fixed 
the f a c e s p a r a l l e l to the r e m a i n i n g n - 1 p l a n e s . The a u g m e n t e d 
m u l t i p l e r o t a t i o n g roup i s t hen ob ta ined by combin ing the 
m u l t i p l e r o t a t i ons with p e r m u t a t i o n s of the n p l a n e s of r o t a 
t i o n . Thus the r e p r e s e n t a t i o n of S(n, m) a s the a u g m e n t e d 
mu l t i p l e r o t a t i on g r o u p of {mj n i s of d e g r e e n . 

O s i m a obta ins the following f o r m u l a [ 5 , p . 44 (2 . 11)] 
for the d e g r e e fa* of an i r r e d u c i b l e r e p r e s e n t a t i o n of S(n, m) 
c o r r e s p o n d i n g to the s t a r d i a g r a m [<*] m * - [<*0] • [ a l l f^m 
w h e r e [OCJJ i s an i r r e d u c i b l e r e p r e s e n t a t i o n of Sn- wi th d e g r e e 

^ m - l ' 
f , J o X « t t n - 1 

In t h i s c a s e , riQ = n - 1, n^ = 1, n£ 
fa- = 1 (0 é i ^ m - 1), so tha t 

foc* (n- 1)1 11 n , 

n m - l = °> 

in a g r e e m e n t wi th the a b o v e . 
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A qual i f ica t ion m u s t be added to the foregoing r e m a r k s in 
the event m = 4 . The mul t ip l e p r i s m {4i n i s iden t i ca l with the 
m e a s u r e poly tope y^. But. #£n can be r e g a r d e d a s a s q u a r e 
mu l t i p l e p r i s m in a s m a n y ways a s i t s 2n cons t i t uen t s y^ can be 
p a r t i t i o n e d into n s e t s of two , name ly (2n - l ) (2n - 3) • . . 1. 
Thus for n > 2 the o r d e r of the augmen ted mul t ip l e r o t a t i on 
g r o u p of 14} n i s not 4 n n l but (2n - l ) (2n - 3) • . . 4 n n l . A 
t e s s e r a c t , for i n s t a n c e , can be t a k e n a s a s q u a r e double p r i s m 
i n t h r e e w a y s , and i t s a u g m e n t e d double r o t a t i o n g roup i s of 
o r d e r 3 . 4 2 . 2 l = 96. 

To p r o v e that two e l e m e n t s Q and Q1 of Q a r e conjugate 
i n S(n, m) if and only if they a r e of the s a m e t y p e , O s i m a u s e s , 
the r e p r e s e n t a t i o n of Q^ a s the cyc l ic g roup g e n e r a t e d by a 
p r i m i t i v e m - t h root of uni ty . T h i s r e p r e s e n t a t i o n of Qj, i s 
obvious ly i s o m o r p h i c to i t s r e p r e s e n t a t i o n a s one component 
of a m u l t i p l e r o t a t i on [cf. a l s o 2 , p . 287] . 

T h i s s u g g e s t s the pos s ib i l i t y of r e g a r d i n g the x ^ ^ - a x i s 
and the X£—axis (1 ^ i <. n) a s the r e s p e c t i v e r e a l and i m a g i n a r y 
a x e s of an A r g a n d p l a n e . That i s , the r e a l 2 n - s p a c e of our m o d e l 
c a n be r e p l a c e d by un i t a ry n - s p a c e . The m11 v e r t i c e s of the 
mul t ip l e p r i s m {m} n m a y then be t a k e n a s the v e r t i c e s of a 
r e g u l a r c o m p l e x polytope ana logous to the m e a s u r e polytope y n . 
Th i s g e n e r a l i z e d m e a s u r e polytope is denoted by v m

n ( m > 1, n >1) 
The polytope y n in t h i s n o t a t i o n 0 ' i s the s a m e a s the o r d i n a r y 
( r ea l ) m e a s u r e polytope yn [ 6 , p . 96; 7, p . 374] „ 

The comple t e s y m m e t r y g roup of ^ r n
n , ca l led G(m, 1, n) 

by Shepha rd and Todd [8, p p . 276-277] , i s r e a d i l y s e e n to be 
i s o m o r p h i c to S(n, m ) . The ro t a t i ons Q^ of {m} n c o r r e s p o n d 
to u n i t a r y r e f l e c t i o n s (of p e r i o d m) of ^ m n , and the h a l f - t u r n s 
T j j of {mi n c o r r e s p o n d to 2-fold r e f l ec t i ons of ^ n . Thus 
t h e g e n e r a l i z e d m e a s u r e polytope p r o v i d e s an a l t e r n a t i v e mode l 
for the g e n e r a l i z e d s y m m e t r i c g r o u p . 

' The m in the symbo l y m
n i s a superscr ipt , not an exponent, 

The form. y m
n , rather than y n

m , has been used in order to 
avoid confusion with the symbol for the rectangular product of 
m equal y n

! s . 
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