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Abstract

We show that the weak limit of the maximal measures for any degenerating sequence of rational
maps on the Riemann sphere € must be a countable sum of atoms. For a one-parameter family f; of
rational maps, we refine this result by showing that the measures of maximal entropy have a unique
limit on C as the family degenerates. The family f; may be viewed as a single rational function on
the Berkovich projective line P} over the completion of the field of formal Puiseux series in 7, and
the limiting measure on C is the ‘residual measure’ associated with the equilibrium measure on P}.
For the proof, we introduce a new technique for quantizing measures on the Berkovich projective
line and demonstrate the uniqueness of solutions to a quantized version of the pullback formula for
the equilibrium measure on P} .

2010 Mathematics Subject Classification: primary 37F10, 37P50; secondary 37F45.

1. Introduction

Let f; : C— Cbea sequence of endomorphisms of the Riemann sphere of degree
d > 2 that diverges in the space of all endomorphisms. Concretely, this means
that at least one zero and pole of f; are colliding in the limit. Our main goal is
to understand the degeneration of the dynamical features of f; and, ultimately,
to extract useful information from a ‘limit dynamical system’. In this article, we
concentrate on the measure of maximal entropy.

The existence and uniqueness of a measure of maximal entropy w, for a
rational function f of degree > 2 were shown in 1983 [12, 15, 17]. Shortly after,
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Maiié observed that the measure  » moves continuously in families [18], with the
weak-* topology of measures and the uniform topology on the space of rational
functions. By contrast, the Julia set J(f) = supp u s fails to move continuously
(in the Hausdorff topology) in the presence of bifurcations [16].

The space Rat, of complex rational functions of degree d > 2 can be identified
with the complement of a hypersurface in Rat, = P?/*!. In [4], the first author
showed that for ‘most’ degenerating sequences f; — @ € JRat,, a limit of
the maximal measures w; will exist, depending only on the limit point ¢, and
it can be expressed as a countably infinite sum of atoms. (The measures
themselves are atomless.) There it was also shown that Mafi€’s continuity property
for maximal measures does not extend to all of Rat,. Although weak limits of
maximal measures for degenerating sequences may not be unique, our first main
result shows that every weak limit is purely atomic.

THEOREM A. Let f; be a sequence that diverges in the space Rat, of complex
rational functions of degree d > 2, and assume that the measures of maximal
entropy [L, converge to a probability measure [ on C. Then W is equal to a
countable sum of atoms.

Our second main result shows that Maiié’s continuity property does extend to
degenerating one-parameter families. Moreover, we are able to give a refined
description of the limit measure using an associated dynamical system on the
Berkovich projective line.

THEOREM B. Let {f, : t € D} be a meromorphic family of rational functions
of degree d > 2 that is degenerate at t = 0. The measures of maximal entropy
WU, converge weakly on the Riemann sphere to a limiting probability measure [
ast — 0. The measure W is equal to the residual equilibrium measure for the
induced rational map f : P} — P on the Berkovich projective line, where L is
the completion of the field of formal Puiseux series in t.

REMARK 1.1. The continuity of maximal measures on C can fail for degenerat-
ing families over a parameter space of dimension two; see [4, Section 5].

REMARK 1.2. While we prefer to work with the more ‘geometric’ field L, one
can replace it with the field of formal Laurent series C((¢)) in the statement of the
theorem.

One should view the Berkovich dynamical system (f,P;) as the limit of

dynamical systems (f;, C) as t — 0. This fruitful perspective was introduced
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by Jan Kiwi in his work on cubic polynomials and quadratic rational maps;
see [13, 14] and [3]. A closely related construction, viewing degenerations of
polynomial maps as actions on trees, can be seen in [7]. Charles Favre has recently
constructed a compactification of the space of rational maps, where the boundary
points are rational maps on a Berkovich P! [10]. Our work is very much inspired
by these results. The Berkovich space viewpoint allows us to recover the results
in [4], and it provides a conceptual explanation for the form of the limiting
measures. In a sequel to this article, we describe a countable-state Markov process
that allows one to compute the residual measure explicitly [6].

As with nondegenerating families, the Julia sets of f; may fail to converge to
a limit as ¢ — 0. Consider the example of f,(z) = t(z +z~!) in Rat,. Ast — 0
along the real axis, the Julia set of f; is equal to the imaginary axis, while there is
a sequence t, — 0 (tangent to the imaginary axis) for which J(f,)) = C. Maiié
used the continuity of f — u to deduce that the Hausdorff dimension of ¢
is a continuous function of f, but this property does not extend to degenerating
families; for example, the measures for a flexible Lattes family have dimension
two, while the limit measures always have dimension zero.

The measure of maximal entropy (., for a rational function f of degree d > 2
is characterized by the conditions that (a) it does not charge exceptional points,
and (b) it satisfies the pullback relation

1 *
g =n

To prove Theorem A, we show that any weak limit of measures of maximal
entropy on C must satisfy an appropriately defined pullback formula
(Theorem 2.4); we then show that any measure satisfying this formula (for
all iterates) is atomic. The pullback formula is phrased in terms of ‘paired
measures’, which are ad hoc objects that we introduce to keep track of weak limits
of measures in two sets of coordinates simultaneously. This is all accomplished
in Section 2.

The proof of Theorem B (which inspired our proof of Theorem A) is more
conceptual and can be divided into three parts, each with its own collection of
results that are of independent interest. We sketch these results here.

Step 1. Dynamics on a complex surface. In Section 3, we view the holomorphic
family f, : P! — P! as one (meromorphic) dynamical system

F:X--»X

on the complex surface X = D x P!, given by (¢, z) — (¢, f;(z)) for t # 0. By
hypothesis, F will have points of indeterminacy in the central fiber X, = {0} x P'.
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If F collapses X, to a point, we let 7 : ¥ — X be the (minimal) blow-up of the
target surface such that F : X --» Y is nonconstant at ¢ = 0; otherwise, set Y = X
and 7 = Id. By counting multiplicities at the indeterminacy points of F, we define
a notion of pullback F* from measures on the central fiber of Y to measures on
Xo. We prove (Theorem 3.5) that any weak limit v of the measures p, on the
central fiber of Y satisfies a pullback relation:

1
—F*v =m,v. 1.0.1
7 V=T,V ( )

The proof relies on the Argument Principle for handling the measure at the points
of indeterminacy for F.

Step 2. Dynamics and I'-measures on the Berkovich projective line. Let k be
an algebraically closed field of characteristic zero that is complete with respect
to a nontrivial non-Archimedean absolute value. The Berkovich analytification
of the projective line P,i will be denoted as P'; it is a compact, Hausdorff, and
uniquely arcwise connected topological space. A rational function f : P, — P}
extends functorially to P'. If d = deg(f) > 2, then the equilibrium measure
may be characterized as in the complex case by the conditions that (a) it does
not charge exceptional points of P'(k), and (b) it satisfies the pullback relation
éf*uf = s [11]. See [1] for a reference specific to the dynamics on P!, or
see [2] for the more general theory of non-Archimedean analytic spaces.

The goal of Section 4 is to define a notion of pullback f* on a new space
of quantized measures relative to a finite set I" of vertices in P'. Every Borel
probability measure v on P! gives rise to one of these ‘I"-measures’ vy. And if
v is a solution to the standard pullback formula 5 f*v = v, then v will satisfy a

quantized version:
1
S/ vr =mor. (1.0.2)

(One must push v, forward by a certain map 7 in order to have a meaningful
equation since f*v lies in the space of I'’-measures for a potentially different
vertex set I’.) A solution to the pullback formula (1.0.2) is typically far from
unique. However, we will show (Theorem 4.10) that uniqueness is restored if one
considers simultaneous solutions to pullback equations for all iterates of f, after
ruling out measures supported on classical exceptional cycles.

Step 3. A transfer principle. Now, let k = L be the completion of the field of
formal Puiseux series in ¢, equipped with the non-Archimedean absolute value
that measures the order of vanishing at ¢+ = 0. (See [14, Section 3].) On viewing
the parameter ¢ as an element of L, the family f; defines a single rational function
f with coefficients in L. We define a vertex set I" C P' consisting of one
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vertex only, the Gauss point. In Section 5.2, we define a correspondence between
measures on the central fiber of our surface X with I'-measures on P!. From
Step 1, any weak limit v of the measures pu, will satisfy the pullback relation
(1.0.1). The corresponding I'-measure vy must satisfy the non-Archimedean
pullback relation (1.0.2) on P!, by Proposition 5.1. We repeat the argument for
all iterates f". From Step 2, we deduce that v is the equilibrium /"-measure,
and consequently, the limit measure v is the ‘residual’ equilibrium measure. See
Section 5.

2. The space of rational maps: complex-analytic arguments

In this section we prove Theorem A along with a number of preliminary results
that will be used in the first step of the proof of Theorem B. In [4], the first
author obtained a version of Theorem A under an additional hypothesis. The
observations of Lemma 2.1 and (the more refined result in) Lemma 2.5 concerning
Mobius rescalings allow us to obtain the complete statement. These lemmas were
inspired by the Berkovich space structure appearing in the proof of Theorem B.

2.1. The space of rational maps. We will let Rat, denote the set of all
complex rational functions of degree d. It can be viewed as an open subset of
the complex projective space P***!, by identifying a function

aoZd + CllZd71 +---tay
boz? +biz¢™' + -+ by

with its coefficients in homogeneous coordinates

(@p:ay:---:aqg:by:by:--:by) € P,

f@) =

In fact, any point @ € P?*! determines a pair (P, Q) of homogeneous
polynomials in two variables, and Rat; = P! <\ {Res(P, Q) = 0}. We set
Rat, = P*+! g0 that 9Rat, = {Res = 0}. For each @ = (P, Q) € dRat,, we let
H = gcd(P, Q), and let ¢ be the induced rational function of degree <d defined
by the ratio P/ Q. To match the algebraic language of the later sections, we refer
to the map ¢ as the reduction of @.

A one-parameter holomorphic family {f; : ¢+ € U} is a holomorphic map from
a domain U C C to Rat,;. A meromorphic family is a holomorphic map from U
to Rat, with image not contained in dRat,. A meromorphic family is degenerate
atu € U if the image of u lies in dRat,.

LEMMA 2.1. Let f; be a sequence in Rat; converging to a point @ € oRat,.
After passing to a subsequence if necessary, there is a sequence of Mobius
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transformations A, € Rat, such that Ay o fi converges in Rat, to a point with
nonconstant reduction. If By is any other such sequence in Rat,, then M; =
A o B; ! converges in Rat, as k — 0o (along the subsequence determined by
Ay). If the fi lie in a meromorphic family { f, : t € D}, then the sequence Ay may
be chosen to lie in a meromorphic family {A, : t € D}.

Proof. The proof of existence is carried out, algorithmically, in [19, Prop. 2.4]
and appears also in [14, Lemma 3.7] for when the sequence lies in a holomorphic
family; the strategy is as follows.

At each step of this argument, we may pass to a subsequence. Write

fi(z, w) = (P(z, w) : Oi(z, w)),

normalized such that (P, Qx) — (P, Q) in Rat,. Note that at least one of P and
Q is nonzero. By replacing f;, with S; o f, where S;(z) = oz with o > 0, it
can be arranged that the limiting P and Q are both nonzero. If P is not a scalar
multiple of O, we are done.

Suppose P = ¢, Q for some constant ¢y, € C*. If m = deg, P = deg, Q, write

fi(z,w) = @2"w'™" 4 Pe(z, w) : bez"w™ 4 Qp(z, w))

where P, and Qk have no term involving z"w“~". Now, postcompose f; with a
translation by a, /b, = ¢y + o(1), replacing f; with

felz, w) = (Pi(z, w) — arb; ' Qx(z, w) 1 Qx(z, w)).

If P and Q are not monomials, then we are done; the new limit has nonconstant
reduction. If P and Q are monomials, the resulting limit in Rat, will have constant
reduction (=0); we rescale and repeat the initial argument. It follows that the new
P cannot be a scalar multiple of Q because it has no term involving z"w?~"™. This
completes the proof of existence of {A;}.

If the given f; lies in a meromorphic family f, = (P,, Q,), then the scaling and
translation maps can be chosen meromorphic in ¢, since they are built from the
coefficients of f;.

Now suppose that A; o fy = @, and B, o f; — Py in Rat,, with nonconstant
reductions ¢, and ¢g. Set My = A, o B I Again passing to a subsequence, M;
converges to M, € Rat;. Away from finitely many points in P', we have

$(p) = lim Ay o fi(p) = lim My 0 Bio fi(p) = My 0 du(p).

As ¢, is nonconstant, so is M, and therefore M,, € Rat;. This also shows that M,
is uniquely determined, so the full sequence M, converges. O
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2.2. Counting preimages. Fix a sequence f; in Rat,, and assume that f;
converges to a degenerate point @ € dRat, with gcd H and nonconstant reduction
¢. For each point x € P!, we define multiplicities

m(x) =deg. ¢ and s(x)=ord, H. (2.2.1)

The quantity m(x) is the local degree of ¢, and the quantity s(x) will be called
the surplus multiplicity at x.

Let  be a small loop around ¢ (x) bounding a disk D, and let y, be the small
loop around x sent with degree m(x) onto n by ¢. Choose y, small enough that
it does not contain any roots of H, except possibly x itself. Because f; converges
locally uniformly to ¢ on P! . {H = 0}, for each k > 0 there is a small loop y;
around x that is mapped by f; with degree m(x) onto 5. Let U, be the domain
bounded by y;.

PROPOSITION 2.2. Assume that f;, converges to @ € dRat, with nonconstant
reduction. Fix x € P'. For all k sufficiently large,

#(f " (20) N U = m(x) + 5(x)
and
#(f (po) N UL = s(x),
for all points zo in D and all points pqy in P' ~. D.

Proof. The proof is an application of the Argument Principle from complex
analysis. Assume first that zo = 0 € D and py = oo € D. Then

#(f7 (20) N U = #(f 7" (z0) N Uy) = # Zeroes( f;) inside Uy,

and
#(fi (po) N Ui) = #(fi” ' (po) N Uy) = # Poles( f;) inside Uy.
By the Argument Principle, for all large k we have

#(f7 (z0) NU) —#(f7 (po) NU) = [ % =m(x).
Yk

On the other hand, we may compute directly that
s(x) = # Poles( f;) inside Uy

for all sufficiently large k, since f; — @. Indeed, H(x) = 0 with multiplicity
s(x) (and ¢ (x) # 00), so there are exactly s(x) poles converging to x as k — oo.
(Compare [4, Lemma 4.1].) It remains to handle the case where zg € n = 9D.
By construction, the boundary y; of U, is mapped with degree m(x) over n; and
by viewing z, as the point oo, we see that there must be s(x) preimages of zg
converging to x as k — oo. O
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2.3. Pullback by a degenerate map. Let @ be an element of Rat, with
nonconstant reduction ¢. Exactly as in [4, Section 3], we define the pullback
of a measure p on P! by the formula

P =T+ Y s(x)8,. (2.3.1)

xeP!

Recall that s(x) is defined in (2.2.1).

LEMMA 2.3. For any probability measure i and ® € Rat, with nonconstant
reduction, the measure @* 1 has total mass d.

Proof. The proof is a simple degree count:

@ (B') = deg(@) + Y s(x) = deg(@) + deg(H) = d. O

xeP!

2.4. Paired measures and weak limits. Let C, E denote two copies of P!. A
paired measure ((ic, () is a pair of Borel probability measures p¢c on C and
we on E. Let {A;} be a sequence of Mobius transformations in Rat;. We say that
a sequence of Borel probability measures {u;} on P! converges {A;}-weakly to
the paired measure (uc, () if

Mk —> e and Aplbic = RLE

weakly. Note that, if Ay — A € Rat,, then necessarily A,uc = pg. It will often
be the case that A; diverges in Rat;, as in Lemma 2.1. In Section 3, C and E will
represent components of the ‘central fiber’ of a complex surface.

THEOREM 2.4. Let { fi} be a sequence in Rat; and {A;} a sequence in Rat, such
that Ay o fi converges to @ € Rat, with nonconstant reduction. Any {A;}-weak
limit (e, pg) of the maximal measures iy, will satisfy the pullback formula

1

- @*up = le.
dME 2%

Proof. Without loss of generality, we may replace f;, with a subsequence in
order to allow the assumption that 1, converges {A;}-weakly to (tic, pg). For
simplicity, we will write p; for w4 . By the definition of {A;}-weak convergence,
and because d ' f*ux = u for all k, we know that

dﬁlfk*ka — e as k — oo. 24.1)

We need to show that the weak limit of f;* 1, can also be expressed as @* .
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Let H be the gcd of @, and let ¢ be the reduction map of degree > 0. Let 1 (®)
denote the union of the roots of H. Let U be a small neighborhood of I (®) in P!
Choose a partition of unity

by +b, =1,

subordinate to the open cover {P!\ I (@), U} such thatb, = 1 on P!\ U and b, =
1 on a small neighborhood of 7 (®) inside U; as usual, b, and b, are nonnegative
continuous functions.

Fix a nonnegative continuous function ¥ on P'. Recall that the pushforward of
¥ by f € Rat, can be defined by

Lo =) ¥,

f=y

where preimages are counted with multiplicity. Because b, vanishes near I (®),
and because Ay o f; converges uniformly to ¢ on compact sets outside 7 (®), we
have uniform convergence of functions

(Ao f)u(bry) — (b)),

and therefore

/br\/f (i) = /brl/f ((Ag o fi)" Agstii)
= / (Ax o fi)y () Agpiye — /¢*(br1ﬁ) WE

by the weak convergence of Ay, to pg. Upon shrinking the neighborhood U,
(2.4.1) and (2.4.2) together will show that

1
/ Ve = 3/ VP g (2.4.3)
PINI(P) PINI(®)

for any test function .

Fix x € I(®). As in Section 2.2, let  be a small loop around ¢ (x) that bounds
an open disk D, and let y, be the small loop around x sent with degree m(x)
onto 1 by ¢. Choose y, small enough that it does not contain any point in 1 (P)
other than x itself; we shall further assume that it is contained in the neighborhood
where b, = 1. Because A; o f; converges locally uniformly to ¢ on P! \ I(®),
for each k& > O there is a small loop y; around x that is mapped by f; with degree
m(x) onto n; for large &, this y; is also contained in the region where b, = 1. Let
U, , be the domain bounded by y;.
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We now apply Proposition 2.2 to the sequence A; o f;. For x € I(®), let
Yine(x) denote the infimum of ¢ on the component of U containing x. For all k
sufficiently large,

/ byr (f ) = Z Winf(x)/ (Ax o fi)" Apstbi
P! Uy

xel(P)

3 Vi) / #((Aco f07' ) NTsk) Atn ()
P!

xel(P)

= Z Yint () [ (0) At (P D) + (m(x) + 5(xX)) A i (D) ]

xel (®)

Y i) [s(0) + m (@) A (D)] -

xel(®)

Letting k — oo, the {A;}-weak convergence of measures gives
ligiongk*Mk(E) z pe({p(x)}).

Because d ' f;*j1; converges weakly to ¢, we deduce that

1
[ b= 5 100+ mue @D i)

xel(®)

Shrinking the neighborhood U of 1 (®), we obtain

1 1
Ve > = > s +m@ puee@Dly ™) = - |y @ ug.

1@) s )
(24.4)
As i was arbitrary, adding (2.4.3) to (2.4.4) yields the inequality of positive
measures |
He 2 7 D ug.

But both are probability measures (by Lemma 2.3), so we must have equality. [J

2.5. Proof of Theorem A. Let f, be a sequence in Rat; converging to
fo € 0Rat; and with maximal measures p, converging to a measure . From
Lemma 2.1, there is a sequence A; € Rat; such that A, o f; convergesto @ € Rat,
with reduction ¢ of positive degree. Passing to subsequences for each iterate n and
applying a diagonalization argument, we choose sequences {A, ; : k € N} in Rat,
such that

Ayxo fi' = &, ask — o0
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in Rat,, with reduction ¢, such that deg¢, > O for every iterate n. By
sequential compactness of the space of probability measures on P! (and another
diagonalization argument, if necessary), we may assume that j, converges {A, «}-
weakly to a paired measure (i, ig,) as k — oo foreachn > 1.

Since the measures p; are also the measures of maximal entropy for iterates
£, Theorem 2.4 implies that

Se,P) (p)

1
uw({p}) = —<P WE, ({ph) = I

for any iterate n and any point p € P'; recall that the integers sq, (p) are defined
in (2.2.1). Degree counting shows that Zpdp, Sg, (p) = d" — deg ¢, which yields

degg,
> Y ullph > 1- 50

peP!

If deg ¢, = 0o(d") as n — oo, then we see immediately that p is a countable sum
of atoms. It remains to treat the case where deg ¢, # o(d").
The next lemma shows that the reduction maps ¢, are not unrelated.

LEMMA 2.5. The reduction maps ¢, form a composition sequence. That is, there
exist rational functions ¢, , of positive degrees < d such that

¢n+l = ¢n+l,n o Py

foreachn > 1. Moreover, A,y o fio A , & converges 10 ¢, 11, away from finitely
many points in P'.

Proof. This lemma follows from uniqueness in Lemma 2.1. Write @ = H¢ for
any @ € Rat,, where H is the gcd of the two polynomials defining @ and ¢ is the
reduction. As k — oo, we have A, ;o f' — H,¢, and A, ;1,0 f{ — Hyp1durs.
Consider the sequence f; o A, . in Rat,. Passing to a subsequence, there exists
a sequence C; of Mobius transformations such that Cy o f; 0 A, }( — H¢ with
deg ¢ > 0. But then, by the continuity of degenerate composition (exactly as in
[5, Lemma 2.6]), we have

(Ck o fk o A;}() o (An,k o fkn) = Ck o fkn_H - (H:l . (H o <lsn)) ¢ o (pn-
But uniqueness in Lemma 2.1 then implies that there exists a Mdbius

transformation B = limy_, oo Api1x © C,:l such that ¢,.; = B o ¢ o ¢,. We
set 1., = Bo . O
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Lemma 2.5 implies that the degree of ¢, may be computed by using

n—1

deg ¢, = deg@y - [ [ deg ;41

J=1

In particular, deg¢, # o(d") implies that there exists ny > O such that
deg ¢, 1., = d for all n > ny. For the remainder of the proof, we will operate
under this assumption.
Suppose for the moment that there exist nonnegative integers m > n > ng such
that
A,x0A, — L eRat; ask — oo (2.5.1)

(after passing to a subsequence, if necessary). From Lemma 2.5 and the continuity
of composition,

m—n —1 —1 m—n -1
An,kofk OAn,k = An.kOAm,kOAm,kofk OAn,k ? Lo(pm,mfl SR 'o¢n+1.na

and the limiting function has degree d™". In other words, the sequence of
conjugates A, o f"" o A, i will converge in Ratg»—. But properness of the
iteration map Rat; — Ratgu— [4, Corollary 0.3] implies that the sequence
Ao fro An__}( must also converge uniformly to some rational function g € Rat,.
The continuity of measures within Rat, then implies that © = limkﬁoo(A;’,lc)* Mg
The sequence {A, ;} must diverge in Rat, (because the sequence { f;} diverges in
Rat,), so the limiting measure p will be concentrated at a single point.
It remains to treat the case where

-1
Am,k o An,k

diverges in Rat, for all m > n > n(. A diagonalization argument allows us to
assume that the limit exists in Rat;, and we set

Apn = lim AmAk o A;}((P)
k—o00 ' ’

for all but one point p in P!, say p = h,,,. Recall that we continue to assume
that deg ¢, # o(d") as n — 00, so there is a constant 0 < « < 1 such that
deg ¢, = kd" for all n > ny. We wish to show that © = lim p; is purely atomic.
For the sake of a contradiction, we suppose otherwise and write

w=v+v,
where ¥ is a countable sum of atoms and v = y — ¥ is a nonzero positive measure

with no atoms. Similarly, write iz, = v" + V", where v" and V" are the ‘diffuse
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part’ and the ‘atomic part’ of j g, , respectively. Applying Theorem 2.4 to the nth
iterates f;' and comparing diffuse parts, we find that

1 deg ¢,
V=g =0 < v@) = %ﬂtpv”(ﬁl’l) — k(P

for all n > ny. Hence, there exists N such that

N
Do vEH =2,

n=ngq

Fix a small ¢ > 0. For each pair ny < m,n < N with m # n, choose small
pairwise disjoint closed disks D,, , and D, , around a,,, and h,, ,, respectively.
Let U be the complement of all of these dlsks in P!. Since v" is atomless, by
shrinking D, , and D,  as needed we may assume that

v'(U) > " (P)——n (no <n <N).
Weak convergence of measures (A, ). x — g, = V" + V" implies that

(A )i (U) > V" (P — 2£

for all sufficiently large k and all ny < n < N. (Restricting to finitely many n
allows us to do this uniformly.)
For distinct indices no < m, n < N, we have constructed U to be disjoint from
D;, . Itfollows that A, o A, k(U) C Dy, forall k > 0, and hence U N (A, o
. k(U )) = @ for all sufficiently large k. Therefore, the sets

nO k(U) Ano+l k(U)’ tto A;',lk(U)

are pairwise disjoint for all k£ > 0. (Again, restricting to finitely many sets allows
us to do this uniformly.) But then

(P > Zuk A U) > Z(v"(P')—e/z")>2—e>1,

n=ng n=ngo

contradicting the fact that u, is a probability measure. This completes the proof
of Theorem A.

REMARK 2.6. In the case where the sequence f; lies in a meromorphic
family f;, the condition that deg¢, 7# o(d") is characterized in the proof of
Proposition 4.7(2), in terms of dynamics on the Berkovich P'.
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3. One-parameter families and complex surfaces

In this section, we carry out Step 1 in the proof of Theorem B. To start, we
consider a meromorphic family {f;, : t € D} of rational functions of degree
d > 2 and set up a geometric framework in which to talk about pullback of
measures when ¢t = 0. Under the hypothesis of Theorem B, the family f; defines
a holomorphic disk in Rat, with f; € dRat,. It is convenient to package the given
one-parameter family into one map on the complex surface X = D x P!, as

F:X--X,

defined by F (¢, x) = (t, f;(x)) for t # 0. The map F extends to a meromorphic
map on the surface X with a finite set of indeterminacy points in the central fiber
Xy := {0} x P'. The indeterminacy points coincide with roots of the polynomial
ged Hy, defined in Section 2.1. On any compact subset of P! \ {H;, = 0}, the
functions f, converge uniformly to the reduction ¢, as t — 0.

3.1. The modified surface Y. We now construct the surface Y that was
alluded to in the introduction.

PROPOSITION 3.1. There is a minimal complex modification w : Y — X such
that the induced rational map

F:X--»Y

is nonconstant on the central fiber X,. The minimal modification is unique up
to isomorphism of fibered surfaces, possibly after shrinking the base D. If ¢y, is
nonconstant, then Y = X. Otherwise, the central fiber of the surface Y is reduced
and has exactly two irreducible components.

REMARK 3.2. The surface Y may be singular. We give a necessary and sufficient
condition for nonsingularity in the course of the proof of the proposition.

EXAMPLE 3.3. Take f,(z) = tz> for ¢ in the unit disk, and let A,(z) = t%, SO A, 0
f: has nonconstant reduction. The rational map F : X --» X collapses the central
fiber X, to the origin of X,. The minimal modification Y has local coordinates
(t, w) near the exceptional curve, where w = tl Equivalently, t = zw, which is
the standard equation for a blow-up at the origin of the surface X = ID x P! with
coordinates (7, 7).

Proof of the Proposition. Evidently the surface ¥ = X satisfies all of the desired
properties if ¢ 4, is nonconstant.
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For the remainder of the proof, we assume that ¢4 is constant. Lemma 2.1
asserts that there is a Mobius transformation A, (z) with meromorphic coefficients
such that A, o f, converges to a point of Rat; with nonconstant reduction. If we
take (z, z) to be coordinates on X = D x P! near a point of the central fiber X,
then we may construct the surface Y locally as a subvariety of (D x P') x P! using
the equation A,(z) = w, where w is an affine coordinate for the final P' factor.
Define 7 : ¥ — X to be projection on the (D x P!) factor of the ambient space.

Note that A, is invertible for ¢ sufficiently small and nonzero, so m is an
isomorphism away from the central fibers of X and Y. As f; has constant
reduction, A, must have constant reduction too. Without loss of generality, we
can assume that A, — 0 as t — 0 away from finitely many points of P!. Thus we
can write
az+ B
yz+6’

where «, 8, y, 6 are meromorphic functions of #, holomorphic at # = 0, and they
satisfy o8 — By /4 0ast — 0. Thus, a local equation for the surface Y is

A(z) = -

(yz+dHw =1t"(az + B).

Setting ¢ = 0 exhibits the two rational components of the central fiber of Y—one
parameterized by z and the other by w—and also shows that the central fiber is
reduced. (Moreover, Y is nonsingular if and only if n = 1.)

We now prove uniqueness and minimality of this modification, simultaneously.
Suppose that 7’ : Y/ — X is a minimal modification of X such that the induced
rational map F : X --+ Y’ is nonconstant. Then Y’ must have exactly two distinct
components in its central fiber: the proper transform of the central fiber of X and
the image of the central fiber of X under F. For if there were another component,
we could blow it down and violate minimality. Working in coordinates at a smooth
point of the exceptional divisor of Y’, we observe that F(z,z) = (¢, g,(z)) for
some meromorphic family of rational functions g,. For t away from 0, the function
g: must agree with f; up to a coordinate change on the target, so there is a
meromorphic family of Mobius transformations B, such that B, o f;, = g,. That is,
the surface Y’ is constructed locally via the equation w’ = B,(z) as in the previous
paragraphs. Since g, has nonconstant reduction, Lemma 2.1 implies that A, o B,
converges in Rat; as t — 0. In particular, this means that Y’ and Y are isomorphic
via the fibered isomorphism A, o B;”'. We conclude that 7 : ¥ — X is minimal
and unique up to fibered isomorphism. O

For the remainder of the paper, we fix the following notation. We choose a
family A, of M&bius transformations such that A, o f; converges to a point
@ € Rat; with gcd H and reduction ¢ of degree > 0. If the reduction of fy
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P Yo=CUE
E
F
—_— >
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JT
Xy C
: :
t=0 X 1=0 Y

Figure 1: The surface map F : X --» Y when the given reduction ¢, is constant.

is nonconstant, we let A, be the identity for all ¢. This choice gives rise to a
minimal modification 7 : ¥ — X as in the above proof. If the central fiber Y, has
two components, we view Y as the blow-up of X along an ideal supported at a
single point in the central fiber of X,. Let E denote the exceptional curve of the
projection 7 : ¥ — X and let C be the other component of Y, (identified with the
original fiber X); see Figure 1. There are two natural projections from Y to its
irreducible components: the modification 7 induces a projection = : Yy — C
collapsing E to a point, and 7wz : Yy — E, which is the unique continuous
projection that is the identity on E.

3.2. Weak limits of measures on Y. Suppose that y, is a family of probability
measures on the fibers Y, on the surface Y. We say o on Y is a weak limit of the
measures u, if there is a sequence #, — 0 such that

/ Yoy, — / ¥ o
Yi, Yo

for every continuous function ¥ on Y. If ¥ = X = D x P!, this notion of
weak limit agrees with the usual notion for measures on a single P'. If Y # X,
this notion of convergence coincides with {A, }-weak convergence to the paired
measure (7, o, (Tg)«o) on C U E =Y, as the following lemma shows; recall
the definitions from Section 2.4.

LEMMA 3.4. Suppose that Y # X, and so Yy = C U E. A measure o on Yy is a
weak limit of measures 1, on Y, if and only if there is a sequence t, of parameters

such that ., converges {A, }-weakly to the paired measure (7, [Lo, (Tg).[Lo) OR
C,E.
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Proof. Assume first that p is the weak limit of measures u,, on fibers Y, . We
identify the curves C and E with abstract copies of P!, with coordinates z € C and
w € E. Let {¥¢ be any continuous function on C, and let ¥ be any continuous
function on E. We define continuous functions on Y by

Ve ) = ¥e @)
when 7(y) = (t,z) € X =D x P!, and

5 Ye(w) ifw(y) =, A7 (w)), t #0, on X =D x P!
Ye(y) = {¥e(w) forw e E

Ye(p) onC
where p € Y, denotes the point of intersection of C and E.
Then
/ Ve, = / &C M,
c Y.,
— / ‘;C Ho
Yo
= / Ve o + Ye(P)uodp)) + / Ve 1o
C~{p} Ex{p}

= / Ye o + Ye(p)io(E) :/Wc (T 1L0),
C{p} c

demonstrating the weak convergence of p,, — ..
Also, we have

f Ve (w) Ayatty, (w) = / Tty A7 (W) Ayapty, ()
E Yy,

= | Velte2) 1y, ()

= / Ve o + e(p)pop)) + f Vi 1o
E~x{p}

C{p}

= / Ve o + Ve(P)o(C) = / Ve (T« o),
E~{p} E

demonstrating the weak convergence of A, ., — Tg./o-
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For the reverse implication, assume that y is a probability measure on Y;, such
that {1, } converges {A, }-weakly to the paired measure (.o, (7Tg). o). Let ¥
be any continuous function on Y and fix ¢ > 0. With a partition of unity, we may
write ¥ = V¢ + Y+, where ¢ =0on E, ¥z = 0on C, and ¥, is supported
on a small neighborhood of {p} = C N E. We choose the neighborhood of p small
enough that

< e. (3.2.D

/ Yy o — Y(p)o({p})
Yo

By uniform continuity of /¢ near the central fiber Y;, the weak convergence of
Wy, to 7T, [ty guarantees that

<¢é&

Ve i, — /Wc (7T th0)
c

an

for all n sufficiently large. Note that

/Wc (7T 00) =/ Ve o
c Yo

because ¢ = 0 on E. Now let ¢z = ¢ | E. By continuity of ¥z, with coordinate
w = A,(z) near E, we see that

Ve, 2) — ¢e(A2))] < &

on Y, uniformly for all # small. Then the convergence of A, ,ut,, to g, Lo implies

that
/ Ve Wy, — /¢E (7T g« ho)
Y,

for all n sufficiently large. Note that

/¢E (g o) =/ YE Mo,
Yo

because ¥ = 0 on C. At the intersection point {p} = C N E, we have

< 2¢

wo({p}) = meo({p}) — Teatto(E N {p}) = weapto({p}) — mepto(C ~ {p}).

It follows from weak convergence to the paired measure and (3.2.1) that

/ WP M, _/ I/Ip Mo
Y, Yo

for all n large. Putting the pieces together, and shrinking the neighborhood of p,
we conclude that

< 2¢

W, = <wc+w+wﬁm—>/ ¥ bo. 0
Yo

Yt,, Yln
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3.3. Pullback of measures from Y, to X,. For any Borel probability measure
 on the central fiber Y of Y, we can define a measure F*u on the central fiber
Xy of X of total mass d. We use the degenerate pullbacks defined in Section 2.3.
If Y = X, we simply set

Fru=o'u=¢'n+y s, (3.3.1)

xeP!

For the case Y # X, recall that the projection 7 : Y, — E collapses C to a point.
We define
Fru = @ (wpapu) = ¢"(Tpapt) + ZS(X)Sx- (3.3.2)
xeP!
We already know that weak limits of maximal measures satisfy a paired-
measure pullback formula (Theorem 2.4). Translating into our surface framework
with Lemma 3.4, we immediately obtain the main result of this section:

THEOREM 3.5. Any weak limit |y of the maximal measures u; on the central
fiber Yy of Y will satisfy the pullback equation

1
—F g = m,
d Mo Mo

on the central fiber X, of X.

4. Dynamics and I'-measures on the Berkovich projective line

In this section, we quantize a dynamical system f on the Berkovich projective
line and describe the solutions to a system of pullback formulas, thereby
completing Step 2 of our program outlined in the introduction. Throughout,
we let k be an algebraically closed field of characteristic zero that is complete
with respect to a nontrivial non-Archimedean absolute value. Only the case
where k has residue characteristic zero is necessary for our application; however,
with essentially no extra work, we obtain a more general result. The Berkovich
projective line over k will be denoted as P' for brevity (as opposed to P;™") .

4.1. Basic background. The Berkovich projective line is a complicated object
from an analytic viewpoint; a careful development is given in [1]. However, the
arguments in the next few subsections will typically only require basic topological
properties of P! and of its self-maps. For a self-contained and detailed summary
with complete references, see [8, Sections 2, 3]. To aid the reader, we give our
own intuitive summary now.
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The Berkovich projective line P! over k is a connected compact Hausdorff
topological space with a ‘tree structure’: it is uniquely arcwise connected. It
contains a canonical homeomorphic copy of the space P!(k) with the metric
topology induced from k; we refer to these as the classical or type I points of
P!. These points all lie at the ‘ends’ of the tree. The branch points of P! are
called type II points; they correspond bijectively to closed disks in k£ with radius
in the value group |k*|. In particular, we will make use of the ‘Gauss point’ of P!
corresponding to the closed unit disk in k. For each type II point ¢, the connected
components of P! \ {¢} are examples of ‘open Berkovich disks’.

A rational function f : P} — PP} extends uniquely to a morphism f : P! — P'.
If f is nonconstant, there is a multiplicity (or local degree) function m ; : P' — {1,
..., deg(f)} that extends the usual algebraic multiplicity for f : P, — P}. As one
expects, ‘most’ points x € P! have m ;(x) = 1, and each point y € P! has exactly
deg(f) preimages under f when counted with multiplicities.

4.2. Vertex sets and measures. A vertex set for P! is a finite nonempty set of
type II points, which we denote by I". The connected components of P! . I" will
be referred to as I"-domains. When a I"-domain has only one boundary point, we
call it a I"-disk. Write S(I") for the partition of P! consisting of the elements of
I'" and all of its I"-domains.

Let (P', I") be the measurable space structure on P! equipped with the o-
algebra generated by the power set of S(I"). A measurable function on (P!, I")
will be called I"-measurable. The space of complex measures on (P!, I') will be
denoted as M (I"), and we call any such measure a I"-measure. We write M*(I")
for the convex subspace of M (I") consisting of positive measures of volume £.

REMARK 4.1. A function ¢ : P! — Cis I'-measurable if and only if it is constant
on elements of S(I').

Suppose that I" C I"’ are two vertex sets. If we write 7 : P! — P! for the
identity morphism, then 7 : (P', I'’) — (P!, I') is a measurable morphism. In
particular, the projection

e M) — M)

is C-linear and preserves positivity and volume of measures.

4.3. Pulling back measures by a rational function. Throughout this section
we assume that f : P! — P! is a rational function of degree d > 2. Suppose that
I' = {¢} is a singleton vertex set, and let I = {¢, f(¢)} be a second vertex set.

https://doi.org/10.1017/fms.2014.8 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2014.8

Degenerations of complex dynamical systems 21

For the applications in this article, we will only need to consider vertex sets of
cardinality one or two.

Now we define a pullback map f*: M(I"") — M(I"). As afirst step, we define
certain multiplicities my y € {0,1,...,d} foreach U € S(I'") and V € S(I').
It V.= {¢}, set myy = m(¢), the usual local degree of f at ¢. For a I'-disk
V, we may write V = D(v) for some tangent vector v € TP}. Set f(V) =
D(T f(v)). Write m ;(V) and s,(V) for the directional and surplus multiplicities
for f associated with V. (See [8, Section 3].) By definition, we have

my(V)+sp(V) ifye f:(V)
sp(V) ity ¢ f(V).

Here we count each preimage x with multiplicity m ;(x). Since (V) is aunion of
elements of S(I""), the function y — # ( 'y n V) is constant on elements of
S(I'"). Foreach U € S(I""), define my v to be this constant value. The following
lemma gives a compatibility relation among the multiplicities m y.

#(fH)NV) =

LEMMA 4.2. For each U € S(I'"), we have
Z my.y = deg(f).

VeS(I)

Proof. Choose a point y € U. For each V € S(I'), we have that myy =
# ( ftonn V). Since f is everywhere deg( f)-to-one, the result follows. O

REMARK 4.3. The notation my, y is backward from the point of view of

mappings: it is the local degree of the map ( f/iw)n V) EA U. However, in
the sequel [6], we interpret this quantity in terms of a transition probability for
passing from ‘state U’ to ‘state V' in a certain random process. Specifically, the
fraction py v := my v /d is the probability that a randomly chosen preimage of a
point y € U lies in V. The preceding lemma shows that these probabilities sum
to 1 when U is fixed and V varies.

For a measurable function ¢ : (P',I") — C, we define a I"’-measurable
function f,¢ by

foU) = Z myw - 9(W) (U eSUT).
WeS(I)

Here we have abused notation by writing f,¢ (U) for the constant value of f,¢
on U, and similarly for ¢ (W). Note that the sum defining f.¢(U) is finite by
Lemma 4.2.
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If ¢ is a bounded I'-measurable function, then || f,¢| < d|¢||, where we
have written || - || for the sup norm. For each v € M (I"’), the linear functional
¢ — f f«¢ v is bounded, and by duality there exists a I'-measure f*v satisfying
[¢ f*v = [ fup v for all bounded I"-measurable functions ¢. Evidently f* :
M(I'") — M (I") preserves positivity of measures, and Lemma 4.2 shows that f*
carries M“(I"") into M*(I") for each £ € C. In particular, + f* maps probability
measures to probability measures.

4.4. The equilibrium and exceptional I'-measures. For a given rational
function f : P' — P! of degree d > 2 and finite vertex set I", there are two
distinguished I"-measures that will play a key role in our theory.

Write p, for the equilibrium measure on P! relative to f [11]. (Another
common name in the literature is ‘canonical measure’ [1, Section 10].) It is the
unique Borel probability measure v that satisfies f*v = d - v and that does not
charge classical points of P! [11, Thm. A]. Here f* is the usual pullback operator
for Borel measures on P!—not the one defined in Section 4.3. For a vertex set I,
we define the equilibrium /"-measure o - by the formula

wrr(U) = psU)

foreach U € S(I).

By construction, the equilibrium measure w;, must be supported on a
countable subset of S(I”). Also, the measure w - has total mass 1. Indeed, the
Julia set of f on P! is precisely the support of the measure w ; [1, Section 10.5].
For each I'-domain U that intersects the Julia set, there is an iterate f” that maps
U over I'. So only countably many I"-domains can intersect the Julia set. In other
words, there cannot be a collection X of I"-domains which has positive measure
for wyr but with w;, r(U) =0forall U € X. (Note that w, ~(I") > 0 if and only
if the Julia set of f liesin I" [1, 11].)

LEMMA 4.4. Let f : P' — P! be a rational function of degreed > 2, let I' = {¢}
be a singleton vertex set, let I'' = {¢, f(¢)}, and let w, and [* be the operators
defined in the previous section. Then w.w s = wyr and o =d - w0y .

Proof. The statement about 7, is immediate from the definitions.

Let ¢ : P! — C be a I'-measurable function. It is also Borel measurable on P!
since each element of S(I) is either an open set or a point. The definitions of the
multiplicities my y show that

fp() =Y mix)px)  (yePh,

f)=y
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which agrees with the formula for the pushforward of Borel measurable functions.
Since f*u; =d - s as Borel measures on P!, we find that

[osomw=[ roomw = [ rou
—[oru=d[ou=d[omo..

Hence f*wsr =d - m.wysr as elements of M(I"). O

Suppose now that the rational function f : P' — P! has an exceptional orbit
£. The exceptional I"-measure associated with the orbit £ is defined to be the
probability measure ¢ € M (I") given by

#ENU)

3e(U) = v

REMARK 4.5. Recall that an exceptional orbit £ is finite and f~1(£) = £. Since
k has characteristic zero, the function f admits at most two classical exceptional
points and at most one exceptional point in P! \. P! (k) (necessarily of type II).

LEMMA 4.6. Let f : P' — P! be a rational function of degreed > 2, let I' = {¢}
be a singleton vertex set, and let I'" = {¢, f(¢)}. Suppose that £ is an exceptional
orbit for f. Write 8¢ and §; for the associated probability measures with respect
to I' and I'’, respectively. Then m,.8; = 8¢ and f*6; =d - m,0.

Proof. Since exceptional measures count the number of exceptional points, we
evidently have 7,8, = 8¢. For the other equality, let U € S(I"). Then

o #ENYV)
f 55(U)= E mV,UT~
VeSI)
vcf)

The quantity myy is the constant value of # (f~'(y) NU) for y € V, counted
with multiplicities. In particular, if c € £N V, then my y = 0 or d, depending on
whether f~!(c) N U is empty or not. Note also that #(& N U) = #(& N f(U)),
since & is a totally invariant set. Hence,

o #HENV)  #ENU) ,
foewy= > d e =d e =d - m8 ). O
VeS(I)
vc )
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4.5. Surplus equidistribution and surplus estimates. We now give two
technical results that will be used to prove the main result in the next section.
The first is of interest in its own right: it describes how surplus multiplicities of
disks behave under iteration. The second gives a lower bound for the mass of a
I'-disk in terms of its surplus multiplicity.

PROPOSITION 4.7 (Surplus Equidistribution). Let f : P' — P! be a rational
Sfunction of degree d > 2 with associated equilibrium measure (v y. Let U be an
open Berkovich disk with boundary point ¢. Suppose that the Julia set of f is not
equal to {¢}. Then exactly one of the following is true:

(1) The iterated surplus multiplicities of U satisfy
an(U) = ﬂf(U) . dn + O(dn).

(2) The orbit Of () converges along the locus of total ramification to a
classical exceptional orbit (of length 1 or 2), and

spU)=0 and p;(f"(U))=1 foralln>1.

Proof. The two cases of the proposition are mutually exclusive. For if (2) holds,

then s,(U) = 0, so f(U) # P'. The relation u, = dlf*p,f of Borel measures

yields

ms(U)
d

my(U) -
d

0.

weU) =

But then (1) is contradicted.

In the remainder of the proof, let us assume that case (1) of the proposition does
not hold. The equilibrium measure 1, does not charge ¢ by hypothesis on the
Julia set of f. Let y be an arbitrary point of P! that is not a classical exceptional
point. Using equidistribution of iterated preimages [11, Thm. A], we find that

#ONU) e U) mp(U) sy (U)
ar - n—00 dan ’

wr (fU)) =

nr(U) = lim

where e(y,n, U) = 1 if y € f(U) and 0 otherwise. We conclude that me(U) #
o(d"); for otherwise, we are in case (1) of the proposition.

Let ¢y = ¢ and set ¢, = f(¢,-1) for each n > 1. We can write v, € TP, for
the tangent vector such that D(vy) = U and T f"(¥y) = v,. Then

n—1
mp(U) = [[mp(D@)).

i=0

https://doi.org/10.1017/fms.2014.8 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2014.8

Degenerations of complex dynamical systems 25

Each factor in the product is an integer in the range 1, ..., d. If infinitely many
of the multiplicities m ;(D(?;)) are strictly smaller than d, then m s (U) = o(d").
Thus m f(D(T)n)) = d for all n > 0. As multiplicities are upper semicontinuous,
this shows that m;(¢,) = d for all n sufficiently large, so the orbit O/ (¢)
eventually lies in the locus of total ramification R".

We now show that O, (¢) converges to a classical exceptional orbit. Let n, be
such that ¢, € R‘f‘." for all n > ny. The locus of total ramification is connected
[8, Thm. 8.2], and any pair of points in R} lie at finite hyperbolic distance to
each other unless one is a classical critical point. So it suffices to prove that the
hyperbolic distance pu(&,,, £,) grows without bound as n — oo. For ease of
notation, let us assume that n, = 0. Since ¢,, 41 € R‘}", the entire segment
connecting them must lie in the locus of total ramification as well. Hence f maps
[&ns Cui1] injectively onto [&,41, §ni2]. Moreover, pa($utts $na2) = d-pa(Cn, Catt)-
By induction, we see that

pH(§n+la {n+€+l) = dl : pH(;n ;n—ﬁ—l)y e = 09 17 2a ceey

so the locus of total ramification has infinite diameter. The locus of total
ramification has at most two classical points in it; hence, some classical totally
ramified point ¢ is an accumulation point of O/(¢). By (weak) continuity of f,
we find that f(c) € R‘;". So ¢ is exceptional of period one or two. The orbit O ()
must actually converge to the orbit of ¢ since the latter is attractive.

Since f has a classical exceptional point, it is conjugate either to a polynomial
or to z —> z~¢. We treat the former case and leave the latter to the reader. Without
loss of generality, we now assume that f is a polynomial and that " (&) converges
to oo along the locus of total ramification. As k has characteristic zero, the
ramification locus near oo is contained in a strong tubular neighborhood of finite
radius around (& g, 00) for some R > 1 [9, Thm. F]. Since hyperbolic distance is
expanding on the ramification locus, we see that " () converges to infinity along
the segment (& g, 00). In particular, since the Julia set of f is bounded away from
00, and since f preserves the partial ordering of points in the tree P! (relative to
the maximal point co), we see that ¢ must lie above the entire Julia set. That is,
every segment from a Julia point to oo must pass through ¢.

Recall that I" = {¢}, and that we are looking at a distinguished I"-disk U. The
previous paragraph shows that either U does not meet infinity or it does not meet
the Julia set (or both). In particular, since the Julia set and the point at infinity
are totally invariant for f, we have f"(U) # P!, and so the surplus multiplicities
satisfy sy (U) = 0 for all n > 1. In fact, U must meet the Julia set; otherwise,
wr(U) = 0, and we are in case (1) of the proposition. Observe that ¢ € f"(U)
for each n > 1, so the entire Julia set of f is contained in f"(U). This shows that
wr (f"(U)) =1, and we are in case (2) of the proposition as desired. ]
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LEMMA 4.8 (Surplus Estimate). Let f : P! — P! be a rational function of degree
d > 2, and let I' = {¢} be a singleton vertex set. Set I’ = {¢, f(¢)}. (Note that
I' = I is allowed.) For any I'-disk U and any I''-measure solution v to the
equation f*v =d - m,v, we find that

sp(U)

v) =z —

Proof. For ease of notation, let us write m = m¢(U) and s = s,(U). We may
explicitly compute the multiplicities appearing in the pullback operator to be

_m+s itV CfU)
U= itV ¢ FU).

Then for x; the characteristic function on the I"-disk U,
d-moU) = o) = | fowv+ /  fawv
f) PINf(U)

=(m+s) v(fU)+s-v (P~ fO))
:s—i—m-v(f(U)) = S.
Dividing by d gives the result. O

4.6. Simultaneous solutions to iterated pullback formulas. The equation
f*v = d - m,v does not necessarily have a unique solution v € M'(I") as one
might expect by analogy with the standard setting. However, the solution does
become essentially unique if we impose all pullback relations (f")*v = d" - m,,v
forn=1,2,3,...

Let I' = {¢} be a singleton vertex set for P'. Let I}, = {¢, f"(¢)} for each
n > 1, and write (f")* and m,, for the pullback and pushforward operators relative
to I" and I, respectively. We define a set of I"-measures A, C M'(I") by

A= {0 e M'(T) : (Yo =d" 700},
n>1

Each element of A is the projection of a solution to a pullback formula for each
iterate of f, although we do not require any compatibility among these solutions.
Linearity of the pullback and pushforward operators shows that A, is a convex
polyhedral set in the space M'(I"). Note that A ; is nonempty: since s r = @ r,
the set A ; must contain the equilibrium /"-measure w¢,r (Lemma 4.4).

REMARK 4.9. The intersected sets that define A are typically not nested.

THEOREM 4.10. Let f : P' — P! be a rational function of degree d > 2, and let
I' = {¢} be a singleton vertex set. Suppose that the Julia set of f is not equal
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to {¢}. With the above notation, Ay is the convex hull of the equilibrium I -
measure wy,r and at most one probability measure 8¢ supported on a classical
exceptional orbit E. Moreover, if Ay # {w;r}, then f"({) converges to an
exceptional orbit along the locus of total ramification for f.

REMARK 4.11. For our application to complex dynamics, it is sufficient to
restrict to countably supported measures in the definition of A ;. But the theorem
shows that this hypothesis is unnecessary: an arbitrary I"-measure satisfying all
pullback formulas is countably supported.

REMARK 4.12. With a little more work, one can show that this result continues
to hold when k has positive characteristic provided that O ;(¢) does not converge
to a wildly ramified exceptional orbit.

COROLLARY 4.13. With the hypotheses of Theorem 4.10, no measure in Ay
charges ¢.

Proof. The hypothesis on the Julia set guarantees that ¢ is not exceptional and
that u  does not charge ¢. ]

Proof of Theorem 4.10. Suppose that f"(¢) does not converge along the locus of
total ramification to a classical exceptional periodic orbit for f. Let U be any
I'-domain for I" = {¢}. If v € Ay, Proposition 4.7 and the Surplus Estimate
applied to f" and U show that

V(W) > T =y (U) + o(),
Since this is true for any I"-disk U, and since ¢ is a probability measure with no
support at ¢, we conclude that v(U) = pu;(U) forevery U € S(I').

Now suppose that f"(¢) converges along the locus of total ramification to the
orbit of a classical exceptional point. Without loss of generality, we may assume
that the exceptional point is fixed by replacing f with f2. After conjugating the
exceptional fixed point to oo, we may assume that f is a polynomial. As in the
proof of Proposition 4.7, we find that f"(¢{) converges to co along the segment
(%o.r, 00) for some R > 1, and ¢ lies above the entire Julia set.

Suppose that U is a I'-domain that meets the Julia set. Then f(U) contains the
entire Julia set, and the standard pullback formula f*u, = d - u; on P! shows
that

d-puyU) =mpU)-ug(fU) =m;U) = u;U)=

In particular, only finitely many /I"-disks may meet the Julia set.

m¢(U)
7 4.6.1)
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Fix any v € Ay. Write U, for the unique /"-domain containing infinity; write
Ui, ..., U, for the I'-domains that meet the Julia set; write U, for the union of the
remaining elements of S(I™). Note that since we are in case (2) of Proposition 4.7,
the surplus multiplicity satisfies s(U) = O foralln > 1 and U € S(I).
Furthermore, we observe that f(Uy) C Uy and m(Uy) = d", and that f”
maps Uy onto f"(Uy) C Uy in everywhere d"-to-one fashion.

First we show that v(U,) = 0. For each n > 1, there exists v, € M'(I},) such
that (f*)*v, = d" - mv, = d" - v. Then

" - 700 (Unt) = (f") 0a(Une) = / oo v = d" vy (" (Un)) . (462)

Thus v(Uy) = v, (f"(Uy)) for any n > 1. Write A for the annulus with boundary
points ¢ and f"(¢). By the definition of the pushforward, we see that

U([]oo) = nn*vn(Uoo) = Vn(fn(Uoo)) + vn(fn(UO)) + U,,(A).

Therefore, v,(A) = v,(f"(Uy)) = 0. But the calculation (4.6.2) applies equally
well to Uy, showing that v(Uy) = v, (f"(Uy)), and so we conclude that v(Uy) = 0.
Next we observe that fori = 1, ..., r, we have

d" - v (Up) = (") (U) = /(fn)*XUi Vu = mpn(Up) - v (f"(U1))

From (4.6.1), we see that
my(U;) — myg(Up)
d dar

Combining the last two displayed equations gives
v(U;) =m0, (Uy) = Mf(Ui)Vn (f").

The quantity a := v, (f"(U;)) is independent of n and i since u((U;) > 0 for
i=1,...,rand f"(U)) =--- = f"(U,). Setting b = v(U,,), we have proved
thatv:a-a)f,p—i-b-éoo. L]

me(Up) = n=>1, i=1,...,r

5. A transfer principle

In this section, we complete the proof of Theorem B. We explain the transfer of
solutions of the pullback formula for the dynamics of our complex surface map
F : X --» Y to I'-measure solutions of the pullback formula for a related function
f : P! — P!, and vice versa.

In all of the proofs, we must deal with two subcases: ¥ = X and ¥ # X.
We encourage the reader to think only of the former case on a first reading. As

https://doi.org/10.1017/fms.2014.8 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2014.8

Degenerations of complex dynamical systems 29

a further aid, we give a coarse sketch of the proof when ¥ = X in the next
subsection. Afterwards, we give a more general and rigorous description of the
transfer process.

5.1. Outline of the transfer process when Y = X. Asdiscussed in Section 3,
we have a meromorphic one-parameter family of complex rational functions f;,
from which we define a rational self-map of the fibered surface X = D x P! given
by
F:X--»X F(t,z) = (¢, f,(2)).

The map F is nonconstant on the central fiber X, = {0} x P! if and only if the
reduction of f; is nonconstant; we assume that these equivalent conditions hold.

The field C((¢)) of formal Laurent series in the variable 7 has a natural non-
Archimedean absolute value on it that measures the order of vanishing:

Z a,t”

n=>N

—exp(—=N)  (ay #0).

By viewing the parameter ¢ as a formal variable, we may identify the family f;
with a single non-Archimedean rational function f defined over the field C((z)).

Recall that the Berkovich projective line P! defined over C((¢)) has a natural
tree structure with a canonical root ¢, called the Gauss point. More is true: the
branches of P! at the Gauss point ¢ are in canonical bijection with points of the
Riemann sphere P! (C). If we use the vertex set I = {¢} on P!, then this bijection
tells us how to relate Borel measures on P!(C) with I'-measures on P!. Namely,
the point measure at x € P! (C) corresponds to the I"-measure with all of its mass
on the corresponding branch U,, which is a I"-disk in the sense of Section 4. This
correspondence extends by linearity to any purely atomic Borel measure on the
Riemann sphere and any countably supported I"-measure that does not charge
the Gauss point. (Borel measures constructed in this way will be called residual
measures.) Finally, a Borel measure 1 of mass M with no atom on P!(C) gives
rise to the I"-measure M - §, on P!, but evidently this part of the correspondence
has no inverse.

The Transfer Principle (Proposition 5.1) will show that this correspondence
preserves solutions to the pullback equations F*uu = d - u for Borel measures on
Xo and f*w = d - o for I'-measures on P'. The argument is essentially formal
once one proves equality of the local multiplicities and surplus multiplicities in
the two definitions of pullback. It turns out that, even in the complex setting, each
is an algebraic quantity that may be deduced from the expression for fj.

5.2. Reduction and the residual measures. Let X — I be a proper fibered
surface over a complex disk with generic fiber Pf.. Assume that the fiber X, over
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the origin is reduced. Let L. be the completion of an algebraic closure of C((¢))
endowed with the natural non-Archimedean absolute value, and write I.° for its
valuation ring. We claim that X gives rise, canonically, to a vertex set I" C P!. The
local ring of I at the origin is contained inside LL.°, and hence so is its completion.
By completing along the central fiber X, and base extending to L.°, we obtain an
admissible formal scheme X over L° with generic fiber P' = P} . Note that since
X is reduced, it may be identified with the special fiber X, as C-schemes. Let

I'Cdx . Pl —> X()
be the surjective reduction map [2, 2.4.4]. Let 5y, ..., n, be the generic points
of the irreducible components of the special fiber X,. There exist unique type Il
points {1, ..., ¢ € P! such thatredy(¢;) = n; fori =1, ..., r. The desired vertex

setis I' = {¢, ..., ¢}

For each closed point x € X, the formal fiber red}'(x) is a I'-domain, as
defined in Section 4.2. The association x +— red;1 (x) induces a bijection between
points of the scheme X, and elements of S(I"). We obtain a projection of
measures,

redy : M'(Xo) — M'(I"),
where M!(X,) is the space of Borel probability measures on X,(C) (with its
analytic topology) and M!(I") is the space of positive I"-measures of total mass 1
on P!, defined as follows. Given u € M'(X,), let B = {x € Xo(C) : n({x}) > 0}.

The set B is at most countable. Write 7, ..., n, for the generic points of the
irreducible components Ci, ..., C, of X,. Define w = redy (1) by
if x € Xo(C
o(red; (1)) 1= 1) e Xo®

w(C; ~B) ifx=mn;forsomei=1,...,r.

Evidently, o (P!) = u(X,) = 1.

Now let M'(I")" ¢ M'(I") be the subset of I"-measures that are countably
supported on elements of S(I™), and assign no mass to the elements of I'. The
reduction map redy induces

redy, : M) — M'(X,)

as a partial inverse to redy. Explicitly, the residual measure p = redy.(w) €
M'(X,) is defined by

n(fx)) i= w(redy' (x))  (x € Xo(0)).

For each w € M'(I")", the residual measure y is an atomic probability measure
on Xo. The terminology is explained by the case where X, is irreducible and
I = {¢o,} is the Gauss point of P'; the mass of the residual measure at a closed
point x € X(C) is precisely the volume of the residue class red' (x) C P'.
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5.3. Compatibility of pullbacks. Let f;, be a one-parameter family of
dynamical systems of degree d > 2 with ¢ varying holomorphically in a small
punctured disk D* and extending meromorphically over the puncture. As in
Section 3, we let X = D x P!(C) and write ¥ : ¥ — X for the minimal
modification of X along X, such that the induced rational map F : X --» Y is
not constant along X,. The surfaces X and Y induce vertex sets I" = {¢} and
I ={¢, f(¢)} on P! = P}, where L is the completion of an algebraic closure of
C((t)) endowed with the natural non-Archimedean absolute value, and the family
f; defines f : P! — P!. The pullback F* from measures on Y, to measures on X,
is given by the formula (3.3.1) or (3.3.2), depending on whether or not f fixes ¢.

PROPOSITION 5.1 (Transfer Principle). Let F : X --» Y, f : P! — P I", and
I’ be as above. The following conclusions hold.

(1) If u is a measure on the central fiber Yy such that F*u = d - mw.ju, then
w = redyp is a I''-measure satisfying f*o = d - w..

(2) If w is a countably supported I'' probability measure satisfying w(I"") = 0
and f*w = d-m,w, then the residual measure u = redy, (w) satisfies F*u =
d- ..

Proof. We begin by comparing the notions of multiplicity defined for F (on
Xo) and for f (on P'). Lemma 2.1 gives a meromorphic family of Mobius
transformations A, € PGL,(C) for t € D, holomorphic away from ¢ = 0, such
that A, o f; converges ast — 0 to @ € Rat, with nonconstant reduction ¢.
On one hand, this implies that ¢ describes the meromorphic map F from the
fiber X, onto its image component E in Y, (or C if X = Y). Evidently the local
degree m(x) for each point of X, may be read off algebraically as the order of
vanishing of ¢(z) — ¢ (x) at x. On the other hand, we may view A, as an element
A € PGL, (C((t))). In particular, A o f has nonconstant reduction as a rational
function on P', and the reduction is equal to ¢. If U, is a I'-disk with reduction
x € Xy, Rivera-Letelier’s Algebraic Reduction Formula [1, Corollary 9.25] shows
that the directional multiplicity m ;(U,) is equal to the order of vanishing of
¢(z) — ¢(x) at x, and so we conclude that

m(x) =mg(U,).

From the description of the surplus multiplicity of the map @ in (2.2.1) and the
corresponding description of the surplus multiplicity in [8, Lemma 3.17], we also
see that

s(x) = s7(Uy).
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Finally, the Algebraic Reduction Formula shows that deg(¢) = m ((¢), where ¢
is the unique vertex in I".

Since w = redj () is supported on countably many I"’-domains, to prove the
first statement of the Transfer Principle it suffices to show that

Frfru=d -m,u = ffoU)=d- m,w(U)forevery U € S(I'). (TP1)

Under the hypotheses of the second statement of the Transfer Principle, we find
that p is countably supported. Thus it suffices to show that

ffo=d- -m.w = F'u({x}) =d-m.u({x}) for every closed point x € Xj.
(TP2)
We now prove these statements.

Case Y = X. Let x € X, be a closed point, and write U, = red;](x) e S(IN).
Then

froWU)= Y myyo)

VesS(I)
=mjuu,0(FUN+ D spUda(V)
VeS(I)
=m@)u({p )} + s(x)
= F*u({x)),

while d - w(U,) = d - n({x}) by definition. This immediately implies equation
(TP2).

To verify equation (TP1), it remains to consider the masson I" = I"’. Set B =
{x € Xo:ux)>0}LIf F*u =d - i, then F*u has no atoms in X, ~\. B. From the
definition of F*u in (3.3.1), we see that F*u agrees with ¢*u on Xy \ B. Thus,

d-wi&)=d-u(Xo~ B)=F'uXo~\ B)
=¢"u(Xo \ B) =deg(¢) - u(Xo \ B)
=ms()w@) = ffo?).

This proves equation (TP1) for all U in S(I").

Case Y # X. Recall that Y, = C U E, where C is the proper transform of X,
and E is the exceptional fiber of 7 : ¥ — X. In Section 3.3, to define F*u we
introduced the (continuous) projection wg : Yy — E that collapses C to a point.
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Let U, be the I'-disk corresponding to a closed point x € X. Recall that we
set e(V, U,) = 1 or 0 depending on whether f(U,) = V or not. We see that

froU) = )Y myyoV)

VeSI)

= D> (/U +myUIeV. Up) o(V)

veSI)
=s(x) +mx) (e ) (P ()}
= F'u({x}),

while m,w(U,) = m,u ({x}) is immediate. Evidently (TP2) follows, and (TP1)
holds for all I"-disks.

To verify (TP1), it remains to check the pullback relation for the mass on
vertices. Let B = {y € Yy : u({y}) > 0}, and set B' = n(B U E) C X,. Then

d-mu(Xo~B)=d-u(x'(Xo~B))=d - u(C \ B).
If F*u = d - m,u, there are no atoms of F*u outside B’. From the definition of

F*u in (3.3.2), the measure F*p must agree with the pullback of g, by ¢ on
the set Xy ~. B’; therefore,

F*'u(Xo\ B') = ¢"(mp.p)(Xo \ B") = deg(¢) - w(E \ B).
Putting these observations together yields
o) =mpQo(f(§)) =deg(@u(E ~B) =d - n(C \ B) =d - m.w(}),
so (TP1) is verified for all U in S(I'). O
5.4. Proof of Theorem B. We retain all of the notation from previous sections.
Foreachn > 1,let F, : X --» Y" be the rational map of surfaces associated

with the one-parameter family of nth iterates f), as constructed in Section 2, and
write 7T, : Y — X for the blowing-up morphism. Define

Ay = (7wl € M'(¥)) : F} pp=d" - mpp} C M'(Xo).

n>1

Write w r for the equilibrium I"-measure for f : P! — P! associated with I =
{¢}. Recall that A s was defined in Section 4.6.
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THEOREM 5.2. Let f, be a meromorphic one-parameter family of rational
functions of degree d > 2. Suppose that the family is not holomorphic at t = 0;
i.e., deg(fo) < d. The reduction map induces a bijection

redl, : Ay — Ay,

with inverse given by the residual measure construction redy,.

Proof. No measure in A, charges the vertex ¢ € I', and every measure in Ay
is countably supported (Theorem 4.10). The Transfer Principle (applied to all
iterates of f; and f) shows that the maps

redy : Ag > Ay and redy,: Ay — Ay

are well defined. That they are inverse to one another follows from the definitions
of redy and redy,. O

COROLLARY 5.3. With the setup of Theorem 5.2, Ay always contains the residual
measure redy.(wysr), and Ay is either a point or a segment in the space of all
probability measures. In the latter case, there exists a point mass 8,, € Ay and
a one-parameter family of exceptional periodic points p, for f, such that fy is
constant with value py, and py is not an indeterminacy point for the rational map
F:X--»X.

Proof. Theorem 5.2 allows us to transfer the statements about A to A ;. The first
statement is immediate from Theorem 4.10. If A ¢ # {w/ 1}, then f"(¢) converges
along the locus of total ramification to a classical exceptional orbit £. Replacing
f and f, with their second iterates if necessary, we may assume that £ = {p}
is a single point. Now p € P!'(C(#))) by completeness. A priori, this gives a
formal one-parameter family p, with complex coefficients. Since f;(p;) = p, and
‘f{—f;’( p;) = 0, the implicit function theorem shows that p, is a meromorphic one-
parameter family in a small disk about + = 0. That is, p = p, is a one-parameter
family of exceptional fixed points for the family f;. Since f”(¢) converges to p,
and since p is a superattracting fixed point for f, it follows that f; is constant
with value equal to py. If U is the open I"-disk containing p, then f(U) C U. In
particular, this shows that s (U) = s(po) = 0, so py is not an indeterminacy point
for the rational map F. O

We are now ready to prove the second main result of the article. With the
terminology that we have set up in the preceding sections, our goal is to show
that the family of measures of maximal entropy {u, : ¢+ € D*} converges weakly
to the residual measure redy.(wy ) as t — 0, where I' = {¢} is the Gauss point
of P,
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Proof of Theorem B. Let ' be any weak limit of the family u, of maximal
measures as ¢ — 0 on the surface Y. Fix a subsequence (), such thatz, — 0
and pu, — p' weakly on Y'. Set o = mp,.u'; then p,, — po weakly on X.

For each n > 2, let u" be a weak limit of the sequence (u,,) on the surface Y".
Note that o = m,,. " by construction. Moreover, we have F' u" = d" - m,,.u" for
alln > 1 (Theorem 3.5). Hence uy € Ao.

It remains to prove that o = redyx.(wy 1), the residual measure associated with
o and the vertex set I". This follows immediately from the preceding corollary
unless there exists a family of exceptional periodic points p, for f;, the reduction
of fy is equal to the constant p(, and p, is not indeterminate for the rational map
F.In that case, o = a - redx.(wyr) + b - redx.(d¢), for some a, b > 0, where
Po € supp(redy,(8¢)). We must prove that b = 0.

Since py is not indeterminate, by continuity there exists a neighborhood N of p,
such that f,(N) C N for all ¢ sufficiently close to zero. Hence, N is contained in
the Fatou set of f;, and u, assigns no mass to N. By weak continuity, wo(N) = 0.
That is, b = 0 and po = redy.(w; ) as desired. ]
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