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Symmetric and antisymmetric tensor
products for the function-theoretic
operator theorist

Stephan Ramon Garcia, Ryan O’Loughlin, and Jiahui Yu

Abstract. We study symmetric and antisymmetric tensor products of Hilbert-space operators,
focusing on norms and spectra for some well-known classes favored by function-theoretic operator
theorists. We pose many open questions that should interest the field.

1 Introduction

Tensor products and their symmetrization have appeared in the literature since
the mid-nineteenth century, such as in Riemann’s foundational work on differential
geometry [26, 27]. Tensors describe many-body quantum systems [24] and symmetric
tensors underpin the foundations of general relativity [3]. In a separate yet overlapping
vein, multilinear algebra [16] and representation theory [11] utilize symmetric tensor
product spaces.

Decomposing a symmetric tensor into a minimal linear combination of tensor
powers of the same vector arises in mobile communications, machine learning, factor
analysis of k-way arrays, biomedical engineering, psychometrics, and chemometrics
(see [4, 6, 9, 30, 33] and the references therein). We refer the reader to [5] for a study
of this decomposition problem. Symmetric tensors also arise in statistics [23].

In quantum mechanics, many-body systems are represented in terms of tensor
products of wave functions. In the simplest case, where the systems do not interact,
the Hamiltonian of the many-body system corresponds to a symmetric tensor product
of operators [20, Chapter 4, Section 9]. Recently, there has been an endeavor within
the physics community to study self-adjoint extensions of symmetric tensor products
of operators [18, 19, 22]. Furthermore, the symmetric part of a quantum geometric
tensor can be exploited as a tool to detect quantum phase transitions in PJ-symmetric
quantum mechanics [34].

Unfortunately, there is little literature about symmetric tensor products of non-
normal operators. The purpose of this paper is to introduce the basic ideas to
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the function-theoretic operator theory community. We study some fundamental
operator-theoretic questions in this area, such as finding the norm and spectrum
of symmetric tensor products of operators. We work through some examples with
familiar operators, such as the unilateral shift, its adjoint, and diagonal operators.
Given the ramifications of symmetric tensor products in a broad spectrum of fields,
we hope that initiating this study will shed new light on classical problems and lead to
new directions of study for function-theoretic operator theorists.

The layout of this paper is as follows. Section 2 introduces symmetric and antisym-
metric tensor power spaces, the domains for the operators in Section 3. In Section 4,
we collect results on operator-theoretic properties of symmetric tensor products of
bounded operators. The materials in Sections 2-4 are known, but perhaps difficult for
the function-theoretic operator theorist to locate in one place. More novel material
occupies Sections 5-9, although it is possible that some of the contents of Section 5
have appeared before. Section 5 is devoted to the norms of symmetric tensor powers
of operators, while Section 6 focuses on the spectrum. We study symmetric tensor
products of diagonal operators in Section 7, the forward and backward shift operators
in Section 8, and the symmetric tensor product of shifts and diagonal operators in
Section 9. We conclude in Section 10 with a host of open questions that should appeal
to researchers in function-theoretic operator theory.

2 Symmetric and antisymmetric tensor power spaces

Symmetric and antisymmetric tensor powers are familiar in mathematical physics,
but less so in function-theoretic operator theory. We summarize the basics, with
abbreviated explanations or without proof (see [1, Section L.5] or [32, Section 3.8] for
the details).

Let J be a complex Hilbert space, in which the inner product (-, -) is linear in the
first argument and conjugate linear in the second. We assume that 7 has a countable
orthonormal basis. A superscript ~ denotes the closure with respect to the norm of .

Let B(H) denote the space of bounded linear operators on . For
u,uy...,u, € I, the simple tensoru; ® up ® --- ® u, : H" - C acts as follows:

(WU - @u,)(v,Va,...,v,) = (u, vi){up, va) - (u,, vy).

A simple tensor is a conjugate-multilinear function of its arguments. The map taking
an n-tuple in " to the corresponding simple tensor is linear in each argument.

Let H®" denote the C-vector space spanned by the simple tensors. There is a unique
inner product on H®" such that

(2.1) (MOW® - U, VIOV, ® - ®Vy) = {uy, vi{uy, V) -+ (u,, vy)
forall uj,u,,...,u,,vy,vs,...,v, € H [32, Proposition 3.8.2]. Moreover,
lm®u® - @uy = [u|uz]---fu,].

Definition 2.2 (Tensor powers of Hilbert spaces) Let H®®:=C.Forn=1,2,..., let
JH®" denote the completion of H®" with respect to the inner product (2.1).
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For n = 2, we may write H{ ® H instead of H®2. If e}, e,, . . . is an orthonormal basis
for H, thene; ®e;, ® --- ®e;, for (i1, iz,...,i,) € N” is an orthonormal basis for
H®". Here, N := {1,2,3,...} denotes the set of natural numbers.

Let 2, be the group of permutations of [n]:={1,2,...,n}. For all €%, and
u,u,...,u, € K, define

(WU ® - ®Uy) 1= Uy(y) ®Uy(z) ® -+ ® Ug(y).
The density of the span of the simple tensors ensures that 77 extends to a bounded
linear map on H®".

Proposition 2.3 Let m,1 € 2,. (a) 7t = 7T, (b) The map 7 on H®" is unitary.

Proof (a) Since the span of the simple tensors is dense in JH®", it suffices to observe

that
ﬁ?(ul QU ® --- ®u,,) = U(rr)(1) @Yrr)(2) @ @ W(nr)(n)
=T(Ur(1) ®Ur(2) ® + @ Ug(y))
:E(?(lll QU ® - ®un))
forany uj, uy,...,u, € I
(b) For any u, uy, ..., u,,Vvy,Va,...,V, € I, (2.1) ensures that
(T(V1®V2®@ - ®V,), QU ® - Qu,)
= <Vﬂ(1) ®Vr2)® BVp(y), MOUW® -+ ®un)
n n
= [T{Va(iy w) H Vi Ui ()
i=1 =1
= <V1 V2 ® @ Vy, Up-1(1) OUp-1(2) ® -+ ®u,,_1(,,))
=Viev® - @V, T (W oW - ®u,)).
Therefore, 7* = 71 and hence 7! = 7* by (a). [}

We now define certain subspaces of H®" that respect the action of the operators 7.

Definition 2.4 (Symmetric and antisymmetric tensor powers of Hilbert spaces). Let
sgn 7 denote the sign of a permutation 7 € Z,,.

(a) Let H®' := Hand H®" := {ve H®" : 77(v) =vforallme =, } for n > 2.
(b) LetHM := {0} and H " := {v e H®" : 77(v) = (-1)*8""v forall m € £, } forn > 2

We may write H ® H and H A H instead of H®? and H"?, respectively. In this
case, there is only one nonidentity 7 € Z,.

Example 2.5 Let H*(DD) denote the Hardy space on the unit disk D). The monomials
1,z,2%,... are an orthonormal basis for H*(ID), so the simple tensors z' ® 2/ for i, j =
0,1,... are an orthonormal basis for H*(D) ® H*(ID). The unitary map z' ® z/ ~
z'w/ identifies H*(D) ® H*(D) with H?(D?), the Hardy space on the bidisk D? [10].
Thus, we identify H*(D) ® H?(D) and H*(D) A H*(D) with

(2.6) (D?) := {f(z,w) e H*(D*) : f(z,w) = f(w,z) forall z,w e D}

sym
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and

2 2y . 202y . -
(27)  Haym(D*) :={f(z,w) e H(D) : f(2,w) = —f(w,z) forallz,w € D},
respectively. We freely use these identifications in what follows.

Definition 2.8 (Symmetrization and antisymmetrization operators) Define A, :
H®" - H®" and S, : H®" — H®" by
1

1
Spi=— 2, and  A,=— > sgn(m)7.
n

|
n: TEX, * meEX,

Proposition 2.9 (a) S, is the orthogonal projection from H®" onto H®".
(b) A, is the orthogonal projection from H®" onto H"".
In particular, H®" and H"" are closed subspaces of H®".

Proof (a) Use Proposition 2.3 and the fact that 7S, = S, for all 7 € 2, to show that
S2 =S, =S} and ranS, = H®". The proof of (b) is similar. ]

Let vy, vy,...,v, € H and define the simple symmetric and antisymmetric tensors
VIOV;0 -0V, :=5,(v®V,;® --- ®V,) and
VIAVIA - AV, = A, (Vi®V® -+ ® V).
A factor of 1/v/n! is included in some sources [32, (3.8.33)] and V is sometimes used

instead of ®. Note that vy Avy A --- AV, = 0if v; = v; for some i # j.

Proposition 2.10 Let e, e, 3, . .. be an orthonormal basis for .
(a) e;0e;,® - @e;, for 1<i1<ir< - - - <iy form an orthogonal basis for H®".
(b) e, Aey, A -+ Aey, forl <iy<ip< --- < iy form an orthogonal basis for H"".

We say “orthogonal” instead of “orthonormal” because the vectors described in
the previous proposition need not be unit vectors. Let m, denote the number of
occurrences of £ in (i1, ip,...,i,) € [d]". Then there are m;!m,! - - - my! permutations
ofe;, ®e;, ® --- ®e;, that give rise to the same simple tensor. Thus,

1/2
mylmy!---m,!
n!

ey e, 0 Oe| (

If dim 3 = d is finite, then (using the notation for binomial coefficients)

(4, ifn<d,
0, itn>d.

d+n-1

dim H®" = (
n

) and dim K" = {

The case n = 2 is special since dim H®? = d? = (d;d) + (‘Zi) = dim H®? + dim H"?,

which suggests Proposition 2.11. The simple symmetric and antisymmetric tensors are
uov=1(ue@v+veu)eH* and uav=i(u®@v-veu)eH"

foru,ve H.If e, ey, e€3,...1is an orthonormal basis for HH, then

(a) \/E(ei ©ej)fori < jande; © e; for i > 1form an orthonormal basis for H®?, and
(b) V/2(e; Aej) for i < j form an orthonormal basis for H"2.
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Proposition 2.11  H®* = H®? @ H"? is an orthogonal decomposition.
Proof Let 7 be the nonidentity permutation in Z,. If x € H®2, then
=5 (x+7(x)) + 3 (x - 7(x))

S2(x)€HO2 Ay (x)eFN

and hence 9-C®2 H®? + H"2. Since 7 is unitary (Proposition 2.3) and invo-
lutive (since 7% = 1), it is self-adjoint. Let ue H®* and ve H"?, then (u,v)=

(u,v) = (u,77v) = (u,-v) = —(u,v), so (u,v)=0. Thus, H®?>nH"? = {0}, and
HO? L H"2 ]

Example 2.12  Recall from Example 2.5 the identification of H*(D) ® H*(ID) with
H?(D?). The orthogonal decomposition of Proposition 2.11 becomes

(2.13) H*(D?) = H%, (D?) @ H2,, . (D?),

sym asym

where the direct summands are defined by (2.6) and (2.7), respectively. In this context,
z'w'and (z'w’ + z/w') /\/2for 0 < i < jform an orthonormal basis for H2,_ (ID?) and
(D?).

sym
(z'wl - zZIw?)[\/2 for i < j form an orthonormal basis for HaSYm
Lemma 214 If Y, ;|a;j|> < oo, then ;¢ aije; @ ej € H o H.
Proof Proposition (2.10) ensures that

o 2
Zauel@eJH HZ 1]\/_e,®ej+2aiie,»®ei <Z|a,~j|2<oo.

i<j i=1 i<j

Lemma 2.15 For u,v € H, we have %Hu“ vl < [[lw@v| < |ul|v]; both inequalities
are sharp. In particular, the symmetric tensor product of two nonzero vectors is nonzero.

Proof The Cauchy-Schwarz inequality provides the upper inequality since
luov|]*=1tluev+veu|’=i(uev+veu uev+veu)
= i(Hu ®VH2 +ve qu +{(u®v,ve u)|2)
(2.16) = 1 @Il v]* +2/(u, v))
T @Il VI + 2l v]®)

IN

= [l v,

In (2.16), |(u,v)[* is nonnegative, so we obtain the lower inequality. The upper
inequality is sharp if u = v and the lower inequality is sharp ifu L v. [ ]

3 Symmetric and antisymmetric tensor products of operators

For Ay, Az, ..., A, € B(H), define A; ® A, ® --- ® A, on simple tensors by

(A1®A2®"'®An)(V1®V2® ®Vn):A1V1®A2V2® ®A,,v,,.
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This extends by linearity to the linear span H®" of the simple tensors. The density
of H®" in H®" ensures that A; ® A, ® --- ® A, has a unique bounded extension to
F®", also denoted A; ® A, ® --- ® A,,, which satisfies [32, (3.8.17)]:

3.1 |A1® Az ® - ® Ap| = [Ar][[Az] - - [|An].
We may write A®” instead of A® A® -+ ® A (n times).

Proposition 3.2 Let Ay, Ay, ..., A, € B(H). Then H®" and H"" are invariant under

Sn(Al,Az,...,A — Z (A,.,(l) ®A,,(2) ® - ®An(n)) EB(}C(@").

! meX,

Proof LetT =S,(A;,As,...,A,).Forvy,vy,...,v, e K,

T(V1 OV,0 - (DVn)—f Z(Aﬂ(l)®A7T(2) ®A,,(n))(v1 OvV0 - @Vn)
' e,
Z (Ar() ® Ar(2) ® -+ ® An(n))( 2 Ve(1) ® Ve(2) ® - ®Vr(n))
ne):n ! T€EX,

= (n')2 Zz: Zz: (Ar()Vr(1) ® Ar(2)Ve(2) ® " ® An(n)Ve(n))
* e TE

Z Aa(l)Vl © AO'(Z)VZ ©--0 Aa(n)vm

aeE

asum of elements in H®". The density of the simple symmetric tensors in H®" ensures
that TH®" c H®", The proof that TH"" ¢ H"" is similar. [

The proposition above suggests the following definition.

Definition 3.3 (Symmetric tensor products of operators) Let A, Aj,...,A, €
B(H). ThenA;© A, ® --- © A, and Aj A Ay A --+ A A, are the restrictions of

Su(ApL Ay, ... Ay) = — Z (An(l) ®An2) ®: ®Aﬂ(n))

'ne,,

to H®" and H"", respectively. We may write A°” and A*" instead of AGAG® -+ © A
(ntimes) and AA A A -+ A A (n times), respectively.

Symmetric tensor products are permutation invariant:
A10A O QA=A 1) QA2 @ - @Ay, forallmeX,.

If A, B, C € B(H), then the domain of A ® B is H{ © K, which is not equal to 3(, the
domain of C. Thus, (A ® B) ® C is not well defined. Note that @ I® --- @ I =I.

Proposition 3.4 (a) Forall A, A,, ..., A, € B(H), wehave |[A;© A, ©@ -+ ©@ A, <
|A1]||Az] - [ An]. (b) For all A € B(H), we have |A®"| = | A|".

Proof (a) Since Ay ® A, ® --- © Ay, is the restriction of i Yres, (Ar) ® An(z) ®
- ® Ag(yy) to HO", its norm is at most

https://doi.org/10.4153/50008414X23000901 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000901

Symmetric and antisymmetric tensor products 7

N
\

Y Ay ® Aray ® -+ @ An(y) |

*meX,

=— 2 Az llAz)l - [Ane |

* meX,

== 2 lAillAz] ... Ax]
n: EX,

| AL Az]l .. . Al
(b) First, we have |A®"| < | A|" from (a). Then

H% HGZE: (Ary®-++® An(n))H

—

|A]" = sup [Av|" = sup [A®"(veve - ®v)| < [A”"]. "
veJH veH
[[vll=1 [vi=1

Example 3.5 1f A, B € B(J(), then Propositions 2.11 and 3.2 ensure that
1 Ae®B 0 HoXH HoH
(3.6) 2(A®B+B®A)—[ . AAB].[:HA}C]A[%A%].
Example 3.7 Let H = H*(D) and let T, : H*(D) — H*(D) be the Toeplitz operator
with symbol g € L=(D). Then (3.1) ensures that T, ® T, : H*(D*) - H*(D?), the

linear extension of the map z'w/ ~ T,(z") To(w’), has norm | g||Z,. Proposition 3.4
says that T, © T, the restriction of Ty ® T, to H,p, (T?), also has norm | g|/Z..

sym

4 Basic properties

In this section, we collect some results on the operator-theoretic properties of
symmetric tensor products of bounded Hilbert-space operators.
Lemma4.1 (A®B)(CoD)= %(AC ©®BD+ AD ® BC) for A,B,C, D € B(H).

Proof Restrict J(A®B+B®A);(C®D+D®C)=3(AC®BD+BD®AC +

AD ® BC + BC® AD) to H ® H and obtain the desired formula. [ ]
Example 4.2 Equip C? with the standard basis e;, e, and consider
(43) A=[aas] and B=[3n0n].

With respect to the orthonormal basis e; ® e;,e; ® e3,e; @ €1, €, ® e, of H ® I, we
see that 2 (A ® B + B ® A) has the matrix representation

2anbn anbi + bnaiy  apbn + bpan 2a12b12
1 lanbu +bnan  aubz +buaxy  anbxn +bian  anb + biax
2 | anbu +bnan  anbi +bnaiz  axbn +brnan  anbn +bnan
2a3bx anby + baaz  axnbxn +bxnan 2a3b22

With respect to the orthonormal basis e, ® e}, /2(e; © €;), e, ® e, of H © I, the
symmetric tensor product A © B has the matrix representation

bp+b
allbll an b1 211“12 u12b12
(4 4) anby+byay by +byantapby+bpay apbytbiar,
: 2 b 2b V2
a +bya
u21h21 21922 21922 azzbzz

2
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Proposition4.5 IfAy, A,, ..., A, € B(H) have a common invariant subspace V € K,
then ®"V is invariant for Ay ®© A, © --- © A,.

Proof This follows from Proposition 3.2. [ ]

Proposition 4.6 Let A1, A;,...,A, € B(H). Then (Aj© A, 0@ - ©A,)* =A]0®
A0 - QA and (AL NAs A - NAY) = AT ANASA - NAT.

Proof Recall that H®" and H"" are invariant under S,(A;, A,,...,A,). Since
(A1®A,® - ®A,)  =A] ® A5 ® -+ ® A%, the result follows. n

Remark 4.7 Observe that (A® A*)* = A*©A=A0 A*; that is, A® A* is self-
adjoint. For example, for the 2 x 2 matrix A in (4.3), the formula (4.4) gives

|a11|2 andz +anan a12am
A®A* = | audu+anan andntanantlanl’ Hanl  apan+anasn
V2 2 V2
- 421221012822 2
az a a
210412 ﬁ | 22|

Theorem 4.8 Let A1, A,, ..., A, € B(H).

(@) IfA1, Ay, ..., A, are self-adjoint, then Ay ©® A, © --- © A, is self-adjoint.
(b) If Ay, A,, ..., A, are normal and commute, then Ay © A, ® --- ©® A, is normal.
(©) IfU € B(H) is unitary, then U @ U © --- ® U is unitary.

Proof (a) This follows from Proposition 4.6.
(b) The Fuglede-Putnam theorem [25] ensures that A,-Aj- = A;A,- for1<i,j< n.
Proposition 4.6 and a computation establish the normality of A; © A, © --- © A,,.
(c) By Proposition 4.6, (Uo UG - oU)"(UoU® ---0U)=10I0 - 01
and similarly (UoUo® ---0U)(UoUO® ---0U)* =100 --- 0L
Example 4.9 The normal matrices A = [: i] and B = [} _11] do not commute,

—i

S

1-i

- | is not normal. Thus, the commutativity hypothesis is
1

1+i
2

~ S -
5 ~

SE

but A@B:[

necessary in (b).

Example4.10 If A, B € B(3) are self-adjoint and noncommuting, then A © Bis self-
adjoint, and hence normal. Thus, the converse of (b) is false.

Example 4.11 'The matrices A = [(1) (1)] and B = [(1) _01] are unitary, but A@ B =
0 -1/v/2 o
1/v/2 0o -1/v2 |isnot.
0 1/v/2 o

Proposition 4.12 For orthogonal projections P,Q, where P,Q #0,I and PQ =
QP =0, the map 2P ® Q is an orthogonal projection. Furthermore, 2P © Q # I © I, 0.

Proof Since P and Q are self-adjoint, 25, (P, Q) is self-adjoint. Since PQ=QP=0,
we have (2S,(P, Q))?* = 2S,(P, Q). Thus, 2S,(P, Q) is an orthogonal projection, so
25,(P, Q)|3cesc =2P ® Q is an orthogonal projection. To show 2P Q +#I®I,0
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observe if x,y € H are nonzero, Px = x, and Qy =y, then 2P® Q)(x0y) =x0Qy
and (2P Q)(x®x) =0. ]

One can define tensor powers of bounded conjugate-linear operators. An analogue
of Proposition 3.2 shows that H®" is invariant under S,(Cy, Cs,...,C,) for any
bounded conjugate-linear operators C;, Cs, ..., C,. We say that C is a conjugation
on H if C is conjugate linear, isometric, and involutive. We say that T € B(H) is
C-symmetricif T = CT*C [13-15].If C is a conjugation, let C®" denote the restriction
of C®" to H®".

Proposition 4.13 Let C be a conjugation on H, and let Ay, Ay,..., Ay € B(H) be
C-symmetric. (a) A;® Ay ® - ® A, is C®"-symmetric. (b)) A;® A, @ -+ O A, is
CO"-symmetric.

Proof (a)Since (A;® A, ® - ®A,)"  =A ® A5 ® - ® A}, the result follows.
(b) Since C®"(H®") c H®", it follows that C®" is a well-defined conjugation on
H®". The desired result follows from part (a) and Proposition 4.6. [ ]

5 Norms and spectral radius

In this section, we provide various bounds for the norm of symmetric tensor products
of operators, as well as a spectral-radius formula for symmetric tensor powers. It may
be that (a) and (b) of Theorem 5.1 are already known, although we did not encounter
them before.

Theorem 5.1 Let A, B € B(H).

(a) % SUPesq, fxj-1 | AX|[| Bx[| < A © B, and this is sharp.
(b) IfA,B#0, then A® B # 0.
(c) p(A®™) =p(A)", in which p(A) := sup{|A| € 0(A)} is the spectral radius

Proof (a)If |x| =1, then x ® x € H{ ® H has norm one, so Lemma 2.15 ensures that

| Ax[ | Bx|

V2

Equality is attained for A= [ § § ], B=[9 3], and x = [ { |. Indeed, (4.4) ensures that

< ||Ax @ Bx||

A®B+B®A
:H( ®B+B®A)(x®Xx) <lAoB|.

2

000 1
A®B=| 00|, andhence |A®B|=—,
[ T 0 0] H | V2
_— . Ax||B
while x is of unit norm and |Ax| = | Bx| =1, so W = % = |A®B|.

(b) Let A, B # 0. If there is a unit vector x such that Ax # 0 and Bx # 0, then (a)
ensures that 0 < %”AXH |Bx| < ||A® B|. So suppose that Ax =0 or Bx =0 for all

x € . Pick u such that Au # 0 and v such that Bv # 0. Then Bu =0 and Av = 0;

moreover, u # —v. Let x = ﬁ, then (a) leads to the contradiction
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1 [AdffBv] 1
V2 [uv[r V2
In both cases, A ® B # 0 since it has positive norm.

(c) Since (A®")k = (A*)®" for each k € N, Proposition 3.4 ensures that || (A®")¥| =
|(AF)®"| = || AK|". Gelfand’s formula [7, Proposition 3.8, Chapter 5] yields

0< | Ax[[|Bx| < |A© BJ.

o p(a). .

In contrast to symmetric tensor products, the antisymmetric products of nonzero
operators may be 0. If P is a rank-one orthogonal projection, then P*" = 0 for n > 2.

A@n:-f A@nk%:-fAk
p(A®") i?N”( )|l }QN“

Theorem 5.2 (a) If A1, Az, ..., A, € B(H) and the A; have orthogonal ranges, then
[Aj0A; @ - @A, < ﬁHAIH [Az|l- - ||An|. For n = 2, the inequality is sharp.

(b) If (ker B)* c ker A and ran B ¢ (ran A)*, then 3| A|||B| < [A @ B| < %HAH | BJ|.
The inequalities are sharp.

Proof (a) Recall that the set of finite sums Y5, v} ® v? ® - -- ® v/ of simple tensors
are dense in H®". Take the supremum over such vectors and observe that

| T An) @ An) @ ® A
e,

sup | (Crez, Axqy ®An(z)k®...®An(n))(Zﬁ-‘:1 Vevie. .- ov|
[ Zi=1V}®V% Q --- ®V?H
[(Sres, S50 (Any V! ® Ap) V2 @+ ® A (V)|
| Zi’c:lV%@vl?@ v
(Znes, | Tict AVl ® An2)Vi @+ ® An(ayvi )"
I Zf-(:lv}@v%@ v
= sup (Zres, [(Ar) ® Ara) ® ++ ® Ap) x|
xeH®n HXH
<Vl A Az -+ [ Anl.

)1/2

The prepenultimate equality above follows because the A; have orthogonal ranges; the
final inequality is due to (3.1). For n = 2, the matrices from the proof of Theorem 5.1(a)
have orthogonal ranges and demonstrate that the inequality is sharp.

(b) Part (a) ensures that the desired upper inequality holds and is sharp. It suffices
to examine the lower inequality. For u € (ker A)* and v € ker 4,

[(A® B+B® A)(u®v+veu)| =|Au® Bv+ Bv® Au
= (|Au® Bv|? + | Bv® Au|?)"?

since (Au® Bv) 1 (Bv ® Au). Then
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[(AeB)(u®v+v®u)|

ucker A* Hu®v+v®u|\
veker A

|40 B| >

1 (|Au® Bv|? + |Bv ® Au|?)"/?
== sup
2 ucker A* \/EHVH HuH

veker A

1 |Aul|Bv] _1

=5 sup =5 lAllB]

uekera* |0V}
veker A

since A = sup e ier 4): Hlﬁ:\l\ and (ker B)* ¢ ker A.

To see that the lower inequality is sharp, let A = [ 5 8]and B=1-A,so0 (kerB)* c
ker A and ran B € (ran A)*. Then Proposition 4.12 yields |A © B = 1

6 Spectrum

Here, we present results on the spectrum of symmetric products of Hilbert-space
operators (the finite-dimensional case is simpler; see [1, p. 18]). We find a complete
description in some special cases. In what follows, 0(A), 0,(A), and 0,,(A) denote
the spectrum, point spectrum, and approximate point spectrum of A, respectively [12,
Definition 2.4.5]. For X,YcC,let X+ Y:={x+y:x€ X, ye Y} and XY := {xy:
xeX,yeY}.
Theorem 6.1 (Brown-Pearcy [2]) (A ® B) = a(A)a(B) forall A, B € B(FH).
Proposition 6.2 Let A, B € B(XH).

a) 6(1(A®B+B®A))=0(A®B)Ud(AAB).
(b) 0p(3(A®B+B®A)) =0,(A®B) Ugy(AAB).

Proof This follows from the direct-sum decomposition (3.6). [

Theorem 6.3 Let A € B(H).
(a) 0(A®I)=3(a(A) +0(A)).
(b) (A0 A) =0(A)a(A).

Proof (a) First, observe that
og(Ael) co(i(A®I+I®A)) (Lemma 6.2)
=3(0(A)+0(A)) (by [29, Theorem 2.1]).

Let A, y € 0,p(A). There are sequences {u; };2; and {v; } {2, of unit vectors such that
[(A=Au;| - 0and |(A - pI)v;| — 0. Then Lemma 2.15 ensures that

(A@"(i*g)“@”)(ﬁ’ 2:’|)H

< \/EH(A(DI—(/; + ‘;)(I@I))(ui@vi)
ARI+I®A-(A+u)(I®D))(u;®v;+viou)|

1
oLl

https://doi.org/10.4153/50008414X23000901 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000901

12 S. R. Garcia, R. O’Loughlin, and J. Yu

1
=——|Au; ®V; +u; ® Av; —Au; ® v; —u; ® uv;
2\/5” i i i i i i i @ UV;
+Avi®u,-+v,-®Au,-—v,-®Au,-—‘uvi®u,-||
1
=——((A-ADu; ®v; +v; ® (A— Al)u;
2\/5”( Ju; ®V; +v; ® ( )u;
+ui®(A—‘L¢I)vi+(A—yI)(v,~®u,-)H

1
< —=(2I(A = ADwi| vl + 2] (A - uD)vi] [ws])

2V2
1 1
= —|(A-AI i — | (A—-ul i — 0.
\/2”( Ju \|+\/§H( ul)vi
Thus, 3 (A + p) € 04p(A ® I) and hence
(6.4) G (AOT) 2 L(0p(A) + 00y (A)).

Recall that Q(A) = 0(A)\0sp(A) is a bounded open set. Furthermore, [2, p. 164]
shows that A € Q(A) implies 1 € 0, (A*). Since o(A) is closed and Q(A) € g (A), the
boundary of Q(A) is contained in 0(A)\Q(A) = 0ap(A).

Let A, y € 6(A). Following [2, Proof 2], we examine four special cases.

(i) If A, p € 04p(A), then (6.4) ensures that 2 (A + u) € op(A@I) S o(AOI).
(i) If A, 4 € Q(A), then A, 7 € 0,(A*) € 04p(A*). Then (i) ensures that

LA+ 1) e ap(A* 0 1) = ap((A0 1)) C a((A0 1)),

sol(A+u)ea(Aal).
(iii) Suppose that A € 04(A) and y € Q(A). Then 1 € 6(A*) and i € 04p(A*). If L €
0ap(A”), then (a) ensures that

%(m} cop(A* 0l co((A0l)*), soi(A+pu)ea(Aol).

Suppose instead that A € Q(A*). The openness of Q(A) and Q(A*) provide 7 > 0
suchthat A —te Q(A*)and p+t e Q(A)for0< t < 7.

- If A-7€Q(A*) and p+ 7€ 0,p(A), then A —7=21 - 7€ 0,y (A). Then (a)
ensures that

JA+pu)=3(A-1+p+1)cop(A0l)co(Al).

— IfA - 7€ 0yp(A*) and p + 7 € Q(A), this case is analogous to the previous one.
~ Suppose that X — 7€ 0, (A*) and p+ T € 04p(A). If t, > Tand 0< t, <1,
then A — t, € Q(A*) and hence A — t,, € 6, (A). Thus,

1A-ty+pu+1)ca(Al).

Since 0(A®I) s closed, 2 (A + p) e s(AO1).
(iv) The case A € Q(A) and y € 0, (A) is analogous to (iii).

Inall cases (A +u) e 6(A0I),s00(AGI) = 3 (0(A) +0(A)).

https://doi.org/10.4153/50008414X23000901 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000901

Symmetric and antisymmetric tensor products 13

(b) The proof is similar to that of (a), so we sketch the details. Lemma 6.2
and Theorem 6.1 yield 6(A® A) S 0 (A® A) = 0(A)0(A). If A, 4 € 02p(A), then an
argument similar to that of (a) ensures that Ay € 0,,(A © A). As above, we can follow
[2, Proof 2] and use a case-by-case analysis to show that Ay € 6(A® A), so that
0(A)a(A)co(AoA). ]

7 Diagonal operators

Since diagonal operators are among the most elementary operators one encounters
in the infinite-dimensional setting [12, Chapter 2], it makes sense to consider their
symmetric tensor products. Let ej, ey, . . . be an orthonormal basis for J{ and suppose
that L, M € B(H) satisfy Le; = A;e; and Me; = y;e; fori > 1. Fori,j>1,
(LoM)(e;ioej)=2(LeM+MeL)(e;®ej+e;jRe;)
= i(Le,' ® Mej + Me; ® Lej + Le]- ® Me; + Mej ® Lei)
= i(/\ie,- ® Hj€j +uie; ® /\je]- + /\jej ® uie; + uje;j (%9 /L'e,‘)
(71) = 3 (hipj + Ajui)(ei @ €)).
Thus, L ® M is a diagonal operator with
op(LOM) = {%()L,-yj +Ajpi):i,j>1} and o(LOM)=0,(LOM)".
For symmetric products of diagonal operators, we can improve upon Theorem

5.1(a).

Proposition 7.2 Let L, M be diagonal operators as above. Then ||L||| M| (/2 -1) <
IL o M| < |L|||M| and these inequalities are sharp.

Proof The computation (71) shows that it suffices to prove the result for 2 x 2
diagonal matrices. Let L = diag(y, ;) and M = diag(y1, 42 ). By linearity we may
assume |L| = max{|A;|,|A2|} =1 and |M| = max{|p|, |¢2|} =1, Consider L ® M,
which by (4.4) we identify with diag(A; 41, %, Aauz). Then

(7.3) IL © M| = max {|Aypul, $1Aipa + Aaparls [Aapial}

and one of the following holds:

(@) || = || =Tor |Ay] = |ua| = 1.
(b) || = ua =Tor |Ay] = [pu] = 1.

If (a) holds, then |L © M|| > max{|A;p1], |A2p2|} = 1. If (b) holds, then without loss of
generality assume that |A,| = |y»| = 1. From (7.3),

ILoM|> inf max{|m|, 21+ Aop, |22}
|5 22 <1

> inf max{s, %(1—52)} =V2-1

0<s<1

The lower bound is attained by L = [ (1) \/g_l ] and M = [ ‘\?"1 0 ] The upper bound is

1
attainedby L=M = 1. [
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Proposition 7.4 (a) There exists a self-adjoint diagonal operator D such that (D)
has measure zero in R and o (D ® D) has positive measure in R.

(b) There exists a diagonal operator D such that 6(D) has planar Lebesgue measure
zero and o (D ® D) has positive planar Lebesgue measure.

Proof (a) Let € denote the Cantor set, which has measure zero. The exponential
function is differentiable, so by [28, Lemma 7.25] {e# : pe € nQ} ={e‘:ce ‘5}
has measure zero in R. Let D be a diagonal operator with point spectrum {e* :

A e % nQ}, so that 6(D) = {e:c e €} has measure zero. Since € + % = [0,2],
Theorem 6.3(b) ensures that (D © D) = ¢(D)a(D) = {e“*? : ¢,d € €} = [1, *] has
positive measure in R.

(b) Let D be a diagonal operator with point spectrum {e**# : 1 e ¥ N Q, u € Q n
[0,27)}. Then o (D) has planar measure zero, but an argument similar to that in (a)
ensures that (D ® D) is the annulus centered at 0 with radii 1 and e?, which has
positive measure. [ |

Below the brackets { and } indicate a multiset; that is, a set that permits
multiplicity.

Proposition 7.5 Let Ay, Ay, ..., A, € B(H) be commuting diagonal operators with
op(4A;) = A A, allowing for repetition. Then

0p(A10A 0 0A,) :{{ Z A(”(l)))t(”(z)) /\(”(")) i1<ip < - € in}}
and 0(A;©A,® - 0A,)=0,(A10OA,0---OA,)".

8 The shift operator and its adjoint
In this section, we find the spectrum of the symmetric tensor product of the unilateral
shift and its adjoint. Let (Sf)(z) = zf(z) denote the unilateral shift on H*(ID) [12,
Chapter 5]. Its adjoint is the backward shift (S* ) (z) = (f(z) - f(0))/z.
Theorem 8.1 The self-adjoint operators S ® S* and S A S satisfy
0p(S®S8") = {{cos((2’ l)ﬂ) tk>0and1<j< |22}
and

0p(SAS*) ={cos(2Z2) :k>1and1<j< [ X2},

with the eigenvalues in these multisets repeated by multiplicity. Moreover, (S ® S$*) =
0p(SOS*)=0(SAS") =0,p(SAS*) =[-L1]and [S©S*| = |SAS*| =1

Proof Identify H*(D) ® H*(D) with H*(ID?) as in Example 2.5 and consider
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Lo ivly j-1 el 41y ifs s
A AR A (CAL N { A D 8

1 R N E LA ifi=0andj>1,
- (S®s +S @8 (2w =12
2 32wt ifi>land j=0,
0, ifi=j=0.
Define Vo = V§ = span{1} and V; = {0}. For k > 1, let
Vi = span{z'w* 1 0<i < k}, so dimV, =k +1,
Vi = span{z'w* 7 + 25w 10 < < 1513, so dimVy = |5]+1,
Vi =span{z'wF - ZF Wi 0<i< |23, so dimVy = |52 ] +1,

and note that dim Vy = dim V} + dim 'V} for k > 1by a parity argument (or Proposi-
tion 2.11). Recall from (2.13) that H? (ID)Z) Hsym(Dz) ® Hasym (D?) is an orthogonal
direct sum. We have V; = V; @ V. for k > 1, in which each Vi, V{, V, is T-invariant,
and

(8.2) HZ(DZ):I@W, H; (D) =§9V+> Hy\m(D?) :gavz.
=0 =0 =1

With respect to the orthonormal basis {z¥~w'}¥_| of V;, we identify the restriction
T|v, with the (k +1) x (k + 1) matrix (by convention Ao = [0])

0o 1
boo
1
Ak = 2 0 0 1
P
10
From [21, Proposition 2.1], we have
- Ty,
(8.3) o(Ax) ={cos(5): j=1L2,....k+1}.
k-1
For k odd, with respect to the orthonormal basis {i (25wt + 2wk} 2 of VI,
we identify the restriction T|y: with the k; 1 k“ matrix
o 1
Lo
1
By = : 0 o 1
;oo g
1 1
2 2

P . oLk
For k even, with respect to the orthonormal basis {%(zk_’w’ +ziwk)} 2

{zF2wk/2} of Vi, we identify the restriction T|y: with the ( +1) x (% +1) matrix

@]

[T
N O N
Lo N

By =

>

1
V2
0

SR

S‘_ RN
o

with the convention By = [0]. We identify the spectrum of the By later.
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With respect to the orthonormal basis {i\[(z’wk—’ —Zki ‘)}& B I of Vi, we

k£l | matrix (note that C, = [- %] and

identify the restriction T|y_ with the EIRIE

G, =[0])

D= ©
N S Nl
RIS

Ck =

1

2
(k1
4

NN}
D= SN

For k > 2 even, o(Cy) = {cos(2%): j=1,2,..., %} [21, Proposition 2.1]. Suppose

k > 1is odd. By [21, equation (11)], A € 0(2Ck) 1fand only if A = —2x, where x € [-1,1]
solves
sin(3(k+1)cos"(x)) sin(3(k-1)cos™'(x))

(-1+2x) sin(cos™1(x)) - sin(cos~1(x)) =0.

Since cos(( = 1)”) for £=1,2,... @ are the distinct solutions to this equation,
a(Cy) ={- cos((ze 1)”) £=12,. kgl}. Since —cos (x) =cos(m—x), we can
reindex and rewrite this as 0(Cy) = {cos(%) 1j=12,..., %} Regardless of the
parity of k,

a(Cy) = { cos( ii’;) i=12,...,| 2}
Since Vi = Vi @ V;, up to unitary equivalence Ay = By & Cy. Thus,
(8.4) 0(Ax) = 0(Bx) ua(Cy).
From (8.3)-(8.4), we obtain

o(By) = {cos((zi:z)") tj=12,...,| B2}

Since S ® $* and S A §* are self-adjoint and have norm at most 1, their spectra are
contained in [-1,1]. Up to unitary equivalence, (2.13) and (8.2) imply that

SoS” Z@Bk and SAS* I@Ck.
k=0 k=1
This yields the claimed point spectra of S® S§* and S A S*. A density argument
reveals that [-1,1] = 0,(S®S*)™ C0,p(S®S*) Co(S®S*) € [-1,1], so equality
holds throughout. A similar argument treats S A S*. [ ]

9 Shifts and diagonal operators

We consider here the symmetric tensor product of shift operators and diagonal
operators. This setting suggests working on the sequence space ¢? instead of H*(ID)
[12, Section 1.2]. Let eg, ej, . . . be the standard basis of ¢? and consider the unilateral
shift Se; = e;4; [12, Chapter 3]. Its adjoint is given by S*e; = e;_; fori > 1and S*e( =
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Theorem 9.1 Let M = diag(uo, 1, - . .) be a bounded diagonal operator on (>

(a) % M| < ||S® M| < |M)|. Both inequalities are sharp.
(b) Ifsome p; = 0 or the set of nonzero y; is bounded away from 0, then 0 € g, (S @ M).
(c) op(SOM)c {0}

Proof (a) Since M* = diag(o,p1,...) is a diagonal operator and (S® M*)* =
S§* ® M by Proposition 4.6, this follows from Theorem 9.2(a) below.

(b) Suppose that the set of nonzero y; is bounded away from zero. Note that for all
i,j20,

(9.2) (S@M)(eieej) = %ei+1®ej+%ei®ej+1.

If some y; = 0, then (9.2) ensures that 0 € 0,(S ® M) since (S® M)(e; ®e;) =0.

Thus, we may assume that |g;| > § > 0 for all i > 0. Define C = /| M|/é.
Let X iq; |a,-]-|2 < oo and let v=2%¢;¢jco0 aij€i @ €j, which is well defined by
Lemma 2.14. Then (9.2) ensures that

(9.3) (S@M)V: Z aij (/,tjei+1®ej+y,-e,-®ej+1).

0<i<j<oo

When (9.3) is expanded, the coeflicient of e, © e, for k < £ is

0, iftk=¢=0,

240 a0,0, ifk=0and /=1,
(9.4) Hoo 1, ifk=0and(>2,
(9.5) Pkr_Lk> ifi<k=4¢,
(9.6) 2Uk Ak, k + Wk+10k—1k+1> ifk>land =k +1,
(9.7) Ui Ak,o-1 + UeAk—1,05 ifk>land ¢ >k +2.

Then (S ® M)v = 0 if and only if the ay ¢ are square summable and (9.4)-(9.7) vanish
forall £ > k > 0. We define such ay ¢, not all zero, in four steps (see Figure 1).

(1) Letag,o =0.For ¢ >1,let ag -1 = 0 so that (9.4) vanishes.

(2) For each k >2, let ag_; x = dk_1,k+2 = Gk—1,k+4 = - -+ = 0. Then (9.5) and (9.7)
vanish for k > 2and even ¢ > k + 2.

(3) Let a;; = 0 and, for each k > 2, let ay x and ay_; k41 be such that

2€lk k m Zak k 1
9.8 ’ I P and 0< ’ < —.
©.8) l:ak—l,k+1:| |:Mk+1 Ak-1,k+1 (k+1)3/2
Then (9.6) vanishes for k > 2and ¢/ = k + 1.

(4) For k > 2,1let
k k
(9.9) Ak-1,k+3 = —Ak,k+2 He Ak-1,k+5 = — Ok k+d B .
Hk+3 Uk+5

Then (9.7) vanishes for all k > 1 with odd ¢ > k + 3.
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ap,0 ap,1 @o,2 @o,3 Go,4 aop,5 Qg6 0,7 0,8
ai,1 ai2 ai3 ai4 ais  aie  aiy  a18

a2 @23 a4 Q25 Q26 G227 G28
az3 az4 aszs  asze Q37 A3y
aq4 a45 a46 a4,7 Q4.8

as5 as6 a57 458

a6,6 06,7 06,8

ar7 ars

ag,s |

Figurel: Colors denote the step where the ay , are fixed: Step (1) is in violet; (2) is in red; (3) is in
green; and (4) is in blue. The symmetry of symmetric tensors permits us to focuson £ > k > 0
The violet and red values are zero.

This completes the definition of the ay,. We must prove that they are square
summable.
For k > 1, (9.8) yields

1 1
9.10 Pc—— and arpal’ < —.
( ) (k+1)3 an |ak 1,k+1| (k+1)3
Then (9.9) and then (9.10) with k + 1 in place of k ensure that
(9.11) |ak_rk+3” = |ak k2]’ |-—— | < Clag,gsa* < ¢
’ ’ k+3 (k + 2)3
for k > 1. Next (9.9) and then (9.11) with k + 1 in place of k imply that
C

|1, kes]” = ar keal® s < Clag,eal® € (k+3)

so induction yields
C

9.12
(9.12) |ak ki2rl” < Skrry

Then Step 1, Step 2, and (9.12) ensure that

2_00 oo oo oo
2. "L &l Z::Z:(k+r)3

0<k<l k=1£>k
which is finite by a standard argument in the study of elliptic functions [31, Proposition
10.4.2].! Thus, v is a well-defined vector in the kernel of S ® M.
(c) Suppose that A # 0 and (S ® M)v = Av, in which v =2 }o;< .o aije; © €j and
Yo<icj<oo |@ij|* < 00. Then (9.2) ensures that

"The double sum can be explicitly evaluated. Write the summands in an array with r indexing the

columns and k the rows. Sum each column and simplify to reduce the double sum to the well-known
2

[ 1 _
e =%
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0=((SoM)-A)v=2 > a;;((SoM)-A)(e;®e;)

0<i<j<oo
(9.13) = Z aijphj€iv1 ©ej + Z aijpi€i © €y — Z /\a,-,je,- ©ej.
0<ig<j<oo 0<igj<oo 0<igj<oo

When (9.13) is expanded, the coefficient of e; ® e, for k < £ is

(9.14) 0=-Aago, ifk=0=0,

0 =2ppag,0 — Aao,1, ifk=0and /¢ =1,
(9.15) 0 = poao,e-1 — Ado,e ifk=0and ¢ > 2,
(9.16) 0= ppag-1,k — Ak, k> ifl1<k=4¢,
(9.17) 0=2urark + Prr18k-1,k+1 — Ak k+1 ifk>land/=k+1,
(9.18) 0= U —1+ Heag-1,0 — Mg p» ifk>land ¢ >k +2.

We use induction to prove that ay ¢ = 0 for 0 < k < £ < oo. For k > 0, let P(k) be the
statement “ay x; = 0foralli > 0 The truth of P(0) follows from (9.14), which ensures
that ag,o = 0, and induction on ¢ using (9.15), which yields ag, = 0 for £ > 0.
Suppose P(k—1) is true: ag_j0 =0 for £> k-1 Then (9.16) yields Aay; =
UkAk-1,k = 0,50 ak x = 0. Next, (9.17) ensures that Aag 41 = 2pxak.k + Pk+10k—1k+1 =
0, sO dg k+1 = 0. Finally, (9.18) and induction on ¢ tell us that Aay, = pxaxe—1 +
theai-1,e = 0 for £ > k + 2. Thus, P(k) is true,sov=0and A ¢ 0,(S © M). ]

Theorem 9.2 Let M = diag(uo, ph1, . . .) be a bounded diagonal operator on (2.

(a) %HM“ <||IS* @ M| < ||M|. Both inequalities are sharp.

(b) {lz] < 3luol} U {0} € 0,(S* © M).

Proof (a) Since |S*| =1, Theorem 3.4 yields |S* ® M| < | M|. Equality holds
for M = I because ¢(S*) =D~ [12, Proposition 5.2.4.a] and ¢(S* ©I) = 3(a(S*) +

0(8*)) € D™ by Theorem 6.3. Thus, |S* @ I| > 1= |I].
Suppose that Me; = y;e; for i > 0. Then

%(yjei,1®ej+/,¢ie,-®ej,l), 1fz,]¢0,

2(uie; ©ejq), if0=i<j,
(9.20) ($* @ M)(e; @ ¢;) = f(” ) </
E(yjei_leej), if0=]<i,
0, ifi=j=0.

For each ¢ > 0, there is a y; such that | M| — ¢ < |y;|. Then (9.20) ensures that

M- _ |u]

V2 V2

Let € — 0 to obtain the desired lower bound.
If i = 8;p for all i > 0, then ||(S* ® M)(V2e @ e))| = ||%(e0 Oe)| = % and
| M| =1, so the lower bound is sharp.

= |pieioe| = [(STOoM)(e;0e)| <[|ST 0 M|.

https://doi.org/10.4153/50008414X23000901 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000901

20 S. R. Garcia, R. O’Loughlin, and J. Yu

(b) If o = 0, the last line of (9.20) ensures that 0 € 0,(S* © M). Let o # 0 and
oo (Z)L)

A < 3|po|. Lemma 2.14 permits us to define v = Yo
that A € 0,(S* ® M) since

ey © e;. Then (9.20) ensures

(S*© M)v=(S* M) (i

(zw

o€ © €;_ 1—)LZ(

N \

10 Questions for further research

We conclude with questions to spur future research. Some are general, others specific.
Perhaps the answers to a few are buried in the literature, although we did not find

them.

Lemma 2.15 prompts us to consider symmetric tensor products of more than two
vectors. If X;, Xz, ...,X, € H, then [, 0%, 0 -+ 0%, = [Sh(x1 ® %2 ® - -+ ®X,)] <
[%1 ® X2 ® -+ ®@ Xy = [x1][|X2]| - - - |%n |- Equality occurs if x; =%, = - -+ = x,,. Thus,

only lower bounds on |[x; ®x; ® - -+ ® x,,| are of interest. Here is a partial answer.

Lemma 10.1 =[x ||| %] < [xox oxs| < x| [xflxs] for xi.x,x; €5
These inequalities are sharp.

Proof The upper bound is discussed above. Without loss of generality, suppose
X1, X2, X3 have unit norm. Then

36”){1 OX; ©OX3 H2 = Z <XT(1) ® X7(2) @ X;(3)> Xz(1) ® Xp(2) ® X,.,(3)>
T,m€X3

(10.2) =6+ Z (X‘r(l) ® Xz(2) ® X1(3)> Xn(1) ® Xp(2) ® Xn(3)>,

TFTT

in which ¢ € R is of the form

¢ = 6(|(x2x3)|* + |(x1,%2)[* + |{x1,x3)[*)

+ 6<X1,X2)<X2,X3>(X3,X1) + 6<X1,X3><X3,X2)<X2,X1) .

d

Muirhead’s inequality [17, Chapter 2, Section 18] shows that for x, y,z € [0,1],

(10.3) x>+ 2+ 2 2 2xyz.

Let x = |(x1,X2)|, ¥ = [(X2,X3)|, and z = |(x3,%;)| in (10.3) and get (since d € R)
6(I{x2 %) + [ (30,32 ) [+ {0, x5) ) > 120 (31, 32 ) [ (32, %3) {33, 30)| > —dl.

Thus, ¢ > 0 and we obtain the desired lower bound. If x;, X;, X3 are pairwise orthogo-
nal, then ¢ = 0 in (10.2), so the lower bound is sharp. [ |
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Problem1 Is ﬁ“leszHHan <Jx0x0 - @x,| forxy,xa,..., X, € H?

Lemma 10.1 leads to an analogue of Theorem 5.1(a) for three operators.

1
Theorem 10.4 N sup {|Ax||Bx||Cx|} < |A® B @ C| for A, B,C € B(¥).
xeH
[[xl|=1

Problem2 For Aj,A;,..., A, € B(H)is

1
—= sup {[|Aix][Axx] - [Aux]} < A1 © Ay @ - © A2
n! xedc
[lx]=1
Proposition 7.2 provides the sharp inequalities |L||M]|(v/2-1)<|L® M| <
L[| M|l for diagonal operators L, M (with respect to the same orthonormal basis).
Since the upper bound easily generalizes, the lower bound is of greater interest.

Problem3 Let Ay, A, ..., A, € B(H) be diagonal operators (with respect to the same
orthonormal basis). Find a sharp lower bound, in the spirit of Proposition 7.2, on | A1 ©
Ay © --- © Ay interms of |As], |Az]s-- -, |An].

The Weyl-von Neumann-Berg theorem asserts that every normal operator on a
separable Hilbert space is the sum of a diagonal operator and a compact operator
of arbitrarily small norm [8, Corollary II.4.2]. This suggests possible extensions to
normal operators.

Problem 4 Let A1, A,,..., A, € B(H) be commuting normal operators. Find a sharp
lower bound, in the spirit of Proposition 7.2, on |A1© A, ® -+ ® A,| in terms of
[ALs [Az], - A

Proposition 7.5 suggests the following.

Problem 5 Let Ay, A,,...,A, € B(H) be commuting normal operators. Describe
0(A1© A, ® -+ ©A,) (and its parts).

Let us now consider the unilateral shift S and its adjoint. Theorem 8.1 identified the
norm and spectrum of § ® $* and § A §*. What can be said about other combinations?

Problem 6 Identify the norm and spectrum of arbitrary symmetric or antisymmetric
tensor products of S and S* (for example, consider $* ® S ® $** and S* A S A §*3).

Problem 7  Describe the norm and spectrum of Sq ® S, and Sy A S, in which Sy is a
weighted shift operator. What can be said if more factors are included?

Theorems 9.1 and 9.2 answer some questions about S ® M and S* ® M, in which
M = diag(uo, y1, . - .) is a diagonal operator. However, a complete picture eludes us.

Problem 8 Identify the norm and spectrum (and its parts) for S ® M and $* © M.
The general problem suggested by the previous questions is the following.

Problem 9 For Ay, A,,...,A, € B(H), describe the norm and spectrum (and its
parts) of Ay©O Ay © - O A, and Ay ANAZ A -+ NA,.

There are countless other questions that can be raised. For example, what can be
said about symmetric tensor products of composition operators?
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