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Abstract

Let I be any nonempty set and let (Mi, ϕi)i∈I be any family of nonamenable factors,
endowed with arbitrary faithful normal states, that belong to a large class Canti-free of
(possibly type III) von Neumann algebras including all nonprime factors, all nonfull
factors and all factors possessing Cartan subalgebras. For the free product (M,ϕ) =
∗i∈I(Mi, ϕi), we show that the free product von Neumann algebra M retains the
cardinality |I| and each nonamenable factor Mi up to stably inner conjugacy, after
permutation of the indices. Our main theorem unifies all previous Kurosh-type rigidity
results for free product type II1 factors and is new for free product type III factors. It
moreover provides new rigidity phenomena for type III factors.
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1. Introduction and statement of the main theorem

In his seminal article [Oza06], Ozawa obtained the first Kurosh-type rigidity results for free
product type II1 factors. Among other things, he showed that whenever m > 1 and M1, . . . ,Mm

are weakly exact nonamenable nonprime type II1 factors, the tracial free product von Neumann
algebra M1 ∗ · · · ∗ Mm retains the integer m and each factor Mi up to inner conjugacy,
after permutation of the indices. Ozawa’s approach to Kurosh-type rigidity for II1 factors
was based on a combination of his C∗-algebraic techniques [Oza04] and of Popa’s intertwining
techniques [Pop06a, Pop06b] (see also [OP04]). Shortly after, using Popa’s deformation/rigidity
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theory, Ioana et al. obtained in [IPP08] Kurosh-type rigidity results for tracial free products
of weakly rigid type II1 factors, that is, II1 factors possessing regular diffuse von Neumann
subalgebras with relative property (T) in the sense of [Pop06a]. These Kurosh-type rigidity
results for II1 factors were then unified and further generalized by Peterson in [Pet09], using his
L2-rigidity techniques, to cover tracial free products of nonamenable L2-rigid type II1 factors.
In [Ash09], Asher extended Ozawa’s original result [Oza06] to free products of weakly exact
nonamenable nonprime type II1 factors with respect to nontracial states.

Regarding the structure of free product von Neumann algebras, the questions of factoriality,
type classification and fullness for arbitrary free product von Neumann algebras were recently
completely solved by Ueda in [Ued11]. For any free product (M,ϕ) = (M1, ϕ1) ∗ (M2, ϕ2) with
dimCMi > 2 and (dimCM1,dimCM2) 6= (2, 2), the free product von Neumann algebra M splits
as a direct sum M = Mc⊕Md, where Mc is a full factor of type II1 or of type IIIλ (with 0 < λ 6 1)
and Md = 0 or Md is a multimatrix algebra. Moreover, Chifan and Houdayer showed in [CH10]
(see also [Ued11]) that Mc is always a prime factor (see Peterson [Pet09] for the previous work in
the tracial case) and Boutonnet et al. showed in [BHR14] that Mc has no Cartan subalgebra (see
Ioana [Ioa15] for the previous work in the tracial case). Very recently, in our joint work [HU16],
we completely settled the questions of maximal amenability and maximal property Gamma of
the inclusion M1 ⊂M in arbitrary free product von Neumann algebras. In view of these recent
structural results obtained in full generality, it is thus natural to seek Kurosh-type rigidity results
for arbitrary free product von Neumann algebras.

In this paper, we unify and generalize all the previous Kurosh-type rigidity results to arbitrary
free products (M,ϕ) = ∗i∈I(Mi, ϕi) over arbitrary index sets I, where all Mi are nonamenable
factors that belong to a large class of (possibly type III) factors that we call anti-freely
decomposable. In order to state our main theorem, we will use the following terminology.

Definition. We will say that a nonamenable factor M with separable predual is anti-freely
decomposable if at least one of the following conditions holds.

(i) M is not prime, that is, M = M1⊗M2, where M1 and M2 are diffuse factors (e.g. M is
McDuff).

(ii) M has property Gamma, that is, the central sequence algebra M ′ ∩Mω is diffuse for some
nonprincipal ultrafilter ω ∈ β(N)\N (e.g. M is of type III0; see [Con74, Proposition 3.9]).

(iii) M possesses an amenable finite von Neumann subalgebra A with expectation such that
A′ ∩M = Z(A) and NM (A)′′ = M (e.g. M possesses a Cartan subalgebra).

(iv) M is a II1 factor that possesses a regular diffuse von Neumann subalgebra with relative
property (T) in the sense of [Pop06a, Definition 4.2.1] (e.g. M is a II1 factor with property
(T) [CJ85]).

We will denote by Canti-free the class of nonamenable factors with separable predual that are
anti-freely decomposable in the sense of the above definition.

Recall that the Kurosh isomorphism theorem for discrete groups (see e.g. [CM82, p. 105])
says that any discrete group can uniquely (up to permutation of components) be decomposed
into a free product of freely indecomposable subgroups. It is not clear at all how to capture freely
indecomposable von Neumann algebras practically. However, all the known general structural
results on free product von Neumann algebras suggest that Canti-free is indeed a natural large
class of freely indecomposable factors. Hence, the main theorem of this paper stated below is
indeed a von Neumann algebra counterpart of the Kurosh isomorphism theorem and unifies all
the previous counterparts.
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Main Theorem. Let I and J be any nonempty sets and (Mi)i∈I and (Nj)j∈J any families of
nonamenable factors in the class Canti-free. For each i ∈ I and each j ∈ J , choose any faithful
normal states ϕi ∈ (Mi)∗ and ψj ∈ (Nj)∗. Denote by (M,ϕ) = ∗i∈I(Mi, ϕi) and (N,ψ) = ∗j∈J(Nj ,
ψj) the corresponding free products.

(1) Assume that M and N are isomorphic. Then |I| = |J | and there exists a bijection α : I → J
such that Mi and Nα(i) are stably isomorphic for each i ∈ I.

(2) Assume that M and N are isomorphic and identify M = N . Assume moreover that Mi is
a type III factor for all i ∈ I. Then there exists a unique bijection α : I → J such that Mi

and Nα(i) are inner conjugate for each i ∈ I.

Our main theorem is new for free products of type III factors. In that case (see item (2)),
our statement is as sharp as all previous Kurosh-type rigidity results for free products of type
II1 factors. We point out that for tracial free products, our main theorem is still new in cases
(i), (ii) and (iii) when the index set I is infinite (compare with [Oza06, Pet09, Ioa15]).

We now briefly explain the strategy of the proof of the main theorem. We refer to §§ 4 and 5 for
further details. As we will see, the proof builds upon the tools and techniques we developed in our
previous work [HU16] on the asymptotic structure of free product von Neumann algebras. Using
the very recent generalization of Popa’s intertwining techniques in [HI17, § 4], it suffices, modulo
some technical things, to prove the existence of a bijection α : I → J such that Mi �M Nα(i)

and Nα(i) �M Mi for all i ∈ I. To simplify the discussion, fix i ∈ I. We need to show that there
exists j ∈ J such that Mi �M Nj .

Firstly, assume that Mi is in case (i) or (ii). Exploiting the anti-free decomposability property
of Mi (in case (i)) and a new characterization of property Gamma for arbitrary von Neumann
algebras (in case (ii)) (see Theorem 3.1) together with various technical results from our previous
work [HU16], it suffices to prove that for a well-chosen diffuse abelian subalgebra A ⊂ Mi with
expectation whose relative commutant A′ ∩Mi is nonamenable, there exists j ∈ J such that
A �M Nj . This is achieved in Theorem 4.4 by using a combination of Popa’s spectral gap
argument [Pop08] together with Connes–Takesaki’s structure theory for type III von Neumann
algebras [Con73, Tak03] and Houdayer and Isono’s recent intertwining theorem [HI17]. Secondly,
assume that Mi is in case (iii). Then it suffices again to prove that there exists j ∈ J such
that A �M Nj . The proof is slightly more involved (see Theorem 4.6) and relies on Vaes’s
recent dichotomy result for normalizers inside tracial amalgamated free product von Neumann
algebras [Vae14] (improving Ioana’s previous result [Ioa15] and involving Popa–Vaes’s striking
dichotomy result [PV14]) instead of Popa’s spectral gap argument [Pop08] (see Appendix A).
Thirdly, assume that Mi is in case (iv). Then it suffices to prove that there exists j ∈ J such
that A �M Nj , where A ⊂Mi is a diffuse regular subalgebra with relative property (T). This is
achieved in Theorem 4.8 by reconstructing [IPP08, Theorem 4.3] in the semifinite setting.

In § 6, we prove further new results regarding the structure of free product von Neumann
algebras. In particular, we obtain a complete characterization of solidity [Oza04] for free products
with respect to arbitrary faithful normal states and over arbitrary index sets.

2. Preliminaries

For any von Neumann algebra M , we will denote by Z(M) the centre of M , by zM (e) the central
support of a projection e ∈M , by U(M) the group of unitaries in M , by Ball(M) the unit ball
of M with respect to the uniform norm ‖ · ‖∞ and by (M,L2(M), JM ,PM ) the standard form
of M . We will say that an inclusion of von Neumann algebras P ⊂ 1PM1P is with expectation
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if there exists a faithful normal conditional expectation EP : 1PM1P → P . We will say that a
σ-finite von Neumann algebra M is tracial if it is endowed with a faithful normal tracial state τ .

Background on σ-finite von Neumann algebras
Let M be any σ-finite von Neumann algebra with unique predual M∗ and ϕ ∈ M∗ any faithful
state. We will write ‖x‖ϕ = ϕ(x∗x)1/2 for every x ∈ M . Recall that, on Ball(M), the topology
given by ‖ · ‖ϕ coincides with the σ-strong topology. Denote by ξϕ ∈ PM the unique representing
vector of ϕ. The mapping M → L2(M) : x 7→ xξϕ defines an embedding with dense image such
that ‖x‖ϕ = ‖xξϕ‖L2(M) for all x ∈M .

We denote by σϕ the modular automorphism group of the state ϕ. The centralizer Mϕ of
the state ϕ is by definition the fixed point algebra of (M,σϕ). The continuous core of M with
respect to ϕ, denoted by cϕ(M), is the crossed product von Neumann algebra M oσϕ R. The
natural inclusion πϕ : M → cϕ(M) and the unitary representation λϕ : R → cϕ(M) satisfy the
covariance relation

λϕ(t)πϕ(x)λϕ(t)∗ = πϕ(σϕt (x)) for all x ∈M and all t ∈ R.

Put Lϕ(R) = λϕ(R)′′. There is a unique faithful normal conditional expectation ELϕ(R) :
cϕ(M) → Lϕ(R) satisfying ELϕ(R)(πϕ(x)λϕ(t)) = ϕ(x)λϕ(t) for all x ∈ M and all t ∈ R.
The faithful normal semifinite weight defined by f 7→

∫
R exp(−s)f(s) ds on L∞(R) gives rise

to a faithful normal semifinite weight Trϕ on Lϕ(R) via the Fourier transform. The formula
Trϕ = Trϕ ◦ ELϕ(R) extends it to a faithful normal semifinite trace on cϕ(M).

Because of Connes’s Radon–Nikodym cocycle theorem [Con73, Théorème 1.2.1] (see also
[Tak03, Theorem VIII.3.3]), the semifinite von Neumann algebra cϕ(M) together with its trace
Trϕ does not depend on the choice of ϕ in the following precise sense. If ψ ∈ M∗ is another
faithful state, there is a canonical surjective ∗-isomorphism Πϕ,ψ : cψ(M) → cϕ(M) such that
Πϕ,ψ ◦ πψ = πϕ and Trϕ ◦ Πϕ,ψ = Trψ. Note however that Πϕ,ψ does not map the subalgebra
Lψ(R) ⊂ cψ(M) onto the subalgebra Lϕ(R) ⊂ cϕ(M) (and hence we use the symbol Lϕ(R)
instead of the usual L(R)).

We start with a rather technical lemma.

Lemma 2.1. Let M be any σ-finite von Neumann algebra endowed with any faithful state
ϕ ∈ M∗. Then, for any projection p ∈ M , there exists a projection q ∈ Mϕ such that p ∼ q
in M .

Proof. Replacing M with MzM (p) with the central support zM (p), we may and will assume that
zM (p) = 1. By [KR97, Proposition 6.3.7], one can decompose p = p1 + p2 along M = M1 ⊕M2

so that p1 is finite and p2 is properly infinite. Since M is σ-finite, p2 is equivalent to 1M2 , which
clearly belongs to Mϕ. Hence, we may and will assume that p is finite with zM (p) = 1 and hence
M is semifinite. Write ϕ = Tr(h · ) for some nonsingular positive selfadjoint operator h affiliated
with M and take a maximal abelian subalgebra (MASA) A ⊂M that contains {hit | t ∈R}′′ . We
have A ⊂ Mϕ. Since A is a MASA with expectation, A is generated by finite projections in M
(see e.g. [Tom72, Proposition 4.4], but this case can be proved without such a general assertion).
We will prove that p is equivalent in M to a projection in A. Thanks to [Kad84, Corollaries 3.8
and 3.13], we may and will assume, by decomposing M into the components of type In, II1 and
II∞, that M is of type II∞. Here is a claim.

Claim. For any nonzero finite projection e ∈ M and any nonzero projection f ∈ A such that
zM (e)zM (f) 6= 0, there exist nonzero projections e′ ∈ eMe and f ′ ∈ Af such that e′ is equivalent
to f ′ in M .
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Proof of the claim. As we observed before, there is an increasing sequence of projections rn ∈ A
that are finite in M and such that rn → 1 σ-strongly. By assumption, there exists x ∈ M such
that exf 6= 0. Then there exists n0 so that exfrn0 6= 0. Taking the polar decomposition of the
element exfrn0 , we can find a nonzero subprojection e′ of e such that e′ is equivalent in M to
a subprojection s of frn0 . Observe that s may not be in A. Hence, we have to work further.
Consider the MASA Afrn0 in the type II1 von Neumann subalgebra frn0Mfrn0 . By [Kad84,
Proposition 3.13], we can find a projection f ′ ∈ Afrn0 ⊂ A that is equivalent to s in M . 2

By Zorn’s lemma, let ((pi, qi))i∈I be a maximal family of pairs of projections such that (pi)i∈I
and (qi)i∈I are families of pairwise orthogonal projections, all pi are subprojections of p, all qi
are in A and pi ∼ qi for every i ∈ I. Suppose that e := p−∑i∈I pi 6= 0 and put f := 1−∑i∈I qi.
Observe that the central support of f must be equal to 1, since

∑
i∈I qi ∼

∑
i∈I pi 6 p is finite

and M is of type II∞ and hence properly infinite. Therefore, by the above claim, there exist
nonzero projections p0, q0 such that p0 6 e, q0 6 f , q0 ∈ A and p0 ∼ q0, a contradiction to the
maximality of the family ((pi, qi))i∈I . Consequently, p =

∑
i∈I pi ∼

∑
i∈I qi ∈ A. Hence, we are

done. 2

The following simple application of the previous lemma will turn out to be useful for Popa’s
intertwining techniques in the type III setting.

Proposition 2.2. Let A ⊂ M be any unital inclusion of σ-finite von Neumann algebras with
expectation and p ∈ A′ ∩M any nonzero projection. Then Ap ⊂ pMp is also with expectation.

Proof. By assumption, we may choose a faithful state ψ ∈M∗ such that A is globally invariant
under the modular automorphism group σψ and, in particular, so is A′∩M . Put ϕ := ψ|A′∩M and
observe that (A′ ∩M)ϕ ⊂Mψ. Applying Lemma 2.1 to p ∈ A′ ∩M with ϕ, we obtain a partial
isometry v ∈ A′∩M such that vv∗ = p and v∗v ∈ (A′∩M)ϕ ⊂Mψ, the latter of which shows that
Av∗v ⊂ v∗vMv∗v is with expectation. Since v ∈ A′ ∩M , the inclusions Av∗v ⊂ v∗vMv∗v and
Ap ⊂ pMp are conjugate to each other via Ad(v) and hence Ap ⊂ pMp is with expectation. 2

Recall that for any inclusion of von Neumann algebras A ⊂ M , the group of normalizing
unitaries is defined by

NM (A) = {u ∈ U(M) : uAu∗ = A}.

The von Neumann algebra NM (A)′′ is called the normalizer of A inside M . The next result is a
variation on [Pop06b, Lemma 3.5] and will be used in the proof of Theorem 4.6.

Proposition 2.3. Let M be any σ-finite von Neumann algebra and A ⊂M any von Neumann
subalgebra. Assume moreover that A′ ∩M = Z(A). Then, for any nonzero projection p ∈ Z(A),
we have

NpMp(Ap)
′′ = p(NM (A)′′)p.

Proof. For any u ∈ NpMp(Ap), we have v := u+(1−p) ∈ NM (A) and pvp = u. Thus, NpMp(Ap) ⊂
pNM (A)p and hence the inclusion (⊂) holds without taking double commutant. Therefore, it
suffices to prove the reverse inclusion relation.

Write N := NM (A)′′ for simplicity. Let u ∈ NM (A) be an arbitrary element. Set v :=
pup. Since Ad(u)|A gives a unital ∗-automorphism of A, we have uZ(A)u∗ = Z(A), so that
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v∗v = u∗pu p and vv∗ = upu∗ p are projections in Z(A). In particular, v is a partial isometry.
Moreover, it is plain to see that for each a ∈ A, we have

vav∗ = (uau∗)(upu∗)p ∈ Avv∗ and v∗av = (u∗au)(u∗pu)p ∈ Av∗v.

Hence, vAv∗ = Avv∗ and v∗Av = Av∗v. Observe that Z(N) ⊂ A′ ∩M = Z(A).

Claim. There exists a partial isometry w ∈ N such that (i) w∗w,ww∗ ∈ Z(A)p, (ii) wAw∗ =
Aww∗, w∗Aw = Aw∗w, (iii) wv∗v = v = vv∗w and moreover (iv) with letting z := zN (w∗w) =
zN (ww∗) ∈ Z(A)p (see the notation at the beginning of this section), there exist orthogonal
projections z1, z2, z3 ∈ Z(N) with z1 + z2 + z3 = z so that:
• w∗wz1 = z1 but ww∗z1 � z1;
• w∗wz2 � z2 but ww∗z2 = z2; and
• w∗wz3 = z3 = ww∗z3.

Proof of the claim. To this end, choose a maximal family of partial isometries wi ∈M such that
(w∗iwi)i and (wiw

∗
i )i are families of pairwise orthogonal projections, wiAw

∗
i = Awiw

∗
i , w

∗
iAwi =

Aw∗iwi, w
∗
iwi 6 p− v∗v and wiw

∗
i 6 p− vv∗. Then w := v +

∑
iwi clearly enjoys (i)–(iii).

Choose a maximal orthogonal family of projections z3i ∈ Z(N)z such that w∗wz3i = z3i =
ww∗z3i. Set z3 :=

∑
i z3i. Choose a maximal orthogonal family of projections z2j ∈ Z(N)(z− z3)

such that ww∗z2j = z2j . Set z2 :=
∑

j z2j . By construction, we have w∗wz3 = z3 = ww∗z3 and
w∗wz2 � z2 = ww∗z2. Set z1 := z−z2−z3. Assume that z1 6= 0; otherwise we are already done. By
the maximality of the families (z2j)j and (z3i)i, observe that no nonzero projection z′ ∈ Z(N)z1

enjoys ww∗z′ = z′. This means that the central support of z1 − ww∗z1 in N is equal to z1.
Suppose that w∗wz1 � z1. Then (z1−ww∗z1)N(z1−w∗wz1) 6= {0} must hold. Hence, there exists
x ∈ NM (A) such that (z1−ww∗z1)x(z1−w∗wz1) 6= 0. Observe that z1 ∈ Z(N) ⊂ A′∩M = Z(A).
Thus, the first part (dealing with the v) shows that w0 := (z1 − ww∗z1)x(z1 − w∗wz1) ∈ N is a
new nonzero partial isometry such that w∗0w0 ∈ Z(A)(z1 − w∗wz1), w0w

∗
0 ∈ Z(A)(z1 − ww∗z1),

w0Aw
∗
0 = Aw0w

∗
0 and w∗0Aw0 = Aw∗0w0, a contradiction due to the maximality of the family

(wi)i. Hence, w∗wz1 = z1 (and ww∗z1 � z1). Thus, we have proved the claim. 2

Write wk := wzk, k = 1, 2, 3. Observe that Z(N) ⊂ A′ ∩ M = Z(A) and hence each
wk, in place of w, satisfies (i)–(ii) in the above claim. We will first deal with w1 when it is
nonzero. Set e1 := z1 − w1w

∗
1 6= 0 and ei := wi−1

1 e1w
∗i−1
1 , i = 2, 3, . . . . Observe that all the

projections en are in Z(A)z1, since Ad(w1)|Az1 defines a unital ∗-isomorphism between Az1

and Aw1w
∗
1 with w1w

∗
1 ∈ Z(A). We claim that the projections en are pairwise orthogonal.

Indeed, if i � j, we have 0 6 eiej = wi−1
1 e1w

∗i−1
1 wj−1

1 e1w
∗j−1
1 = wi−1

1 (e1w
j−i
1 e1w

∗j−i
1 )w∗i−1

1 6
wi−1

1 ((z1 − w1w
∗
1)(w1w

∗
1))w∗i−1

1 = 0, so that eiej = 0. We also claim that w1fw
∗
1 = f with f :=

z1−
∑

n>1 en. Indeed, w1fw
∗
1 = w1w

∗
1−
∑

n>2 en = z1−(z1−w1w
∗
1)−∑n>2 en = z1−

∑
n>1 en = f .

Put w1(n) := w1(
∑n−1

i=1 ei)+w∗n−1
1 en+

∑
i>n+1 ei+w1f+(p−z1). Clearly, all the elements w1(n)

are in NpMp(Ap) and w1(n)z1 = z1w1(n) converges to w1 as n →∞ and hence w1 ∈ NpMp(Ap)
′′.

Similarly, we can prove that w∗2 ∈ NpMp(Ap)
′′, implying that w2 ∈ NpMp(Ap)

′′. Finally, it is
trivial that w3 + (p − z3) ∈ NpMp(Ap), implying that w3 ∈ NpMp(Ap)

′′. Consequently, we have
v = vv∗w = vv∗(w1 + w2 + w3) ∈ NpMp(Ap)

′′. Hence, we are done. 2

We point out that we do not need to assume the inclusion A ⊂M to be with expectation in
Proposition 2.3.
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Popa’s intertwining techniques
To fix notation, let M be any σ-finite von Neumann algebra, 1A and 1B any nonzero projections
in M and A ⊂ 1AM1A and B ⊂ 1BM1B any von Neumann subalgebras. Popa introduced his
powerful intertwining-by-bimodules techniques in [Pop06a] in the case when M is finite and
more generally in [Pop06b] in the case when M is endowed with an almost periodic faithful
normal state ϕ for which 1A ∈ Mϕ, A ⊂ 1AM

ϕ1A and 1B ∈ Mϕ, B ⊂ 1BM
ϕ1B. It was shown

in [HV13, Ued13] that Popa’s intertwining techniques extend to the case when B is finite and
with expectation in 1BM1B and A ⊂ 1AM1A is any von Neumann subalgebra.

In this paper, we will need the following generalization of [Pop06a, Theorem A.1] in the case
when A ⊂ 1AM1A is any finite von Neumann subalgebra with expectation and B ⊂ 1BM1B is
any von Neumann subalgebra with expectation.

Theorem 2.4 [HI17, Theorem 4.3]. Let M be any σ-finite von Neumann algebra, 1A and 1B any
nonzero projections in M and A ⊂ 1AM1A and B ⊂ 1BM1B any von Neumann subalgebras with
faithful normal conditional expectations EA : 1AM1A → A and EB : 1BM1B → B, respectively.
Assume moreover that A is a finite von Neumann algebra.

Then the following conditions are equivalent.

(1) There exist projections e ∈ A and f ∈ B, a nonzero partial isometry v ∈ eMf and a unital
normal ∗-homomorphism θ : eAe → fBf such that the inclusion θ(eAe) ⊂ fBf is with
expectation and av = vθ(a) for all a ∈ eAe.

(2) There exist n > 1, a projection q ∈ Mn(B), a nonzero partial isometry v ∈ M1,n(1AM)q
and a unital normal ∗-homomorphism π : A → qMn(B)q such that the inclusion π(A) ⊂
qMn(B)q is with expectation and av = vπ(a) for all a ∈ A.

(3) There exists no net (wi)i∈I of unitaries in U(A) such that limi EB(b∗wia) = 0 σ-strongly for
all a, b ∈ 1AM1B.

If one of the above conditions is satisfied, we will say that A embeds with expectation into
B inside M and write A �M B.

Moreover, [HI17, Theorem 4.3] asserts that when B ⊂ 1BM1B is a semifinite von Neumann
subalgebra endowed with any fixed faithful normal semifinite trace Tr, then A �M B if and
only if there exist a projection e ∈ A, a Tr-finite projection f ∈ B, a nonzero partial isometry
v ∈ eMf and a unital normal ∗-homomorphism θ : eAe → fBf such that av = vθ(a) for all
a ∈ eAe. Hence, in that case, the notation A �M B is consistent with [Ued13, Proposition 3.1].
In particular, the projection q ∈Mn(B) in Theorem 2.4(2) is chosen to be finite under the trace
Tr ⊗ trn, when B is semifinite with any fixed faithful normal semifinite trace Tr. We refer to
[HI17, § 4] for further details.

Remark 2.5. Keep the notation of Theorem 2.4.
(1) Proposition 2.2 gives the following useful additional facts to Theorem 2.4: the inclusions

eAe vv∗ ⊂ vv∗Mvv∗ and θ(eAe) v∗v ⊂ v∗vMv∗v in (2) are also with expectation. Likewise, the
inclusions Aww∗ ⊂ ww∗Mww∗ and π(A)w∗w ⊂ w∗wMn(M)w∗w in (3) are also with expectation.

(2) Assume that there exist k > 1 and a nonzero partial isometry u ∈ M1,k(M) such that
uu∗ ∈ A′ ∩ 1AM1A and u∗Au �Mk(M) Mk(B). Then A �M B holds. Indeed, there exist n > 1,
a projection q ∈Mn(Mk(M)), a nonzero partial isometry w ∈M1,n(u∗uMk(M))q and a unital
normal ∗-homomorphism π : u∗Au → qMn(Mk(B))q such that the unital inclusion π(u∗Au) ⊂
qMn(Mk(B))q is with expectation and yw = wπ(y) for all y ∈ u∗Au. Define the unital normal
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∗-homomorphism ι : A → u∗Au : a 7→ u∗au. Then a simple computation shows that a uw =
uw (π ◦ ι)(a) for all a ∈ A, where uw ∈ M1,nk(1AM)q and uw 6= 0, π ◦ ι : A → qMnk(B)q
is a unital normal ∗-homomorphism and the unital inclusion (π ◦ ι)(A) ⊂ qMnk(B)q is with
expectation. Therefore, we obtain A �M B.

We are also going to use the following useful technical lemma. This is a generalization of
[Vae08, Remark 3.8].

Lemma 2.6. Keep the notation of Theorem 2.4. Let B ⊂ P ⊂ 1PM1P be any intermediate
von Neumann subalgebra with expectation. Assume that A �M P and A �M B.

Then there exist k > 1, a projection q ∈Mk(P ), a nonzero partial isometry w ∈M1,k(1AM)q
and a unital normal ∗-homomorphism π : A → qMk(P )q such that the unital inclusion
π(A) ⊂ qMk(P )q is with expectation, π(A) �Mk(P ) Mk(B) and aw = wπ(a) for all a ∈ A.

Proof. Since A �M P , there exist k > 1, a projection q ∈ Mk(P ), a nonzero partial isometry
w ∈ M1,k(1AM)q and a unital normal ∗-homomorphism π : A → qMk(P )q such that the
unital inclusion π(A) ⊂ qMk(P )q is with expectation and aw = wπ(a) for all a ∈ A. We have
w∗w ∈ π(A)′ ∩ qMk(M)q. Following [Vae08, Remark 3.8], denote by q0 the support projection
(belonging to qMk(P )q) of the element EqMk(P )q(w

∗w) and observe that q0 ∈ π(A)′ ∩ qMk(P )q.
Observe that EqMk(P )q((q − q0)w∗w(q − q0)) = 0 and hence w(q − q0) = 0, that is, w = wq0.
Thanks to Proposition 2.2, replacing q and π with q0 and π(·)q0, respectively, we may assume
without loss of generality that q is equal to the support projection of the element EqMk(P )q(w

∗w).
We claim that we have π(A) �Mk(P ) Mk(B). Indeed, otherwise there exist n > 1, a

projection r ∈Mn(Mk(B)), a nonzero partial isometry u ∈M1,n(qMk(P ))r and a unital normal
∗-homomorphism θ : π(A) → rMn(Mk(B))r such that the unital inclusion (θ ◦ π)(A) ⊂
rMn(Mk(B))r is with expectation and bu = uθ(b) for all b ∈ π(A). We moreover have
awu = wu (θ ◦ π)(a) for all a ∈ A. Observe that wu 6= 0. Indeed, otherwise we have wu = 0
and hence

EMk(P )(w
∗w)u = EMn(Mk(P ))(w

∗w u) = 0.

Since q is equal to the support projection of the element EqMk(P )q(w
∗w) and since

u ∈ M1,n(qMk(P ))r, this implies that qu = 0 and hence u = 0, which is a contradiction.
Therefore, we have wu 6= 0 and hence A �M B, which is a contradiction. Consequently, we
obtain π(A) �Mk(P ) Mk(B). 2

We point out that when P ⊂ 1PM1P is a semifinite von Neumann subalgebra endowed with
a faithful normal semifinite trace Tr, we may choose the nonzero projection q ∈Mk(P ) appearing
in Lemma 2.6 to be of finite trace with respect to the faithful normal trace Tr⊗ trk.

Amalgamated free product von Neumann algebras
Let I be any nonempty set and (B ⊂ Mi)i∈I any family of inclusions of σ-finite von Neumann
algebras with faithful normal conditional expectations Ei : Mi → B. The amalgamated free
product (M,E) = ∗B,i∈I(Mi,Ei) is the unique pair of von Neumann algebra M generated by
(Mi)i∈I and faithful normal conditional expectation E : M → B such that (Mi)i∈I is freely
independent with respect to E:

E(x1 · · ·xn) = 0 whenever xj ∈M◦ij , i1, . . . , in ∈ I and i1 6= · · · 6= in.

Here and in what follows, we denote M◦i := ker(Ei). We call the resulting M the amalgamated
free product von Neumann algebra (abbreviated to AFP von Neumann algebra) of (Mi, Ei)i∈I
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over B. We refer to the product x1 · · ·xn, where xj ∈M◦ij , i1, . . . , in ∈ I and i1 6= · · · 6= in, as a
reduced word in M◦i1 · · ·M◦in of length n > 1. The linear span of B and of all the reduced words
in M◦i1 · · ·M◦in , where n > 1, i1, . . . , in ∈ I and i1 6= · · · 6= in, forms a unital σ-strongly dense
∗-subalgebra of M .

When B = C1, Ei = ϕi(·)1 for all i ∈ I and E = ϕ(·)1, we will simply write (M,ϕ) = ∗i∈I(Mi,
ϕi) and call the resulting M the free product von Neumann algebra of (Mi, ϕi)i∈I .

When B is a semifinite von Neumann algebra with faithful normal semifinite trace Tr and
the weight Tr ◦Ei is tracial on Mi for every i ∈ I, the weight Tr ◦E is tracial on M (see [Pop93,
Proposition 3.1] for the finite case and [Ued99, Theorem 2.6] for the general case). In particular,
M is a semifinite von Neumann algebra. In that case, we will refer to (M,E) = ∗B,i∈I(Mi,Ei) as
a semifinite amalgamated free product.

Let ϕ ∈ B∗ be any faithful state. Then, for all t ∈ R, we have σϕ◦Et = ∗i∈Iσϕ◦Eit (see [Ued99,
Theorem 2.6]). By [Tak03, Theorem IX.4.2], for every i ∈ I, there exists a unique ϕ◦E-preserving
conditional expectation EMi : M → Mi. Moreover, we have EMi(x1 · · ·xn) = 0 for all the reduced
words x1 · · ·xn that contain at least one letter from M◦j for some j ∈ I\{i} (see e.g. [Ued11,
Lemma 2.1]). We will denote M 	Mi := ker(EMi). For more on (amalgamated) free product
von Neumann algebras, we refer the reader to [BHR14, Pop93, Ued99, Ued11, Ued13, Voi85,
VDN92].

The next lemma is a variant of [HU16, Lemma 2.6].

Lemma 2.7. For each i ∈ {1, 2}, let B ⊂Mi be any inclusion of σ-finite von Neumann algebras
with faithful normal conditional expectation Ei : Mi → B. Denote by (M,E) = (M1,E1)∗B (M2,
E2) the corresponding amalgamated free product.

Let ψ ∈M∗ be any faithful state such that ψ = ψ◦EM1 . Let (uj)j∈J be any net in Ball((M1)ψ)
such that limj E1(b∗uja) = 0 σ-strongly for all a, b ∈ M1. Then, for all x, y ∈ M , we have
limj EM2(y∗ujx) = 0 σ-strongly.

Proof. We first prove the σ-strong convergence when x, y ∈M1 ∪M1M
◦
2 · · ·M◦2M1 are words of

the form x = ax′c or x = a and y = by′d or y = b with a, b, c, d ∈M1 and x′, y′ ∈M◦2 · · ·M◦2 . By
free independence, for all j ∈ J , we have

EM2(y∗ujx) =


EM2(d∗y′∗ E1(b∗uja)x′c) (x = ax′c, y = by′d),

EM2(d∗y′∗)E1(b∗uja) (x = a, y = by′d),

E1(b∗uja)EM2(x′c) (x = ax′c, y = b),

E1(b∗uja) (x = a, y = b).

Since limj E1(b∗uja) = 0 σ-strongly, we have limj EM2(y∗ujx) = 0 σ-strongly.
We combine now the same pattern of approximation as in the proof of [HU16, Lemma 2.6]

with a trick using standard forms as in the proof of [HU16, Theorem 3.1]. Namely, we will work
with the standard form (M,L2(M), JM ,PM ) and denote by eM2 the Jones projection determined
by EM2 . Choose a faithful state ϕ ∈ M∗ with ϕ = ϕ ◦ E. Denote by ξϕ, ξψ ∈ PM the unique
representing vectors of ϕ,ψ, respectively. Observe that ϕ= ϕ◦EM2 and hence eM2xξϕ = EM2(x)ξϕ
holds for every x ∈ M (though we do not have eM2xξψ = EM2(x)ξψ). The rest of the proof is
divided into three steps.

(First step.) We first prove that limj ‖eM2y
∗ujξ‖L2(M) = 0 for any ξ ∈ L2(M) and any word

y ∈ M1 ∪M1M
◦
2 · · ·M◦2M1. Indeed, we may choose a sequence (xk)k, where each xk is a finite

linear combination of words in M1 ∪M1M
◦
2 · · ·M◦2M1, and such that ‖ξ − xkξϕ‖L2(M) → 0 as

k → ∞, since those linear combinations of words form a σ-strongly dense ∗-subalgebra of M .
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Then, for all j ∈ J and k ∈ N, we have

‖eM2y
∗ujξ‖L2(M) 6 ‖eM2y

∗ujxkξϕ‖L2(M) + ‖eM2y
∗uj(ξ − xkξϕ)‖L2(M)

6 ‖EM2(y∗ujxk)ξϕ‖L2(M) + ‖y‖∞‖ξ − xkξϕ‖L2(M).

The first part of the proof implies that lim supj ‖eM2y
∗ujξ‖L2(M) 6 ‖y‖∞‖ξ− xkξϕ‖L2(M) for all

k ∈ N and hence limj ‖eM2y
∗ujξ‖L2(M) = 0.

(Second step.) We next prove that limj ‖eM2y
∗ujxξψ‖L2(M) = 0 for any analytic element

x ∈ M with respect to the modular automorphism group σψ and any element y ∈ M . Indeed,
we may choose a sequence (yk)k, where each yk is a finite linear combination of words in M1 ∪
M1M

◦
2 · · ·M◦2M1, and such that limk→∞ ‖y∗ξψ− y∗kξψ‖L2(M) = 0. Then, for all j ∈ J and k ∈N,

we have

‖eM2y
∗ujxξψ‖L2(M) 6 ‖eM2y

∗
kujxξψ‖L2(M) + ‖eM2(y∗ − y∗k)ujxξψ‖L2(M)

6 ‖eM2y
∗
kujxξψ‖L2(M) + ‖(y∗ − y∗k)ujxξψ‖L2(M)

= ‖eM2y
∗
kujxξψ‖L2(M) + ‖JMσψi/2(x)∗u∗jJ

M (y∗ξψ − y∗kξψ)‖L2(M)

6 ‖eM2y
∗
kujxξψ‖L2(M) + ‖σψi/2(x)‖∞‖y∗ξψ − y∗kξψ‖L2(M),

since uj ∈ (M1)ψ. The first step implies that lim supj ‖eM2y
∗ujxξψ‖L2(M) 6 ‖σψi/2(x)‖∞‖y∗ξψ −

y∗kξψ‖L2(M) for all k ∈ N and hence limj ‖eM2y
∗ujxξψ‖L2(M) = 0.

(Final step.) We finally prove that limj ‖EM2(y∗ujx)ξϕ‖L2(M) = 0 for any elements x, y ∈M .
Indeed, we may choose a sequence (xk)k in M of analytic elements with respect to the modular
automorphism group σψ such that limk→∞ ‖xξϕ−xkξψ‖L2(M) = 0. Then, for all j ∈ J and k ∈N,
we have

‖EM2(y∗ujx)ξϕ‖L2(M) = ‖eM2y
∗ujxξϕ‖L2(M)

6 ‖eM2y
∗ujxkξψ‖L2(M) + ‖eM2y

∗uj(xξϕ − xkξψ)‖L2(M)

6 ‖eM2y
∗ujxkξψ‖L2(M) + ‖y‖∞‖xξϕ − xkξψ‖L2(M).

The second step implies that lim supj ‖EM2(y∗ujx)ξϕ‖L2(M) 6 ‖y‖∞‖xξϕ − xkξψ‖L2(M) for all
k ∈ N and hence limj ‖EM2(y∗ujx)ξϕ‖L2(M) = 0. Hence, we are done. 2

The next lemma will be used in the proof of the main theorem. This can be regarded as a
variant of [Pop83, Corollary 4.3], [Ge96, Lemma 5.1] (in the tracial case), [Ued01, Proposition 6]
(in the nontracial case) and also part of [IPP08, Theorem 1.1] (in the tracial amalgamated free
product case).

Lemma 2.8. For each i ∈ {1, 2}, let (Mi, ϕi) be any σ-finite von Neumann algebra endowed
with any faithful normal state. Denote by (M,ϕ) = (M1, ϕ1) ∗ (M2, ϕ2) the corresponding free
product.

Let 1Q ∈ M be any nonzero projection and Q ⊂ 1QM11Q be any diffuse von Neumann
subalgebra with expectation. Let n > 1. If a partial isometry v ∈ M1,n(M) with vv∗ ∈ Q or
vv∗ ∈ Q′ ∩ 1QM1Q satisfies v∗Qv ⊂ Mn(M2), then 1Q v = 0. In particular, when vv∗ ∈ Q, we
have v = 0.

Proof. When vv∗ ∈ Q, replacing Q with vv∗Qvv∗ we may and will assume that vv∗ = 1Q. Hence,
since vv∗ = 1Q ∈ Q or vv∗ ∈ Q′ ∩ 1QM1Q, we may think of the map Q → Mn(M2) : x 7→ v∗xv
as a normal (nonunital) ∗-homomorphism.
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Since Q ⊂ 1QM11Q is with expectation, we may choose a faithful state ψ ∈ M∗ such that
ψ = ψ ◦ EM1 , 1Q ∈ (M1)ψ, Q ⊂ 1QM1Q is globally invariant under the modular automorphism
group σψQ and QψQ ⊂ 1Q(M1)ψ1Q is diffuse, where ψQ := ψ(1Q · 1Q)/ψ(1Q). See e.g. the proof
of [HU16, Lemma 2.1].

Write v = [v1 · · · vn] ∈M1,n(M) and denote by trn the canonical normalized trace on Mn(C).
Since QψQ is diffuse, we can choose a sequence of unitaries (uk)k in U(QψQ) with limk→∞ uk = 0
σ-weakly. By Lemma 2.7, we have

lim
k→∞

‖EMn(M2)(v
∗ukv)‖2ϕ⊗trn = lim

k→∞

n∑
i,j=1

‖EM2(v∗i ukvj)‖2ϕ = 0.

Since v∗ukv ∈ U(v∗Qv) ⊂Mn(M2), we have

‖v∗1Qv‖ϕ⊗trn = ‖v∗ukv v∗1Qv‖ϕ⊗trn = ‖v∗ukv‖ϕ⊗trn = ‖EMn(M2)(v
∗ukv)‖ϕ⊗trn → 0

as k →∞, implying that 1Q v = 0. 2

We point out that the above way of proof is applicable even to amalgamated free products
over nontrivial subalgebras under suitable assumptions. Similarly, the same can be said about
[HU16, Proposition 2.7].

Ultraproduct von Neumann algebras
Let M be any σ-finite von Neumann algebra and ω ∈ β(N)\N any nonprincipal ultrafilter. Define

Iω(M) = {(xn)n ∈ `∞(N,M) : xn → 0 ∗ -strongly as n → ω},
Mω(M) = {(xn)n ∈ `∞(N,M) : (xn)n Iω(M) ⊂ Iω(M) and Iω(M) (xn)n ⊂ Iω(M)}.

The multiplier algebra Mω(M) is a C∗-algebra and Iω(M) ⊂ Mω(M) is a norm closed two-
sided ideal. Following [Ocn85, § 5.1], we define the ultraproduct von Neumann algebra Mω by
Mω := Mω(M)/Iω(M), which is indeed known to be a von Neumann algebra. We denote the
image of (xn)n ∈Mω(M) by (xn)ω ∈Mω.

For every x ∈M , the constant sequence (x)n lies in the multiplier algebra Mω(M). We will
then identify M with (M +Iω(M))/Iω(M) and regard M ⊂Mω as a von Neumann subalgebra.
The map Eω :Mω

→M : (xn)ω 7→ σ-weak limn→ω xn is a faithful normal conditional expectation.
For every faithful state ϕ ∈M∗, the formula ϕω := ϕ ◦Eω defines a faithful normal state on Mω.
Observe that ϕω((xn)ω) = limn→ω ϕ(xn) for all (xn)ω ∈Mω.

Following [Con74, § 2], we define

Mω(M) :=
{

(xn)n ∈ `∞(N,M) : lim
n→ω
‖xnϕ− ϕxn‖ = 0,∀ϕ ∈M∗

}
.

We have Iω(M) ⊂ Mω(M) ⊂ Mω(M). The asymptotic centralizer Mω is defined by Mω :=
Mω(M)/Iω(M). We have Mω ⊂ Mω. Moreover, by [Con74, Proposition 2.8] (see also [AH14,
Proposition 4.35]), we have Mω = M ′ ∩ (Mω)ϕ

ω
for every faithful state ϕ ∈M∗.

Let Q ⊂ M be any von Neumann subalgebra with faithful normal conditional expectation
EQ : M →Q. Choose a faithful state ϕ ∈M∗ in such a way that ϕ = ϕ ◦ EQ. We have `∞(N, Q)⊂
`∞(N,M), Iω(Q) ⊂ Iω(M) and Mω(Q) ⊂Mω(M). We will then identify Qω =Mω(Q)/Iω(Q)
with (Mω(Q) + Iω(M))/Iω(M) and be able to regard Qω ⊂Mω as a von Neumann subalgebra.
Observe that the norm ‖ · ‖(ϕ|Q)ω on Qω is the restriction of the norm ‖ · ‖ϕω to Qω. Observe
moreover that (EQ(xn))n ∈ Iω(Q) for all (xn)n ∈ Iω(M) and (EQ(xn))n ∈ Mω(Q) for all
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(xn)n ∈Mω(M). Therefore, the mapping EQω : Mω
→ Qω : (xn)ω 7→ (EQ(xn))ω is a well-defined

conditional expectation satisfying ϕω ◦ EQω = ϕω. Hence, EQω : Mω
→ Qω is a faithful normal

conditional expectation. For more on ultraproduct von Neumann algebras, we refer the reader
to [AH14, Ocn85].

We give a useful result showing how Popa’s intertwining techniques behave with respect to
taking ultraproduct von Neumann algebras.

Proposition 2.9. Let M be any σ-finite von Neumann algebra, 1A and 1B any nonzero
projections in M and A ⊂ 1AM1A and B ⊂ 1BM1B any von Neumann subalgebras with faithful
normal conditional expectations EA : 1AM1A → A and EB : 1BM1B → B, respectively. Assume
moreover that A is a finite von Neumann algebra.

Let ω ∈ β(N)\N be any nonprincipal ultrafilter. Define Aω ⊂ (1AM1A)ω = 1AM
ω1A and

Bω ⊂ (1BM1B)ω = 1BM
ω1B. If Aω �Mω Bω, then A �M B.

Proof. The proof uses an idea of [Ioa15, Lemma 9.5]. Choose a faithful state ϕ ∈ M∗ in such a
way that 1B ∈Mϕ and ϕB ◦EB = ϕB with ϕB := ϕ(1B · 1B)/ϕ(1B). Assume that Aω �Mω Bω.
By Theorem 2.4, there exist δ > 0 and a finite subset F ⊂ 1AM

ω1B such that∑
a,b∈F

‖EBω(b∗ua)‖2ϕω > δ, ∀u ∈ U(Aω). (2.1)

For each a ∈ F , write a = (an)ω with a fixed sequence (an)n ∈ 1AMω(M)1B.
We next claim that there exists n ∈ N such that∑

a,b∈F
‖EBω(b∗nuan)‖2ϕω > δ, ∀u ∈ U(Aω). (2.2)

Assume by contradiction that this is not the case. Then, for every n ∈N, there exists un ∈ U(Aω)
such that ∑

a,b∈F
‖EBω(b∗nunan)‖2ϕω < δ.

Since A is a finite von Neumann algebra, we may write un = (u
(n)
m )ω with a sequence (u

(n)
m )m ∈

`∞(N, A) such that unm ∈ U(A) for all m ∈ N. Then we have

lim
m→ω

∑
a,b∈F

‖EB(b∗nu
(n)
m an)‖2ϕ < δ

for all n ∈ N. Thus, we may choose mn ∈ N large enough so that vn := u
(n)
mn ∈ U(A) satisfies∑

a,b∈F
‖EB(b∗nvnan)‖2ϕ < δ.

Since A is finite, we may define v := (vn)ω ∈ U(Aω) and we obtain∑
a,b∈F

‖EBω(b∗va)‖2ϕω = lim
n→ω

∑
a,b∈F

‖EB(b∗nvnan)‖2ϕ 6 δ. (2.3)

Equations (2.1) and (2.3) give a contradiction. This shows that (2.2) holds. Therefore, up to
replacing the finite subset F ⊂ 1AM

ω1B with {an : a ∈ F} ⊂ 1AM1B, we may assume that
F ⊂ 1AM1B in (2.1). In particular, we obtain∑

a,b∈F
‖EB(b∗ua)‖2ϕ > δ, ∀u ∈ U(A).

This finally implies that A �M B. 2
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3. A characterization of von Neumann algebras with property Gamma

In this section, we generalize Popa’s characterization of property Gamma for tracial

von Neumann algebras (see [Oza04, Proposition 7] with N0 = M) to arbitrary von Neumann

algebras. This generalization is an unpublished result due to Houdayer–Raum, which they

obtained through their recent work [HR15].

Theorem 3.1. Let M be any diffuse von Neumann algebra with separable predual and ω ∈
β(N)\N any nonprincipal ultrafilter. The following conditions are equivalent.

(i) The central sequence algebra M ′ ∩Mω is diffuse.

(ii) The asymptotic centralizer Mω is diffuse.

(iii) There exists a faithful state ψ ∈M∗ such that M ′ ∩ (Mψ)ω is diffuse.

(iv) There exists a decreasing sequence (An)n of diffuse abelian von Neumann subalgebras of

M with expectation such that M =
∨
n∈N((An)′ ∩M).

Proof. Let zk ∈ Z(M) be a sequence of central projections such that
∑

k zk = 1, Mz0 has a

diffuse centre and Mzk is a diffuse factor for all k > 1. The equivalences (i) ⇔ (ii) ⇔ (iii) ⇔
(iv) are all obvious for Mz0, since all conditions actually hold true. Indeed, in order to obtain

(iv), observe that it suffices to take An = Z(Mz0) for every n ∈ N. It remains to prove the

equivalences for each Mzk with k > 1. Therefore, in order to prove the result and without loss

of generality, we may assume that M is a diffuse factor.

(i)⇒ (ii) (cf. [HR15, Corollary 2.6].) Fix a faithful state ϕ ∈M∗. By [Con74, Proposition 2.8]

(see also [AH14, Proposition 4.35]), we have Mω = M ′ ∩ (Mω)ϕ
ω
. Then Mω is diffuse by [HR15,

Theorem 2.3] (see also [Con74, Corollary 3.8]).

(ii) ⇒ (iii) Fix a faithful state ϕ ∈M∗. Since M ′ ∩ (Mω)ϕ
ω

= Mω is diffuse, we may choose

a projection e ∈ Mω such that ϕω(e) = 2−1. Since M is diffuse, we may write e = (en)ω with

a sequence of projections (en)n ∈ Mω(M) such that ϕ(en) = 2−1 for all n ∈ N (see [HR15,

Proposition 2.2]). Observe that σ-weak limn→ω en = 2−11M , since M is a factor. Fix a countable

‖ · ‖ϕ-dense subset Y = {yn : n ∈ N} ⊂M .

Since e ∈ Mω = M ′ ∩ (Mω)ϕ
ω
, there exists n ∈ N large enough so that the projection

p0 := en ∈ M satisfies ϕ(p0) = 2−1, ‖y0p0 − p0y0‖ϕ 6 2−1 and ‖ϕp0 − p0ϕ‖ 6 2−1. Next,

ep0 ∈ (M ′ ∩ Mω)p0 ⊂ (p0Mp0)ω is a projection satisfying ϕω(ep0) = limn→ω ϕ(enp0) = 2−2

because σ-weak limn→ω en = 2−11M . Since p0Mp0 is diffuse, we may write ep0 = (rn)ω with a

sequence of projections (rn)n ∈ Mω(p0Mp0) such that ϕ(rn) = 2−2 for all n ∈ N. Likewise, we

may write ep⊥0 = (sn)ω for a sequence of projections (sn)n ∈Mω(p⊥0 Mp⊥0 ) such that ϕ(sn) = 2−2

for all n ∈ N. Observe that e = ep0 + ep⊥0 = (rn + sn)ω ∈ M ′ ∩ (Mω)ϕ
ω
. Then there exists

n ∈ N large enough so that p1 := rn + sn satisfies ϕ(p1) = 2−1, p0p1 = p1p0, ϕ(p0p1) = 2−2,

‖yjp1 − p1yj‖ 6 2−2 for all 0 6 j 6 1 and ‖ϕp1 − p1ϕ‖ 6 2−2.

Repeating the above procedure, we construct by induction a sequence of projections (pn)n
in M satisfying the following properties.

(P1) ϕ(pn) = 2−1 for all n ∈ N.

(P2) pjpn = pnpj for all j, n ∈ N.

(P3) ϕ(pi1 · · · pir) = 2−r for all r > 1 and all r-tuples (i1, . . . , ir) of pairwise distinct integers.

(P4) ‖yjpn − pnyj‖ϕ 6 2−(n+1) for all 0 6 j 6 n.

(P5) ‖ϕpn − pnϕ‖ 6 2−(n+1) for all n ∈ N.
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It follows that (pn)n ∈Mω(M) and p := (pn)ω ∈M ′ ∩ (Mω)ϕ
ω

satisfies ϕω(p) = 2−1.
For each pair 0 6m6 n, put ϕm,n :=

∑
jm,...,jn∈{1,⊥} p

jm
m · · · pjnn ϕpjmm · · · pjnn ∈M∗ and observe

that ϕmn is a faithful normal state. For any pair 0 6 m 6 n, using the triangle inequality with
(P2) and (P5), we have

‖ϕm,n − ϕm,n+1‖ 6
∥∥∥∥ϕ− ∑

jn+1∈{1,⊥}

p
jn+1

n+1 ϕp
jn+1

n+1

∥∥∥∥ 6 2 ‖ϕpn+1 − pn+1ϕ‖ 6 2−(n+1).

This implies that for each m ∈ N, the sequence (ϕm,n)n is Cauchy and hence convergent in M∗.
Put Φm = limn→∞ ϕm,n ∈M∗ and observe that Φm is a normal state. We moreover have

‖ϕ− Φm‖ 6 ‖ϕ− ϕm,n‖+ ‖ϕm,n − Φm‖
6 2 ‖ϕpm − pmϕ‖+

∑
n>m

‖ϕm,n − ϕm,n+1‖

6 2−m +
∑
n>m

2−(n+1) = 2−(m−1).

This implies that limm→∞Φm = ϕ. Observe that Φm pn = pn Φm for all 0 6 m 6 n.

We next claim that Φm is a faithful normal state for all m ∈ N. Indeed, fix m ∈ N and

let x ∈ M+ be such that Φm(x) = 0. We prove by induction over n > m that Φn(x) = 0.

By assumption, we have Φm(x) = 0. Assume that Φn(x) = 0 for some n > m. Observe that

0 = Φn(x) = Φn+1(pnxpn +p⊥n xp
⊥
n ). Denote by q ∈M the support of the normal state Φn+1. We

have qpnxpnq = 0 = qp⊥n xp
⊥
n q. This implies that x1/2pnq = 0 = x1/2p⊥n q and hence x1/2q = 0,

that is, qxq = 0. Thus, Φn+1(x) = 0. Therefore, we have Φn(x) = 0 for all n > m and hence

ϕ(x) = limn→∞Φn(x) = 0. Since ϕ is faithful, we obtain x = 0. This shows that Φm ∈ M∗ is

faithful for every m ∈ N.

Letting ψ := Φ0, we have pn ∈Mψ for all n ∈ N and hence p = (pn)ω ∈M ′ ∩ (Mψ)ω. Since

ϕω(p) = 2−1, we have p 6= 0, 1. This implies that M ′ ∩ (Mψ)ω is diffuse. Indeed, proceeding as in

the proof of [Con74, Corollary 3.8], let f ∈M ′ ∩ (Mψ)ω be any projection such that ψω(f) = λ

with λ 6= 0, 1. Write f = (fn)ω, where fn ∈Mψ is a projection for every n ∈N. Observe that since

M is a factor, we have σ-weak limn→ω fn = λ1M . We can construct by induction an increasing

sequence of integers kn ∈ N satisfying the following properties.

(P1) |ψ(fnfkn)− λψ(fn)| 6 (n+ 1)−1 for all n ∈ N.

(P2) ‖fnfkn − fknfn‖ψ 6 (n+ 1)−1 for all n ∈ N.

(P3) ‖yjfkn − fknyj‖ψ 6 (n+ 1)−1 for all 0 6 j 6 n.

It follows that r := (fnfkn)ω ∈ M ′ ∩ (Mψ)ω is a projection satisfying r 6 f and ψ(r) = λ2.

This shows that f ∈M ′ ∩ (Mψ)ω is not a minimal projection and hence M ′ ∩ (Mψ)ω is diffuse.

(iii) ⇒ (iv) The proof of this implication is entirely analogous to the one of [Oza04,

Proposition 7] with N0 =M, but we give the details for the sake of completeness. Fix a countable

‖ · ‖ψ-dense subset Y = {yn : n ∈ N} ⊂ M . Since M ′ ∩ (Mψ)ω is diffuse (note that Mψ is

also diffuse), the proof of (ii) ⇒ (iii) shows that we can construct by induction a sequence of

projections pn ∈Mψ satisfying the following properties.

(P1) ψ(pn) = 2−1 for all n ∈ N.

(P2) pjpn = pnpj for all j, n ∈ N.

(P3) ψ(pi1 · · · pir) = 2−r for all r > 1 and all r-tuples (i1, . . . , ir) of pairwise distinct integers.

(P4) ‖yjpn − pnyj‖ψ 6 2−(n+1) for all 0 6 j 6 n.
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For each k ∈N, define Dk := Cpk⊕Cp⊥k . For each pair 0 6m6 n, define Am,n :=
∨
m6k6nDk

and Am :=
∨
m6kDk =

∨
m6nAn. Observe that Am,n, Am ⊂Mψ for all 0 6m 6 n. We also have

that (Am)m is a decreasing sequence of diffuse abelian von Neumann subalgebras of Mψ by
(P2) and (P3). Fix j ∈ N and let n > m > j. Whenever C ⊂ M is a von Neumann subalgebra
globally invariant under the modular automorphism group σψ, denote by EψC : M → C the unique

ψ-preserving conditional expectation. We have Am,n+1 = Am,n ∨ Dn+1 ⊂ Mψ, Eψ(Am,n+1)′∩M =

Eψ(Am,n)′∩M ◦ Eψ(Dn+1)′∩M (see e.g. [Pop83, Lemma 1.2.2]) and

‖Eψ(Am,n+1)′∩M (yj)− Eψ(Am,n)′∩M (yj)‖ψ = ‖Eψ(Am,n)′∩M (Eψ(Dn+1)′∩M (yj)− yj)‖ψ
6 ‖Eψ(Dn+1)′∩M (yj)− yj‖ψ
6 2 ‖pn+1yj − yjpn+1‖ψ 6 2−(n+1).

By [Pop81, Lemma 1.2 1◦], we have ‖yj−Eψ(Am)′∩M (yj)‖ψ = limn→∞ ‖yj−Eψ(Am,n)′∩M (yj)‖ψ and

hence

‖yj − Eψ(Am)′∩M (yj)‖ψ = lim
n
‖yj − Eψ(Am,n)′∩M (yj)‖ψ

6 ‖yj − Eψ(Am,n)′∩M (yj)‖ψ +
∑
n>m

‖Eψ(Am,n+1)′∩M (yj)− Eψ(Am,n)′∩M (yj)‖ψ

6 2‖pmyj − yjpm‖ψ +
∑
n>m

‖Eψ(Am,n+1)′∩M (yj)− Eψ(Am,n)′∩M (yj)‖ψ

6 2−m + 2−m = 2−(m−1).

It follows that limm ‖yj − Eψ(Am)′∩M (yj)‖ψ = 0 for all j ∈ N. Since Y ⊂ M is ‖ · ‖ψ-dense, this

implies that limm ‖y − Eψ(Am)′∩M (y)‖ψ = 0 for all y ∈M and hence M =
∨
n∈N((An)′ ∩M).

(iv) ⇒ (i) For every n ∈ N, choose a projection pn ∈ An ⊂ A0 such that ϕ(pn) = 2−1.
Then p := (pn)ω ∈ M ′ ∩Mω and ϕω(p) = 2−1. Therefore, M ′ ∩Mω 6= C1 and hence M ′ ∩Mω

is diffuse, since M is a factor (see e.g. [HR15, Corollary 2.6] or the final part of the proof of
(ii) ⇒ (iii)). 2

4. Structure of AFP von Neumann algebras over arbitrary index sets

In this section, we prove key results regarding the position of finite von Neumann subalgebras
with expectation and with either nonamenable relative commutant (see Theorem 4.4) or
nonamenable normalizer (see Theorem 4.6) inside arbitrary free product von Neumann algebras
over arbitrary index sets.

Semifinite AFP von Neumann algebras over arbitrary index sets
We will be using the following notation throughout this section.

Notation 4.1. Let I be any nonempty set and (B ⊂Mi)i∈I any family of inclusions of semifinite
σ-finite von Neumann algebras with faithful normal conditional expectations Ei : Mi → B,
where B has a faithful normal semifinite trace Tr such that Tr ◦ Ei is tracial on Mi for
every i ∈ I. Assume moreover that B is amenable. Denote by (M,E) = ∗B,i∈I(Mi,Ei) the
corresponding semifinite amalgamated free product. For each nonempty subset G ⊂ I, put
(MG ,EG) = ∗B,i∈G(Mi,Ei). By convention, put M∅ := B. In this context, any trace means
(an amplification Trn := Tr⊗ trn of) the trace Tr := Tr ◦ E or Tr ◦ EG .

2475

https://doi.org/10.1112/S0010437X16007673 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X16007673


C. Houdayer and Y. Ueda

The next proposition will be used to reduce the problem of locating subalgebras inside

arbitrary semifinite amalgamated free product von Neumann algebras over arbitrary index sets

to finite index sets.

Proposition 4.2. Keep Notation 4.1. Let p ∈ M be any nonzero finite trace projection and

Q ⊂ pMp any von Neumann subalgebra. Assume that for any nonzero projection z ∈ Q′ ∩ pMp

and any nonempty finite subset F ⊂ I, we have Qz �MMFc . Then Q is amenable.

Proof. The proof uses an idea due to Ioana. By contradiction, assume that Q is not amenable.

Up to cutting down by a nonzero central projection in Z(Q) if necessary, we may assume without

loss of generality that Q has no amenable direct summand and that for any nonzero projection

z ∈ Q′∩pMp and any nonempty finite subset F ⊂ I, we have Qz �MMFc . By assumption and

using [HI17, Lemma 4.11], for every nonempty finite subset F ⊂ I, there exist nF > 1, a finite

trace projection qF ∈MnF (MFc), a nonzero partial isometry wF ∈M1,nF (pM)qF and a unital

normal ∗-homomorphism πF :Q→ qFMnF (MFc)qF such that awF = wFπF (a) for all a ∈ Q and

limF wFwF
∗ = p = 1Q. Observe that wFwF

∗ ∈ Q′∩pMp and wF
∗wF ∈ πF (Q)′∩qFMnF (M)qF .

Since πF (Q) has no amenable direct summand and B is amenable, we have πF (Q) �MnF (M)

MnF (B) and hence [BHR14, Theorem 2.5] shows that wF
∗wF ∈ qFMnF (MFc)qF for all F .

Thus, we may assume that qF = wF
∗wF ∈ MnF (MFc) for all F . It follows that wF

∗QwF ⊂
qFMnF (MFc)qF for all F .

Put M̃ :=M∗BM, where we regard the left-hand copy ofM as the originalM, and denote
by Θ ∈ Aut(M̃) the free flip (trace-preserving) automorphism. Likewise, for every F , put M̃F :=

MF ∗BMF and denote by ΘF ∈ Aut(M̃F ) the free flip (trace-preserving) automorphism. Regard

ΘF ∈ Aut(M̃) by letting ΘF |M̃Fc
= idM̃Fc

, where M̃Fc :=MFc ∗BMFc . We have limF ΘF = Θ

in Aut(M̃). Observe that since wF
∗QwF ⊂ qFMnF (MFc)qF , we have (idnF ⊗ΘF )(wF

∗awF ) =
wF
∗awF for all a ∈ Q. Letting ξF := (idnF ⊗ΘF )(wF )wF

∗, for all a ∈ Q, we have

ΘF (a) ξF = ΘF (a) (idnF ⊗ΘF )(wF )wF
∗

= (idnF ⊗ΘF )(awF )wF
∗

= (idnF ⊗ΘF )(wF wF
∗awF )wF

∗

= (idnF ⊗ΘF )(wF ) (idnF ⊗ΘF )(wF
∗awF )wF

∗

= (idnF ⊗ΘF )(wF )wF
∗awF wF

∗

= (idnF ⊗ΘF )(wF )wF
∗ a

= ξF a.

Endow H := L2(M̃) with the M-M-bimodule structure given by x · η · y := Θ(x) η y for all

x, y ∈M and all η ∈ L2(M̃). By construction and using [Ued99, § 2], there exists a B-B-bimodule

L such that we have

H ∼= L2(M)⊗B L ⊗B L2(M)

asM-M-bimodules. (Indeed, for any amalgamated free product (M,E) = (M1, E1)∗B (M2, E2),

we have L2(M) ∼= L2(M2)⊗BK⊗B L2(M1) as M2-M1-bimodules with K := L2(B)⊕ (L2(M◦1 )⊗B
L2(M◦2 ))⊕ · · · ⊕ (L2(M◦1 )⊗B · · · ⊗B L2(M◦2 ))⊕ · · · .) Since B is amenable, [Ana95, Lemma 1.7]

shows that the M-M-bimodule H is weakly contained in the coarse M-M-bimodule L2(M)⊗
L2(M). This implies (see the proof of [CH10, Proposition 3.1]) that the pMp-pMp-bimodule

p · H · p is weakly contained in the coarse pMp-pMp-bimodule L2(pMp)⊗ L2(pMp).
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Regard ξF ∈ H and put ηF := p · ξF · p ∈ p · H · p. First, we have

‖ηF − ξF‖2 = ‖Θ(p) ξF − ξF‖2 (since ηF = Θ(p) ξF )

6 ‖(Θ(p)−ΘF (p)) ξF‖2 (since ΘF (p) ξF = ξF p = ξF )

6 ‖Θ(p)−ΘF (p)‖2 ‖ξF‖∞
6 ‖Θ(p)−ΘF (p)‖2 → 0 as F →∞.

Then we have

‖ξF‖22 = Tr(wF (idnF ⊗ΘF )(wF
∗wF )wF

∗)

= TrnF ((idnF ⊗ΘF )(wF
∗wF )wF

∗wF )

= TrnF (wF
∗wF ) (since wF

∗wF ∈MnF (M̃Fc))
= Tr(wFwF

∗) → Tr(p) as F →∞.

Since limF ‖ηF − ξF‖2 = 0, this implies that limF ‖ηF‖2 = ‖p‖2. For all x ∈ pMp and all F , we
have

‖x · ηF‖2 = ‖Θ(x) ηF‖2 6 ‖Θ(x)‖2 ‖ηF‖∞ 6 ‖x‖2.

For every a ∈ Q, we have

‖a · ξF − ξF · a‖2 = ‖Θ(a) ξF − ξF a‖2
6 ‖(Θ(a)−ΘF (a)) ξF‖2 (since ΘF (a) ξF = ξF a)

6 ‖Θ(a)−ΘF (a)‖2 ‖ξF‖∞
6 ‖Θ(a)−ΘF (a)‖2

and hence limF ‖a · ξF − ξF · a‖2 = 0. Since limF ‖ηF − ξF‖2 = 0, this implies that limF ‖a · ηF −
ηF · a‖2 = 0 for all a ∈ Q. By Connes’s characterization of amenability [Con76] applied to the
finite von Neumann algebra Q and the net (ηF )F in p · H · p (see also [Ioa15, Lemma 2.3]), it
follows that Q has an amenable direct summand, which is a contradiction. 2

Relative commutants inside AFP von Neumann algebras
We begin by studying relative commutants inside semifinite amalgamated free product
von Neumann algebras.

Theorem 4.3. Keep Notation 4.1. Let p ∈ M be any nonzero finite trace projection and
Q ⊂ pMp any von Neumann subalgebra with no amenable direct summand and such that
Q′ ∩ pMp �M B. Then there exists i ∈ I such that Q �MMi.

Proof. Since Q′ ∩ pMp �M B, we have (Q′ ∩ pMp)ω �Mω Bω by Proposition 2.9. Since
(Q′ ∩ pMp)ω ⊂ Q′ ∩ (pMp)ω, we also have Q′ ∩ (pMp)ω �Mω Bω. For each nonempty finite
subset F ⊂ I, regardM =MF ∗BMFc . By [HU16, Corollary 4.2], for every nonzero projection
z ∈ Q′∩pMp, we have Qz �MMF or Qz �MMFc . Since Q has no amenable direct summand,
there exist a nonzero projection z ∈ Q′ ∩ pMp and a nonempty finite subset F such that
Qz �M MF by Proposition 4.2. Therefore, we have Q �M MF . Put P := Q ∨ (Q′ ∩ pMp).
Since Q �M B, we also have that P �MMF by [BHR14, Proposition 2.7].

Then there exist n > 1, a finite trace projection q ∈Mn(MF ), a nonzero partial isometry
w ∈ M1,n(pM)q and a unital normal ∗-homomorphism π : P → qMn(MF )q such that
aw = wπ(a) for all a ∈ P. Observe that ww∗ ∈ P ′∩pMp = Z(P) and w∗w ∈ π(P)′∩ qMn(M)q.
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Since P has no amenable direct summand, we have π(P) �Mn(MF ) Mn(B). This implies that
w∗w ∈ qMn(MF )q by [BHR14, Theorem 2.5] and hence we may assume that q = w∗w. We obtain
w∗Pw ⊂ qMn(MF )q. Observe that w∗Qw and w∗(Q′∩pMp)w are commuting unital subalgebras
of w∗Pw such that w∗Qw has no amenable direct summand and w∗(Q′ ∩ pMp)w �Mn(MF )

Mn(B) by Remark 2.5(2) (recall that Q′ ∩ pMp �M B). Observe that for each i ∈ F ,
w∗Qw �Mn(MF ) Mn(Mi) leads to Q �M Mi by Remark 2.5(2). Therefore, we have shown
that in order to prove Theorem 4.3, we may assume that the index set I is finite.

When the index set I is finite, a straightforward induction procedure over k := |I| using a
combination of the above reasoning with [HU16, Corollary 4.2] proves the result. Indeed, assume
that the result is true for any set I such that |I| = k with k > 1. Next, let I be any set such that
|I| = k+ 1. Simply denote I = {1, . . . , k+ 1}. RegardM =MF ∗BMk+1, where F = {1, . . . , k}.
The same reasoning as in the first paragraph above shows that Q �M MF or Q �M Mk+1.
If Q �M Mk+1, we are done. If Q �M MF , the same reasoning as in the second paragraph
above shows that with letting P := Q ∨ (Q′ ∩ pMp), there exist n > 1, a finite trace projection
q ∈Mn(MF ), a nonzero partial isometry w ∈M1,n(pM)q and a unital normal ∗-homomorphism
π : P→ qMn(MF )q such that aw = wπ(a) for all a ∈ P. We may moreover assume that w∗w = q.
Then w∗Qw and w∗(Q′ ∩ pMp)w are commuting unital subalgebras of w∗Pw such that w∗Qw
has no amenable direct summand and w∗(Q′ ∩ pMp)w �Mn(MF ) Mn(B). Using the induction
hypothesis, there exists i ∈ F = {1, . . . , k} such that w∗Qw �Mn(MF ) Mn(Mi). Then Q �MMi

holds by Remark 2.5(2). This finishes the proof of the induction procedure and completes the
proof of Theorem 4.3. 2

We now prove a general result locating finite subalgebras with expectation and with
nonamenable relative commutant inside arbitrary amalgamated free product von Neumann
algebras. This result will be used in the proof of the main theorem (cases (i) and (ii)).

Theorem 4.4. Let I be any nonempty set and (B ⊂Mi)i∈I any family of inclusions of σ-finite
von Neumann algebras with faithful normal conditional expectations Ei : Mi → B. Assume
moreover that B is amenable. Denote by (M,E) = ∗B,i∈I(Mi,Ei) the corresponding amalgamated
free product.

Let 1A ∈M be any nonzero projection and A ⊂ 1AM1A any finite von Neumann subalgebra
with expectation. Then at least one of the following conditions holds true.
• There exists i ∈ I such that A �M Mi.
• The von Neumann subalgebra A′ ∩ 1AM1A is amenable.

Proof. Put Ã = A ⊕ C(1M − 1A) and denote by E
Ã

: M → Ã a faithful normal conditional

expectation. Choose a faithful trace τ
Ã
∈ Ã∗ and put ψ = τ

Ã
◦ E

Ã
. Observe that 1A ∈ Mψ and

the von Neumann subalgebras A and A′ ∩ 1AM1A are globally invariant under the modular
automorphism group σψA of ψA := ψ(1A · 1A)/ψ(1A).

Assume that A′ ∩ 1AM1A is not amenable. Observe that if A �M B, we are done. Hence,
we may further assume that A �M B. Choose a nonzero central projection z ∈ Z(A′ ∩ 1AM1A)
such that (A′ ∩ 1AM1A)z has no amenable direct summand. Observe that z ∈ Mψ and the
von Neumann subalgebras Az and (A′ ∩ 1AM1A)z are globally invariant under the modular
automorphism group σψz of ψz := ψ(z · z)/ψ(z). Then cψz((A

′ ∩ 1AM1A)z) has no amenable
direct summand by [BHR14, Proposition 2.8].

Fix a faithful state ϕ ∈ B∗ and put B := cϕ(B), M := cϕ◦E(M) and Mi := cϕ◦Ei(Mi) for
every i ∈ I. Let q ∈ Lψ(R) be any nonzero finite trace projection and put p := Πϕ,ψ(q) and
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Q := Πϕ,ψ(qcψz((A
′ ∩ 1AM1A)z)q). Then Q ⊂ pMp has no amenable direct summand. Since

A �M B, we have Az �M B by [HI17, Remark 4.2(2)]. By [HU16, Lemma 2.4], we obtain
Πϕ,ψ(πψ(Az)q) �M B. Since Πϕ,ψ(πψ(Az)q) ⊂ Q′ ∩ pMp, we conclude that Q′ ∩ pMp �M B.

By Theorem 4.3, there exists i ∈ I such that Q �M Mi. Since Q �M B (recall that
cψz((A

′ ∩ 1AM1A)z) has no amenable direct summand), we also have Q′ ∩ pMp �M Mi by
[BHR14, Proposition 2.7] and hence Πϕ,ψ(πψ(Az)q) �MMi. By [HU16, Lemma 2.4], this implies
that Az �M Mi and hence A �M Mi by [HI17, Remark 4.2(2)]. 2

Normalizers inside AFP von Neumann algebras
We begin by studying normalizers inside semifinite amalgamated free product von Neumann
algebras. For a technical reason, we only deal with amalgamated free products of type II∞
factors. This result will be sufficient for our purposes.

Theorem 4.5. Keep Notation 4.1. Assume moreover that B is a diffuse subalgebra and MG
is a type II∞ factor for every nonempty subset G ⊂ I. Let p ∈ M be any nonzero finite trace
projection and A ⊂ pMp any amenable von Neumann subalgebra such that A �M B. Put
Q := NpMp(A)′′ and assume that Q has no amenable direct summand. Then there exists i ∈ I
such that Q �MMi.

Proof. For each nonempty finite subset F ⊂ I, regard M =MF ∗BMFc . Let z ∈ Q′ ∩ pMp be
any nonzero projection. Since M is a type II∞ factor and since B ⊂ M is a diffuse subalgebra
with trace-preserving conditional expectation, there exists u ∈ U(M) such that uzu∗ ∈ B. Since
the unital inclusion uAzu∗ ⊂ uQzu∗ is regular and since uAzu∗�M B by assumption (and
Remark 2.5(2)), we have uQzu∗ �MMF or uQzu∗ �MMFc by Theorem A.4 (together with
the comment following it) and [BHR14, Proposition 2.7]. Accordingly, we have Qz �MMF or
Qz �M MFc (by Remark 2.5(2)). Since Q has no amenable direct summand, Proposition 4.2
ensures that there exist a nonzero projection z ∈ Q′∩pMp and a nonempty finite subset F such
that Qz �MMF . Therefore, we have that Q �MMF .

Then there exist n > 1, a finite trace projection q ∈Mn(MF ), a nonzero partial isometry
w ∈ M1,n(pM)q and a unital normal ∗-homomorphism π : Q → qMn(MF )q such that
aw = wπ(a) for all a ∈ Q. Observe that ww∗ ∈ Q′ ∩ pMp and w∗w ∈ π(Q)′ ∩ qMn(M)q.
Since Q has no amenable direct summand, we have π(Q) �Mn(MF ) Mn(B). Then [BHR14,
Theorem 2.5] implies that w∗w ∈ qMn(MF )q and hence we may assume that q = w∗w. We
obtain w∗Qw ⊂ qMn(MF )q.

Since ww∗ ∈ Q′ ∩ pMp, it follows that the unital inclusion w∗Aw ⊂ w∗Qw is regular, w∗Qw
has no amenable direct summand and w∗Aw �Mn(MF ) Mn(B) (by Remark 2.5(2) and A �M B).
By Remark 2.5(2), w∗Qw �Mn(MF ) Mn(Mi) implies that Q �MMi for every i ∈ F . Therefore,
since Mn(MG) is a type II∞ factor for every nonempty subset G ⊂ F and since Mn(B) is diffuse,
we have shown that in order to prove Theorem 4.3, we may assume that the index set I is finite.

When the index set I is finite, a straightforward induction procedure over k := |I| using a
combination of the above reasoning with the assumptions thatMG is a type II∞ factor for every
nonempty subset G ⊂ I and B is diffuse and with Theorem A.4 proves the result (see the last
paragraph of the proof of Theorem 4.3). 2

We now prove a result locating certain finite subalgebras with expectation and with
nonamenable normalizer inside arbitrary free products of σ-finite factors. This result will be
used in the proof of the main theorem (case (iii)).
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Theorem 4.6. Let I be any nonempty set and (Mi, ϕi)i∈I any family of σ-finite factors endowed
with any faithful normal states. Denote by (M,ϕ) = ∗i∈I(Mi, ϕi) the corresponding free product.

Let 1A ∈M be any nonzero projection and A ⊂ 1AM1A any amenable finite von Neumann
subalgebra with expectation such that A′ ∩ 1AM1A = Z(A). Then at least one of the following
conditions holds true.
• There exists i ∈ I such that A �M Mi.
• The von Neumann subalgebra N1AM1A(A)′′ is amenable.

Proof. Denote by R∞ the unique amenable type III1 factor. Put B̃ = C1M ⊗R∞, M̃ = M ⊗R∞
and Ẽ = ϕ ⊗ idR∞ and M̃i = Mi⊗R∞ and Ẽi = ϕi ⊗ idR∞ for every i ∈ I. We may and will

naturally regard the pair (M̃, Ẽ) as

(M̃, Ẽ) = ∗
B̃,i∈I(M̃i, Ẽi).

Observe that M̃i = Mi⊗R∞ is a type III1 factor for every i ∈ I. (This is well known
without explicit reference and can be confirmed by computing the (smooth) flow of weights; see
[CT77, Corollary 6.8].) For every nonempty subset G ⊂ I, MG is a factor by [Ued11, Theorem

4.1] and hence M̃G = MG ⊗R∞ is a type III1 factor by the same reasoning as above.
Fix an irreducible type II1 subfactor R ⊂ R∞ with expectation (whose existence is explained

in e.g. [Haa86, Example 1.6]). Put Ã = (A ⊕ C(1M − 1A))⊗R and denote by E
Ã

: M̃ → Ã a

faithful normal conditional expectation. Choose a faithful trace τ
Ã
∈ Ã∗ and put ψ = τ

Ã
◦E

Ã
. We

will simply denote D := (1A ⊗ 1R)Ã(1A ⊗ 1R) and 1D := 1A ⊗ 1R. Observe that D′ ∩ 1DM̃1D =

Z(D), the unital inclusion (N1AM1A(A)′′ ⊕ C(1M − 1A))⊗C1R ⊂ M̃ is with expectation and
also so is

N1AM1A(A)′′⊗C1R = 1D((N1AM1A(A)′′ ⊕C(1M − 1A))⊗C1R)1D ⊂ N1DM̃1D
(D)′′.

Moreover, we have 1D ∈ M̃ψ and the von Neumann subalgebras D and N
1DM̃1D

(D)′′ are globally

invariant under the modular automorphism group σψD of ψD := ψ(1D · 1D)/ψ(1D).
Observe that we have

cψD(N
1DM̃1D

(D)′′) ⊂ N
cψD (1DM̃1D)

(cψD(D))′′.

Indeed, let u ∈ N
1DM̃1D

(D) and t ∈ R. For every a ∈ D, we have

uσψDt (u∗) a = uσψDt (u∗au)σψDt (u)∗ = uu∗auσψDt (u)∗ = a uσψDt (u)∗.

This shows that uσψDt (u)∗ ∈ D′ ∩ 1DM̃1D = Z(D) and hence we have πψD(u)λψD(t)πψD(u)∗ ∈
πψD(Z(D))λψD(t). Therefore, we obtain that cψD(N

1DM̃1D
(D)′′) ⊂ N

cψD (1DM̃1D)
(cψD(D))′′ and

this inclusion is with trace-preserving conditional expectation.
Assume that N1AM1A(A)′′ is not amenable. Observe that if A �M B, we are done. Hence,

we may further assume that A �M B. Then N
1DM̃1D

(D)′′ is not amenable (since it contains

N1AM1A(A)′′⊗C1R with expectation) and D �
M̃
B̃ by [HI17, Lemma 4.6]. Choose a nonzero

projection z ∈ Z(N
1DM̃1D

(D)′′) such that N
1DM̃1D

(D)′′z has no amenable direct summand.

Observe that z ∈ M̃ψ, Dz ⊂ zM̃ψz and N
zM̃z

(Dz)′′ = N
1DM̃1D

(D)′′z is globally invariant under

the modular automorphism group σψz of ψz = ψ(z · z)/ψ(z). Then cψz(NzM̃z
(Dz)′′) has no

amenable direct summand by [BHR14, Proposition 2.8].
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Fix a faithful state χ ∈ (R∞)∗ and put B := cχ(B̃), M := cϕ⊗χ(M̃) and Mi := cϕi⊗χ(M̃i)
for every i ∈ I. Observe that B ⊂ M is a diffuse subalgebra with trace-preserving conditional
expectation and MG is a type II∞ factor for every nonempty subset G ⊂ I. Let q ∈ Lψ(R)
be any nonzero finite trace projection. Put p := Πϕ⊗χ,ψ(q) ∈ M, A := Πϕ⊗χ,ψ(cψz(Dz)q) and

Q := Πϕ⊗χ,ψ(qcψz(NzM̃z
(Dz)′′)q). Since Dz ⊂ zM̃ψz and L(R) is a MASA in B(L2(R)), we

have cψz(Dz)
′ ∩ cψz(zM̃z) = Z(cψz(Dz)) and hence

q(N
cψz (zM̃z)

(cψz(Dz))
′′)q = N

qcψz (zM̃z)q
(cψz(Dz)q)

′′

by Proposition 2.3. Then we have Q = NpMp(A)′′, Q has no amenable direct summand and

A �M B by [HU16, Lemma 2.4], since Dz �
M̃
B̃. By Theorem 4.5, there exists i ∈ I such that

A �MMi. Then [HU16, Lemma 2.4] shows that Dz �
M̃
M̃i and hence D �

M̃
M̃i. Finally, [HI17,

Lemma 4.6] guarantees that A �M Mi. 2

We point out that when dealing with tracial free product von Neumann algebras, Theorem
4.6 holds true for any family (Mi, τi)i∈I of tracial von Neumann algebras and any amenable von
Neumann subalgebra A ⊂ 1AM1A.

Relative property (T) subalgebras inside AFP von Neumann algebras
Recall from [Pop06a, Definition 4.2.1] that an inclusion of tracial von Neumann algebras A ⊂ N
with a faithful normal tracial state τ is said to have relative property (T) if for every net
(Φi : N → N)i∈I of subtracial subunital completely positive maps such that limi ‖Φi(x)−x‖2 = 0
for all x ∈ N , we have

lim
i

sup
y∈Ball(A)

‖Φi(y)− y‖2 = 0.

We begin by locating relative property (T) subalgebras inside semifinite amalgamated free
product von Neumann algebras. This is a semifinite analogue of [IPP08, Theorem 4.3].

Theorem 4.7. Keep Notation 4.1. Let p ∈ M be any nonzero finite trace projection and
A ⊂ pMp any von Neumann subalgebra with relative property (T). Then there exists i ∈ I
such that A �MMi.

Proof. For each nonempty finite subset F ⊂ I, regard M =MF ∗BMFc and denote by EMF :
M→MF the unique trace-preserving conditional expectation. Define the net ΦF : pMp→ pMp
of subtracial subunital completely positive maps by ΦF (x) = pEMF (x)p for all x ∈ pMp. Observe
that limF ‖ΦF (x)− x‖2 = 0 for all x ∈ pMp.

By relative property (T) of the inclusion A ⊂ pMp, there exists a nonempty finite subset
F ⊂ I such that

‖EMF (u)‖2 > ‖pEMF (u)p‖2 = ‖ΦF (u)‖2 > 1
2‖p‖2,∀u ∈ U(A).

If A �MMF , then, by Theorem 2.4, there exists a net (uj)j∈J in U(A) with limj ‖EMF (uj)‖2
= 0, contradicting the above inequality. Hence, we obtain A �MMF .

If A �M B, then A �MMi for any i ∈ I and we are done. If A �M B, then Theorem 2.4
and Lemma 2.6 enable us to choose n > 1, a finite trace projection q ∈ Mn(MF ), a nonzero
partial isometry w ∈ M1,n(pM)q and a unital normal ∗-homomorphism π : A → qMn(MF )q
such that π(A) �Mn(MF ) Mn(B) and aw = wπ(a) for all a ∈ A. By [BHR14, Theorem 2.5], we
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have π(A)′ ∩ qMn(M)q = π(A)′ ∩ qMn(MF )q. Then we have w∗w ∈ π(A)′ ∩ qMn(MF )q and
so we may assume that q = w∗w and w∗Aw = π(A) ⊂ qMn(MF )q.

By relative property (T) of the inclusion A ⊂ pMp and [Pop06a, Proposition 4.7], the unital
inclusion w∗Aw ⊂ qMn(M)q has relative property (T). Consider

Mn(M) = (∗Mn(B),i∈FMn(Mi)) ∗Mn(B) Mn(MFc).
Since A �M B, we have w∗Aw �Mn(M) Mn(B) by Remark 2.5(2). Since moreover w∗Aw ⊂
qMn(MF )q, we have w∗Aw �Mn(M) Mn(MFc) by Theorem 2.4 with the help of Lemma 2.7.
Since the unital inclusion w∗Aw ⊂ qMn(M)q moreover has relative property (T), [BHR14,
Theorem 3.3] (whose proof works well for semifinite amalgamated free products of finitely many
algebras) shows that there exists i ∈ F such that w∗Aw �Mn(M) Mn(Mi). By Remark 2.5(2),
this implies that A �MMi. 2

We point out that we do not need to assume B to be amenable in Theorem 4.7. We finally
deduce the following result that will be used in the proof of the main theorem (case (iv)).

Theorem 4.8. Let I be any nonempty set and (B ⊂Mi)i∈I any family of inclusions of σ-finite
von Neumann algebras with faithful normal conditional expectations Ei : Mi → B. Denote by
(M,E) = ∗B,i∈I(Mi,Ei) the corresponding amalgamated free product.

Let 1Q ∈M be any nonzero projection and Q ⊂ 1QM1Q any finite von Neumann subalgebra
with expectation that possesses a von Neumann subalgebra A ⊂ Q with relative property (T).
Then there exists i ∈ I such that A �M Mi.

Proof. Put Q̃=Q⊕C(1M−1Q) and let E
Q̃

:M → Q̃ be a faithful normal conditional expectation.

Choose a faithful trace τ
Q̃
∈ (Q̃)∗ and put ψ = τ

Q̃
◦E

Q̃
. Observe that 1Q ∈Mψ and Q ⊂ 1QM

ψ1Q.

Fix a faithful state ϕ ∈ B∗ and put B := cϕ(B), M := cϕ◦E(M) and Mi := cϕ◦Ei(Mi) for
every i ∈ I. Fix a nonzero finite trace projection q ∈ Lψ(R) and put p := Πϕ,ψ(q) ∈ M and
A := Πϕ,ψ(πψ(A)q) ⊂ pMp. Since the inclusion A ⊂ Q has relative property (T) and since

(Πϕ,ψ(πψ(A)q) ⊂ Πϕ,ψ(πψ(Q)q)) ∼= (A ⊂ Q)

and
A = Πϕ,ψ(πψ(A)q) ⊂ Πϕ,ψ(πψ(Q)q) ⊂ pMp,

the inclusion A ⊂ pMp also has relative property (T). By Theorem 4.7, there exists i ∈ I such
that A �MMi and hence A �M Mi by [HU16, Lemma 2.4]. 2

5. Proof of the main theorem

Assume that M and N are isomorphic and identify M = N . Note however that we cannot
identify ϕ with ψ.

Fix an arbitrary i ∈ I. We first prove the following intermediate assertion.
(♦) There exist j = α(i) ∈ J , nj > 1 and a nonzero partial isometry vj ∈ M1,nj (M) such

that v∗j vj ∈ Mnj (Nj), vjv
∗
j ∈ Mi and v∗jMivj ⊂ v∗j vjMnj (Nj)v

∗
j vj . Observe that the unital

inclusion vjv
∗
jMivjv

∗
j ⊂ vjv

∗
jMvjv

∗
j is with expectation and hence so is the unital inclusion

v∗jMivj ⊂ v∗j vjMnj (M)v∗j vj . Therefore, the unital inclusion v∗jMivj ⊂ v∗j vjMnj (Nj)v
∗
j vj is with

expectation. When Nj is semifinite, we will be able to choose the partial isometry vj ∈M1,nj (M)
in such a way that v∗j vj ∈Mnj (Nj) has finite trace. This is because we are going to use Theorem
2.4 and show, as a crucial step, that A �M Nj for a well-chosen finite von Neumann subalgebra
A ⊂Mi with expectation.

We will treat cases (i), (ii), (iii) and (iv) separately as follows.
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Case (i). Assume that Mi is not prime. Hence, we may write Mi = P1⊗P2 with diffuse factors
P1 and P2. We may assume without loss of generality that P2 is not amenable. Choose a faithful
state χ1 ∈ (P1)∗ such that (P1)χ1 is diffuse (see [HS90, Theorem 11.1]) and a faithful state
χ2 ∈ (P2)∗, and put χ = χ1 ⊗ χ2. Observe that there exists a diffuse abelian von Neumann
subalgebra A1 ⊂ (P1)χ1 , and put A = A1 ⊗C1. Since P2 is not amenable and since the unital
inclusion C1⊗P2 ⊂ A′∩M is with expectation (observe that C1⊗P2 ⊂M is with expectation),
A′ ∩M is not amenable either. By Theorem 4.4, there exists j = α(i) ∈ J such that A �M Nj .

There exist nj > 1, a projection qj ∈Mnj (Nj), a nonzero partial isometry vj ∈M1,nj (M)
and a unital normal ∗-homomorphism π : A → qjMnj (Nj)qj such that the unital inclusion
π(A) ⊂ qjMnj (Nj)qj is with expectation and avj = vjπ(a) for all a ∈ A. By Proposition 2.2
(see Remark 2.5(1)), the unital inclusions Avjv

∗
j ⊂ vjv

∗
jMvjv

∗
j and v∗jAvj = π(A)v∗j vj ⊂

v∗j vjMnj (M)v∗j vj are with expectation. By [HU16, Proposition 2.7(2)], we have vjv
∗
j ∈ A′∩M =

A′ ∩Mi, v
∗
j vj ∈Mnj (Nj) and v∗j (A

′ ∩Mi)vj ⊂ v∗j vjMnj (Nj)v
∗
j vj .

Observe that A′ ∩Mi = ((A1)′ ∩ P1)⊗P2. By the same reasoning as in the proof of [HI17,
Lemma 4.13] and by Lemma 2.1, there exist nonzero projections p1 ∈ (A1)′ ∩ (P1)χ1 and
p2 ∈ (P2)χ2 such that p1p2 - vjv

∗
j in A′ ∩ Mi. Let u ∈ A′ ∩ Mi be a partial isometry such

that uu∗ = p1p2 and u∗u 6 vjv
∗
j . We have a uvj = uvj π(a) for all a ∈ A and (uvj)(uvj)

∗ =
uvjv

∗
ju
∗ = p1p2 and (uvj)

∗(uvj) = v∗ju
∗uvj ∈Mnj (Nj). So, up to replacing vj with uvj , we may

assume that vjv
∗
j = p1p2.

Observe that the unital inclusion p2P2p2p1 ⊂ p1p2Mp1p2 is with expectation and so is the
unital inclusion v∗jP2p1vj ⊂ v∗j vjMnj (Nj)v

∗
j vj (recall that v∗j (A

′ ∩Mi)vj ⊂ v∗j vjMnj (Nj)v
∗
j vj).

Then [HU16, Proposition 2.7(1)] shows that

v∗jP1p2vj = (v∗jP2p1vj)
′ ∩ (v∗jMvj)

= (v∗jP2p1vj)
′ ∩ v∗j vjMnj (M)v∗j vj

= (v∗jP2p1vj)
′ ∩ v∗j vjMnj (Nj)v

∗
j vj

⊂ v∗j vjMnj (Nj)v
∗
j vj .

Since v∗jMivj = v∗jP1p2vj ∨ v∗jP2p1vj , we obtain v∗jMivj ⊂ v∗j vjMnj (Nj)v
∗
j vj .

Case (ii). Assume that Mi has property Gamma, that is, the central sequence algebra (Mi)
′ ∩

(Mi)
ω is diffuse. By Theorem 3.1, there exists a decreasing sequence (An)n of diffuse abelian

subalgebras of Mi with expectation such that Mi =
∨
n((An)′ ∩Mi). Since Mi is not amenable,

there exists n ∈ N such that (An)′ ∩Mi is not amenable. Observe that (An)′ ∩Mi = (An)′ ∩M
by [HU16, Proposition 2.7(1)]. By Theorem 4.4, there exists j = α(i) ∈ J such that An �M Nj .

There exist nj > 1, a projection qj ∈Mnj (Nj), a nonzero partial isometry vj ∈M1,nj (M) and
a unital normal ∗-homomorphism π : An → qjMnj (Nj)qj such that the unital inclusion π(An) ⊂
qjMnj (Nj)qj is with expectation and avj = vjπ(a) for all a ∈ An. By [HU16, Proposition 2.7(2)],
we have vjv

∗
j ∈ (An)′∩M = (An)′∩Mi, v

∗
j vj ∈Mnj (Nj) and v∗j ((An)′∩Mi)vj ⊂ v∗j vjMnj (Nj)v

∗
j vj .

Observe that π(Ak) ⊂ π(An) is with expectation for every k > n (since An is abelian). Hence, the
inclusion π(Ak) ⊂ qjMnj (Nj)qj is with expectation for every k > n. As in the second paragraph
in case (i), we observe that v∗j ((Ak)

′ ∩Mi)vj ⊂ v∗j vjMnj (Nj)v
∗
j vj for every k > n. Since Mi =∨

n∈N((An)′ ∩Mi), we finally obtain v∗jMivj ⊂ v∗j vjMnj (Nj)v
∗
j vj .

Case (iii). Assume that Mi possesses an amenable finite von Neumann subalgebra A with
expectation such that A′ ∩Mi = Z(A) and NMi(A)′′ = Mi. Since Mi is not a type I factor,
it is easy to see that A is necessarily diffuse and hence [HU16, Proposition 2.7] shows that
A′ ∩ M = A′ ∩ Mi = Z(A) and NM (A)′′ = NMi(A)′′ = Mi. By Theorem 4.6, there exists
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j = α(i) ∈ J such that A �M Nj . Namely, there exist nj > 1, a projection qj ∈ Mnj (Nj),
a nonzero partial isometry vj ∈ M1,nj (M) and a unital normal ∗-homomorphism π : A →

qjMnj (Nj)qj such that the unital inclusion π(A) ⊂ qjMnj (Nj)qj is with expectation and
avj = vjπ(a) for all a ∈ A. By [HU16, Proposition 2.7], we have vjv

∗
j ∈ A′ ∩ M = A′ ∩ Mi

and v∗j vj ∈Mnj (Nj) and hence v∗jMivj ⊂ v∗j vjMnj (Nj)v
∗
j vj .

Case (iv). Assume that Mi is a II1 factor that possesses a regular diffuse von Neumann subalgebra
A⊂Mi with relative property (T). By Theorem 4.8, there exists j = α(i) ∈ J such that A�M Nj .
In the exactly same way as in the proof of case (iii), we conclude that there exist nj > 1 and
a nonzero partial isometry vj ∈M1,nj (M) such that v∗j vj ∈Mnj (Nj), vjv

∗
j ∈Mi and v∗jMivj ⊂

v∗j vjMnj (Nj)v
∗
j vj .

We have completed the proof of the desired intermediate assertion (♦).
By symmetry, for any given j ∈ J , there exist i = β(j) ∈ I, mi > 1 and a nonzero

partial isometry wi ∈ M1,mi(M) such that w∗iwi ∈ Mmi(Mi), wiw
∗
i ∈ Nj and w∗iNjwi ⊂

w∗iwiMmi(Mi)w
∗
iwi. Moreover, the unital inclusion w∗iNjwi ⊂ w∗iwiMmi(Mi)w

∗
iwi is with

expectation.

For every i ∈ I, put w
(nα(i))

i := wi ⊗ 1nα(i) ∈ M1,mi(M) ⊗Mnα(i)(C) = Mnα(i),nα(i)mi(M).

Observe that w
(nα(i))

i (w
(nα(i))

i )∗ = wiw
∗
i ⊗ 1nα(i) ∈ Mnα(i)(Nα(i)), (w

(nα(i))

i )∗w
(nα(i))

i = w∗iwi ⊗
1nα(i) ∈Mnα(i)mi(Mβ(α(i))) and

(w
(nα(i))

i )∗Mnα(i)(Nα(i))w
(nα(i))

i = w∗iNα(i)wi ⊗Mnα(i)(C)

⊂ w∗iwiMmi(Mβ(α(i)))w
∗
iwi ⊗Mnα(i)(C)

= (w
(nα(i))

i )∗w
(nα(i))

i Mnα(i)mi(Mβ(α(i)))(w
(nα(i))

i )∗w
(nα(i))

i .

Since the inclusion w∗iNα(i)wi ⊂ w∗iwiMmi(Mβ(α(i)))w
∗
iwi is with expectation, so is the above

inclusion.
Since Mi and Nα(i) are diffuse factors and since the projection (vα(i))

∗vα(i) ∈Mnα(i)(Nα(i))
has finite trace if Nα(i) is semifinite as claimed in the first paragraph of the proof, up to
shrinking vα(i)(vα(i))

∗ ∈ Mi if necessary, we may further choose the partial isometry vα(i) ∈
M1,nα(i)(M) so that (vα(i))

∗vα(i) - w
(nα(i))

i (w
(nα(i))

i )∗ in Mnα(i)(Nα(i)). Since Nα(i) is a factor,
we can find a nonzero partial isometry u ∈ Mnα(i)(Nα(i)) such that uu∗ = (vα(i))

∗vα(i) and

u∗u 6 w
(nα(i))

i (w
(nα(i))

i )∗. Then v := vα(i)uw
nα(i)
i is a nonzero partial isometry in M1,nα(i)mi(M)

such that

vv∗ = vα(i)uw
(nα(i))

i (w
(nα(i))

i )∗u∗(vα(i))
∗ = vα(i)uu

∗(vα(i))
∗ = vα(i)(vα(i))

∗ ∈Mi,

v∗v = (w
(nα(i))

i )∗u∗(vα(i))
∗vα(i)uw

(nα(i))

i = (w
(nα(i))

i )∗u∗uw
(nα(i))

i ∈Mnα(i)mi(Mβ(α(i)))

and

v∗Miv = (w
(nα(i))

i )∗u∗(vα(i))
∗Mi vα(i)uw

(nα(i))

i

⊂ (w
(nα(i))

i )∗ u∗Mnα(i)(Nα(i))uw
(nα(i))

i

⊂ v∗vMnα(i)mi(Mβ(α(i)))v
∗v. (5.1)

Note that the inclusions in (5.1) are with expectation.
By Lemma 2.8, we have β(α(i)) = i for every i ∈ I. Since the inclusions in (5.1) are with

expectation and since vv∗ ∈Mi and v∗v ∈Mnα(i)mi(Mi), we necessarily have v ∈M1,nα(i)mi(Mi)
by [HU16, Proposition 2.7(1)]. Therefore, (5.1) must be an equality with β(α(i)) = i.
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This implies that vα(i)u= v(w
(nα(i))

i )∗ ∈M1,nα(i)(M) with (vα(i)u)(vα(i)u)∗ = v(w
(nα(i))

i )∗w
(nα(i))

i v∗

∈ Mi, (vα(i)u)∗(vα(i)u) = u∗u ∈ Mnα(i)(Nα(i)) and u∗(vα(i))
∗Mivα(i)u = u∗uMnα(i)(Nα(i))u

∗u.
By symmetry, we have α(β(j)) = j for every j ∈ J . This shows that α : I → J is indeed a
bijection and Mi and Nα(i) are stably isomorphic to each other for every i ∈ I. Hence, we have
proved item (1) of the main theorem.

Assume moreover that Mi is a type III factor for every i ∈ I. This forces Nj to be a type III
factor for every j ∈ J . Therefore, up to conjugating by partial isometries in Mi and Nα(i), we
may assume that nα(i) = 1 and that there exists a unitary ui ∈ U(M) such that uiMiu

∗
i = Nα(i)

for every i ∈ I. The uniqueness of the bijection α : I → J as in item (2) of the main theorem is
guaranteed by Lemma 2.8. Therefore, we have completed the proof of the main theorem.

6. Further results

Following [Oza04, VV07], we say that a σ-finite diffuse von Neumann algebra M is solid if for
any diffuse von Neumann subalgebra A ⊂M with expectation, the relative commutant A′ ∩M
is amenable. More generally, we will say that a σ-finite (not necessarily diffuse) von Neumann
algebra M is solid if either M is atomic or if its nonzero diffuse direct summand is solid. Recall
that whenever M is a diffuse solid von Neumann algebra, pMn(M)p is also solid for every
n > 1 and every nonzero projection p ∈Mn(M) (see e.g. [HR15, Proposition 3.2] for a similar
statement and its proof). The class of solid von Neumann algebras includes bi-exact group
von Neumann algebras [BO08, Oza04], free quantum group von Neumann algebras [VV07] and
free Araki–Woods factors [Hou07].

Part of the technology provided for proving the main theorem also enables us to prove the
following characterization of solidity for free products with respect to arbitrary faithful normal
states and over arbitrary index sets. It moreover generalizes the main result of [GJ07].

Theorem 6.1. Let I be any nonempty set and (Mi, ϕi)i∈I any family of von Neumann algebras
endowed with any faithful normal states. Then, for the corresponding free product (M,ϕ) =
∗i∈I(Mi, ϕi), the free product von Neumann algebra M is solid if and only if so are all Mi.

Proof. (The only if part.) Assume that some Mi is not solid. By definition, there exist a nonzero
projection z ∈ Z(Mi) and a diffuse von Neumann subalgebra P ⊂Miz with expectation such that
the relative commutant P ′ ∩Miz is nonamenable. Since the unital inclusion P ′ ∩Miz ⊂ zMiz is
with expectation, so is the unital inclusion P ′∩Miz ⊂ zMz. This implies that the unital inclusion
P ′ ∩Miz ⊂ P ′ ∩ zMz is with expectation and hence P ′ ∩ zMz is nonamenable. Therefore, zMz
is not solid and neither is M .

(The if part.) Assume that all Mi are solid. Suppose on the contrary that M is not solid.
Then there exists a diffuse von Neumann subalgebra Q ⊂ 1QM1Q with expectation such that
the relative commutant Q′ ∩ 1QM1Q is nonamenable. As in the proof of [HU16, Lemma 2.1],
choose a faithful state ψ ∈ M∗ such that 1Q ∈ Mψ, Q is globally invariant under the modular
automorphism group σψQ , where ψQ = ψ(1Q · 1Q)/ψ(1Q), and A := QψQ is diffuse. Since Q′ ∩
1QM1Q ⊂ A′ ∩ 1QM1Q with 1Q = 1A is with expectation, A′ ∩ 1AM1A is also nonamenable.
Up to cutting down by a suitable nonzero central projection z ∈ Z(A′ ∩ 1AM1A), for which
(A′ ∩ 1AM1A)z has no amenable direct summand, and up to replacing A with Az (note that
z ∈Mψ and Az ⊂ zMz is with expectation), we may further assume without loss of generality
that the relative commutant A′ ∩ 1AM1A has no amenable direct summand. By Theorem 4.4,
there exists i ∈ I such that A �M Mi.
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Then there exist n > 1, a projection q ∈ Mn(Mi), a nonzero partial isometry w ∈
M1,n(1AM)q and a unital normal ∗-homomorphism π : A → qMn(Mi)q such that the
unital inclusion π(A) ⊂ qMn(Mi)q is with expectation and aw = wπ(a) for all a ∈ A. By
Remark 2.5(1), both of the inclusions Aww∗ ⊂ ww∗Mww∗ and π(A)w∗w ⊂ w∗wMn(M)w∗w
are with expectation. Proceeding as in the proof of the main theorem (case (i)), we have w∗w ∈
qMn(Mi)q and w∗Aw and w∗(A′ ∩ 1AM1A)w are commuting subalgebras of w∗wMn(Mi)w

∗w
with expectation. Since w∗Aw is diffuse and w∗(A′∩1AM1A)w is not amenable, w∗wMn(Mi)w

∗w
is not solid. This however contradicts the solidity of Mi. 2

The first part of the above proof actually shows that any von Neumann subalgebra of a solid
von Neumann algebra with expectation must be solid.

Remark 6.2. Recall that a tracial von Neumann algebra M is strongly solid if for any amenable
diffuse von Neumann subalgebra A ⊂ M , the normalizer NM (A)′′ is amenable. Using a
combination of the proofs of Theorem 6.1 and [Ioa15, Theorem 1.8] with Theorem 4.6 (for
tracial von Neumann algebras; see the remark after its proof) in place of Theorem 4.4, we can
also show that a given tracial free product von Neumann algebra over an arbitrary index set is
strongly solid if and only if so are all the component algebras.

We point out that we can then obtain examples of strongly solid II1 factors that do not have
the weak∗ completely bounded approximation property (CBAP). Indeed, for every n > 1, take
a lattice Γn < Sp(n, 1) and denote by (M, τ) = ∗n∈N\{0}(L(Γn), τΓn) the canonical tracial free
product II1 factor. By [CS13, Theorem B] and the above fact, M is a strongly solid II1 factor.
Moreover, it follows from [CH89] that M does not have the weak∗ CBAP.

Remark 6.3. Any diffuse solid von Neumann algebra M with property Gamma (and with
separable predual) is necessarily amenable. Indeed, by Theorem 3.1, there exists a decreasing
sequence (An)n of diffuse abelian von Neumann subalgebras of M with expectation such that
M =

∨
n∈N((An)′ ∩M). By solidity, (An)′ ∩M is amenable for every n ∈ N and hence M is

amenable.
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Appendix. Normalizers inside semifinite AFP von Neumann algebras

Ozawa–Popa’s relative amenability in the semifinite setting
Let (M,Tr) be any semifinite σ-finite von Neumann algebra endowed with a faithful normal
semifinite trace and B ⊂ M any von Neumann subalgebra with trace-preserving conditional
expectation EB : M → B. Denote by 〈M,B〉 the basic extension associated with EB and by eB
the canonical Jones projection. Then there exists a faithful normal semifinite operator-valued
weight, called the dual operator-valued weight, ÊB : 〈M,B〉+ → M̂+ satisfying ÊB(eB) = 1 (see
e.g. [ILP98, § 2.1]). Moreover, the linear span of MeBM forms a σ-strongly dense ∗-subalgebra

of 〈M,B〉 and σTr◦ÊB
t (eB) = eB for all t ∈R. Thus, Tr〈M,B〉 := Tr◦ ÊB becomes a faithful normal

semifinite trace on 〈M,B〉.
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Theorem A.1 [OP10, Theorem 2.1]. Let p ∈ M be any nonzero projection with Tr(p) < +∞
and A ⊂ pMp any von Neumann subalgebra. Write τ := (1/Tr(p))Tr|pMp. The following
conditions are equivalent.

(1) There exists an A-central state ϕ on p〈M,B〉p such that ϕ|pMp = τ .

(2) There exists an A-central state ϕ on p〈M,B〉p such that ϕ|pMp is normal and such that
ϕ|Z(A′∩pMp) is faithful.

(3) There exists a conditional expectation Φ : p〈M,B〉p → A such that Φ|pMp gives the unique
τ -preserving conditional expectation from pMp onto A.

(4) There exists a net (ξi)i∈I of vectors in L2(〈M,B〉,Tr〈M,B〉) such that:
• pξip = ξi for all i ∈ I;
• limi〈xξi, ξi〉Tr〈M,B〉 = τ(x) for all x ∈ pMp; and
• limi ‖aξi − ξia‖2,Tr〈M,B〉 = 0 for all a ∈ A.

We will say that A is amenable relative to B inside M if one of the above equivalent conditions
holds.

Proof. Observe that we have a natural identification of L2(p〈M,B〉p,Tr〈M,B〉|p〈M,B〉p) with p ·
L2(〈M,B〉,Tr〈M,B〉) · p as pMp-pMp-bimodules. Then the proof of [OP10, Theorem 2.1] applies
mutatis mutandis. 2

Lemma A.2 ([OP10, Corollary 2.3] and [Ioa15, Lemma 2.3]). Let p ∈ M be any nonzero
projection with Tr(p) < +∞ and A ⊂ pMp any von Neumann subalgebra. Let L be any
B-M -bimodule. Assume that there exists a net (ξi)i∈I of vectors in pH with H := L2(M,Tr)⊗BL
such that the following conditions hold:
• lim supi ‖xξi‖H 6 ‖x‖2,τ for all x ∈ pMp;
• lim supi ‖ξi‖H > 0; and
• limi ‖aξi − ξia‖H = 0 for all a ∈ A.

Then there exists a nonzero projection z ∈ Z(A′ ∩ pMp) such that Az is amenable relative
to B inside M .

Proof. Observe that 〈M,B〉 = (JMBJM )′∩B(L2(M)) also acts naturally on H in this semifinite
setting, where JM is the modular conjugation on the standard form L2(M). Then the proof of
[Ioa15, Lemma 2.3] applies mutatis mutandis to obtain item (2) in Theorem A.1. 2

Vaes’s dichotomy result in the semifinite setting
Let (M,E) = (M1,E1) ∗B (M2,E2) be any semifinite amalgamated free product endowed with
a faithful normal semifinite trace Tr on M such that Tr ◦ E = Tr. Let q ∈ B be any nonzero
projection such that Tr(q) < +∞. Up to replacing Tr with (1/Tr(q))Tr if necessary, we may and
will assume that Tr(q) = 1.

Denote by F2 = 〈γ1, γ2〉 the free group on two generators and put

(M̃, Ẽ) = (M,E) ∗B (B⊗L(F2), id⊗ τF2),

(M̃i, Ẽi) = (Mi,Ei) ∗B (B⊗L(〈γi〉), id⊗ τ〈γi〉), i ∈ {1, 2}.

Denote by F2 → L(F2) : γ 7→ λγ the canonical unitary representation and regard L(F2) ∼=
C1B ⊗ L(F2) ⊂ M̃ . Then we can naturally identify (M̃, Ẽ) = (M̃1, Ẽ1) ∗B (M̃2, Ẽ2). Following

[IPP08, § 2], we can construct a one-parameter unitary group uti in L(〈γi〉) ⊂ M̃i ⊂ M̃ such that
u1
i = λγi and τ〈γi〉(u

t
i) = sin(πt)/πt for all t ∈ R.
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Fix an arbitrary faithful state χ ∈ B∗. Then σχ◦Ẽit = σχ◦Eit ∗ (σχt ⊗ id) (see [Ued99,

Theorem 2.6]) and hence uti lies in the centralizer of χ ◦ Ẽi for all t ∈ R. Therefore, we

have χ ◦ Ẽi = (χ ◦ Ẽi) ◦ Ad(uti), implying that Ẽi = Ẽi ◦ Ad(uti) for all t ∈ R. Consequently,

θt := Ad(ut1) ∗ Ad(ut2) ∈ Aut(M̃) is well defined for all t ∈ R. A similar consideration shows

that σTrB◦Ẽ
t = σTr

t ∗ (σTrB
t ⊗ id) = id with TrB := Tr|B, so that T̃r := TrB ◦ Ẽ gives a faithful

normal semifinite trace on M̃ extending Tr naturally. The triple (M ⊂ M̃, T̃r, θt) is the semifinite
analogue of Popa’s malleable deformation for tracial amalgamated free product von Neumann
algebras as defined in [IPP08, § 2]. The basic inequalities such as [Vae14, (3.1) and (3.2)] hold
true as they are (see e.g. [BHR14, § 3.1] with the necessary refinement along [Vae14, § 3.1]).
Observe that θt(q) = q for every t ∈ R, so that θt(p) 6 q for every projection p ∈ qMq and every
t ∈ R.

Recall that the key observation of [Ioa15] is that the von Neumann algebra N :=∨
γ∈F2

λγMλ∗γ is identified with the amalgamated free product of infinitely many copies of (M,E)

over F2 as index set and that M̃ admits the crossed product decomposition M̃ = N oAd(λ) F2

whose canonical conditional expectation is denoted by EN : M̃ → N . Moreover, qM̃q =
qNq oAd(λ) F2 holds naturally and the canonical conditional expectation EqNq : qM̃q → qNq

coincides with the restriction of EN : M̃ → N to qNq, since q ∈ B ⊂ N ⊂ M̃ and thus [λγ , q] = 0
for all γ ∈ F2.

Theorem A.3 [Vae14, Theorem 3.2]. Let p ∈ qMq be any nonzero projection and A ⊂ pMp
any von Neumann subalgebra. Assume that for all t ∈ (0, 1), θt(A) is amenable relative to qNq

inside qM̃q. Then at least one of the following conditions holds.
• Either A �M M1 or A �M M2 holds.
• A is amenable relative to B inside M .

Proof. The proof is identical to the one of [Vae14, Theorem 3.2] with only minor modifications.
This is why we will only sketch it. The most essential part of Vaes’s proof is done at the Hilbert
space level and hence it suffices to explain how to provide the right framework to modify the
proof accordingly.

The functional τ := T̃r|
qM̃q

defines a faithful normal tracial state on qM̃q = qNq oAd(λ) F2,

since Tr(q) = 1. Denote by 〈qM̃q, qNq〉 the basic extension of qM̃q by EqNq : qM̃q → qNq with

Jones projection eqNq. To simplify the notation, we will simply write Tr := τ ◦ ÊqNq, where

ÊqNq : 〈qM̃q, qNq〉+ → q̂M̃q+

is the dual faithful normal semifinite operator-valued weight satisfying ÊqNq(eqNq) = 1qNq = q.

Let I be the set of all the quadruplets i = (X,Y, δ, t) with finite subsets X ⊂ qM̃q and
Y ⊂ U(A), 0 < δ < 1 and 0 < t < 1. The set I becomes a directed set with the order relation
(X,Y, δ, t) 6 (X ′, Y ′, δ′, t′) defined by X ⊂ X ′, Y ⊂ Y ′, δ > δ′ and t > t′. Since θt(A) is amenable

relative to qNq inside qM̃q, for each i = (X,Y, δ, t) ∈ I, [OP10, Theorem 2.1 and the remark

following it] enables us to find a vector ξi ∈ L2(〈qM̃q, qNq〉) in such a way that ‖ξi‖2,Tr 6 1,

|〈xξi, ξi〉Tr − τ(x)| 6 δ for all x ∈ X ∪ {(θt(y)− y)∗(θt(y)− y) | y ∈ Y },
‖θt(y)ξi − ξiθt(y)‖2,Tr 6 δ for all y ∈ Y.

Observe that limi〈xξi, ξi〉Tr = τ(x) for all x ∈ qM̃q and limi ‖yξi − ξiy‖2,Tr = 0 for all y ∈ A.
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Denote by K ⊂ L2(〈qM̃q, qNq〉) the closed linear subspace generated by {xλγeqNqλ∗γ | x ∈
qMq, γ ∈ F2} and by e : L2(〈qM̃q, qNq〉) → K the orthogonal projection. Note that e ∈ (qMq)′∩
B(L2(qM̃q)). Thus, the net ξ′i := p(1 − e)ξi satisfies lim supi ‖xξ′i‖2,Tr 6 ‖x‖2,τ for all x ∈ pMp

and limi ‖aξ′i − ξ′ia‖2,Tr = 0 for all a ∈ A.

Suppose that A 6�M M1 and A 6�M M2. What we have to show is that A is amenable relative

to B inside M . By contradiction and proceeding as in the first paragraph of the proof of [Vae14,

Theorem 3.2], we may and do assume that no corner of A is amenable relative to B inside M ,

that is, Az is not amenable relative to B inside M for any nonzero projection z ∈ Z(A′ ∩ pMp).

Observe that 〈qM̃q, qNq〉 = q〈M̃,N〉q with eqNq = qeN (= eNq), where 〈M̃,N〉 is the basic

extension of M̃ by the canonical trace-preserving conditional expectation EN : M̃ → N and

also that the traces Tr on 〈qM̃q, qNq〉 and T̃r ◦ ÊN on 〈M̃,N〉 with the dual operator-valued

weight ÊN agree since ÊN (qeN ) = qÊN (eN ) = q. (It is then natural to denote the latter trace

by the same symbol Tr.) Thus, L2(〈qM̃q, qNq〉) can be identified with q · L2(〈M̃,N〉) · q. If

we identify M with the γth free product component λγMλ∗γ , then we have the decomposition

L2(N) = L2(M)⊕ (L2(M)⊗B X ⊗B L2(M)) as M -M -bimodules for some B-B-bimodule X (see

[Ued99, § 2]). Then we see, in the same way as in the proof of [Ioa15, Lemma 4.2], that L2(〈qM̃q,

qNq〉)	K is identified, as a qMq-qMq-bimodule, with q · (L2(M)⊗BL)·q ⊂ L2(M)⊗BL for some

B-M -bimodule L. Thus, Lemma A.2 implies that limi ‖ξ′i‖2,Tr = 0, namely limi ‖pξi − epξi‖2,Tr

= 0.

As in the proof of [Vae14, Theorem 3.4], we can construct an isometry U : L2(qMq) ⊗
`2(F2) → L2(〈qM̃q, qNq〉) in such a way that UU∗ = e and that U((x⊗1)η(y⊗1)) = x(Uη)y for

all x, y ∈ qMq and all η ∈ L2(qMq)⊗`2(F2). Put ζi := U∗pξi ∈ pL2(qMq)⊗`2(F2) for every i ∈ I.

Since L2(qMq)⊗`2(F2)⊂ L2(qM̃q)⊗`2(F2) = (q ⊗1)·(L2(M̃)⊗`2(F2))·(q ⊗1)⊂ L2(M̃)⊗`2(F2),

we can follow line by line the rest of the proof of [Vae14, Theorem 3.4, pp. 704–709] inside

L2(M̃)⊗ `2(F2) with the following remarks.

(1◦) L2(M̃) = L2(M)⊕ (L2(M)⊗B Y ⊗B L2(M)) as M -M -bimodules for some B-B-bimodule

Y and hence L2(M̃)	 L2(M) = L2(M)⊗B L′ with some B-M -bimodule L′.
(2◦) A key formula [Vae14, Lemma 3.2] (essentially due to Ioana) holds even in the semifinite

setting (whose proof goes along that of [BHR14, Lemma 3.5]).

(3◦) The semifinite counterpart of [Vae14, Theorem 3.1] (that is essentially due to Ioana

et al. [IPP08]) was already provided by Boutonnet et al. [BHR14, Theorem 3.3] and

we need to use it in place of [Vae14, Theorem 3.1].

Following line by line the proof of [Vae14, Theorem 3.4, pp. 704–709], we can then reach a

contradiction. Giving the full details is just a task of understanding Vaes’s argument modulo the

above three remarks. 2

Let p ∈ qMq be any nonzero projection and A ⊂ pMp any von Neumann subalgebra. Assume

that A is amenable relative to Mi inside M for some i ∈ {1, 2}. Then, by checking Theorem A.1(4)

and regarding L2(M) as a subspace of L2(M̃) naturally, we see that A is amenable relative

to Mi inside M̃ . For every t ∈ (0, 1), θt(A) is amenable relative to θt(Mi) = utiMiu
t
i
∗

inside

M̃ . The Jones projection eθt(Mi) coincides with utieMiu
t
i
∗
, so that 〈M̃, θt(Mi)〉 = 〈M̃,Mi〉 and

hence θt(A) is amenable relative to Mi and also to N since Mi ⊂ N . Since 〈qM̃q, qNq〉 = q〈M̃,

N〉q (see the proof of Theorem A.3), θt(A) is amenable relative to qNq inside qM̃q thanks to

Theorem A.1(1). Applying Popa–Vaes’s dichotomy result [PV14, Theorem 1.6 and Remark 6.3]
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to θt(A) ⊂ qM̃q = qNq oAd(λ) F2, we have that at least one of the following conditions holds:
θt(A) �

qM̃q
qNq or θt(NpMp(A)′′) (⊂ N

θt(p)M̃θt(p)
(θt(A))′′) is amenable relative to qNq inside

qM̃q. Since this is true for every t ∈ (0, 1), at least one of the following conditions holds:

(A) θt(A) �
qM̃q

qNq and hence θt(A) �
M̃
N for some t ∈ (0, 1); or

(B) θt(NpMp(A)′′) is amenable relative to qNq inside qM̃q for every t ∈ (0, 1).

In case (A), we use [BHR14, Theorem 3.4] (whose proof actually works even when the
projection p there lies in Projf(M) rather than Projf(B) with the notation there) and the
consequence is that A �M B or NpMp(A)′′ �M Mi for some i ∈ {1, 2}. In case (B), Theorem A.3
implies that NpMp(A)′′ �M Mi for some i ∈ {1, 2} or NpMp(A)′′ is amenable relative to B inside
M . Consequently, we obtain the following result.

Theorem A.4. Let p ∈ qMq be any nonzero projection and A ⊂ pMp any von Neumann
subalgebra. Assume that A is amenable relative to one of the Mi inside M . Then at least one of
the following holds.
• A �M B.
• Either NpMp(A)′′ �M M1 or NpMp(A)′′ �M M2 holds.
• NpMp(A)′′ is amenable relative to B inside M .

Suppose that A is amenable. Then A is amenable relative to any von Neumann subalgebra
with expectation inside M . Hence, the above dichotomy holds. Suppose moreover that B is also
amenable but NpMp(A)′′ is not. Then it is impossible that NpMp(A)′′ is amenable relative to
B inside M . In fact, there exists a (nonnormal) conditional expectation from B(pL2(M)) onto
p〈M,B〉p since B is amenable and thus NpMp(A)′′ must be amenable, which is a contradiction.
Therefore, the dichotomy becomes that one of A �M B, NpMp(A)′′ �M M1 and NpMp(A)′′ �M
M2 holds true.
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