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SEVERAL TYPES OF ERGODICITY FOR M/G/1-TYPE
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Abstract

In this paper we study polynomial and geometric (exponential) ergodicity for M/G/1-type
Markov chains and Markov processes. First, practical criteria for M/G/1-type Markov
chains are obtained by analyzing the generating function of the first return probability
to level 0. Then the corresponding criteria for M/G/1-type Markov processes are given,
using their h-approximation chains. Our method yields the radius of convergence of the
generating function of the first return probability, which is very important in obtaining
explicit bounds on geometric (exponential) convergence rates. Our results are illustrated,
in the final section, in some examples.
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1. Introduction

We consider homogeneous discrete-time Markov chains and continuous-time Markov pro-
cesses on a countable state space having an M/G/1-type structure, i.e. the transition matrix
of the chains and the infinitesimal generator of the processes are upper block Hessenberg
with a repetitive structure. For the M/G/1-type structure, some authors (see, e.g. [9]) have
coined the descriptive term skip-free to the left. M/G/1-type Markov chains, introduced
in [19, pp. 2-5] and [20, Chapter 2], model a very large variety of queueing problems.
Continuous-time M/G/1-type Markov processes have also been studied extensively (see,
e.g. [10, pp. 268-275] and [21]). Such processes are often the modeling tool of choice
for modern computer and communications systems [16, pp. 6-8], [24]. Because of their
special structure, it has been possible to derive many elegant results. The condition sufficient
and necessary for (ordinary) ergodicity (i.e. the existence of the invariant probability vector)
of the chains and processes has been found. Subsequently, based on (ordinary) ergodicity,
there appeared many research works devoted to the study of the computation of the invariant
probability vector (see, e.g. [14]) and the tail asymptotics of the stationary distribution (see,
e.g. [4]). Here, we investigate the rates of convergence of the transition functions to the
stationary distribution for M/G/1-type Markov chains and Markov processes.

The criteria of polynomial (see [6] and [25]), geometric, and strong (see [7, Chapter 1]
and [15, Chapters 15 and 16]) ergodicity for the embedded M/G/1 queue were given in [5] by
analyzing the generating function of the first hitting time, and later, in [12], the largest geometric
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convergence rate was obtained. Note that the embedded chain is a typical numeric Markov chain
of M/G/1 type. Zeifman [27] studied the exponential ergodicity (see [1, Chapter 6] and [3,
Chapter 4]) and investigated the bounds on the convergence rates of birth—death processes,
including the random walk in continuous time. Note that the random walk is a numeric Markov
process of M/G/1 type. As the continuation of [5] and [12], this paper studies these ergodicities
for more extensive M/G/1-type Markov chains and Markov processes, respectively, using the
matrix-analytic method.

As a preliminary, we first review the definitions and criteria of the several types of
ergodicity. Lemmas 2.1, 2.2, and 2.3 reveal the relations between the ergodicity of a Markov
process and that of its h-approximation chain. By combining the matrix-analytic method
with the usual Foster—Lyapunov method, we obtain the criteria for polynomial and geometric
ergodicity in Section 3, mainly by directly analyzing the generating function of the first return
probability to level 0, using the matrix-analytic method. Moreover, the radius of convergence
of the generating function G (z) is derived in Theorem 3.2. This is of great importance when
investigating explicit geometric convergence rates. In Section 4 we obtain the corresponding
criteria for M/G/1-type processes, using their z-approximation chains. The results about strong
ergodicity are simple: none of the M/G/1-type Markov chains and Markov processes are
strongly ergodic. All the criteria are easy to check and widely applicable. To illustrate our
results, we present three examples in Section 5, and in each investigate the explicit bounds on
the geometric (exponential) convergence rates.

2. Preliminaries

First, we review the definitions of the several types of ergodicity. Let Zy = {0, 1,2, ...}
be the set of nonnegative integers, let Ny = {1, 2, ...} be the set of positive integers, and
let Ry = [0, co) be the set of nonnegative real numbers. In this paper we consider only the
usual total variation norm: for a signed measure p, we write [|ul| = supjy <y [n(g)l. Let
{Xn, n € Z4} be an irreducible aperiodic discrete-time Markov chain on a countable state
space (E, ¥), with stochastic transition matrix P = (P(, j), i, j € E). Define ty =
inf{n > 1: X,, € H} to be the first hitting time at a nonempty finite set H. Denote by P;
the conditional probability of the chain X,, when starting from 7, and by E; the corresponding
conditional expectation. For n > 1, define

P, j) =P{X(n) =/ | X(©0) =i}.

The superscript will be omitted when n = 1. The chain X, is said to be (ordinarily) ergodic if
there exists a probability measure 7 such that

P, -) =)l = Z |P" (i, j) = (j)l = 0, n — 0o,
JjeEE

foralli € E. An ergodic chain X, is said to be geometrically ergodic if, for positive constants
pG < land D; < oo,

1P, ) =l < Dipg

holds forall n € Z4 and i € E, and is said to be strongly ergodic if

sup |P"(i,") — ()|l > 0 asn — oo.
ieE
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For [ € N4, the chain X, is called /-ergodic if there exists some finite nonempty set H such
that Ei[(rH)l] < ooforalli € H. If X,, is [-ergodic then it is ergodic and, for all i € E,

TP ) () =0,  n— oo,

Now we review the criteria for exponential (geometric) and strong ergodicity for Markov
chains and Markov processes, which will be used to prove Lemmas 2.2 and 2.3. These criteria
are given by, for example, Theorems 4.31 and 4.45 of [3] with a slight change in form.

(i) Drift criterion for geometric ergodicity. There exists a finite vector V (with V; > 1 for all
i € E), some finite set C, and positive constants Sg < 1 and bg < oo such that

ZP(i»j)Vj == Bc)Vi+bglc(i), i€E. 2.0
Jj=0

Here 1¢(i) is the indicator function for set C, which can in fact be any finite set.

(i) Drift criterion for strong ergodicity. There exists a bounded, nonnegative vector V, a finite
set C, and a positive constant b < oo such that

o0
S PG )V <Vi—1+blcl), i€E. 2.2)
j=0

Let {X,, t € R} be anirreducible continuous-time Markov process on a countable state space
(E, ), with transition function P’(i, j) and regular intensity matrix Q = (g;j). The process
X, is said to be (ordinarily) ergodic if there exists a probability measure 7 such that

1P, ) =)l — 0, 1 — 00,

forall i € E. An ergodic Markov process is said to be exponentially ergodic if, for positive
constants pg < 1 and D; < oo,

IP'G, ) — ()| < Dye !
holds for all > O and i € E, and is said to be strongly ergodic if

sup [|P'(i,) — ()| = 0 ast— oo.
ieE

(iii) Drift criterion for exponential ergodicity. There exists a finite vector V (with V; > 1 for
alli € E), some finite set C, and positive constants Sg < inf;cg g; and bg < oo such that

o0
S ayV; < —PeVi+bele),  i€E. 2.3)
Jj=0

Here, C can in fact be any finite set.

(iv) Drift criterion for strong ergodicity. There exists a bounded, nonnegative vector V, a finite
set C, and a positive constant b < oo such that

o0
Z‘IUVJ < —1+0blc(@), i €E. (2.4)
j=0
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Assume that X, is uniformizable, i.e. that ¢ := sup;.ggq; < oo; then Q is regular. Let
h < ¢~ ! be the length of the time-discretization interval. Then the transition probabilities
P"(i, j) have first-order approximations «mp@,j)y =+ h@)i, i, j € E. This first-order
approximation defines the -approximation chain {X*"” (n), n € 7.} of the process X;. From
Proposition 2.10 of [1, Chapter 2], the following relation can be shown to hold:

-1
Z -1 (th— )"

Pl(i’ J) = (CZQ)U- — a(h)Pn(i, j)e—th 1 ( ') .
n=0 n.

In the following lemmas we derive the relations between these types of ergodicity for the
Markov process and its #-approximation chain. These lemmas will be used in Section 4.

Lemma 2.1. Letl € N.. If, for the h-approximation chain,
n WP, ) — () >0,  n— oo, 2.5)
foralli € E, then, for the process X,
PG, ) -7 =0, - o0, (2.6)
foralli € E.

Proof. From (2.5) we find that, for any ¢ > 0, there exists an N € N such that

aypng: N _ . —1 €
TP, ) — ()l <n GRENITAL

foralli € E whenn > N. Then

> —1\n
PG ) - =1 Z(auwpn(i’ S — (et (th™ ”
n=0 n!
= —1\n
S tl nX:(:) ||a(h)Pn(i, ) _ JT(-)”e_th_l ([]’ln' )
Al —1\n
= tl nXZ% ||a(h)Pn(i, ) o JT(-)”C_[h_I ([/’ln' )
- et (th™H"
+tl Z n l;e th!
n=N+1 2[(1 +DhY n!
=: 11 (1) + L (1). 27

Since lim;_, oo 11 (¢) = 0, there exists some 7 > 0 such that
£
Ii(t) < 2 2.8)

fort > T. Obviously, we have

il < (m+D!' < (m+D'n! < A +Dn'n!
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for any n € N4, which implies that

e(l +l)l e—lh_](th—l)n B 8€_th_l ([l’l_l)n+l -

&
—l f— .
A0 +DAY o= (14D 2 A D! T2

From (2.7)—(2.9) we see that, forallt > T andi € E,
dPG ) =m0l <

oo oo

L) <t

(2.9)

Hence, (2.6) holds.

The following lemma is adapted from Lemma 2.7 and Theorem 2.2 of [23]. For the reader’s
convenience, we nevertheless give the proof.

Lemma 2.2. The h-approximation chain is geometrically ergodic if and only if the process X;
is also. Furthermore, if pg(h) is a feasible geometric convergence rate of the h-approximation
chain, then (1 — pg(h))/ h is a feasible exponential convergence rate of the process X;.

Proof. Let V be a solution to (2.1) for a finite set C, a positive constant bg < 0o, and some
parameter g < 1, for the h-approximation chain. Fix a positive number « < inf;cfg g;; then V
is also the solution to (2.3) for the same set C, a positive constant bg = h=lbg,and a parameter
BE = afc. Thus, if the h-approximation chain is geometrically ergodic then the process X; is
exponentially ergodic. The converse statement follows along the same lines.

Furthermore, if pg (%) is a feasible geometric convergence rate of the 2-approximation chain,
ie.if

1“M PG, ) =l < Dipa ()",
then
! (th=h"
n!

1P G,y =l < D 1P PG, ) — 7 ()]
n=0
< Diexpl—(1 — pg(M)th™'],

implying that || P’ (i, -) — w(-)|| < D;je P& for pg = (1 — pg(h))h_l, i.e. that pg is a feasible
exponential convergence rate for the process.

Lemma 2.3. The h-approximation chain is strongly ergodic if and only if the process X; is
strongly ergodic.

Proof. Let V be a solution to (2.2) for a finite set C and a positive constant b < oo, for the
h-approximation chain. It is then easy to check that 2V is the solution to (2.4) for the same
C and b. Thus, if the h-approximation chain is strongly ergodic then so is the process. The
converse statement follows along the same lines.

3. M/G/1-type Markov chains

We consider an irreducible aperiodic M/G/1-type Markov chain X,, whose transition matrix
P is partitioned into block form:

By By B, B3
Co A1 Ay Az
P = 0 Ay A A
0 0 Ay A
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Here, the matrices {A,, n € Z.} are square matrices of order m and the matrix By is a square
matrix of order m. The matrices {B,,, n € N} and Cy are respectively of dimensions m| X m
and m x m1. We assume that P is a stochastic transition matrix, i.e. that

o o0 o0
ZAneze, ZBneze, Coe—i-ZA,,e:e,
n=0

n=0 n=1

where e is a column vector of 1s. The state space of the above block-partitioned Markov
chain can be expressed as E = {U?io L;}, where Lo = {(0,/), j = 1,2,...,m1} and
L; ={(G, j),j=1,2,...,m} denote the level 0 and the level i, respectively.

Let Gy (k) be the conditional probability that the chain X,, when starting in the state
@G+ 1,j),i > 1,1 < j < m, first reaches the level i, after exactly k € N, transitions,
by hitting the state (i, j'), i > 1,1 < j' < m. The matrices G(k) take the Gy (k) as entries
and are of order m. Define G(z) = Y 1o, G(k)z*, z € R. The following proposition is just
a simple extension of Theorem 2.2.2 of [20]: we enlarge the range of z from —1 <z < 1 to
—00 < z < 00. It plays an important role in our analysis.

Proposition 3.1. For any z € (—00, 00), G(2) satisfies the following equation:
~ e ~
G) =) z4,G"(2). 3.1)
v=0

Moreover, when z only takes values in the range [0, 00), G(z) is the minimal nonnegative
solution to (3.1).

Let L/ (k) be the conditional probability that the chain X,, when starting in the state
(1, j),1 < j < m, first reaches the level 0, after exactly k € N, transitions, by hitting
the state (0, j'),1 < j° < mj. The matrices L(k) take the Ly (k) as entries and are of
dimensions m x my. Let K (k) be the conditional probability that the chain X,,, when starting
in the state (0, j), 1 < j < m, first returns to the level O, after exactly k € N transitions,
by hitting the state (0, j'), 1 < j’ < my. The matrices K (k) take the Ky (k) as entries and
are of dimensions m; x mj. Define L(z) = > o, L(k)z* and K(z) = > 32, K(k)z*. In the
following proposition we derive important relations between G(2), L(z), and K (2); these are
the simple extensions of Equations (2.4.2) and (2.4.8) of [20, pp. 107-109] from the range
—1 <z <1 totherange —o00 < z < 0.

Proposition 3.2. For any z € (—o0, 00), we obtain

L(z)=2Co+ ) 24,G" ' (2)L(2). (3.2)
v=1

K(z) = zBo + ZZBUGU_I(Z)i(Z). (3.3)
v=1

3.1. Polynomial ergodicity

In [20], a basic assumption is that G := Z,fil G (k) is irreducible. The elements G,
1 < j,j/ < m, of the matrix G are the conditional probabilities that the chain X,, will
eventually hit the level i in the state (i, j’), given that it starts in the state (i + 1, j), i > 1. Let
B =72, vAye and let p be the invariant probability vector of A := > 721 A, (i.e. p = pA
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and pe = 1). Note that if G is irreducible, then so is A and that if A is irreducible, then G
is stochastic if and only if A := uB < 1. When G is irreducible, Theorem 3.2.1 of [20] states
that X, is ergodic if and only if A < 1 and the matrix Y o, vB, is finite. In our approach, we
also assume that G is known and irreducible. This assumption is reasonable because G can be
computed by some efficient methods (see [2] and [14]).

For r € N, define M, = G(’)(z)|z:1 to be the value of the rth derivative of G(z) atz = 1.
Define the sequence {V,,M(X ), r € N4, n > r}, for any square matrix X of the same order as
G, as follows:

n—1

(l)(X) ZZGkXGn_k_l, n> 1’
k=0
n—-2 ki

dxy=Y Y Ghxghhxerh, n>2,
k1=0 k=0
n—r ki k-Xink _

) (x) Z Z Z GRXGRX ... GM XGhXi=kixG" M >3, n>r
=0 k=

Lemma 3.1. Letr € N,. If G is irreducible and A < 1, then
lim n"V{"(X) = (gXe)' G,

n—o0

where the vector g is the invariant probability vector of G (i.e. g = gG and ge=1)and G is
a square matrix whose rows are all equal to g. Furthermore, Y oo D (M 1) < oo if and
only if Y _»" Dpyn” < 00, for D, = A, B,.

Proof. By Theorem 6 of [17] we have lim,,_, oo 7! V (X) (gXe)G and by Lemma 1
of [18] we have 11m,,_)oon_2V X) = (gXe)zG In fact, When r = 3, by 1nterchang1ng
the order of the three summations, we obtaln lim,— s n 3V X)=(gX e)3G. Thus, by
induction on r, we obtain lim,,_, n_’V (X) (gXe)’G From Equation 11 of [18], we
have gMie = 1/(1 — ). Since

1 V4
lim n V(M) = (gMe) G = (—) G,

n—00 1—X

for any ¢ > 0 there exists some N € Ny such that, for any n > N,

oo 1 r oo r
Lorol(i)e-e < Zpowan < onf()ee]
n=N n=N

where & is a square matrix in which each element equals e. The second part of the assertion

follows.

Lemma 3.2. Let r € Ni. If G is irreducible and . < 1, then M, < oo if and only if
Y ooo v Ay < 0o. Here 0o is a matrix all of whose entries are infinite, and matrix inequalities
apply componentwise.

Proof. By differentiating both sides of (2.2) r times and then taking z = 1, we have

—Cl(r)—i-ZA ZGk MG+, (3.4)
v=1
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where C(r) is a sum of finite items each involving the moment matrices A7I of orderi < r.
We can easily show, by 1nduct1on on r, that the finiteness of Ci(r) can be reduced to the
convergence of ZOO Ay V (M 1). By taking D, = A, in Lemma 3.1, we know that C; ()
is finite if and only if } 57, v" A, < oo. Since A < 1, it follows from Theorem 3.1.1 of [20]

that [1 — >0 | A, ZZ;(I) GF17! exists. It then follows from (3.4) that

1

M,e_[I—ZA ZG} Ci(r)e.
v=1

Therefore, M » < oo if and only if C{(r) < oo, and the assertion holds.

~ Forf € Ny, define i,r = i(’)(z)|Z:1 to be the rth derivative of i(z) at z = 1 and
K, = K" (2)|,— to be the rth derivative of K (z) at z = 1.

Theorem 3.1. Let r € N.. If G is irreducible and ) < 1, then X,, is r-ergodic if and only if
Yool v Ay <ocoand ) 52 v By, < oo.

Proof. In analogy with the proof of Lemma 3.2, by differentiating both sides of (3.2) we
have L, < oo if and only if Y olov A, < co. By differentiating both sides of (3.3) r times
and then taking z = 1, we have

v=2
K, _ZB G''L, +ZB Y G"M,G L+ G,
v=1 v=2 k=0

where C,(r) is a sum of finite items each involving the moment matrices Mi and I:i of order
i < r. Hence, K, < oo if and only if }"5° ;1" A, < oo and 302 v" B, < oco. Let H be the
level Lg. It thus follows from Izre < oo that E j)[(tg)"] < coforall 1 < j < mj. Hence,
X, is r-ergodic.

3.2. Geometric ergodicity

In this section we deal with geometric ergodicity. From Theorem 4.30 of [3], we know
that a Markov chain is geometrically ergodic if and only if there exists some y > 1 such
that E;[y™] < oo foralli € H. For H = Lo, X, is geometrically ergodic if and only if
K(z)e < oo for some z > 1. Let A(z) = Yoo AyzF. Our idea is to  analyze the radius of
convergence of K (2) via the Perron-Frobenius eigenvalues of G(z) and A(2), using the matrix-
analytic method. Furthermore, the radius of convergence of G(z)is given in computable form,
which is of great importance in finding the explicit geometric convergence rates.

Lemma 3.3. Suppose that G is irreducible and & < 1. Let x(z) be the Perron—Frobenius
eigenvalue of G(z) and let p(z) be the Perron—Frobenius eigenvalue of A(z).

O Ifr<land G(Z) <o for some 7 > 1, then x(z) is a continuously differentiable function
of z for 0 < z < Z, and the right eigenvector u(z) corresponding to x(z) may be chosen to be
positive. Furthermore, x(z) = 1 whenz = 1 and x(z) > 1 when 1 < 7 < Z.

@Gi) If AGZ) < o0 for some 7 > 1, then p(2) is a continuously differentiable function of z for
0 < z < Z, and the right eigenvector v(z) corresponding to p(z) may be chosen to be positive.
Furthermore, p(z) = 1 whenz = 1 and p(z) > 1 when 1 < z < Z.
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Proof. Since G(l) = G isirreducible and G (Z) < o0, it follows that G(Z) is also irreducible
and continuously differentiable, for 0 < z < z. It has a uniquely defined Perron—-Frobenius
eigenvalue yx (z), which is a continuously differentiable function of z for 0 < z < Z, since it
is a simple root of a polynomial equation with continuously differentiable coefficients. The
corresponding right eigenvector u(z) of x (z) is strictly positive and can be chosen so that it is
also continuously differentiable for 0 < z < z. Since G is irreducible and 1 < 1, it follows
that G is stochastic. Hence, Ge = e and G(z)e > e for z > 1, and the second statement of
part (i) holds.

We know that A is stochastic. Since G is irreducible, it follows that A is also irreducible.
The proof of part (ii) is therefore similar to that of part (i).

To prove our next lemma, we first define the sequence {T,(k), v,k € N}, introduced

in [20], by
To(k) =0, keNy, T (1) = Ao, Ti(k)y=0, k=2,

o0
Ty (k) = ZAnTv(")(k -1, veZy,
n=1

where Tv(") (k) is the nth matrix convolution of T, (k). It is known that T, (k) is nondecreasing
and converges to G (k) when v tends to infinity. In the following lemma we derive a relation
between the Perron—Frobenius eigenvalues x (z) and p(z).

For a sequence of square matrices {Dy, k € N}, we denote the radius of convergence of
S0, kD by ¢p = sup{z > 1: Y2, 2Dy < oo}

Lemma 3.4. If G is irreducible then the Perron—Frobenius eigenvalue x(z) of G(2) is the
smallest positive root of the equation

5(z) = zp(s(2)), (3.5)
forz € {z: 0 < s(z) < P} (the equality holds only when /1(¢A) < 00).

Proof. First, we prove that the Perron—Frobenius eigenvalue x (2), z € {z: 0 < x(2) < ¢al},
is a solution to (3.5). (As above, in the domain of z, equality holds only when A(¢4) < 00.)
By postmultiplying by its positive eigenvector u#(z) in (3.1), we have

o
Gu(z) =) 24,6 @u(z) = zA(x ())u(2) = x(Du(z).
v=0
It follows from Perron—Frobenius theory that x(z) is the Perron—Frobenius eigenvalue of

ZA(x(2)), ie. that x (2) = z0(x(2)).
We now prove that y (z) is the smallest root. Let B(2) be the smallest positive root of (3.5) and
denote by v(8(z)) the positive eigenvector of A(B(z)) corfesponding to the Perron—Frobenius

eigenvalue p(B(z)). Let Ty(z) = Yo, T, (k); then To(z)v(B(z)) = 0 < B(2)v(B(2)).
Furthermore, suppose that T, (z)v(B(z)) < B(z)v(B(z)); then

To1@(BR) =2 ) AT (Dv(B(R) < ZABR)V(BR)) = B)V(B(2)).
n=0

By induction, we see that T, (2)v(B(2)) < B(2)v(B(z)) for any v € Z,. The matrices T,(2)
converge monotonically to the matrix G (z), and therefore

G(2)v(B(2) < B)(B(2)).
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Since v(B(z)) is positive, this implies that x (z) < B(z). That B(z) = x(z) follows from the
fact that x (z) is also a positive root of (3.5). Thus, we have finished the proof.

Theorem 3.2. Suppose that A < 1 and G is irreducible. If 4 > 1 then G(2) < 00 for some
z > 1. Moreover, the radius of convergence of G(2) is zo = so/p(S0), where sq is the unique
root of sp’(s) = p(s).

Proof. Since ¢4 > 1, it follows that A(s) < oo and p(s) <ocofor0 < s < ¢u. Thus,
y = zp(s) can be defined for0 < z < coand 0 < s < ¢4. From Lemma 2.3.3 of [20], we see
that p'(1—) = A < 1. Since p(1) = 1 and p’(1—) < 1, it follows that the curves y = p(s) and
y = s have only one intersection point, at s = 1, for 0 < s < 1, and two intersection points
for 1 <s < ¢4. For some z-values greater than, but sufficiently close to, 1, we know that the
curves y = zp(s) and y = s have two intersection points. The left-hand intersection point can
be written as (0(z), 6(z)), where 6(z), 1 < 6(z) < ¢4, is the smallest positive root of (3.5).
From Lemma 3.4 we know that x (z) = 6(z) < o0; hence, G(z) < 00.

When z increases gradually to its maximal value, denoted by zg, the curves y = zp(s) and
y = s will have only one intersection point, which we write as (sg, so) with so < ¢4. Hence,
(s = s0, Z = z0) is the unique solution of the following system of equations:

zp(s) = s, z20'(s) = 1. (3.6)

In (3.6), the first equation guarantees that the curves y = s and y = zp(s) have intersection
points. The second equation ensures that there is only one intersection point.

We now prove that zg is the radius of convergence of G(z), i.e. that G(z) = oo when z > zo,
and G(z) < oo when z < zg. When z < zp, the curves y = s and y = zp(s) have either one
or two intersection points, i.e. (3.5) has either one or two solutions. Then x(z) < oo and, so
G(z) < oo. Suppose that G(z) < oo for some z > zg; then x (z) < oo for some z > zg. From
Lemma 3.4 we see that (3.5) has at least one solution, i.e. the curves y = s and y = zp(s) have
at least one intersection point, which contradicts the fact that when z > zg the curves have no
intersection points.

Remark 3.1. If a Markov chain is stochastically ordered, then, relative to those for general
Markov chains, it is possible to obtain much more explicit or even tighter convergence rates
(see [13] and [22]) in terms of the radius of convergence of the generating function of the first
hitting time of the state 0. Theorem 3.2 can thus be used to derive explicit convergence rates
for M/G/1-type Markov chains, as will be illustrated in Section 5.

/

For technical reasons, we introduce a simpler M/G/1-type Markov chain, {X},,

with transition matrix

n e N+},

B(/) B, B, B3
Ay A Ar A
P/= 0 A() A] Az
0 0 Ay A

P’ is the same as P except for a change of two elements, By and Cy, in the first column. Owing
to the relation between P apd P/, we may also make P’ stochastic and X ,/1 irreducible and
aperiodic. For P’, we have G(z) = L(z) and it follows from (3.1)—(3.3) that

G(2) = ZZAUGU(Z)a K(z) = zB) + ZzBUG”(z). (3.7

v=0 v=1
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In the following, we first give the criterion for X/, to be geometrically ergodic. Then we prove
that X,, is geometrically ergodic if and only if X, is also.

Theorem 3.3. If G is irreducible and ) < 1, then X, is geometrically ergodic if and only if
min{g4, ¢} > L.

Proof. First, we prove the necessity. If X/ is geometrically ergodic then K(z) < oo and
G (z2) < oo for some z > 1. Thus, from (3.7), we have

ZBUG”(Z) < 00, ZA,,GU(Z) < o0. (3.8)

v=1 v=1

From Lemma 3.3, we know that the Perron—-Frobenius eigenvalue x (z) of G(z) satisfies 1 <
x(2) < oo. By postmultiplying by the positive eigenvector u(z), corresponding to x (z), in
both equations in (3.8), we obtain

D Bux'(@u@) <oo, Y Aux'(@Qu) < oo,

v=1 v=1

which implies that min{¢4, ¢p} > 1.

We now prove the sufficiency. If min{¢4, ¢p} > 1thenp4 > 1 and ¢p > 1. Since p4 > 1
and A < 1, it follows from Theorem 3.2 that there exists some s > 1 such that G(s) < 0.
By Lemma 3.3, we know that the Perron—-Frobenius eigenvalue x (z) of G(z) is continuously
differentiable when 0 < z < s. We can thus choose an appropriate s1, with 1 < s1 < s, such
that x (s;) < ¢p. By postmultiplying by the eigenvector #(s1) in the second equation of (3.7),
we obtain

K(s)u(s1) = s1Byu(s1) +s1 y_ Byx"(s)u(s1) < 0.

v=1
Since u(s1) is positive, it follows that K (s1)e < oo; thus, the chain X ' is geometrically ergodic.

Theorem 3.4. If G is irreducible and A < 1, then X,, is geometrically ergodic if and only if
min{$a, ¢p} > L.

Proof. Let C = LoU L. Suppose that X, is geometrically ergodic; then there exists a finite
solution V with V; > 1, i € E, to (2.1) for the set C, and some positive constant bg < 00.
It is easy to check that, when P’ is used in place of P, V is also a solution of (2.1) for the
same set C and some positive constant b < oo. Hence, X, is also geometrically ergodic.
Similarly, we can prove that if X, is geometrically ergodic, then X, is also. Thus, it follows
from Theorem 3.3 that our assertion holds.

Remark 3.2. An M/G/1-type Markov chain is called a quasi-birth—death chain if By = 0 for
k > 2 and Ay = 0 for k > 3. Obviously min{¢4, ¢p} > 1, so by Theorem 3.4 we can easily
show that if G is irreducible and A < 1, the quasi-birth—death chain is geometrically ergodic.

Remark 3.3. From Propositions 2.2 and 2.3 of [5], we see that a Markov chain with the
transition matrix P = (P(i, j)) is not strongly ergodic if lim;_, o P (i, j) = 0 for each j.
According to this result, X, is not strongly ergodic.
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4. M/G/1-type Markov processes

In this section, we consider an irreducible M/G/1-type Markov process X; whose intensity
matrix Q = (g;;) is partitioned into block form:

FO FQ FO &
L FO F@ g®
B L FO FO
0 B L FO

co ™

Here the matrices B, L, and {F M pe N, } are square matrices of order m, the matrix L
is a square matrix of order m1, and the matrices {F"), n € N,} and B are respectively of
dimensions m1 x m and m x m. We suppose that Q is both conservative, i.e. that

o0 o0 o0
ie+2ﬁ(">e =0, Be+Le+ZF(">e =0, Be+Le+ZF(">e=0,
n=1

n=l1 n=1

and totally stable, i.e. sup;c.g g¢; < oo. Thus, Q is regular. As above, the state space of the
process is £ = {U?io L;}, with Ly = {0, ), j = 1,2,...,m}and L; = {(Q, ), j =

1,2,...,m}. Let P!(i, j) be the transition function of X.. We investigate the rates of
convergence of P!(i, j) to the stationary distribution by comparing X; with its h-approximation
chain.

The h-approximation chain of X, is an irreducible, aperiodic M/G/1-type Markov chain with
the following transition matrix:

hL +1I,,  hF® hF® hF®  pF®

hB hL+1, hF® hF®  hF®

P— 0 hB hL+1, hF®  pF®
0 0 hB hL +1, hF®M

Here I, and I,,, are identity matrices of orders m and m, respectively.
Let G be the minimal nonnegative solution to the following equation:

o0
B+LG+) FYG' =o0.
k=1

The matrix G has the same probabilistic interpretation as G for the discrete-time chains: the
(k, I)th entry of G expresses the conditional probability of the process first entering L
through state /, given that it starts from state k of L ;. The auxiliary matrix can be computed by
an efficient iterative method, e.g. the cyclic reduction algorithm [2].

Let fi be the invariant probability vector of the matrix B + L + > 7o ; F® je.

o0
ﬂ(B +L+ZF(")> = 0.

k=1
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Obviously, G is also the minimal nonnegative solution to

oo
hB+ (hL+1,)G + 1Y FOGH =G, “.1)
k=1

and fu is also the invariant probability vector of hB + (hL + I,,) + h ) ;- | F® je.

o0
,1:;2|:hB+(hL+Im)+hZF<k)]. (4.2)
k=1

Let f=h[L+ Y52 (k+ 1HF®]e+eand i = ip.

Theorem 4.1. Let | € N,. Suppose that G is irreducible and ). < 1. Iy o2, nF® < 0o
and Y 2, n' F® < oo, then

dNPG ) =) = 0, t— oo, (4.3)

foralli € E.

Proof. Since G is irreducible and i < 1, it follows from (4.1) and (4.2) that G = G is
irreducible and that A = A < 1 for the h-approximation chain. From Theorem 3.1, we then
know that the h-approximation chain is /-ergodic, and thus that

TP ) — () =0,  n— o,

for alli € E. Hence, by Lemma 2.1 we know that (4.3) holds.

Theorem 4.2. If G is irreducible and 3. < 1, then X (t) is geometrically ergodic if and only if
min{gr. ¢z} > L.

Proof. The assertion follows directly from Theorem 3.4 and Lemma 2.2.

Remark 4.1. An M/G/1-type Markov process is called a quasi-birth—death process if F®O =0
and F® = 0 for k > 2. Obviously min{¢r, ¢} > 1, so by Theorem 4.2 we can easily see
that if G is irreducible and A < 1, the quasi-birth—death process is geometrically ergodic.

Remark 4.2. From Remark 3.3, we know that the h-approximation chain is not strongly
ergodic. It thus follows from Lemma 2.3 that X () is not strongly ergodic.

5. Applications: explicit geometric and exponential convergence rates

In this section, we give three examples to illustrate our results. In the first example, we obtain
the best possible geometric convergence rate for a strictly pathwise Markov chain. In the other
examples, we derive explicit lower bounds on the best possible exponential convergence rates
for two Markov processes whose h-approximation chains are all stochastically monotone.

We first state the definitions of stochastic ordering and pathwise ordering, taken from [13].
We say that a random variable Y7 is stochastically larger than a random variable Y5 if, for all
real x, P{Y] < x} < P{Y> < x}. Let Xl and X2 be two copies of the chain X,, with the
possibly random initial states X, ! and X() The chaln X, is said to be stochastically ordered if
X} is stochastically larger than X,% foralln > 0, whenever X is stochastically larger than X3.

Obviously, if a Markov chain is stochastically monotone (i.e. Y ik PG, j) <Y ik P(m, j)
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for any i and m with i < m, and for every k), then it is stochastically ordered. It then
follows, from [11, pp. 132—-136], that stochastic ordering can be extended to pathwise ordering:
X ,11 > X,% for all n whenever X (1) > X%. Suppose that the chain X, is ergodic and has stationary
distribution . The pathwise ordering is said to be strict if there exists some ¢ > 0, with
7 ((c, 00)) > 0, such that X,11 > X,zl whenever n < inf{k > 0O: X2 = Oland x > y +c.

Generally speaking, the value of r in the generating function E;[r™] fails to provide infor-
mation about the geometric convergence rate. For stochastically ordered Markov chains, we
know from [22] that if E;[r™] < oo for some i > 0 and r > 1, then

o
d orMIP G ) = ()] < Di (5.1)
n=0
for every i, where
D; = ! E;[r®] + _r (Eo[r™]1—1) <
-1 (r—1)2 ‘

For stochastically monotone Markov chains, the value of r can thus provide a lower bound
for the maximal geometric convergence rate. Furthermore, if the ordering is still strict, from
Theorem 6.2 of [13] we have

limsup ¥ || P"(0, ) — ()| = o0
n—>oo
for r > rp, where rg is the radius of convergence of E¢[r™]. Hence, under the condition that
the chain X, be strictly pathwise, the radius of convergence of E;[r™] is the best possible
geometric convergence rate.

Example 5.1. Define a Markov chain X,, on a countable state space E = Z, by

52
A X =0, (5.2)

Xn_1+An’ anla
Xnt1 =
where A, is a sequence of independent, identically distributed discrete random variables
distributed according to P{A| =i} = a;, i € Z+, and whose transition matrix is

ap ay ay as
ap ay az az
0 ag a1 a
0 0 apg daj

where {a,, n € Z4} is a sequence of nonnegative real numbers such that Y 2qax = 1.
Suppose that X, is irreducible and aperiodic. It is easy to show that X, is ergodic if and only
if Z,fil kayr < 1; and if this holds it follows from Theorem 3.1 that, for some / with [ € N,
X, is [-ergodic if and only if 302 ) a,n' < oc.

Let X! and X% be two copies of the chain X,, driven by the same sequence {A,}, with
the initial conditions Xé = x and X% = y. Suppose that x > y. Then, from (5.2), we
know that X }l > X ,zl for every n > 0, and that the chain X, is therefore pathwise ordered.

https://doi.org/10.1239/jap/1143936249 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1143936249

M/G/1-type Markov chains and Markov processes 155

Furthermore, suppose that x > y 4 2. Then, by again using (5.2), we have X ,11 - X ,21 > 1 for
n < inf{k > 0: X,% = 0}, so the ordering is still strict.

Now suppose that Y ;- kax < 1 and ¢4 > 1. It then follows from Theorem 3.4 that X,, is
geometrically ergodic. Because of the special structure of P, we have

Eo[z™] = Ei[z™] and E:[z™] = (Eo[z™])".

By Theorem 3.2, we know that the radius of convergence of Eq[z™] is zg, with zg = so/A(s0)
and Eo[zéo] = 50, Where sq is the unique root of sA’(s) = A(s). Thus, from the discussion
preceding the example, we know that (5.1) holds for positive constants

I, 20

r=z9 and D; = sq +
0 ! Zo—lo (zo0 —

1)2(S() - ]) < o0,

and that zo is the best possible geometric convergence rate.

Remark 5.1. For general Markov chains, it is difficult to give the best possible geometric
convergence rate. Owing to the facts that the chain is strictly pathwise and that the radius of
convergence of Eg[r™] can be given explicitly, we obtain the sharpest geometric convergence
rate for the chain in Example 5.1. In particular, if we take

% () k
ak=/0 %e_“dB(x), keZy,

in the example, then X,, becomes the embedded chain of the queue length of the classical M/G/1
queue. The best possible geometric convergence rate for the embedded chain was given in [12]
using the same method.

Example 5.2. Let X, be an irreducible Markov process with intensity matrix @ = (g;;), as

follows:
o0
— Z by by by b3
k=1
o0
bo  —bo—Y b by b3
k=2
_ o0
2=1 o b —by— > by by
k=2
o0
0 0 by —by — Z by
k=2

Here {b;, i € Z4} is a sequence of nonnegative real numbers with Y 2, bx < co. Since Q
is uniformly bounded, by Lemma 4.40 of [3] we know that X, is ergodic if and only if its
embedding chain is also. The transition matrix P = (P (i, j)) of the embedding chain is

(1 =8 1, i=j,
P, jy =A%) g L=
qi 0, i#j
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The embedding chain is ergodic if and only if

Z/fiz kby

o
— = <1, ie. kbr4+1 < by.
bo_l_zzizbk Z k+1 0

k=1
If 302 kbky1 < bgand Y o2 byn! < oo, then it follows from Theorem 4.1 that, for every i,
NP ) =T >0, 1= o0

Leth = 1/Y 22obk. Then h < g~ ! and the h-approximation chain is stochastically
monotone. Define

o0 o
By (z) = hby + <1 — hby — h Zbk>z +h Zbkzk.
k=2 k=2

Suppose that Y oo | kbg41 < bo and that the radius of convergence of > o bpz* is greater
than 1. Then the h-approximation chain is geometrically ergodic. From Example 5.1 and
Lemma 2.2, we know that, for every i,

IP'G, ) — ()l < Die™ ™

for positive constants

1 — pg(h) ( 1)°° | 20
=27 _|1=-= by and D; = sh + so — 1),
E h 20 ]; k T -1 (20—1)2(0 )

where zg = so/Bp(so) and sg is the unique root of the equation sB,’l (s) = By (s).

Example 5.3. (Random walk in continuous time.) Let X (¢t) be an irreducible regular birth—
death process with birth rates Ao = o and A, = A, n > 1, and death rates o = 0 and
Un =W, n>1. Leth =1/(u+ A+ o). Then the process’s h-approximation chain is also
stochastically monotone. If A/ < 1 then we can easily show that the i-approximation chain
is geometrically ergodic and that

D P ) — ()] < Di

n=0
for every i, for positive constants zg = 1/(1 — h(/A — ﬁ)z) and

270 — 1 20
——[z0(1 — ho) + zphosg] — —,
o — 1)2[ o( ) + zohosol 12
sp 20

+ z20(1 — ho) + zohosog — 1], i >1,
o1 (10_1)2[0( ) + z0hoso — 1]

where so = 4//A. Again by Lemma 2.2, we obtain

1P, ) — 7w ()| < De™ WA=V,
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Remark 5.2. For the processes in Examples 5.2 and 5.3, we can derive explicit lower bounds
on the best possible exponential convergence rate, but our methods fail to give corresponding
upper bounds. Fortunately, the explicit upper bound for a random walk in continuous time was
obtained in [27]; we introduce the result in the following remark.

Remark 5.3. Many authors (see, e.g. [8], [26], [27], and [28]) have investigated the exponential
convergence rates of birth—death processes. In [8] and [26], the conditions for exponential
ergodicity and bounds for the decay parameter were obtained by the method of spectral repre-
sentation. Explicit lower and upper bounds on exponential convergence rates for homogenous
and inhomogenous birth—death processes were respectively obtained in [27] and [28], using
methods from the theory of differential equations. Moreover, for a random walk in continuous
time, in [27] it was proved that the upper bound equals the lower bound, i.e. that the best possible
exponential convergence rate of the process is (v/A — ﬁ)2.
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