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ABSTRACT

We consider two families of arithmetic divisors defined on integral models of Shimura
curves. The first was studied by Kudla, Rapoport and Yang, who proved that if one
assembles these divisors in a formal generating series, one obtains the g-expansion of a
modular form of weight 3/2. The present work concerns the Shimura lift of this modular
form: we identify the Shimura lift with a generating series comprising divisors arising
in the recent work of Kudla and Rapoport regarding cycles on Shimura varieties of
unitary type. In the prequel to this paper, the author considered the geometry of the
two families of cycles. These results are combined with the Archimedean calculations
found in this work in order to establish the theorem. In particular, we obtain new
examples of modular generating series whose coefficients lie in arithmetic Chow groups
of Shimura varieties.

1. Introduction

In this paper, which is the ‘global’ counterpart to [San13], we examine the relationship between
two families of arithmetic divisors defined on integral models of Shimura curves. The first of
these families, which we refer to as the orthogonal special cycles, has been studied extensively
by Kudla, Rapoport and Yang. One of their main results is that if one assembles these divisors
into a formal generating series, one obtains the g-expansion of a modular form of weight 3/2;
this remarkable fact is in some sense the most fully realized instantiation of Kudla’s programme,
a broad set of conjectures relating generating series of arithmetic special cycles on Shimura
varieties and the Fourier coefficients of modular forms, cf. the expository notes [Kud04] for a
survey.

Our main theorem is a geometric interpretation of the Shimura lift of this generating series.
More precisely, we identify the g-expansion of the Shimura lift with a generating series of
(arithmetic) unitary special cycles; these latter cycles are analogues of those constructed in more
recent work of Kudla and Rapoport [KR10, KR09], who studied the intersection behaviour of such
cycles in integral models of Shimura varieties attached to unitary groups of signature (n, 1). While
the theory for these cycles is not as fully developed as in the ‘orthogonal’ case above, the results
in the present work (which concerns the case n = 1) contribute to a growing body of evidence
relating these unitary generating series to modular forms, cf. e.g. [KR09, BHY13, How12, How13].

We now give a more precise account of our main theorem. Begin by fixing a rational indefinite
quaternion algebra B that is unramified at 2, and a maximal order Op C B. Let Cp/z denote
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the Deligne-Mumford (DM) stack (over Spec Z) that parametrizes pairs A = (A, t4); here A is
an abelian surface over some base scheme S, and

ta: Op — End(A)

is an Op-action which is assumed to satisfy a ‘determinant’ condition, cf. Definition 2.3 below.
This stack is an integral model of the classical Shimura curve attached to B.

The orthogonal special cycles are (more or less, cf. Remark 2.7) defined by the following
moduli problem: for an integer n > 0, let Z°(n) be the stack that parametrizes diagrams

£ A— A,

where A = (A,14) is a point of Cp, and £ is an Op-linear traceless endomorphism such that
¢2 = —n. We may then view Z°(n) as a divisor on Cp sz Vvia the natural forgetful map, which
we denote by the same symbol. In [KRY06], Kudla, Rapoport and Yang equip these cycles
with explicit Green functions Gr(n,v) depending on a parameter v € R-p, and extend the
construction to all n € Z to obtain arithmetic classes

Z°(n,v) := (2°(n,v), Gr°(n,v)) € CHL(Cp/z)

in the first arithmetic Chow group.! They then assemble these divisors into a formal generating
series, and prove the following remarkable theorem.

THEOREM 1.1 [KRY06, Theorem A]. For 7 = u + iv € § and ¢, = €2™7, the orthogonal
generating series
°(r) := > Z°(n,v) ¢ € CH(Cp/z)l¢']
neZ

is the g-expansion of a modular form of weight 3/2 for the congruence subgroup I'g(4Dpg) with
trivial character; here Dp is the discriminant of B.

Our construction of the unitary special cycles, which we briefly review here, is adapted from
[KR09]. Suppose that k = (@(\/Z) is an imaginary quadratic field, with A < 0 a squarefree
integer, and let oy denote the ring of integers of k. Denote the non-trivial Galois automorphism
of k by a — d’. Here and throughout the entire paper, we assume that:

(i) A is even; and

(ii) every prime dividing Dp is inert in k.
In particular, the second condition implies the existence of an embedding ¢: o — Op, and for
the moment, we fix one such embedding.

Let £ denote the DM stack over Spec(og) representing the following moduli problem: for a
base scheme S over oy, the S-points of £ form the category of tuples

ET(S)={E=(E,ig, )}

where E is an elliptic curve over S, together with an og-action ig: o — End(FE), and a principal
polarization Ag whose corresponding Rosati involution * satisfies

ig(a)* =ig(d).

! Here, and throughout this paper, our arithmetic Chow groups are taken with real coefficients, cf. §2.1.

1964

https://doi.org/10.1112/50010437X14007507 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14007507

UNITARY CYCLES ON SHIMURA CURVES AND THE SHIMURA LIFT II

We also require that on the Lie algebra Lie(E), the action induced by ig coincides with the
action induced by the structural morphism o — Og. In the notation of [KR09], this stack is
referred to as M(1,0).

Similarly, we define £~ to be the moduli space of tuples £ = (E,ig, Ag) as above, except
now we insist that the action on Lie(E) coincides with the conjugate of the action given by the
structural morphism o — Og. Finally, we set

8::8+IIS*

to be the disjoint union of these two stacks.
Let Cpjo, = Cpyz % Spec(og) denote the base change. Suppose that S is a scheme over
Spec(ox), and that we are given points £ € £(S) and A € Cp/,, (S). For any embedding

¢: o — Op,
we define the space of special homomorphisms:
Homy(E,A) := {y € Hom(E, A) | yoir(a) = ta(é(a)) oy, for all a € oy}.

As discussed in § 3.1, this space comes equipped with an og-Hermitian form h% A

For m € Z~g, the unitary special cycle Z(m,¢) is (the DM stack over o répresenting) the
following moduli problem: for a scheme S over Spec(og), the S-points of Z(m, ¢) comprise the
category of tuples

Z(m, ¢)(S) = {(E;4,n)}

where £ € £(5), A € Cp/,, (S), and y € Homy (£, A) such that h%A(U, y) = m. Abusing notation,
we use the same symbol Z(m, ¢) to denote the divisor on Cp /oy, Obtained via the natural forgetful
morphism Z(m, ¢) — Cpg/,,. We equip these divisors with Green functions Gr"(m, #,n) that
depend on a real parameter 1 > 0, and whose construction parallels that of the Green functions
Gr°(n,v) for the orthogonal cycles. We thereby obtain classes

Z(m, ¢,n) == (Z(m, ¢), Gr"(m, ¢,n)) € CHE(Cp/0, )-

We also describe how to extend the definitions to all integers m € Z. In addition, we shall require
the following rescaled variants: let

Z*(m, ¢;n) := (2*(m, ¢), Gr* (m, ¢, 1)),

where

2'(m.0) = 2(

m

,¢’> and  Gr'*(m, ¢, n) := GrU((’m\yDB)

(lml. D=n) 1/2
(’m‘vDB) 7¢7(|m‘7DB) 77)

This leads us to the unitary generating series: for w = € +in € $ and q, = 2™, we set

Fu = 1 = Zx m
m#0 [g)e0pt /O

where the sum on [¢] is over a set of equivalence classes of optimal embeddings o, — Op, cf. (1.1).

The main theorem of this paper describes the relationship between the orthogonal and unitary
generating series in terms of the Shimura lift, first introduced by Shimura [Shi73] and later
extended to the non-holomorphic setting by Shintani and Niwa, cf. [Shi75, Niw75]. The Shimura
lift is an operation which takes as its input a modular form F of half-integral weight x/2,
together with a square-free parameter ¢ € Z~(, and produces a modular form Sh;(F') of even
integral weight x — 1.
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MAIN THEOREM. Suppose A < 0 is an even squarefree integer, and every prime dividing Dp is
inert in k = Q(v/A). Let

%, () =Y Z°(n,v) 10, ¢ € CH(Cpo, )i ']
nez

denote the base change of the orthogonal generating series to Spec(og). Then, for w = {+in € 9,
Shia|(®7,,)(w) = &*(w).

In particular, P js (the g-expansion of) a modular form of weight two. O

The proof hinges on a decomposition
Gﬁﬁ@(%/ok) - MW @ (Vert ® R @) & An

cf. §2.1, which is orthogonal for the Arakelov—Gillet—Soulé intersection pairing. We may
accordingly decompose our generating series into components, and our strategy for the proof
of the main theorem is to show that the Shimura lift formula holds one component at a time.
More precisely, we recall that Kudla, Rapoport and Yang prove the modularity of the orthogonal
generating series (Theorem 1.1) by showing that each of its components taken individually is
the g-expansion of a known modular form. Our main theorem amounts to saying that for each
component, the Shimura lift of this form can be identified with the corresponding component
of du. -

The proofs for the MW and Vert components depend only on the geometry of the cycles, and
not their Green functions. This was studied in the prequel to the present work, and in particular
the desired relations for these components follows immediately from [San13, Corollary 4.11].

The ‘analytic’ component An is spanned by classes of the form J?: (0, f), where f is a smooth
function on the complex points of Cp/,, , and can be thought of as being ‘vertical at oo’. In §6,
we prove the main theorem for these components, which involves computing relations between
the two families of Green functions, and explicit formulas derived from Niwa and Shintani’s
presentation of the Shimura lift via theta series.

Finally, the desired theorem for the ‘Hodge components’, obtained by pairing against the
so-called ‘Hodge bundle’ @&, is proven in §7, and largely follows from considerations similar to
the previous case.

Notation
(a) B is a fixed indefinite rational quaternion algebra, with maximal order Op, and discriminant
Dp > 1. Denote the reduced trace and reduced norm on B by Nrd and Trd, respectively.
(b) Og’l is the subgroup of O} consisting of elements of reduced norm 1.
(¢) k = Q(+/A) is an imaginary quadratic field, with ring of integers oy, such that (i) A < 0
is a squarefree even integer and (ii) every prime dividing Dp is inert in k. We denote the
non-trivial Galois automorphism on k by a — d’.

(d) Having fixed the generator VA € k, we let 0g: k — C be the complex embedding such that
oo(v/A) = |A|'/%i. Let 01 = o}y denote the conjugate embedding.
(e) By definition, an embedding ¢: o — Op is called optimal if

p(ox) = ¢(k) N Op. (1.1)
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Note Og’l acts on the set of optimal embeddings by conjugation, i.e. for £ € O;’l,
(&-¢)(a) := Ad¢ o p(a) =& - ¢(a) €71 for all a € o.

Let Opt denote the set of optimal embeddings, and Opt /(92’1 denote the set of optimal
embeddings taken up to Og’l—equivalence.

(f) $ = {z € C,3(z) > 0} is the usual complex upper half-plane, and $* = C\ R is the union
of the upper and lower half-planes.

2. Shimura curves and orthogonal special cycles

We begin this section by reviewing the theory of arithmetic Chow groups that we will use, and
then we recall the definitions and basic facts from [KRY06] regarding Shimura curves and the
generating series of orthogonal special cycles.

2.1 Chow groups for arithmetic surfaces
We briefly recall the construction of the first arithmetic Chow groups for arithmetic surfaces,
mainly for the purposes of setting up notation; basic references include [GS90, Lan88] for the
case of schemes, and [Vis89, KRY06] for the necessary modifications in the case of DM stacks.
Let O, be the ring of integers of a number field. For us, an arithmetic surface over Op is
a regular, geometrically irreducible, DM stack X of dimension two, together with a proper and
flat morphism X — Spec(Or). Let ¥ denote the set of embeddings L — C; for any DM stack
Y over Op, and ¢ € X, we let Y(C?) denote the complex orbifold attached to the base change
Y X4.0, Spec(C).

DEFINITION 2.1. An (R)-arithmetic divisor on an arithmetic surface X is a tuple

~

Z = (2,Gr(2))

where:
(i) 2 => n;Z; is a formal R-linear combination of pairwise distinct prime divisors Z;, i.e.
each Z; is an irreducible closed substack which is étale locally a Cartier divisor;
(ii) Gr(2) = (Gr?(2))sex is a tuple indexed by elements of 3, where for each embedding
o € X, we have a Green function Gr?(Z) on X(C7); by definition, this means Gr?(Z2) is
a (0,0)-current on X' (C?) which is smooth on the complement of Z(C?), has logarithmic
singularities along Z(C?), and satisfies Green’s equation (as currents? on X'(C?)):

dd° Gr? (2) + Sz(coy = [0 (Z)] (2.1)

for some smooth (1,1)-form w?(Z);

(iii) let t: C — C denote complex conjugation, which induces a map ¢: X'(C*°?) - X (C?); we
then require that

Gr'??(Z2) ="Gr?(2) forall o € .

2 More precisely, we suppose that we are given a ‘uniformization’ X (C°) = [['\ X] presenting X' (C?) as an orbifold;
here X is a Riemann surface and T' C Aut(X) is a discrete group which contains a finite-index subgroup that acts
without fixed points. We then interpret (2.1) to mean an equality of I'-invariant currents on X, cf. [KRY06, §2.3].
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An important class of examples is the principal divisors: if f is a rational function on X,
then

div(f) = (div(f), (log |o(f)[)oex)
is an arithmetic divisor.

DEFINITION 2.2. We define the first arithmetic Chow group Gﬁﬁ(x ), with real coefficients, to
be the quotient of the space of arithmetic divisors modulo the real subspace spanned by the
principal divisors.

This space admits a perfect pairing, the so-called (Arakelov—Gillet-Soulé) intersection pairing
(-,): CHE(X) x CHE(X) — R,

whose construction we briefly recall, at least in the following special case: suppose 21 =
(Z1,Gr(Z1)) and Zy = (Z,Gr(Zy)) are prime divisors equipped with Green functions, such
that their supports on the generic fibre are disjoint. Then the intersection pairing is given by

length(Oz,n7,
iy =3 T log(N(p) EhOnnz)

Aut
iigé w€Z1NZa(F'®) # Aut(z)
+ - Z/ (ZQ)—FGI" (Z2)5Z1(CO') (22)

UEE

This definition can be extended to the space of arithmetic divisors by linearity, and with the aid
of a ‘moving lemma’ in this context, it can be shown that one obtains a well-defined pairing on
CHL (&), cf. [GS90].

The intersection pairing allows us to define a convenient decomposition of éﬁﬁg(X ), following
[KRY06, §4.1]. For each o € X, we fix a volume form 7 on X(C?), and a metrized line bundle

& € Pic(X) @R

such that for each o, the corresponding first Chern class is 7. Abusing notation, we denote the
image of @ under the natural map Plc( )R — CHL(X & (X) by the same symbol &.
Denote by 1 = (0,1) € CH]%( ) the class corresponding to the constant function 1 on each

component X (C?). Let Vert denote the real subspace of éﬁ%&(é\’ ) spanned by 1, together with
classes of the form (),0), where Y is an irreducible component of a reducible fibre X}, at a finite
prime p.

Next, we let An denote the subspace spanned by classes of the form f = (0, (f9)sex), where
each f7 is a C* function on X (C?) such that:

(i) f*°? =1*o f; and
/ f7-u® =0.
X(C)

(ii) for each o € ¥, we have
If we set -
MW := (R@ @ Vert @ An)+,

we obtain an orthogonal decomposition into three subspaces:

CHL(X) = MW & (R@ & Vert) & An. (2.3)
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For convenience, we refer the collection of elements {@, 1, (),0), f } as above as a good spanning
set for the latter two summands. For a class Z € CHE(X), we shall take the components of Z
to mean the collection of pairings

(Z,9)

where ) varies among the good spanning vectors, together with the orthogonal projection
(Z)mw € MW. A class is then completely determined by its components.

Finally, we observe that the space MW admits a more geometric interpretation. Let
res;: CHL(X) —» CHY(XL) @z R, (Z,G1(2)) — Zi
denote the ‘restriction-to-the-generic-fibre’ map. Note that if Z = (Z, Gr(Z)) € MW, then

0=(2.3) = 2% aeg(z,)

and so resy, defines a map -
resy,: MW — Jac(XL)(L) ®z R, (24)

where Jac(Xp)(L) denotes the L-valued points of the Jacobian variety of X. This latter map
is an isomorphism, which moreover identifies the intersection pairing with the negative of the
Néron-Tate height pairing on Jac(X.)(L) ® R, cf. [Hri85].

2.2 Shimura curves
We begin this section by introducing (an arithmetic model of) the Shimura curve attached to
B, defined as a moduli space of abelian surfaces.

DEFINITION 2.3. Let Cp/z denote the moduli space over Spec(Z) that attaches to a scheme S
the category whose objects are tuples

Cp/z(S) ={A = (A a)};

here A is an abelian scheme over S of relative dimension two, and t4: Op — End(A) is an Op
action. We further require that for any b € Op, the characteristic polynomial for the action of
t(b) on Lie(A) is given by

ch(¢(b)[Lie(a)) = X? — Trd(b) X + Nrd(b) € Og[X].
Morphisms in this category are Op-equivariant isomorphisms of abelian schemes over S.

We record a few facts about Cp /7 here.

THEOREM 2.4 [KRY06, Proposition 3.1.1]. The moduli problem Cp 7 is representable by a DM
stack (also denoted by Cpz), which is regular, proper and flat over Spec(Z) of relative dimension

one, and smooth over Spec Z[D3'].

The complex points Cp /Z((C) can be described via complex uniformization, as follows. Fix
once and for all an isomorphism

Br — M;(R), (2.5)
and for any z = x + iy € H7, let
_ 1z —a? =y
L= <1 ), (2.6)
1969
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so that J2 = —1. Then for every z € ¥, we may produce a point A, = (A.,1;) € Cp/z(C) as
follows. We take A, = Br/Op as areal torus, with the action ¢, of Op given by left-multiplication;
the complex structure on A, is given by right multiplication by J,.

Conversely, a point (4,:) € Cp/z(C) admits an Op-linear isomorphism A ~ Bg/Op of real
tori. A complex structure on Bg that commutes with the left-multiplication action of Op is
necessarily given by right multiplication by some element J € Bgr with J? = —1. Under the
isomorphism (2.5), there is a unique z € $* such that J = J,.

By carefully tracking the choices made in the discussion above, we obtain the following fact,
of. [KRY06, §3.2].

PROPOSITION 2.5. The map z — (A, t,) induces an isomorphism
[OF\H*] — Cp/z(C). (2.7)

A certain metrized line bundle &°, known as the Hodge bundle, will play a particularly
important role in this paper, so we take the opportunity here to make our acquaintance. Let
o/ | Cp denote the universal abelian variety, with zero section €: Cp — /. We then set

w’ = E*Qi{/cB € Pic(Cp/z)-

We may equip the Hodge bundle with the metric || - || described in [KRYO06, §3.3] (as the
specific form of this metric plays almost no role in the present paper, we will not define it here),
and obtain a class .

W = (W% | -1]) € Pic(Cp/z),

which, as before, we also view as an arithmetic divisor @° € éﬁi(c B /Z) via the natural map
Pic(Cpyz) ® R — CHL(Cpz).
2.3 Orthogonal special cycles

In this section, we recall the construction of orthogonal special cycles and their Green functions.

DEFINITION 2.6. Fix an integer n > 0. Let Z°(n)* denote the DM stack over Spec(Z) representing
the following moduli problem; to a scheme S, we associate the category of tuples

Z°(n)H(S) = {(4,2)}
where A = (A,1) € Cp(S) and = € Endp, (A) is traceless, commutes with the Op-action, and
satisfies 22 +n = 0.
We may view Z°(n)f as a cycle on Cp via the forgetful map.

Remark 2.7. As shown in [KROO|, these cycles may contain zero-dimensional embedded
components in fibres at primes p|Dp. To rectify this defect, we replace Z°(n)* by its Cohen—
Macauleyfication Z°(n), so that Z°(n) — Cp is a divisor. From the point of view of intersection
theory, the cycles Z°(n)* and Z°(n) are indistinguishable, cf. §4 of [KRO0O].

These cycles admit complex uniformizations.

ProrosITION 2.8 (Cf. [KRY06, §3.4]). Let

0°(n) :={¢§ € Op | Trd(§) = 0,Nrd(¢§) = n},

1970
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and note that O acts on this set by conjugation. There is an isomorphism
o5\ II o=z
£eQe(n)
where
De={z€H* | L.E=¢J.} C H*
This isomorphism is compatible with the complex uniformization Cp(C) ~ [O5\H*].

Next, we describe the Green functions constructed in [KRY06, §3.5]. Let B® = {b € B |
Trd(b) = 0}, which can be equipped with the quadratic form of signature (1,2) given by the
restriction of the reduced norm on B to this subspace. Let D°(Bg) denote the space of negative-
definite (real) planes in B = B® @g R. It is straightforward to check that the map

9> D(BY), zw J&
is an isomorphism. As Jz = —J,, we obtain a two-to-one map
9 > DUBY), ze> Ji-

Now suppose v € BI%, and ¢ = J} € DO(BH%). Let v; denote the orthogonal projection of v onto
¢, and set
R°(v,z) := —2Nrd(v¢) where ¢ = J;-. (2.8)

By construction, v € ¢* if and only if R°(v, z) = 0. In particular, for £ € BY, we have z € Dy if

and only if R°(§,z) = 0.
For r € Ry, let
& du
Bi(r) = /1 67”;-

As r approaches zero, we have 51(r) = —logr — v + O(r), where v is the Euler-Mascheroni
constant.

The Green function Gr°(n, v) for the cycle Z°(n), which depends on a real parameter v € R,
is then given by

Gr(n,v)(z) := Z B1(2mvR°(&, 2)); (2.9)

£€Q°(n)
here we are viewing Gr°(n,v) as a Og-invariant function on §). In particular,

dd“[Gr°(n, v)] + dzo(n)(c) = [¥° (1, v)e1 (@W7)] (2.10)

as currents on Cp/7(C) ~ [O5\$)], where

YO (n,v)(z) = Z (Amv{R°(&, z) + 2Nrd(§)} — 1)6—27rvR0(§,z)

£eQe(n)

and ¢ (@°?) is the first Chern form of the Hodge bundle &°.

2.4 The orthogonal generating series of Kudla—Rapoport—Yang
Following [KRY06, §3.5], we define the terms in the orthogonal generating series as follows. For
n € Z~g and v € Ry, let

Z°(n,v) = (2°(1), Gr°(n,v)) € CHR(Cpyz)z-
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For n < 0, note that the right-hand side of (2.9) defines a smooth function on Cp7(C). Therefore,
in this case we define .
Z°(n,v) = (0,Gr’(n,v)).

Finally, for the constant term, we set
Z°(0,v) := —&° — (0,logv) — (0,log D).

THEOREM 2.9 [KRY06, Theorem A]. Let 7 = u + iv € §). Define the ‘orthogonal generating

series’ .
() == Z%(n,v) ¢",
nez

where g = *™7. Then ®°(7) is the g-expansion of a modular form for the group I'¢(4Dp), of
weight 3/2 and trivial character.

As the coefficients of ®°(7) lie in the infinite-dimensional space Gﬁﬁ{(CB /z), we need to
explain the meaning of this theorem more precisely. Recall that in §2.1, we described a
decomposition - -

CHg(Cp/z) = (Vert @ R©°) & An @MW,

together with a spanning set for the first two factors. This allows us to decompose our generating
series ®° into components (given by the generating series formed by pairing the coefficients
against the vectors in this spanning set, together with the projections to the m—component).
FEach of these generating series has scalar coefficients with the exception of the m—component,
whose coefficients are valued in a finite-dimensional vector space. The content of this theorem
is that each of these generating series is the g-expansion of a modular form in the usual sense,
and the theorem is proved by identifying the generating series with the g-expansions of known
modular forms.

Moreover, the proof of this theorem reveals that the components arising from elements of
Vert and the MW-component are holomorphic.

3. Unitary cycles and their Green functions

3.1 Unitary special cycles

In this section, we recall the construction of the unitary cycles discussed in [San13, §2]; they are
the analogues of unitary (Kudla—Rapoport) special cycles, as described in [KR09], in the Shimura
curve setting. Throughout this section, we fix an optimal embedding ¢: o, — Op. We also fix
an element # € Op such that 2 = —Dp. We may assume, without loss of generality, that

Trd(0 ¢(VA)) > 0

since (i) the assumption that B is indefinite implies that the above trace is non-zero, and (ii) we
may replace # by —@ if necessary.

Suppose A = (4, t) € Cp(9), for some base scheme S over Spec(og). Then, by [How09, §3.1],
there exists a unique principal polarization )\?4 on A such that

A o) 0Ny = (071040) for all b e Op. (3.1)
By [San13, Lemma 2.4], the isogeny
A = Ay o (08(VA)) (3.2)
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defines another (non-principal) polarization on A; note that the Rosati involution * defined by
this latter polarization satisfies

L(p(a))* = u(p(a’)) for all a € of.

Next, let &* denote the moduli stack over Spec(oy) whose S-points parametrize triples
£+(S) = {E = (EviE’ AE)}a

here E/S is an elliptic curve, ig: o — Endg(E) is an og-action, and Ag is a principal
polarization. We also require that:

(i) the induced action ig: o — Endg(Lie(E)) agrees with the action given via the structural
morphism o — Og; and

(ii) for any a € ok, we have A\ oip(a)V o Ag = ip(d’).
Similarly, we set &~ to be the moduli space of tuples (E,ig, \g) as above, except that we insist
that oy acts on Lie(E) via the conjugate of the structural morphism.

Finally, we take
&=6"]]¢

to be the disjoint union of these two stacks.
For a base scheme S over Spec(oy), suppose we are given two points E € &(S) and A € Cp(5S5).
We then have the space of special homomorphisms

HOII]¢(E7 A) = {y & HOm(E7A) ’ y [0 ZE(Q) — LA(¢(a)) o y for all a € Ok}
This space comes equipped with an ox-Hermitian form h%, 4 defined by
h%,A@a t):=(\g) totYodlagos € End(E,ip) =~ of.

Let qg 4(z) = h‘g 4(z,z) denote the corresponding quadratic form.

DEFINITION 3.1 (Unitary special cycles). For an integer m € Z~q, let Z(m, ¢) denote the DM
stack over Spec(oy), whose S-points parametrize tuples

Z(m, 9)(S) = {(E, 4,9)}

where £ € &(S), A € Cp(S5), and y € Homy(£, A) is a special homomorphism such that

‘IgA(y) =m.

By [Sanl13, Proposition 2.6], the forgetful morphism Z(m,¢$) — Cp/,, allows us to view
Z(m, ¢) as a divisor on Cp/,, = Cp/z x Spec(oy); abusing notation, we shall denote the divisor
by the same symbol, and hope that the reader will be able to discern from the context whether
a given instance of the notation refers to the stack or the divisor.

3.2 Complex uniformizations and Green functions
Fix an embedding ¢: o — Op, which induces an embedding ¢: k — B. We start by describing
an alternative complex uniformization of Cp. Let B? = (B, (-,-)4) denote the Hermitian space
whose underlying vector space is B endowed with the k-vector space structure given by the
action

a-v:=¢(a)v foralla€k, veB.
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The Hermitian form (-,-)4 is given by the formula

(T,y)p 1= %T&"d(:v y') + \/QZTrd(qﬁ(\/Z)xy‘) € k. (3.3)

Let Q(z) = (z,2)y = ANrd(x) denote the corresponding quadratic form, and note that the
kr-Hermitian space Bﬁg = B? ®g R ~ My(R) is of signature (1, 1) with respect to this form.

Let D(B]ﬁ) denote the space of non-isotropic kgr-lines in Bﬁg. There is a transitive action of
By on D(B]ﬁ) given by right multiplication:

v-¢:=¢y"! C Br.
Recalling that we had fixed an embedding oy: k£ — C, let
I := VA® |A|7V2 € kg

denote the square root of —1 in kg such that oo(Ix) = 7. It is then straightforward to check that
we have a By -equivariant isomorphism

9% 5 D(BY), 2+ ¢(:={veBg|v), = —¢(Ix)v}. (3.4)

Without loss of generality, we may normalize the map (3.4) so that i is identified with the line
#(k) ® R C Bg. With this choice, 7 is identified with the subset D(Bﬁg)* C D(Bﬁg) consisting
of negative-definite lines. In particular, we obtain an alternative uniformization

Cp/z(C) ~ [O5 "\ D(BE) ],

where (’)g’1 is the subgroup of O} consisting of elements of norm 1, acting on D(Bﬁg)* by right
multiplication.

The geometric meaning of this isomorphism is as follows. Any complex abelian surface A €
Cp/z(C) admits an isomorphism A ~ Br/Op of real tori. The embedding ¢ then determines a
distinguished complex structure on Bg, namely right-multiplication by —¢(I;), which commutes
with the action of Op. Any other complex structure, in particular that arising from the complex
structure of A, is then determined by the line in Bgr on which it agrees with the distinguished
one. Hence, after possibly applying an automorphism to ensure that this line is negative, we see
that the space of such lines in turn parametrizes the points of Cg/z(C).

Upon fixing coordinates, an easy calculation yields the following description of the first Chern
class of @W° under this uniformization, cf. [KRY04, (3.16)].

LEMMA 3.2. Fixing a basis {e, f} of Bffé such that (e,e)y = —(f, f)e =1 and (e, f)y = 0 yields
an isomorphism

Ul:={3eC||3] <1} = D(BY)~, 3+ spang (3e+ f).

With respect to the coordinate 3,

or 1 d3Ad3
a(@°%) = ;(1:3”23)2 (3.5)
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We now say a few words about polarizations. Let A. € Cp/z(C) denote the abelian surface

corresponding to { € D(Bﬁg)_, and recall that fixing an element § € Op with #*> = —Dp
determines a principal polarization \° = >‘94< on A¢ as in (3.1). Then the Riemann form {-,-} o

on Hi(A¢) = Op corresponding to A? is given by
{a,b}o = Trd(a b* 671).
Thus, if we set Ag g := A0 1(f #(v/A)), then we find that the corresponding Riemann form is
{a,b}r,, = Trd(@(VA) a V') = tro, /2(($(VA)a, b)y). (36)

We now turn to the complex uniformization of the cycles Z(m,¢). Recalling that & =
ET]]E, we have a corresponding decomposition

Z(m,¢) = Z"(m,¢) [[ 2~ (m

of stacks over Spec(oy). We also recall our convention that Z*(m, ¢)(C?) denotes the complex
points of Z* (m, @), where we view C as an og-algebra via the fixed embedding o¢p: kK — C.

PropoOSITION 3.3. For a fractional ideal a of oy, and an integer m > 0, let

Nrd(y) = AN(@) }

O (m, 0, 9) = {y € 6(a)'Op

which admits an action of 0; X Og’l via the formula
o -1 1
(a,b)-y:=¢(a) yb~ ', a€o,be Oy .
Then

2 m.o)e) = |op x 03"\ I D)

[a]eCl(k) y€Q+ (m,a,¢)

where D, = {(y)1} C D(Bﬁ)_, and the ideals a range over any set of representatives for the
class group. Similarly, if

O~ (m, 0, ) = {y € 6(a)'Op

Nudl) = s |

Z<m,¢><cao>:{o;x0§’l\ I 1II D;],

[a]€Cl(k) yeQ~ (m,a,0)

then

where D, := {span_ (y)}.

Proof. We begin by describing the uniformization of Z%(m,¢). Fix a set of representatives
{ai,...,ap} for the class group Cl(k) of k. For each a;, we have a complex elliptic curve

Ei = (C/O'o(ai).

There is also a natural og-action of signature (1,0), given by the restriction of the embedding
0o: k = C to ok, and a compatible principal polarization A\g, determined by the alternating
Riemann form

{z,y}E, = tre/r( Yy ao(\/g)), x,y € Hi(E;,Z) = a;. (3.7)

1
2N(a,~)A
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In this way, the triple E, := (E;, 0¢lo,, Ag;) defines a point of & (C), with automorphism group
loy|, and every point of & (C°) is isomorphic to such a triple.

Now suppose (E, 4,1) € Z1(m, ¢)(C) is a complex-valued point of a unitary special cycle.
We may assume that A = A< corresponds to a line { € D(Bﬁ)*, and £ = E, as above. Then
n: E; — A¢ is determined by the og-linear map

ﬂ: a;, ~ Hl(El,Z) —> Hl(Ac,Z) ~ OB

on the level of homology, which in turn is determined by the image of any non-zero element. For

concreteness, let 1
Na) YN (@) € 9(e) 05 (3.8)

If J € End(Bgr) denotes the complex structure on Lie(A¢) = Br determined by ¢, then

J(&) =7y(oo(Ix)) [by holomorphicity]
=¢(Ix)y [by ox-linearity];

y =

in turn, these relations hold if and only if ¢ = (y)*. Furthermore, by the description of the
polarizations Ag, and A4, ¢ as in (3.7) and (3.6),

h%mA( (Ua ‘)) = ()‘Ez‘>7l © Uv © AAZ@ °y

= A N(a;) Nrd(y),

and so
Wy 4 (0.0) =m = y€QF(m,a,0).

To summarize, we have described a construction

yE Homf}C (Ei, A¢) o (vE QF (m, a;, ¢)
with hj; 4 (v,9) = m with ¢ =y* )

Conversely, an element y € QO (m, a;,¢) defines a morphism y: E; — A¢ for ¢ = yt, by
demanding that the corresponding map on Lie algebras is determined by y as in (3.8). Finally,
one sees that the action of o] X Og’l on £T(C) x Cp(C) induces the action on Q*(m,a;, o)
described in the proposition. The corresponding statement for Z~(m, ¢) follows by a similar
argument. O

These uniformizations will allow us to furnish the cycles Z*(m,¢) with Green functions,
inspired by those appearing in [KRY06, §3.5]. Given b € B and a line ¢ € D(Bﬂqg)*, let pr¢(b)
denote the orthogonal projection of b onto ¢, and set

Ry (b, ¢) = —=2(pr¢(b), pre(b))g = 0.
Note that Ry(b,¢) = 0 if and only if ¢ = b*. In addition, for any v € GU(B),
Ry(b,7(C)) = Ro(v*(b), C).
Consider the exponential integral

o
B1(u) := / e Ut dt,  u € Rso,
1

and set

Gl“(;(b, <) =P (27TR¢(b, C))
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PROPOSITION 3.4. Suppose (b,b)s > 0. As currents on D(Bﬁ@_, we have
dd“(Gr [ (b, Q)] + dp, = [0 - e1(@7)],

where

23 (0,¢) 1= H2r(Ry(b, ) + 2ANrd(8)) — 1) exp(=27 Ry (b, ),
c1(@°) is the first Chern form of the Hodge class, and Dy, = {b*} is a singleton set in D(B]ﬁ)_.

Proof. We fix a basis {e, f} of B]ﬁ as a kg-vector space such that (e,e)y = —(f, f)p = 1, and
(e, f)¢ = 0, which yields an identification U" ~ D(B]%)_ as in Lemma 3.2.
Write b = &1e + & f, with &1, & € kr. If 3 = 3(¢) € U corresponds to ¢, then

_ 2!351 —52!2_

Ry(b,3) = Ry(b,¢) = —2(pre(b), pre(b))y e

Thus, away from D¢, we have
c i 3
dd Grg(b,ﬁ) =5 00 Gr;f(b,f))

—2mR 2
e [aR +<2W+;>0R6R} BAD,

2rR | 0303 93 93
where R = Ry(b,3). Evaluating the derivatives in the preceding display, we see that away
from D,
, 1Y\ _ d3 Nd3
dd°Gr; (b,3) = b 2ANrd(D) — — |e R :
Grf 0.3) = Ro(0,3) + 2880000 - 5 e B0 (39)

Now to investigate the behaviour of Gr;f (&, 3) near D¢, we use the expression

-t u
Bl(t):—qf—logt—/ € 1du,
0

u

where v is the Euler-Mascheroni constant. Also note that the point in wy € U' corresponding
to the line £+ € D¢ is given by 39 = &2/¢1, and hence

1361 — & =& |3 - 30>
In particular, we may write
Gr (6,3) = ~log|3 — 30> + £(3)

where f(3) is a C*° function.
Let N¢ denote a small ball of radius € around wg, and g a compactly supported C*° function
on U'. Then, abbreviating Gr* = Gr;ﬁ(b,ﬁ), we have

Grt - dd°g = lim Grt - ddg
Ul e—0 Ul—N,
= lim g-dd°Gr™ — / (Grt -d°g — g - d°Gr™).
=0 Jui-nN, ONe

Consider the limit € — 0. Combining (3.9) and (3.5), the first integral approaches [gp;f -c1(@)](9),
while using the ‘integral table’ [Lan88, p. 23], the second integral approaches g(wy). O
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Note that for ¢ € D(Bﬁg)_, and a negative vector b € Bﬁg, we have b € ( if and only if
Ry (b, ) + 2ANrd(b) = 0. With this in mind, we set

Gry (b, C) == B1(2m (R (D, C) + 2ANrd(b))).
Then, by a similar calculation to the previous proposition, we have
dd*[Gry (§)] +0p, = [p™ - c1(@)],
where
5 (0.0) = 5(2m Ry (b, ¢) — 1) exp(—2m (R (b, ¢) + 2ANrd(D))).

We want to use these calculations to describe Green functions for the unitary special cycles,
and thereby define classes in the first arithmetic Chow group of Cp. One technical hiccup,
however, is that the cycles are defined over o and not Z. The following lemma assures us that
the machinery of arithmetic Chow groups continues to operate after base change to o.

LEMMA 3.5. The base change Cp/,, = Cp/z X7 Spec(og) is an arithmetic surface over Spec(oy,)
in the sense of § 2.1: it is regular of dimension two, and proper and flat over Spec(ox). Moreover,
Cp/o, is smooth over Spec(oy [D5').

Proof. The only non-obvious point is regularity. Note that Spec(oy) is smooth over Spec Z[A 1],
and recall that Cp /7 is smooth over Spec Z[Dgl]. Since (Dp, A) = 1, every point x € Spec(Z) has
an open neighbourhood U such that at least one of Cp /7 xU or Spec(o,) x U is smooth over U.
Since regularity is a local property and smooth base changes preserve regularity, it follows that
CB/o, 1s Tegular. O

For every m > 0 and n € R+, we define an arithmetic class
Z(m, ¢,n) = (Z(m, ¢), Gr"(m, ¢, 7)) € CHE(Cpyo, ). (3.10)
where the Green functions

rt <m7 ®, 77) = (Gru (mv o, 77)007 Gr* (m7 b, 77)01)

are given as follows: set

r'(m, ¢,m)7° = o ‘ > > G (N () y,Q)
[a]eCl(k )y€Q (m,a,9)
+ > v, (N (a)n)'?y, ) (3.11)
y€Q~ (m,a <f>)

and, if ¢: Cp/,, (C7) — Cp/,, (C7°) is the map induced by complex conjugation,
r(m, ¢, )7 = 1" Gr*(m, ¢, )7

Note that when m < 0, the same formula (3.11) defines a smooth function on Cp(C?°), and
so in this case we may also define classes

Z(m, ¢,1) := (0, Gr*(m, ¢,n)) € CHL(Cp/0,)- (3.12)

Remark 3.6. The normalizing factor (N (a))'/? appears in the arguments of the functions Gr*
(3.11) because we choose to work with vectors in B, rather than the Hermitian space Hom(a, B).
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4. The Shimura lift, and statement of the main theorem

4.1 The Shimura lift via theta series
In this section, we rapidly recall the construction of the Shimura lift [Shi73], which is an operation
taking modular forms of half-integral weight to modular forms of even integral weight. Rather
than using Shimura’s original approach, however, we shall consider the reformulation due to
Shintani [Shi75] and Niwa [Niw75], who show that one can recover the Shimura lift via integration
against a specific theta kernel. This approach has the advantage of being readily generalized to
forms that are non-holomorphic.
We begin by recalling the construction of the Niwa—Shintani theta kernel. Fix an integer

N > 0, a squarefree positive integer ¢, and consider the quadratic form on R? determined by the
matrix
o_ 2 -

Nt \ _o
Let L =7Z®&NtZ & (Nt/4)Z, which is an even self-dual lattice for the form Q.

There is an action of SLy(R) on R3, given as follows: for g € SLa(R), put g - (21,29, 23) =

(x], xh, %), where
Ty wh/2 (™ x2/2 g
zh/2 @l T2/2 T3 '

This action induces an isomorphism SLy(R)/{£Id} ~ SO(Q).
Finally, for any positive integer \, define the Schwarz function f\ € S(R?) to be

2T

Nt(2a:% +z2 + 2x§)>

Fa(@1, 22, 23) i= (21 — d0 — 23)" eXP(
DEFINITION 4.1 (Niwa—Shintani theta kernel). Suppose N, ¢, and A\ are positive integers, and

t is squarefree. Let x be a Dirichlet character modulo N, and set kK = 2\ + 1. For 7 = u + v,
w =&+ in € 9, define the Niwa—-Shintani theta kernel of parameter ¢ to be

Ons(r,w) = (4n) " v Y xa(en){wlor) fr}(og, - o),

€L
where:
(a) x¢(a) :=x(a)(—1/a)*(t/a), where (-/-) is the (modified) Kronecker symbol, cf. Appendix A
of [Cip83];

(b) w is the Weil representation for the dual pair (SLa, O(Q));
o1/2 uu—1/2
(c) o7 = v-1/2 )
2,,,,1/2 2§n—1/2)
d) and o4y = > .
(@) and oa, = (7 20

It follows from the properties of the Weil representation that Oyg is a modular form of
weight /2 as a function of 7, for the congruence group I'g(4Nt) with character Y (Nt/-).

As a function of w, the conjugate of the theta kernel ©yg is a modular form of weight
2\ = k — 1, with level 2Nt and character X2.
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To recover Shimura’s lift, it turns out that one needs to apply a Fricke involution (normalized
to take into account the half-integral weight) to both variables; following the notation of [Cip83],
define

0% 5(m,w) = ONslwannlweny

1 -1
_ 9—2\—1/2 —3N/2—1/40 _: N—K/2 (= —2)
2 (N?) (=ir) " () ®N5(4Nt7-’ 2Ntw)'

DEFINITION 4.2 (Shimura lift). Suppose that G' € M, 5(4N,x), and let Gi(1) = G(t1) €
M, /5(4Nt, x(t/+)). We define the Shimura lift of G to be the function

Sh(G)(w) = COY) [ g 7 Gelr) O () ), (1.1)

whenever the integral is defined; here A = (k — 1)/2 and C(\) = (—1)*23*2(tN)~2-1/4,

We will also need a Poincaré series expression for the Niwa—Shintani theta kernel. The proof
amounts to making the necessary straightforward modifications to the argument in [Koj95, § 3],
where an analogous statement for the ‘untwisted’ theta kernel appears; we omit the argument
here, and refer the reader to [Sanl2, Theorem 4.4] for details.

THEOREM 4.3. For any integer 1 > 0, 7 =u+ 1w € §), and o € R, define a theta function

0,(7, ) := (2v/2m) ™ w2 " H,,(2V2m0 £)e(T0* + 200),

Lel

where e(z) = >

and H, is the Hermite polynomial
Hy(x) = (—1)!e™/? (d/dx)"(e="/?).

Then, for w =& +1in € 9,

A
@NS T, W) C’Z ( )4“ ntH Z xi(m) m*H
pn=0

mezZ
S(yr)e ( mgm2>
X — < exp| — 0,(y7, —€m/2),
veroo%wvt) Xt(V)dk/2(7,7) A3 (~7) u( /2)

where C' = (—=1)*27 (¢ N)N24Y4 and x;(v) = x¢(d) when v = (1) € To(4Nt).

4.2 The unitary generating series and the main theorem
Recall that for m € Z with m # 0, and any n € Ry we have constructed classes

Z(m, ¢,n) = (Z(m, ¢), Gr(m, ¢,n)) € CHL(Cp/p, ),

as in (3.10) and (3.12); by convention, we set Z(m, ¢) = 0 when m < 0.
We also require the following rescaled variants of these cycles: let

Z*(m, ¢im) = (27 (m, ), Gr" (m, 6,7)), (4.2)

where

2 m0) = 2y )
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and
m

M 2
g (. D)2 )

Gr™ (m, 6, 17) 1= Gr“(

Note that if (|m|, Dg) = 1, then Z*(m, ¢,n) and Z(m, ¢,n) coincide.

It remains to define the ‘constant term’ EAZ(O, 7). It is worth pointing out that there is a unique
value for the constant term which makes our main theorem true, and this is what prompts our
definition; unfortunately, I am unaware of an a priori reason for this term to have the precise
value that it does.

To start, let x denote the Dirichlet character associated to k, so that for a prime p, we have

1 if p is split,
xt(p) =40 if p is ramified,
—1 if p is inert.

Consider the character x’ obtained by induction to level 4Dg|Al; that is,

.o if (a,4Dg|A]) > 1,
@ {ma) if (0, 4Dp|A]) = 1. -

X(@:= 3 X0 exp<421;T;C|LZ‘>

and its ‘L-function’

which is analytic (as written) in the half-plane Re(s) > 0. A straightforward calculation, cf.
[San12, Lemma 5.3.1], gives

L(s,¥) = @ivVIAD) - [T 0+ (= 1p*)(1+p7%) - L(s, xx).
p|Dp

DEFINITION 4.4. Let @ := @7% denote the base change of (the class corresponding to) the Hodge
class @°, and define the constant term to be

= 1

2(0,m) = o L(LY) @+ (2log(n) + 4) - 1],

where the class 1 = (0,1) corresponds to the constant function 1, and

L'(1L, X))

_ 3 3 o
A = log(4Dg|A%/m) — v 27!3(1,%’)’

here « is the Euler—-Mascheroni constant.

Finally, we arrive at the definition for the unitary generating series.

3 Note ¥’ is not a Dirichlet character, so L(s, x’) is not an L-function in any meaningful sense.
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DEFINITION 4.5. Let

- . 1 N ~,

(I)U(T) = Z(O,’U) + m Z Z (Z(m7¢a U) +2Z (ma ¢7U))qm7

m70 [¢]c0pt /05!
where 7 = u + v € §, ¢ = exp(27iT), and the sum Z[dﬂ is over any set of representatives of
optimal embeddings taken up to (’)g’l—conjugacy.
We shall also need to consider the base change
7ok(7—) = Zzo(n7v)/0k fﬁ € CH]%{(CB/OQ[[qfl]]’
neZ

cf. [GS90, Theorem 3.6.1]. Explicitly, the coefficients are given by
(Gr°(n,v)?, Gr(n,v)")),

Z°(n,v) /o, = (Z°(n,v)

ok * /o>

where the two Green functions are obtained by pulling back Gr°(n,v) via the natural map

CB/o,c (C7) H CB/o,c (c) — CB/Z((C)'

THEOREM 4.6 (Main theorem). Recall our standing assumptions: A is squarefree and even, and
that each prime dividing Dpg is inert in k. Then we have an equality of g-expansions

Shw(@?%)(w) = d“(w). (4.4)
Outline of proof. As discussed in the introduction, the proof begins with the decomposition
CHL (Cp0,) = (Vert @ RD) @ An & MW,

together with a collection of ‘good’ spanning vectors for the first two summands, as in §2.1; we
need to show that for each component of the orthogonal generating series, the Shimura lift of
that component is equal to the corresponding component of the unitary generating series.
First, we observe that the MW-component of an arithmetic cycle depends only on its
restriction to the generic fibre. Indeed, let Z = (Z, gz) € CH%(Cp)r, and write its decomposition

~

Z = (§Vert + Ew) + 2MW + gAn
with respect to the previous display. Pairing against 1 = (0,1) € Vert yields
deg Z), = (Z,1) = (Z,,1) = deg(Z,)k,

and so

= deg Z
Z, =82k g
deg wy,

Recall that the ‘restrict-to-the-generic-fibre’” morphism res; induces an isomorphism
resy: MW —=> Jac(Cpi)(k) @R, (2,9z) — 2

where Jac(Cp 1) (k) is the group of rational points of the Jacobian of the generic fibre of Cp/,,,
cf. §2.1. In particular, for any class Z = (2, gz) € Eﬁ]ﬁ(CB/Ok), we have

deg Zy,

respZmw = resp 2 —resp 2, = 2 — q
eg Wk

W+ (4.5)
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Thus, if the generic fibres of two arithmetic divisors are equal, then so are their I\W\//V—componeggg
In particular, [Sanl3, Corollary 4.11] implies the desired Shimura lift relation for the MW
components; the same corollary implies that the Shimura lift relation holds for the vertical
components as well.

It remains to prove the Shimura lift formula for the analytic components and the Hodge
component (obtained by pairing against the Hodge class @), which appear in §§6 and 7
respectively. O

5. Conductors and Frobenius types of orthogonal special cycles

In this brief interlude, we prove a key relation between the two indexing sets Q°(n) and Q% (m,
a,¢) that appear in the complex uniformizations of the orthogonal and unitary special cycles,
at least in the special case that the squarefree part of n is equal to |A].

To start, recall that

2°(n) :=={£ € Op | Trd(¢) = 0,Nrd(&) = n}.

Suppose & € Q°(|Alt?), for some positive integer ¢; it induces an embedding i¢: k — B determined
by the formula

ig(tVA) = ¢.

We define the conductor ¢(§) of & to be the smallest integer ¢ such that
ig(Oc) C OB,

where

0c = ZlevVA] C oy,

is the (unique) order of conductor ¢. Note that since & € Op, it follows that ¢(§) divides ¢, and
one furthermore has the property (¢(§), Dg) = 1, by valuation considerations. Finally, one easily
checks that ¢(£) only depends on the Oj-conjugacy class of &.

We may also consider the situation at primes dividing Dg. Let p be such a prime, and recall
our standing assumption that p is inert in k. As the conductor ¢(§) is relatively prime to Dp,
we may localize at p and take quotients in order to obtain an isomorphism

igpt Onp/(p) — Opyp/(0),

where § € Op is some fixed element such that §2 = —Dp. Now suppose ¢: o, — Op is any
embedding, which gives another isomorphism

5,92 ok.p/ (P) — Opp/(0).

As the source and target are both isomorphic to [F,2, there are two possibilities: either gp =i p,
or they differ by the Frobenius on .
It will be convenient to keep track of the various possibilities, over the prime factors of Dp,

in the following way. We define the Frobenius type v(&, ¢) of & relative to ¢ to be

v(&,0) == [] wl&, @) where (¢, 6) = {1 it &y = icp, (5.1)

p otherwise.
p|lDp
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The following lemma, which is a straightforward exercise in quaternion algebras, implies that
the Frobenius type is invariant under conjugation by Oy in both variables:

V(£,¢):V(€'§'€_1,¢):l/(é,AdGO(ﬁ) for anyeEOE.

LEMMA 5.1. Let p|Dp, and ¢, ¢': oy, — Op, any two embeddings, with reductions

2,9 okp/(p) > Opyp/(9).
Then ¢ =@ if and only if p = Ady; o ¢’ for some t € B, with ord,Nrd(t) even. O
All told, for a fixed embedding ¢, we obtain a disjoint decomposition
a(a)= I1 1 20a2.cvi0)
clt v|Dp

(e,Dp)=1

where Q°(|Ala?, ¢, v; ¢) is the subset of elements & € Q°(|Ala?) with ¢(€) = ¢ and v(&,¢) = v.
The main proposition of this section is a comparison between Q°(|Alm?) and QF(m, a, ¢),
whose definition we recall:

inum¢>::{ye¢m>103

(1:9) = ANt(y) = 47 L
There is a natural map
OF(m,a,¢) — Q°(|Ajm?)
nemen le(VA)
whose image lies in the subset

Q°(|A[m?)?Pos .= (¢ € Q°(|Alm?) | € = mb Lp(VA)b for some b € B with (b, b), > 0}.

PROPOSITION 5.2. Fix a set of representatives {ay,...,ay} of Cl(k), and consider the map
h
£+ 1 9Fm,ai0) > Q(AMAPPe, nes & =m- 57 (VA
i=1

Then for any ¢ € Q°(|A|m?)?P% we have

~1(6) = [o¥ m
#f7(©) = log | p<c(£) v, 9) \A|>

where p(N) denotes the number of (integral) og-ideals of norm N.

Proof. By definition,

h
flﬁy—gﬁﬁeam>%b|wa%—A§@0f—nwblmVZw}

By assumption, there exists an element by € B> such that £ =m - balgb(\/Z)bo and (bo, bo)g =
ANrd(by) > 0. Note that if by € B* is another such element, then

by = ¢(a)by for some a € k™.
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Hence, fixing one such choice by € B*, we have

m

h
#1710 = #11{e <4190 = a0 >e¢><ai>103bal}

X . : : —1
= |og | #{a C k a fractional ideal | N(a) = ANrd( ),qﬁ( a) C Opb, } (5.2)

We shall analyze the ideals appearing in the above display on a prime-by-prime basis. To start,
suppose p { Dp. We may fix an isomorphism Op , ~ M>(Z,), and without loss of generality, we

may assume that QS(\/E) is identified with the matrix ( A 1); note that the assumption that A
is even ensures that this is possible even when p = 2.
Let ¢ = ¢(&) denote the conductor of &, and set

w(c)p = (C 1) € OByp.
One easily checks that the embedding ¢¢ := Ady, (), © ¢ has conductor ¢; in other words

¢c(oc,p) = ¢C(kp) NOpp-

By assumption, the same is true for the embedding i¢ . Hence, by [Vig80, Theorem 3.2|, these
two embeddings differ by conjugation by an element of O P and so there exist elements a, € k,

and u, € O such that
bo = ¢(ap) w(c)p up € B;;'
Next, suppose p | Dp, and so in particular p is inert in k. Fix a uniformizer II € Op . We

may then write
bo = ¢(ap) - I - up € B,

where a, € ky, e, is either 0 or 1, and u € (’)Ep. By Lemma 5.1,
ep = ordprp(, @)

Let ag := (][, ap - or,p) Nk denote the fractional ideal corresponding to the finite adele (ay).
By the product formula,

Nrd(bo)| = ] In(ap) - Ned(w(e)p)l,* ] In(ap) - Ned(1m)er |, !

ptDp p|Dp
= N(ao) [ Nrd(w(e)p)l," ] Nrd@mer|,*
pJ(DB p|DB

:N(ao)‘C'V(f,(;S).

Thus, replacing the ideals a appearing in (5.2) by a, - a, and recalling that Nrd(b) < 0 by
assumption,

#17H =

_m
|Ale(€)v(€,m)
and ¢(a) C Op,II" for all p\DB}.

o,j|-#{aCk:|N(a): ,¢(a)COB7pw(c);1 for all pt Dp,

Finally, it remains to check that the ideals appearing in the above display are in fact integral.
Indeed, one checks locally that for such an ideal a, we have ¢(a) C Op,, for all primes p: when
p|Dp, this follows from valuation considerations, and when p { Dp, this follows from the particular
choice of w(c),. Hence, ¢(a) C Op, and since ¢ is optimal, it follows that a C o. O
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Similarly, if we set
Qo(|A[m2)?1e .= {¢ € Q°(|A|m?) | € = mb~'p(VA)b for some b € B* with (b,b), < 0},
then we obtain a map
g: [T9 (m.a,9) — Q°(jAIm?)>ee,
[a]

whose fibres, by the same argument as above, have cardinality

_1 — ¥ m .
#9~ (&) = |og, | p<c(§) v(&, o) |A|>

We also observe in passing that by the Noether—Skolem theorem,
Q°(|AIm?) = Q°(|A[m?) PP [T Qo(|Alm?)? e,

The following calculation will appear several times in the sequel, and so will be worthwhile
to state on its own.

LEMMA 5.3. For any integer m > 0,
m
S o(%) - v
v|Dp alm
where ' is the character appearing in (4.3).

Proof. First, we claim that for any integer N > 0, we have
p(N) = xx(a).
a|N

Indeed, both sides are multiplicative, so it suffices to verify this formula when N is a power of a
prime p. The formula is easily verified by considering separately the cases where p is inert, split,
or ramified in k.

Next, we note that if ord, N is even for every prime p|Dp, then

D xel@) = > xwla) =D X(a).

a|lN a|N alN
(a‘zDB):l

Finally, we observe that for a given m, there is a unique v*|Dp such that ord,(m/v*) is even for
all p|Dp. If v # v*, then p(m/v) = 0, because an inert prime occurs to an odd power in m/v.
Thus,

Y plm/v)=pm/v)= > ¥(a)=) ¥(a). O

v|Dp al(m/v*) alm

6. Proof of main theorem: analytic components

In this section, we prove the Shimura lift formula for the ‘analytic’ components of our generating
series. We begin by briefly recalling how these components are defined. Let f = (f7°, f71) denote
a pair of smooth functions on Cp/,, (C?°) and Cp/,, (C?), respectively, such that

for =g (6.1)
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and

/ f7 - a(@)’ =0, (6.2)
Cp(Co%)

where ¢ (@)% is the first Chern form of the Hodge class &. We obtain a class f := (0,f) €
CHR(CB/%). If Z = (Z,9(Z2)) is any arithmetic class, then

(Z,8) = / 7w (2),
Z Cp(C)
where w? (Z) is the smooth (1,1)-form on Cp(C?) such that
dd®g” (Z) + bz(coi) = [w(2)].
As g7t (Z) = 1*g?°(Z) we find that

Eh=[ @) (6.3)
Cp(Co0)
Applying this discussion to the orthogonal generating series, we have that for 7 = u+iv € 9,
(®,, (7). f) = Z( / o -w@(z%n,v»)q". (6.4)
nez N/ CB(C70)
n#0

We recall w?°(Z°(n,v)) has the following explicit form, cf. (2.10),
wdo(zo(n7v>) = I/JO(TL’U) ’ Cl("?))?

in terms of the uniformization Cp(C%) = [(’)g’l\ﬁ]. Here ¢°(n,v)(z) is the (’)E’l—invariant
function on $) given by
PO (n,v)(z) = Z (47v{R°(z, z) + 2Nrd(z)} — 1)e 2™ (@:2), (6.5)
zeNe(n)

where R°(-, z) is the majorant determined by z as in (2.8).

Turning now to the unitary generating series, recall that for m € Z with m # 0 and y € R,
we had defined classes Z(m, ¢, ), and their re-scaled variants Z*(m, ¢,n) (cf. (4.2)), where the
corresponding smooth (1, 1)-form w® (Z(m, ¢,n)) can be written as follows:

W (Z(m, ¢,m)) = (m, ¢,1) - c1(@).
Here, for z € $ and n € Ry, we recall that

w“(m,w):% > { > [2aN(a)n(Ry(y, z) + 2ANrd(y)) — L)e 2V @nfoluw.2)

l[aleCl(k) ~yeQt(m,a,0)

b Y AN@R(y,2) - 1l VO 28N L (6.6)
yeQ~ (m,a,0)

1
o)

o~

By (6.2), we have (Z(0,v),f) = 0, and so

@00 = S ([ T E om0+ (2 6.0 )"

mezZ [¢]
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LEMMA 6.1. Suppose ¢: o — Op is an optimal embedding, m € Z, and p € Op such that
Nrd(u) = (m, Dp). Set ¢' := Ad,,-1 o ¢, and note that ¢ is again optimal. Then:

(i) Z*(m, ¢ ) = Z(m, ¢ and

S Zmoo =Y 2 (m, o)

[¢]eOpt /O [¢]

as cycles on Cp ;
(ii) Gr**(m,¢',n) = Gr*(m, ¢,n); and
(iil) w?(2"(m, ¢, n)) = w(Z(m,¢,n)).

Proof. (i) For any fractional ideal a, left-multiplication by p gives a bijection
Qi(m/(m)DB)7a7¢/) ;) Qi(mvav¢)v Yy—= p-y. (67)

Furthermore, the map
D(Bg) > D(By), (= i

is an isomorphism that identifies D, = y* € D(Bfgl)_ with D,y = (uy)t € D(Bﬂqé)_ when
y € QF(...), and identifies D, = spanyy,(y) with Dy, = spany,)(py), when y € Q7(...).
The first claim in the lemma then follows immediately from the complex uniformizations. The
second claim follows by noting that the assignment ¢ — Ad,,—1 o ¢ acts as a permutation on the
set of Og’l classes of optimal embeddings.

(ii) Set d := (|m|, Dp) for notational simplicity. Recall that for a point z € $) and a vector
b € B, we had defined the majorant

Ry(b, z) == —=2(pre(2) (b), Pre(2) (0)) g,

where ((z) := {v € Br | vJ, = —¢(I})v} is the ¢(kr)-stable negative line in Br corresponding
to z, and pre(,) is the orthogonal projection onto this line. A direct calculation reveals that for
¢' = Ad,,—1 o ¢, we have

R¢/(b7 Z) = Nrd(uil)RQﬁ(:u’ ' b7 Z) = d71R¢>(M ’ b7 Z)'

Thus,
wk 1 27N (a
Git . 1) () = Y s rwe)
k1 [aeCl(k) tyet (m/d,a,¢)
27N (a
+ Y A (d()n “(Ry(y,2) + 2ANrd(y))>]
yeQ~ (m/d,a,¢’)
1
—m S| Y ACeN@ Rl
k1 laleCi(k) yeQt(m/d,a,¢)
£ AN (Ralu.2) + 28Nud()
y€Q (m/d,a,¢’)
= Gru<m7 ¢a 77))
where we apply the bijection (6.7) in the last line.
(iii) This follows immediately from parts (i) and (ii), via Green’s equation (2.1). O
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After summing over (’)E’l—classes of optimal embeddings, the f'—component of the unitary
generating series becomes (for w = £ +in € § and g, = e>™V)

@ @1F) = g Z( / . 70 E o, ) ) (6.5)

GZ (9]

The main theorem of this section equates the Shimura lift of the f-component of (/I;f with that of
du. In fact, we shall prove something a priori slightly stronger, namely that the f-components
of these two generating series arise by integrating f°° against certain theta functions, and that
these theta functions are related by the Shimura lift.
Let
ZW’nv @, T=u+iv (6.9)

nez
n#0

and

O(1,2) 1= g S0 S U man)(2) g w= € i
k

meZ (9]

The function ©°(7,z) can be shown to be a theta kernel arising via the Weil representation
for the dual pair (O(1,2),SLsa), cf. [KRY06, (4.4.5)]. In particular, it is a modular form in the
T-variable of weight 3/2. Although we will not pause to do so here, it can be also be shown that
O arises via restriction of a theta kernel attached to (O(2,2),SLa) of weight two.

Since the sets QF(m, a, <Z>) appearing in Proposition 3.3 are empty unless |A| divides m,

O (w, z) = > Do ut (A g,m) (=) gl
| k: ‘ mEZ [¢
~ e 3 (Z (| Afm, ¢,n><z>e2”'m")e2ﬂﬁmﬁ. (6.10)
ZOTHE AN

As the sums defining @° and ©" are absolutely convergent, we have
(@°(7), f) = / f7(z) - 0%(1, 2)er (W)
CB((CUO)

and

@h= [ )0t e E)

THEOREM 6.2. Suppose A < 0 is squarefree and even, and every prime dividing Dp is inert in k.
Then
Shia|0°(:, 2)(w) = @"(w, 2).

Proof. As ©°(t, z) is a non-holomorphic form in the 7 variable (of weight 3/2, level I'g(4Dp),
and trivial character), its Shimura lift is given by integrating against the Niwa—Shintani theta
kernel @ﬁs; in the notation of §4.1, we have N = Dp, A =1,t = |A]| and x; = x
Shia|©°(,2)(w) = C - V32 Ofy(7, 2) O g7, w) du(r)
Lo(4DplA\S
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where C' = —2(]A|Dp)~%/* and the measure du(r) = du - dv/v? is the standard hyperbolic
measure on §). Substituting the Poincaré series expansion for G)?\E, g of Proposition 4.3 (formally
for now, we will justify this step momentarily), and applying the usual ‘unfolding’ trick, we have

Shia|©°(, 2)(w) = é /Fm\)5 v¥? ©°(|Alr, 2) [Z X' (m) 24#(77;”)

meZ

1—p

2

x exp(—ﬂnj:}n >6’,,,(T—€m/2)] dp(7)
A el S g
% (/01 0°(|Alr, 2) Wdu) dv (6.11)

where
0, (1, —Em/2) = Z pH2mi(re?—Etm)
LeZ
for 4 = 0,1. A straightforward estimate reveals that (6.11) is absolutely convergent, and so in

particular our interchanges of summations and integrals is justified.
Computing first the integral on u, we obtain

1
/0 O°(|Al(u + i), 2) O, (u + iv,—E{m/2) du

= pre2mettazmicim / O°(|A|(u + iv), 2)e 2™ du

LET
_ 5 gt [VAI AR T2 = AP for some n £,
B ez 0 otherwise.

Since |A| is squarefree, only those ¢ with |A| dividing ¢ will contribute to the previous display.
Thus

1[5 3 () e )

meZ
Al£)H —4mv|A2E242miE| Alem )0 YNTZRVN dv
x Y (JAle)e (1Al [Al)(2) -
leL
(20

Exchanging the summations with the integral, we obtain

Sh‘A‘@O(',z)(w)Z% > X(m) /0000_1/2 [i(mwﬁ‘u(?)l_u]

mlEZ ©=0

2,,2 A
X eXp(_”"?ZLZL — 47TU|A|2€2>¢0(|A|,€2’ |A|’U)(Z) duv - eQﬂsz\AK

S22 o [ () ()

LeZ 0<m||¢| 1=0
(0
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2,2 92,9 |
X eXp<_7TT] m” 47rU|A2\ ¢ >1/)0(|A\£2/m27 IA|v)(2) dv - o2mitl Al
m

4v
_Z< > X (m)-I°(t,m,n)(z )) 2Rl (6.12)
ziz 0<m|||

where

im0 ()

u—O
2 22
o m? 47TU|A| 2N 9
< exp( =TI - AL Y geAI e, 1Al0)2) do
_1 o123 (R ()
4 Z / [ < m v
z€QO(|A|€2 /m?2

2 2
x exp<_”"4:”‘ — 27| AJu(R(x, 2) +2Nrd(:v)))

x {4m|A|v[R°(z, z) + 2Nrd(z)] — 1} dv.

Now for each x, this integral is a sum of Bessel K-functions of half-integral weight, which can be
evaluated explicitly with the aid of the tables of Gradshteyn and Ryzhik, cf. [GR95, (8.342.(vi))
and (8.468)]. In particular, for a,b € R, we have the following relations:

(e e}
/ =3/ (7/2) (av-+b/0) dv:\/ge—wm (6.13)
0
[ gy - 2o (6.14)
0 a

/0 W12 (/2D (avbv) gy W”f (6.15)

After applying these formulae, we arrive at the expression

I°(m, £,n)(z) = % > (an<\/2|A]{R°(x,z) + 2Nrd(z)}/? + 2\A|7i> - 1>

z€QO(|A€2 /m?2)

x exp(—/2|Alrm{R°(x, z) + 2Nrd(z)}'/?n).

Replacing = by m - x in the preceding sum then yields

1
°(m,6n)(z) = Y S (mn(V2IA{R (2, 2) + 2Nrd(z)}'/? + 2|Al6) — 1)
2€Q0(|Al62)
c(z)|(¢/m)

x exp(—v/2|A[r{R°(x, z) 4+ 2Nrd(z) }'/%n)
= Z I°(4,2,m)(2).

2€Q0(|Al62)
c(z)|(¢/m)
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Now, employing Lemma 5.3, we have

S XM mn)(z) = > X'(m) > It w,m)(z2)

m|l¢| m|[¢| 2€Q0(|Ale2)
c(x)|(¢/m)
“S( X vm) ¥ e
clle] “mlle]/c z€Q°(|A|€?)
c(z)=c
_ I o
=> (2 rls)) X ez
cll¢e| “v|Dp a:EQ("()léwz)

> > | 2|p( ’|§f1/’c> > I n)(2). (6.16)

’Ok | [¢] cll¢| v|Dp z€QO(|A}£?)
c(z)=c

v(z,¢)=v

Note that for each = occurring in the above sum, the term |o; |p(-) that precedes it counts the
number of elements y € [ QF(|Al¢, a, ) such that

z =l yLo(VA)y,

as in Proposition 5.2.
The following lemma, whose proof appears at the end of this section, provides the key link
between the majorants associated to x and y in this situation.

LEMMA 6.3. Suppose y € By and

=ty (VA
for some t € R*, and embedding ¢: k — B. Then for any z € §,

212

R%(z,z) 4+ 2Nrd(z) = AN()?

(Rg(y, 2) + ANrd(y))?. 0

We first consider the case £ > 0. Choose y € QT (¢|A|, a, ¢), so that

N
NdW) = AN@ = " N@)

If we set z = £ -y~ Lop(vVA)y € Q°(|A|¢2)#P%S | then applying the lemma, we have
(6, 2)(2) = ;(m<\/2w{ \ﬁ]‘fﬁ;‘) (Ro(y,2) + ANrd(y))} + 2N(a)ANrd(y)) _ 1)
X exp(—\/2]A\7r{ v2N(a) (Ry(y,z) + ANrd(y))}n)

‘A]1/2
1
= 427N ()[R (y, =) + 2ANrd(y)] — 1}e 2N (Olfiolv2) AN,
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Similarly, if we choose y € Q7 (¢|Al,a,¢), and set x = £ -y~ Lp(vV/A)y € Q°(JA[£2)?™°8 then we
obtain

(e, = 5 (mn( VBT ﬁff) (ol ) + AN(y) | - 2N (@ANa(y)) 1)

X exp (—Mw{ \ﬁ]’ff;‘) - (Ry(y, 2) + ANrd(y))}n>

— S TN @Ry, 2) — e 2V IR AN,

Returning now to (6.16), we may replace the sum on 2 by the sum over elements 3 € Q*(...)
to obtain (for £ > 0)

2 X mI(m)(E) = grpsa DD

m||¢] % o] [4]

{ X SrN@rlRu(r,2) + 2ANN(y)] ~ 1) N OIS
yeQt(|Alt,a,0)

1
+ Z 5{27rN(a)77R¢(y, z) — 1}e—QWN(a)U[Rqs(y,Z)+ANrd(y)}}
yeQ~ (|Al60,0)

R —on|Ale
~ 2h(k) o} VU (|Ale,m)(2)e n.

Hence, comparing (6.12) and (6.10), we see that if £ > 0, then the |A|¢th Fourier coefficients of
Shia|©° and ©" are equal. A nearly identical calculation reveals that the same holds true when
¢ < 0, concluding the proof of the theorem.

Proof of Lemma 6.53. We first show that the lemma holds for a specific point zy € $). Given the
embedding ¢: k — B, we may write

B = ¢(k) + 0o (k)

for some element ¥ € B such that 9" = —9 and ¥¢(a) = ¢(a’)0 for all a € k. Note that 92 > 0
since B is indefinite. If we write

y = d(a) + Io(b)
with a, b € kg, then
=ty (VA

= Neay VBN (@) + PPN (1) = 209(abV A)).

Let zg € $ denote the point such that J,, = —¢(I), so that the orthogonal complement (with
respect to the reduced norm form) is the negative plane

= J¢(kr) C Bg = {v € Br | Trd(b) = 0}.
Applying the definition of R°(z, z), cf. (2.8), we have

22| A
Nrd(y)?

R°(z, 29) + 2Nrd(z) = (4N (a) N (b)¥? + Nrd(y)?).
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On the other hand, the negative kr-complex line (y € D(Bﬁg)_ corresponding to zg is given by
Co ={v € Br | v]zy = —¢(Ix)v} = d(kr),

Ry(y, z) + ANrd(y) = 2|A|N(a) + ANrd(y).

This immediately implies that

22

RO(I', ZO) + 2Nrd(l‘) = W

(R (y, 20) + ANrd(y))*;

i.e. the lemma holds at zy. Next, we observe that for any v € Bﬁ’l ~ SLs(R), we have

Ro(xa v ZU) = RO(7_1$7a ZO) and R¢(y’ v ZO) = R(ﬁ(y’% ZO),

and so by translation, the lemma holds for all z € $). |

7. Proof of main theorem: the Hodge component

We begin by recalling the following formula of Bost for the height pairing. Suppose
L= (Ll llo,)i=0.1) € Pic(Cryo,);

is a metrized line bundle, and denote its image in CHL (C BJoy) by the same symbol. Then the
pairing against an arithmetic divisor Z = (2, Gr(2)) € CH} #(CB/o,)) can be expressed as

(Z, L) =ha(2)+ 2 Z / 2)-e1(D)

(C"l)

-~

= hE(Z) + /CB((CUO) Gr7°(Z) - e1(L)7°

where h(Z) is the arithmetic height ofEA along Z, as in [Bos99, § 3.2.2]; note that hz(Z) depends
only on the cycle Z, and not its Green function. Thus, for 7 = u 4+ iv € 9,

(89, (1), @) = (2°(0,0),®) + > _[ha(2°(n) /o,) + K (n,v)] 4L,
nez
n#0
where

k%(n,v) = /CB((CUo) Gr>?°(n,v)(2) c1(W).

Similarly, for w = £ + in € $, the Hodge component of the unitary generating series is

(@ (w),®) = (2(0,7), ZZ n) + Z*(m, ¢,1),0) q,
Z;éO (4]
=(Z(0,n),®) + Z (H™ (¢, n) + K*(¢,n))e>™, (7.1)

040

where

()= g 2 o260+ 2 (0o

[#]€Opt
mod Og’l
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and (using Lemma 6. 1)

U - W0 $W00 e (G 6727r€
e = g (LS @ Gt e @) )

</

mod (’);;’1
THEOREM 7.1. Assume |A| is squarefree and even and every prime dividing Dp is inert in k.
Then we have an equality of g-expansions:

Shiaj (97,, (), @) (w) = (2%(w), D).
Proof. The proof begins in the same manner as the proof of Theorem 6.2: the generating series
<<I>‘/’Ok,&3> is a non-holomorphic modular form of weight 3/2, level 4Dp, and trivial character,

Gr?° (L, ¢,m) 1 (@)) e, (7.2)

[#]€Opt
mod (’)E’l

and so its Shimura lift is given by integrating against the Niwa—Shintani theta kernel 0#,3. We

wish to substitute the Poincaré series expansion for 9#]5, as in Theorem 4.3, and apply the usual
unfolding trick. Doing so formally for the moment, we have

Shya® (w / / —1/2 o (|Alr) [ZX ZM("’”) o

meZ
2,2
X exp <_7Tn4m> 6,(T, —§m/2)] du dv (7.3)
v
where C' = —2(]A|Dg)~%/* and
Ou(r, —Em/2) =Y premitrt=stm),

el

We have also used the abbreviation &35 (1) = (&)7% (1),w) for the Hodge component.

The Fourier coeflicients of </I;g (1) were computed completely explicitly by Kudla, Rapoport
and Yang, cf. [KRY04, Theorem 8.8]. From their calculations, one can show that (7.3) is
absolutely convergent, and so the unfolding procedure above (as well as interchanges of
summations and integrations appearing in the sequel) are justified. Carrying out the integral
on u, we obtain

1/\
/0 P2 (|Al(u +iv)) 0, (u +iv, —Em/2) du

1
= Yo et [ (a (ot iv))e O du
0

LeZ
(Z°(0,v),0) if £ =0,
= 26“674””82”“5&” ha(Z9(|An)) + k°(|Aln, |Alv) — if £2 = |A|n for some n > 0,
tez 0 otherwise.

Note that only terms with |A| dividing ¢ contribute above, and that the constant term only
appears when p = 0. After an interchange of summation with integration, we may write

Shya P2 (w) Z( > X(m)- (H(,m,n) + K°(t,m n))) - 2mAlE (7.4)

(€7 No<ml|¢|
(£0
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where
oy e L [T -1 CmPm? (nm\ 5, _
A= [ S myesp (=71 ) (M) (20,0, 8) v
1 [~ _ IAIN"  (gm\
e 1 12§ (12165 (m
o= [0 [;:O(m) ("
mm?m?  Amvu|A|202
Xexp(— ”4v - JHQ’ )h@(ZO(\AMz/mz))dv, (7.5)
and
1 1—
1 [~ _ Al\* mY\ *
w8 ()]
m™m?m?  Amvu|A202
xexp<— 7741; - 7‘712’ >/{O(|A]€2/m2,|A|v)dv. (7.6)

To prove the theorem, we show that the Fourier expansions (7.1) and (7.4) coincide. We do this
over the next three subsections, by equating first the contributions from the ‘height terms’ (the
H terms), then the ‘Archimedean’ terms (the K terms) and in the final subsection, the constant
terms.

7.1 Height contributions
First, using the formulas (6.13) and (6.14) to calculate the integral on v in (7.5),

1

H%&mﬂﬂzz}m@?OAMWm%'2ﬂ+ﬁgﬁ@k_%mwm
_ Jha(Z0(1A12 /m?) - e 2Rl ¢ > 0,
|0 otherwise.

By [San13, Theorem 4.10], we have that if |A|{ ¢, then
Y. 2o +2(Le) =0,
[¢]€0pt /O
and if £ = |A[¢/, then
X 2te+zes=Sxwz () (77)
4h(k) a? /o

[¢]€O0pt /O alt!

note that the quantity on the right-hand side is twice that appearing in [San13], since here we
have taken the sum on optimal embeddings modulo OE’I, instead of 0.
Thus, if £ < 0 or |A| {4, then H*(¢,n) = 0. On the other hand, for any ¢ > 0, we have

1 . Y
H“(flAl,n):m > [he Z(UA] @) + hg Z*(L|A], ¢)]e 1A
[¢]€Opt
mod OX’1
=2 X'(0) ha( 27 fo))e 2 IAN
all

=Y H(t,a,m),

all

as required.
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7.2 Archimedean contributions
In [KRY04, Proposition 12.1], the quantity x°(|A[¢?/m?, |Alv) appearing in (7.6) above is
computed to be

e 1 > —4m|A]2(8/m)3vs ds
KO(| A2 /m?2, |Alv) = Z T / o~ AT A2 (L/m) ((s+1)1/2f1)?
zeQo(|aj2/m2) ¥ /0
modO ;!
=2 2. : '/00 exp[—4r|A2(£/m)?v(s® — 1)]—— ds
Tzl J1 s+1

z€Q°(|AJ€2 /m?2)
modO 5!

where T', = {v € OE’I | vz = xv}. Note that the right-hand side of this formula is twice the
value appearing in [KRY04, Proposition 12.1] because here we have taken the base change to o;
we have also written our formula in terms of 0;’1-orbits, rather than O3.

Substituting this expression into (7.6) and changing the order of integration, we find

K°(¢,m,n) = ;( > \Fx\1>fo(m,&n),

z€Q°(|A]€2 /m?)
mod (’)E‘l

= [ ()

2 22 2
an?*m?  dmvu|AP22s s
X exp( 1 3 dv P ds.

The inner integral, which turns out to be independent of m, can be explicitly evaluated with the
aid of (6.13) and (6.14), yielding

> sgn(l) \ _ox|Alnlds
r° o) = [ 214 B emlamds 5
(m,€,n) =1°(¢,n) /1 ( + ) s 1 ds.

where

S

From this, a straightforward calculation shows that

R TN
°(t,m) = g f .
I°(¢,m) 7 |77€ if £ >0, (7.8)

and
T p——
= w[lAln

In summary, the Archimedean part of the |A[/th Fourier coefficient of Shiz ®3 is

> X (m)K°(6,m,n) (Zx > IFII_1>IO(€,77)-

m||£| m||¢] zeQ°(|A€? /m?)
mod Og’l

_or|eA amlatn [0 —amjeamsds
e “TIERI — feomI2HN e TTIERMs — if £ < 0. (7.9)
1 S

We turn to the corresponding term K*(¢,n) for the unitary series, cf. (7.2). If |A| does not
divide ¢, then QF (¢, a,¢) = ¥ and so K*(¢,n) = 0 in this case. On the other hand, since a generic
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point in $ has a stabilizer of order 2 under the action of Og’l,

)
/cgwoo) /[ogvl\m 2 Joxts

and so, applying the definitions for the Green functions,

g = Sy | [ S e (@R 2)
i x.1 14T a)nivply, 2
ol G Jos W L ear (Bieas)

; Z Br(2nN (@)n(Ro(y, =) + 2ANrd<y>>>] @)
yeQ™(|Al4,0,0)
27r£|A|77
Tt [ZZ > [ s @) @@
B Ul o yeat(alae)
mod(’)><1
+ > /ﬁl (27N (a)n(Rg(y, 2 )+2ANrd(y)))-c1(Cu)]
yeQ |A|Ea¢
mod(?><

DD Ly,

‘Ok @ [0 yeQt(altae)
mod OX 1

where

Is(y,m) = e~ 218N /56 Bi(2rN(a)nRy(y, 2)) - c1(@) if y € QT(|Al¢, a,¢),

and

(7.10)

Iy(y,n) = eW'A'”/ﬁ61(27rN(a)n(R¢(y72) +2ANrd(y))) - c1(@)  if y € Q7 (|AIL, a, ¢).

Note that a factor of two emerges in (7.10) between the first and second lines because {£1} acts

trivially on $ but non-trivially on Qi(. o).

Fix an embedding ¢: o, — Op, and an element y € Q7 (JAl/, a, ¢). Recall that ¢ induces an

isomorphism .
$H~D(Bg)~

as in (3.4). We may fix an orthogonal kg basis {e, f} of B}é such that (e,e)y = —(f, f)o =

which yields an isomorphism
U'={3€C||3| <1} > D(BY)". 3~ spang, (3¢ + f),

such that with respect to the parameter 3 = re® on U', we have

. 2 rdr Ado
c1(W) =

7 (1—r2)2’
cf. Lemma 3.2. Thus, we may write
—2mt|Aln : rdrdf
I = — 2n N . ).
o) =2 [ N (@ Rolure”) T T
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Since U(BR) acts transitively on D(Bﬁg)_ ~ U!, and the measure appearing in the above display
is invariant for this action, we may assume without loss of generality that

Y 1/2X e if >0,
~ \ V(o) foife<o.

Following definitions, we obtain

) Am|eAln r?2 if £ >0,
27N (a) - Ry(y, re™) = — 12 = {1 itl <0

Thus, when £ > 0,

L(yn) = 26_27T£|A77/ /‘X’e _477|€A|r25 ds rdrdf
oA = T SeA P 1—r2 s (1—1r2)2
bopoo Ar|lAlnr?s\ ds  rdr
_ ge-2mtlAly / / _ ds
€ 0 1 oxXp 1— 7’2 S (1 — 7'2)2

00 1 47r‘€A| s rdr ds
— A2l Al — " —
de /1 exp(4m|[CA[ns) [/0 eXP( 1— 72 ) (1— r2)2] s

e—27r€\A\17 /oo ds e—27r€|A|7]
- 27[eAln

s2 2ml|Aln”

On the other hand, if ¢ < 0,

I )_26_2“|A|77/ /Ooe _Ar[lAlns\ ds rdrdf
o\ = T o P 1—72 ) s (1—1r2)2

*ds ! 4|l Alns rdr
_y —wmm/ . / _
‘ s S TP\ =

—27l| A 00
_ e PR a4
27t|[¢A|n s?

1 o ds
_ 6727r€|A\17 . 67471'MA|77 o 2/ 6747T|6A‘7757
2r|tAln 1 s

1 o ds
—27|¢A|n 92 2m[¢Aln —4r|tA|ns
= (& e (&

2w |[tAln 1 s

Comparing with (7.8) and (7.9), we find that for all £ # 0 and y € QT (|Al¢, a, ¢),
Iy(y.m) = 31°(¢,n).

A similar calculation shows that the preceding display holds true for y € Q7 (|Al¢, a, ¢). Thus,

K"(|Al,n) = ) <%:%:yegi%é . 1) : (;I"(M))
mod OX
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By Proposition 5.2 and passing to Og’l—equivalence classes, we have

ukrzz I O a2 ”<<>W<m>)

(@] [a] yeQE(|AlL,a,0) [¢] zEN°(|A]6?)
mod 05! mod O}
(zz () (i DIpS - )
X
c|lf| v|Dp eQU(\Aw? |Ok|

mod O}
c(af):c,v(z,qﬁ):l/

1
=X xm) Y :
2/ 2 |FI|
m||¢| €N (JA€%/c?)
mod (’)g‘l

where, in the last line, we have used Lemma 5.3, together with the fact that I, = \O;\ for the x
appearing above. Therefore,

K*(|Al6n) = <ZX > |x|>I°€n > X (m)K°(m, €,n),

m||¢] €Q(|A|02 /m?2 m||¢|
mod 0;’1

as required.

7.3 The constant term
Recall that we had computed the constant term of Shjs P2 to be

wyi=g [T S mpes( =T (MY ar o) o

me”Z

—1 [ vm exp< ””’jj“)mm) °(|Al/0?) do

meZ

where
a®(v) := (2°(0,0) /oy, ®) = — (@, @) — degwy,(logv + log Dp)

is the constant term of &D‘%(\Ah’)
To help our formulas appear somewhat neater, let D = Dp and ¢t = |A|.
Applying twisted Poisson summation to the inner sum on m, cf. [Cip83, (2.42)], yields

2,2 2
et~ igis))

, wn’m2u —1
5 xtm) mexp (T ) = |

meZ meEZ

where
4Dt

Z X (a) e(am/4Dt).

Substituting and applying a change Of Varlables yields

A0() — —1 —mm? d
(n) = 8D?2t2 a’(t/v") 77 v3 mZE:ZX Jm exp 4D%t2n292 v
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/ Z (4D?*3n*u/m?) - X' (m) m~ L exp(—mu) du

mEZ
m>0

: oo
= ;/0 Z X (m) m™ (@, D) + deg(wg)[log u + log(4D3t3n?) — 2logm))e™ ™ du.

Expanding, we obtain

A‘)(n)—i[L(l ¥)- (@

5 + deg(wy) log 4D3t31?) - (/ e ™ du>
0

, @)
+ L(1, X') deg(wg ( log(u)e™™ du) — 2L (1,%) - deg(wy) (/ e ™ du)]
0
1
27r
—2L'(1,X) - deg(wr)], (7.11)

L IL(LY) - (@,3) + deg(wy) (log 4D*n? — 4 — log 7))

where we have used the integral representation
o0
v = —/ log(u)e™ du.
0

Now comparing (7.11) with Definition 4.4 for the constant term Z(0,7), we immediately sce that

A°(n) = (Z(0,1),B),

as required. O
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