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On a Yamabe Type Problem in
Finsler Geometry

Bin Chen and Lili Zhao

Abstract. In this paper, a newnotion of scalar curvature for a Finslermetric F is introduced, and two
conformal invariants Y(M, F) and C(M, F) are deûned. We prove that there exists a Finsler metric
with constant scalar curvature in the conformal class of F if the Cartan torsion of F is suõciently
small and Y(M, F)C(M, F) < Y(Sn

) where Y(Sn
) is the Yamabe constant of the standard sphere.

1 Introduction

In 1960, H. Yamabe [14] attempted to ûnd Riemannian metrics with constant scalar
curvature by conformal deformations. Using the techniques of calculus of variations,
he claimed the existence of the conformal deformation of a Riemannian metric to
constant scalar curvature. In 1968, N. Trudinger [13] discovered an error in Yamabe’s
proof, which can be repaired by assuming an upper bound of the Yamabe invariant
Y(Mn , g) < αn . In 1976, T. Aubin [3] showed that αn = Y(Sn) is the Yamabe constant
of the standard n-sphere. Finally, T. Aubin [3] and R. Schoen [11] both showed that
the strict inequality actually holds unless g is conformal to the standard sphere. J. Lee
and T. Parker made a systematic study on this problem [10]. In this paper, we attempt
to understand the Yamabe problem in Finsler geometry.

In the Finsler realm, two Finsler metrics F(x , y) and F(x , y) on an n-manifold
M are conformal if and only if there exists a smooth function u = u(x) such that
F(x , y) = eu(x)F(x , y), where y ∈ TxM . It seems natural to state the Yamabe prob-
lem in Finselr geometry. Unfortunately, there is no canonical deûnition of the scalar
curvature for a Finsler metric. In 2014, X. Cheng andM. Yuan [8] studied the Yamabe
problem for the scalar curvature deûned by H. Akbar-Zadeh, and obtained a nega-
tive answer for Randers metrics. Intuitively, the Finsler scalar curvature should be
constructed by the Riemannian curvature. However, once we considered the scalar
curvature as the average of all the components of the curvature tensor, the expression
of the Riemannian scalar curvature is a pure coincidence for its curvature tensor only
has the Riemannian part. Since the Finsler curvature tensor has both Riemannian
part and Landsberg part, the scalar curvature in Finsler realm should be an average
in some sense of the �ag curvature and the Landsberg curvature. In view of the calcu-
lus of variations, we introduce a new notion of Finsler scalar curvature Scal(x) (3.2) by
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adding a Landsberg term j(x) to the Riemannian term R(x), and prove that a Finsler
metric with constant scalar curvature is a critical point of the total scalar curvature
functional

S(F) = 1
Vol(M)1− 2

n
∫

M
Scal(x) dµF

in its conformal class. In this paper, we consider the following Yamabe type problem.
On a compact Finsler manifold (Mn , F) with n ≥ 3, ûnd F conformal to F with

constant ScalF .
_e Yamabe invariant is deûned as Y(M , F) = infu S(eu(x)F). In order to have a

lower bound of S in the conformal class [F] of the metric F, we make an assumption
on the Cartan torsion, and such F is said to be C-convex (see Deûnition 4.1) which is
conformally invariant. For C-convexmetrics, the PDE of the Yamabe problem is ellip-
tic. _is is the main reason for introducing C-convexity. Geometrically, C-convexity
measures the distance from a Finsler metric to Riemannian metrics (for instance, the
metric is C-convex when the Cartan torsion is small enough). Furthermore, we in-
troduce another conformal invariant C(M , F) (see (5.3)) which is again deûned by
the Cartan torsion. It is worth pointing out that any Riemannian metric g is indeed
C-convex with C(M , g) = 1. _e main result of this paper is the following theorem.

_eorem 1.1 Let (Mn , F) be a compact C-convex Finsler manifold with n ≥ 3. It
holds Y(M , F)C(M , F) ≤ Y(Sn). If Y(M , F)C(M , F) < Y(Sn), then there exists a
metric F conformal to F such that ScalF(x) = Y(M , F).

_e contents of this paper are arranged as follows. In §2, we give a brief introduc-
tion of Finsler geometry. In §3, we deûne the Finsler scalar curvature and give the
Euler–Lagrange equation of the total scalar curvature. In §4, we discuss the Finsler
Yamabe invariant. In §5 and §6, we prove the main theorem.

2 Finsler Metrics

_roughout this paper, we are following reference [5] both for the concepts and the
notions in Finsler geometry. Let M be an n-dimensional diòerentiable manifold with
n ≥ 3. _e points in the tangent bundle TM are denoted by (x , y), where x ∈ M and
y ∈ TxM. Let (x i ; y i) be the local coordinates of TM with y = y i∂/∂x i . A Finsler
metric on M is a function F∶TM → [0,+∞) such that (i) F is smooth on the slit
tangent bundle TM0 = {(x , y) ∈ TM ∶ y /= 0}; (ii) F(x , λy) = λF(x , y) for any
λ > 0; and (iii) the fundamental quadratic form

g = g ik(x , y)dx i
⊗ dxk , g ik ∶= [

1
2
F2] y i yk

is positively deûnite. Henceforth, the lower index x i , y i always means partial deriva-
tives, Fy i ∶= ∂F

∂y i , Fx i ∶= ∂F
∂x i , [F2]y i yk ∶=

∂2F2
∂y i ∂yk , etc. We shall use the convention that

Latin indices range from 1 to n.
_e canonical projection π∶TM0 → M gives rise to a covector bundle π∗T∗M,

on which there exists the Hilbert form ω = Fy idx i , whose dual is the distinguished
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section of π∗TM: ℓ = ℓ i ∂
∂x i , with ℓ i ∶= y i

F . _e Cartan tensor (Cartan torsion) and
the Cartan form are, respectively,

A = A i jkdx i
⊗ dx j

⊗ dxk , A i jk ∶=
F
4
[F2

]y i y j yk ,

I = I idx i , I i ∶= A i jk g jk , (g jk
) = (g jk)

−1 .

_e metric is Riemannian if and only if I = 0 by Deicke’s _eorem. _e spray coef-
ûcients are given as G i = 1

4 g
i l{[F2]x k y l yk − [F2]x l }which determine the geodesic

equation σ̈ i + 2G i(σ , σ̇) = 0. _e nonlinear connection coeõcients and the Berwald
connection coeõcients are given as N i

k = G i
yk and B

i
jk = G i

y j yk , respectively. _e
horizontal-vertical decomposition of T(TM0) is given by the following notions of
horizontal vectors and vertical covectors,

δ
δx i ∶=

∂
∂x i − N k

i
∂

∂yk , δy i
∶= dy i

+ N i
kdx

k .

_e �ag curvature tensor (Riemann curvature tensor) is given by

R i
k = 2G i

x k −G i
x j yk y

j
+ 2G jG i

y j yk −G i
y jG j

yk ,

while the Ricci curvature is deûned as the trace

Ric(x , y) ∶= 1
F2 R

i
i =

y j

F2 [
δN i

j

δx i −
δN i

i
δx j ] .

_emost important non-Riemannian curvature in Finsler geometry is the Landsberg
curvature, which is deûned as the derivative of the Cartan torsion L i jk ∶= A i jk∶mℓm ,
where “∶” is the horizontal covariant derivative with respect to the Berwald connec-
tion. All through this paper, the lower index “0” means taking contraction with the
distinguished vector ℓ, i.e., T0k = Tikℓ i , T00 = T0kℓk . _us, we can express A i jk∶mℓm

as A i jk∶0. Another notation o�en used is Ṫ , for example, Ṫi j ∶= Ti j∶0 and L i jk = Ȧ i jk .
_e mean Landsberg tensor is J = Jkdxk , where Jk ∶= İk = g i jL i jk .

On the slit tangent bundle TM0, there is the Sasaki type metric

g ikdx i
⊗ dxk

+ g ik
δy i

F
⊗
δyk

F
,

which induces a Riemannian metric on the projective sphere bundle SM:

ĝ = g ikdx i
⊗ dxk

+ F[F]y i yk
δy i

F
⊗
δyk

F
.

Recall SM = TM0/∼, where (x , y) ∼ (x′ , y′) if and only if x = x′ and y = λy′ for
some positive number λ. _e projective sphere bundle is obviously diòeomorphic to
the unit sphere bundle {(x , y) ∈ TM0 ∶ F(x , y) = 1}. Assuming M orientable, the
volume form of SM can be expressed as [4, 9]

dµSM = Ωdη ∧ dx , Ω ∶= det( g ik

F
) ,
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where dη ∶= ∑(−1)i−1 y idy1 ∧ ⋅ ⋅ ⋅ ∧ d̂ y i ∧ ⋅ ⋅ ⋅ ∧ dyn and dx ∶= dx 1 ∧ ⋅ ⋅ ⋅ ∧ dxn . _e
volume form of M induced by SM can be deûned by

(2.1) dµF = σF(x)dx , σF(x) ∶=
1

ωn−1
∫

SxM
Ω dη,

where ωn−1 is the volume of the (n − 1)-dimensional standard sphere.
On the Riemannian manifold (SM , ĝ), we have the following divergence formula.

Lemma 2.1 ([9]) For any 1-form θ = α idx i+β i
δ y i
F (β iℓ i = 0) on SM, its divergence is

div ĝ θ = g ik(α i∶k + β i ,k), where “∶” and “,” denote the horizontal and vertical covariant
derivatives of Berwald connection, respectively. Particularly, for any function f on SM,
we have div ĝ( f ω) = f∶kℓk = f∶0, where ω is the Hilbert form.

On the projective sphere ûbre SxM, we have the following Green-type formula.

Lemma 2.2 ([7,9]) Let β = β i
d y i
F (β iℓ i = 0) be a 1-form on SxM, let ψ and ϕ be two

smooth functions on SxM. We have

∫
SxM

g i jβ i , jΩ dη = 0, ∫
SxM

ψg i j
[F2ϕ]y i y jΩ dη = ∫

SxM
ϕg i j

[F2ψ]y i y jΩ dη.

Particularly, taking ψ = 1 and ϕ = ℓrℓs , we have ∫SxM ℓrℓsΩ dη = 1
n ∫SxM grsΩ dη.

3 Scalar Curvature

Henceforth, the manifold M is assumed to be connected, compact, and orientable.
In order to ûnd the variational meaning of Finsler–Einstein metrics, the following
Einstein–Hilbert functional was considered in [1, 7]

E(F) = 1
Vol(SM)1−2/n ∫SM

Ric dµSM .

We note that E(λF) = E(F) for any positive number λ. In [7], the variation of this
functional was calculated. Precisely, if F(x , y; t) = eu(x ,y)tF(x , y), then

(3.1) dE(0)
dt

=
1

Vol(SM)1−2/n ∫SM
u(g i j

[F2 Ric]y i y j−(n+2)Ric−(n−2)r+ι) dµSM

where

r = 1
Vol(SM)

∫
SM

Ric dµSM , ι = 2g i j
(J i∶ j + J̇ i , j).

In order to deûne the Finsler scalar curvature in view of calculus of variations, we
deûne R(x) as the average of Ric on each projective sphere

R(x) =
n ∫SxM Ric ⋅Ω dη

∫SxM Ω dη
.
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If F is a Riemannian metric, then Euler’s _eorem and Lemma 2.2 lead to

R(x) =
n ∫SxM Rici j ℓ iℓ j ⋅Ωdη

∫SxM Ωdη
= g i j

(x)Rici j(x),

where Rici j = 1
2 [F

2 Ric]y i y j is the Ricci tensor. _us this R(x) is compatible with
Riemannian geometry. In the Finsler realm, Akbar-Zadeh’s [1] scalar curvature is
H(x , y) = g i j Rici j , which depends on the direction y. Cheng and Yuan considered
the Yamabe problem for this H [8]. It can be deduced from Lemma 2.2 that R(x) is
the average of H on SxM. For the variational meaning, let us consider

R(F) = 1
Vol(M)1−2/n ∫M

R(x) dµF .

It is easy to see R(F) = cnE(F) for a positive constant cn depending only on n. Sup-
pose F(x , y; t) = eu(x)tF(x , y) is a conformal deformation. _en the variation for-
mula (3.1) becomes

dE(0)
dt

=
1

Vol(SM)1−2/n ∫SM
{u(x)( g i j

[F2 Ric]y i y j − (n + 2)Ric)

− u(x)(n − 2)r + (2u(x)g i j J i∶ j + 2g i j
(u(x)J̇ i), j)} dµSM .

Noting that

∫
SM

u(x) f (x , y) dµSM = ∫
M

u(x)∫
SxM

f (x , y)Ω dη ∧ dx ,

by Lemmas 2.1 and 2.2 we obtain

dE(0)
dt

=
1

Vol(SM)1−2/n ∫M
u(x)∫

SxM
((n − 2)(Ric−r) + 2g i j J i∶ j)Ω dη ∧ dx .

Putting

j(x) = 2n
n − 2

∫SxM g i j J i∶ j ⋅Ω dη

∫SxM Ω dη
,

we reach

dE(0)
dt

=
ωn−1

Vol(SM)1−2/n
n − 2
n ∫

M
u(x)(R(x) + j(x) − nr) dµF .

Being aware of Vol(SM) = ωn−1 Vol(M) and R(F) = cnE(F),

dR(0)
dt

=
cn

Vol(M)1−2/n ∫M
u(x)(R(x) + j(x) − nr) dµF ,

where cn is a positive constant depending only on n. It is interesting that

∫
M

j(x) dµF =
2n

(n − 2)ωn−1
∫

SM
g i j J i∶ j dµSM = 0
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by Lemma 2.1. _us ∫M R(x) dµF = ∫M(R(x)+ j(x))dµF . We now deûne the Finsler
scalar curvature of F by

(3.2) Scal(x) = R(x) + j(x)

for dimension n ≥ 3. _is is a natural generalization of the scalar curvature for Rie-
mannian metrics, since R(x) is the scalar curvature if the metric is Riemannian and
j(x) = 0 for Landsberg (in particular Berwald) manifolds. With this deûnition, we
have the following result.

_eorem 3.1 _e critical points of the total scalar curvature functional

S(F) ∶= 1
Vol(M)1−2/n ∫M

Scal(x) dµF

in a conformal class are the Finsler metrics with Scal(x) = const .

Finsler Yamabe Problem In the conformal class of F, is there a metric with
Scal(x) = const ?

4 Yamabe Invariant

Let us denote the conformal class of F by [F] = {euF ∶ u ∈ C∞(M)}. We now deûne
the Finsler Yamabe invariant of [F] as

Y(M , [F]) = inf
u∈C∞(M)

S(euF).

We may simply denote Y(M , [F]) by Y(F). It is not obvious that Y(F) > −∞ (we
shall prove this in (4.5) below. For this purpose, we shall calculate the Ricci curvature
of F = euF. _anks to [6], S. Bacso and X. Cheng obtained the Ricci curvature Ric of
F in terms of the curvatures of F,

(4.1) Ric = e−2u
{Ric+(n − 2)(u2

0 − u0∶0 − u iu j g i j
) − g i ju i∶ j − 2u i J i − (u i I i)∶0

− u0u jI j
+ 2u iu jAi j

k Ik − u iu jI i , j − u iu jAir
s A

js
r } ,

where u i = ux i , and the indices are lowered and raised by g i j and g i j , e.g., u i = g i ju j

and Ai j
k = g i p g jqApqk . One shall be aware that our I i diòers from Bacso and Cheng’s
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I i by a factor F, and I i , j = F[I i]y j . By dµSM = enudµSM and Lemma 2.1–2.2, we have

∫
SM
e−2uu0∶0dµSM = ∫

SM
((e(n−2)uu0)∶0 − (n − 2)e(n−2)uu2

0) dµSM

= −∫
SM

(n − 2)e(n−2)uu2
0 dµSM ,

∫
SM
e−2uu iu j g i jdµSM =

1
2 ∫SM

e(n−2)u g i j
[F2u2

0]y i y j dµSM

= ∫
SM

ne(n−2)uu2
0 dµSM ,

∫
SM
e−2uu i∶ j g i jdµSM = ∫

SM
((e(n−2)uu i)∶ j g i j

− (n − 2)e(n−2)uu iu j g i j) dµSM

= −∫
SM

n(n − 2)e(n−2)uu2
0 dµSM .

_en the integral of the Riemannian part of (4.1)

Rpart ∶= ∫
SM
e−2u

(Ric+(n − 2)(u2
0 − u0∶0 − u iu j g i j

) − g i ju i∶ j) dµSM

turns to Rpart = ∫SM e
(n−2)u(Ric+(n − 1)(n − 2)u2

0)dµSM . For the rest of the terms,
we note

gk j
(I iu iuk − u0I iu iℓk), j = u iu jI i , j − 2I iusAi s

j u j
− (n − 1)u0u i I i .

_erefore, Lemma 2.1 gives

NRpart ∶=∫
SM
e(n−2)u

{−2u i J i − (u i I i)∶0 − u0u jI j

+ 2u iu jAi j
k Ik − u iu jI i , j − u iu jAir

s A
js
r } dµSM

=∫
SM
e(n−2)u

{−2u i J i + (n − 2)u0u jI j
− u0u jI j

− (n − 1)u0u jI j
− u iu jAir

s A
js
r } dµSM

=∫
SM
e(n−2)u{−2u i J i − 2u0u jI j

− u iu jAir
s A

js
r } dµSM .

Hence,

∫
SM

Ric dµSM =Rpart+NRpart

=∫
SM
e(n−2)u{Ric+(n − 2)(n − 1)u0u0} dµSM

+ ∫
SM
e(n−2)u{−2u i J i − 2u0u jI j

− u iu jAir
s A

js
r } dµSM .

Setting e(n−2)u = ϕ2 where ϕ > 0, we reach

∫
SM

Ric dµSM = ∫
SM

{ϕ2Ric − 2
n − 2

(ϕ2
)i J i +

4(n − 1)
(n − 2)

ϕ0ϕ0}dµSM

+
4

(n − 2)2 ∫SM
{ − 2ϕ0ϕ jI j

− ϕ iϕ jAir
s A

js
r }dµSM .

https://doi.org/10.4153/CMB-2016-102-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2016-102-x


260 B. Chen and L. Zhao

Now, applying g ik(ϕ2 Jk)∶i = (ϕ2)i J i + ϕ2g ik Jk∶i , one can obtain

∫
SM

Ric dµSM =∫
SM

(ϕ2
{Ric+ 2

n − 2
g i j J i∶ j} +

4(n − 1)
(n − 2)

ϕ0ϕ0) dµSM(4.2)

+ ∫
SM

4
(n − 2)2 {−2ϕ0ϕ jI j

− ϕ iϕ jAir
s A

js
r } dµSM

=
ωn−1

n ∫
M
(ϕ2Scal + aϕ iϕ jh i j

) dµF ,

where a = 4(n−1)
(n−2) and

h i j
=

1
∫SxM Ω dη ∫SxM

{ g i j
−

n
(n − 1)(n − 2)

(ℓ i I j
+ ℓ jI i + Air

s A
js
r )}Ω dη.

For a Riemannian metric, h i j = g i j is just the metric tensor since I j = Air
s = 0.

Deûnition 4.1 Wesay F is C-convex if thematrix (h i j)n is positively deûnite. In this
case, h = h i jdx i ⊗ dx j becomes a Riemannian metric on M where (h i j) = (h i j)−1.

One may observe that h
i j
= e−2uh i j given F = euF. Hence C-convexity is a con-

formal invariant, and we can say that the conformal class [F] is C-convex. It is clear
that F shall be C-convex if the Cartan tensor is suõciently small.

Proposition 4.2 If the Cartan tensor satisûes ∥A∥2 = A i jkAi jk < 1
36n, then F is

C-convex.

Proof Note that ∥A∥ is a conformal invariant. We will prove that the matrix

( g i j
−

n
(n − 1)(n − 2)

(ℓ i I j
+ ℓ jI i + Air

s A
js
r )) n×n

is positive deûnite. For any nonzero θ idx i , by ℓ ⊥g I, we have

∣θ iθ j(ℓ i I j
+ ℓ jI i + Air

s A
js
r )∣ ≤ ∥θ∥2

∥ℓ∥∥I∥ + ∥θ∥2
∥A∥2 .

Since ∥ℓ∥ = 1 and ∥I∥2 ≤ n∥A∥2, one can easily get ∣θ iθ j(ℓ i I j + ℓ jI i + Air
s A

js
r )∣ <

(n−1)(n−2)
n ∥θ∥2.

By this proposition, one can easily construct C-convex metrics of Randers type.
Henceforth, let us assume that [F] is C-convex. According to (4.2), we can express
the total scalar curvature in terms of the conformal factor.

_eorem 4.3 Suppose F = ϕ 2
n−2 F, where ϕ = ϕ(x) is a positive smooth function. If

F is C-convex, then

(4.3) ∫
M

Scal dµF = ∫M
(a∥dϕ∥2

h + ϕ2
⋅ Scal)dµF ,

(4.4) S(ϕ
2

n−2 F) = ∫M
(a∥dϕ∥2

h + ϕ2 ⋅ ScalF) dµF
(∫M ϕpdµF)

2/p .
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where p = 2n
n−2 and a =

4(n−1)
(n−2) .

By (4.4)((4.2) is enough in fact), one can reprove_eorem 3.1 by putting ϕ(x , t) =
1 + tφ(x). For simplicity, let us set SF(ϕ) = S(ϕ 2

n−2 F) and deûne the energy

E(ϕ) ∶= ∫
M
(a∥dϕ∥2

h + ϕ2
⋅ ScalF) dµF ,

and the Lq norm ∥ϕ∥q ∶= (∫M ∣ϕ∣q dµF)1/q . _en

SF(ϕ) =
E(ϕ)
∥ϕ∥2

p
and Y(F) = inf

ϕ>0
SF(ϕ).

Hölder’s inequality tells us that SF(ϕ) ≥ −(∫M ∣ScalF(x)∣
n
2 dµF)

2
n . _us, the Yamabe

invariant of a C-convex conformal class [F] is bounded from below by

(4.5) Y(F) ≥ −∥ ScalF ∥ n
2
.

5 The Variational Approach

Following Aubin, Trudinger, and Yamabe, we solve the Finsler–Yamabe problem
through the variational approach (we follow Lee and Parker [10]). Consider SF as
a functional on the Sobolev spaceW 1,2(M), where theW 1,2-norm is given by

∥ϕ∥1,2 = (∫
M
(∥dϕ∥2

h + ϕ2
) dµF)

1/2
.

In general, theW k ,q-norm is

∥ϕ∥k ,q = (
k
∑
i=0
∫

M
∥∇

iϕ∥q
hdµF)

1/q ,

where “∇” is the covariant derivative with respect to h. Particularly,W0,q(M) is just
the Lebesgue space Lq(M). Since M is compact, diòerent metrics induce equivalent
W k ,q-norms.

Since C∞(M) is dense in W k ,q(M) and SF(∣ϕ∣) ≤ SF(ϕ), we see

Y(F) = inf
∥ϕ∥p=1

SF(ϕ) = inf
∥ϕ∥p=1

E(ϕ).

_e Euler–Lagrange equation of SF on W 1,2(M) is

Lϕ = a∆hϕ + a⟨dϕ, dτ⟩h − ϕ ⋅ Scal = −E(ϕ)
∥ϕ∥p

p
ϕp−1 ,

where ∆h is the Laplacian of the induced Riemannian metric h, and

τ = σF(x)
√
det(h i j(x))

,

where σF(x)was deûned in (2.1). SinceSF(λϕ) = SF(ϕ) for any λ /= 0, wemay assume
the critical function ϕ is normalized as ∥ϕ∥p = 1. _us, a nonnegative minimizing
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function ϕ with ∥ϕ∥p = 1 satisûes

(5.1) Lϕ = −Y(F)ϕp−1 .

In order to seek the minimizer, since SF(ϕ) has a ûnite lower bound Y(F), we can
pick a sequence ϕ i ∈ W 1,2 such that limi→∞ SF(ϕ i) = Y(F), for ∥ϕ i∥p = 1. _en by
Hölder’s inequality, theW 1,2-norm of {ϕ i} areis uniformly bounded,

∥ϕ i∥
2
1,2 = ∫M

(∥dϕ i∥
2
h + ϕ2

i ) dµF ≤
1
a
SF(ϕ i) + C1∥ϕ i∥

2
p ≤

1
a
Y(F) + C2 ,

where C1 ,C2 are constants depending on F. Since W 1,2 is a Hilbert space, we see
ϕ i → ϕ weakly in W 1,2. But since the inclusion W 1,2 ⊂ Lp is not compact, the
Lp-norm is not preserved and the limit ϕ may be identically zero. Following Yamabe,
let us consider the disturbed functional

St
F(ϕ) ∶=

E(ϕ)
∥ϕ∥2

t
, 2 ≤ t ≤ p = 2n

n − 2
.

For each t, set Yt ∶= inf∥ϕ∥t=1 St
F(ϕ). One may observe that each Yt ≥ −∥ ScalF ∥ t

t−2

and Yp = Y(F). A nonnegative minimizer of St
F with ∥ϕ∥t = 1 satisûes

(5.2) Lϕ = −Ytϕt−1 .

If we can ûnd aminimizer ϕt of St
F for each t, and (5.2) converges to (5.1) in a suitable

sense when t → p, then we can ûnd a minimizer of Sp
F(ϕ) = SF(ϕ). We ûrst show the

existence of ϕt .

Lemma 5.1 For 2 ≤ t < p, there exists a nonnegative function ϕt ∈ W 1,2 such that
St
F(ϕt) = Yt and ∥ϕt∥t = 1.

Proof Let {ϕ i} be a minimizing sequence of St
F in W 1,2 such that

lim
i→∞

St
F(ϕ i) = Yt , ∥ϕ i∥t = 1.

Since St
F(∣ϕ∣) ≤ St

F(ϕ), we may assume ϕ i ≥ 0. _e Hölder’s inequality gives

∥ϕ i∥
2
1,2 =

1
a
St
F(ϕ i) + ∫

M
ϕ2

i ( 1 −
1
a

Scal) dµF ≤
1
a
Yt + C3 + C3∥ϕ i∥

2
t ,

and we may assume ϕ i → ϕt weakly in W 1,2. By the compact embedding W 1,2 ⊂

Ls(2 ≤ s < p = 2n
n−2 ), we obtain ϕ i → ϕt strongly in Lt and ∥ϕt∥t = 1. _e strong

convergence gives

∣∫
M

Scal(ϕ2
i − ϕ2

t ) dµF ∣ ≤ ∥ Scal(ϕ i + ϕt)∥2∥ϕ i − ϕt∥2 ≤ C4∥ϕ i − ϕt∥t → 0.

And the weak convergence gives

∫
M
⟨dϕt , dϕt⟩h dµF = lim

i→∞∫M
⟨dϕt , dϕ i⟩h dµF ≤ lim sup

i→∞
∥dϕ i∥2∥dϕt∥2 .

Hence, Yt ≤ St
F(ϕt) = ∫M(a∥dϕ∥2

h + ϕ2 ⋅ ScalF) dµF ≤ limi→∞ St
F(ϕ i) = Yt . So

Yt = St
F(ϕt) and ϕt is a minimizer of St

F .
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At this point, we need the following regularity lemma to ensure that ϕt can be a
smooth conformal factor.

Lemma 5.2 _e function ϕt is positive and smooth.

Proof _eminimizer ϕt is a weak solution of a∆hϕ + a⟨dϕ, dτ⟩h = f , where

f = {ϕt ⋅ Scal−Ytϕt−1
t } ∈ Lt′= t

t−1 .

By the elliptic regularity, ϕt ∈W2,t′ and thus ϕt ∈ Lt1= nt′
n−2t′ by the Sobolev embedding.

Note that t1 − t > 0. Now f ∈ Lt′1=
t1
t−1 , ϕt ∈W2,t′1 , and thus

ϕt ∈ L
t2=

nt′1
n−2t′1 .

Inductively, if t′i < n
2 , we can set the next pair as

t i+1 =
nt′i

n − 2t′i
=

nt i
n(t − 1) − 2t i

, t′i+1 =
t i+1

t − 1
.

Since t1 > n(t−2)
2 , we have t2 > t1 and t i+1 > t i > n(t−2)

2 . _us {t i} is increasing. If all
t′i < n

2 , then {t i} is bounded and converges to n(t−2)
2 which contradicts to t1 > n(t−2)

2 .
Assume t′i0 is the ûrst one such that t′i0 ≥

n
2 . If t

′
i0 >

n
2 , then Sobolev embedding gives

ϕt ∈ Cα . If t′i0 =
n
2 , then the embedding gives ϕt ∈ Lq for any q > 1, and thus ϕt ∈W2,q

for large q, and again we have ϕt ∈ Cα . Moreover we have f ∈ Cα , so ϕt ∈ C2,α by the
Schauder estimates.

Now putting m = max ∣Ytϕt−2
t − Scal ∣, by ϕt ≥ 0 we have

a∆hϕt + a⟨dϕt , dτ⟩h −mϕt ≤ 0.

_us, if min ϕt = 0, then ϕt = 0 by the strong maximum principle. By ∥ϕt∥t = 1, we
see that min ϕt > 0. _erefore, ϕt−1

t is C2,α and then C∞ by iterating.

Now we are forced to show the convergence of Lϕt = −Ytϕt−1
t when t → p. Hence-

forth, we assume the initial metric F has unit volume VolF(M) = 1.

Lemma 5.3 If VolF(M) = 1, then ∣Yt ∣ is nonincreasing for 2 ≤ t ≤ p. If Yp = Y(F) ≥
0, then limt→p− Yt = Yp . If Yp < 0, then lim supt→p− Yt ≤ Yp .

Proof Given t′ < t, we have

∥ϕ∥t′ = (∫
M

ϕt′
⋅ 1)

1/t′

≤ (∫
M

ϕt
)

1/t
(VolF(M))

1
t′ −

1
t = ∥ϕ∥t .

One can get ∣Yt ∣ ≤ ∣Yt′ ∣ immediately from

St
F(ϕ) =

∥ϕ∥2
t′

∥ϕ∥2
t
⋅ St′
F (ϕ).

Moreover, if Yt0 < 0 for some t0, then there exists ϕ0 such that

Yt ≤ St
F(ϕ0) =

∥ϕ0∥
2
t0

∥ϕ0∥
2
t
⋅ St0
F (ϕ0) < 0
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for all t. So if Yp ≥ 0, then Yt ≥ 0, Yp ≤ Yt , and Yp ≤ lim inf t→p− Yt . For any є > 0,
pick u such that Sp

F(u) ≤ Yp + є. For the ûxed u, St
F(u) is continuous with respect

to t. Hence Yp ≤ lim inf t→p− Yt ≤ lim supt→p− Yt ≤ limt→p− S
t
F(u) = S

p
F(u) ≤ Yp + є,

which ends the proof. It is easy to get the case Yp < 0.

At present, let us deûne a new quantity of F by

(5.3) C(M , F) = sup
x∈M

τ(x)−2/n
= sup

x∈M
[

√
det(h i j(x))
σF(x)

]

2/n

.

A moment’s thought gives the conformal invariance of C(M , F). _us we may write
it as C(M , [F]). Providing F Riemannian, C(M , [F]) = 1.

Lemma 5.4 Let (M , F) be a compact C-convex Finsler manifold. _en for any є > 0,
there exists Cє such that

∥w∥
2
p ≤ (1 + є)C(M , F)

Y(Sn)
∫

M
a∥dw∥

2
hdµF + Cє ∫

M
w2 dµF ,

where Y(Sn) is the Yamabe constant of the standard n-sphere.

Proof Putting h̃ i j = τ2/nh i j , it proves to be the case that dµh̃ = dµF . It is well
known [2, 3, 10] that ∥w∥2

p ≤ (1 + є) a
Y(Sn) ∫M ∥ dw∥2

h̃dµh̃ + Cє ∫M w2dµh̃ . _en the
lemma follows from ∥dw∥2

h̃ = τ−2/n∥dw∥2
h ≤ C(M , F)∥dw∥2

h .

With the help of the above lemma, one can obtain the following uniform Lp0 esti-
mate for some p0 > p.

Lemma 5.5 If Y(M , F) ⋅ C(M , F) < Y(Sn), then there exists t0 < p < p0 such that
∥ϕt∥p0 ≤ C8 , t0 ≤ t < p,, where C8 is independent of t.

Proof Following Trudinger and Aubin, for δ > 0 we have

ϕ1+2δ
t (∆hϕt + ⟨dϕt , dτ⟩h − ϕt ⋅ Scal) = −Ytϕt+2δ

t

and

∫
M
((1 + 2δ)ϕ2δ

t ∥dϕt∥
2
h + ϕ2+2δ

t ⋅ Scal) dµF = Yt ∫
M

ϕt+2δ
t dµF .

Put w = ϕ1+δ
t . It proves to be the case that

∫
M

(1 + 2δ)
(1 + δ)2 ∥dw∥

2
h dµF = Yt ∫

M
ϕt−2

t w2dµF − ∫
M
w2

⋅ Scal dµF

≤ Yt∥w∥
2
p∥ϕt∥

t−2
n(t−2)/2 + C5∥w∥

2
2 .

Recalling Vol(M) = 1, one can see that ∥ϕt∥n(t−2)/2 ≤ ∥ϕt∥t = 1 by t < p. _erefore,

∥w∥
2
p ≤ (1 + є) (1 + δ)

2

(1 + 2δ)
C(M , F) ⋅ Yt

Y(Sn)
∥w∥

2
p + Cє∥w∥

2
2 .
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If Yp < 0, then Yt < 0 and ∥w∥2
p ≤ Cє∥w∥2

2. If Yp ≥ 0, then Yt ≥ 0. Since limt→p− Yt =

Yp <
Y(Sn

)

C(M ,F) , there exists t0 such that for t0 ≤ t < p we have

C(M , F) ⋅ Yt ≤ C(M , F) ⋅ Yt0 < Y(Sn
).

Hence, we can choose small є and δ, which are independent of t, such that

(1 + є) (1 + δ)
2

(1 + 2δ)
C(M , F) ⋅ Yt

Y(Sn)
≤ (1 + є) (1 + δ)

2

(1 + 2δ)
C(M , F) ⋅ Yt0

Y(Sn)
< 1.

_us, again we have ∥w∥2
p ≤ C6∥w∥2

2, where C is independent of t. Finally, setting
2 + 2δ < t0 ≤ t and p0 = (1 + δ)p, we have

∥ϕt∥
1+δ
p0

= ∥w∥
2
p ≤ C7∥w∥

2
2 = C7∥ϕt∥

1+δ
2(1+δ) ≤ C7∥ϕt∥

1+δ
t = C7 .

_erefore, ϕt(t0 ≤ t < p) are uniformly bounded in Lp0 .

_eorem 5.6 If Y(M , F) ⋅ C(M , F) < Y(Sn), then there exists a smooth positive
function ϕ such that SF(ϕ) = Y(M , F).

Proof By Yt ≥ −∥ ScalF ∥ t
t−2
and lim supt→p− Yt ≤ Yp , we see that {Yt} are bounded

for t0 ≤ t < p. Since Lϕt = −Ytϕt−1
t and ∥ϕt∥p0 ≤ C8, the regularity theory (similar

to Lemma 5.2) shows {ϕt} are uniformly bounded in C2,α(M). _en ϕt i → ϕ in
C2(M) for some t i → p. _en the limit gives −Lϕ ≤ Y(F)ϕp−1 and SF(ϕ) ≤ Y(F).
_en SF(ϕ) = Y(F) by the deûnition of Y(F). Moreover, −Lϕ = Y(F)ϕp−1 and then
ϕ is smooth and positive.

_erefore, any Finsler metric satisfying Y(M , F)C(M , F) < Y(Sn) is conformally
deformable to one with constant scalar curvature.

6 A Bound of the Yamabe Invariant

We shall prove Y(M , F) ⋅ C(M , F) ≤ Y(Sn) in this section by modifying [3, 10]. Let
us recall some well-known facts [12]. On the Euclidean space Rn , a family of radial
functions achieving the best Sobolev constant is

uє ∶= (
є

є2 + r2
)

n−2
2 , є > 0,

where r = ∣x∣. A direct computation gives ∂ruє = −(n − 2) r
є2+r2 uє and

∆Rnuє = ∂2
ruє +

n − 1
r

∂ruє = −n(n − 2)up−1
є ,

which implies

(6.1) ∫
B(R)−B(ρ)

∣duє ∣
2 dx = n(n − 2)∫

B(R)−B(ρ)
up
є dx

+ (2 − n)ωn−1єn−2
[

Rn

(є2 + R2)n−1 −
ρn

(є2 + ρ2)n−1 ]
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by the divergence theorem, where B(R) = {x ∶ ∣x∣ < R}. _e Yamabe constant of Sn

is then

Y(Sn
) =

a ∫Rn ∣duє ∣
2 dx

(∫Rn up
є dx)

2
p

= an(n − 2)(∫
Rn

up
є dx)

2
n .

_us, we have

(6.2) ∫
B(ρ)

∣duє ∣
2d x < n(n − 2)∫

B(ρ)
up
є dx <

Y(Sn)

a
(∫

B(ρ)
up
є dx)

2
p .

We give one more estimate

(6.3) ∫
B(ρ)

up
є dx = ωn−1 ∫

ρ

0
(

є
є2 + r2

)
nrn−1 dr = ωn−1 ∫

ρ/є

0

tn−1

(1 + t2)n dt.

Let η = η(r) be a radial cutoò function on Rn such that 0 ≤ η ≤ 1, η∣B(1) = 1,
η∣Rn−B(2) = 0, and ∣dη∣ = ∣∂rη∣ ≤ 2. Putting ηρ ∶= η( r

ρ ) for ρ > 0, then 0 ≤ ηρ ≤ 1,
η∣B(ρ) = 1, η∣Rn−B(2ρ) = 0, and ∣dηρ ∣ = ∣∂rηρ ∣ ≤

2
ρ . Consider the test function φ ∶=

ηρuє for є ≪ ρ.
Now, for the C-convex Finsler metric F, as we did in Lemma 5.4, putting h̃ i j =

τ2/nh i j , it proves to be the case that

(6.4) E(ϕ) = ∫
M
(a∥dϕ∥2

h + ϕ2
⋅ Scal)dµF ≤ a∫

M
τ2/n

∥dϕ∥2
h̃ dµh̃ + c1 ∫M

ϕ2 dµh̃ .

Pick a point x0 ∈ M such that C(M , F) = supx∈M τ−2/n(x) = τ−2/n(x0). Take a
normal coordinate system of h̃ around x0. We use the same notation B(ρ) to denote
the geodesic balls centered at x0. By the continuity, we have

τ2/n
(x) ≤ 1

C(M , F)
+ δ(ρ), x ∈ B(2ρ),

where δ(ρ) → 0 when ρ → 0.
Suppose 2ρ is less than the injectivity radius of x0 with respect to h̃. _e test func-

tion φ = ηρuє can be considered as a smooth function on M. Let us estimate SF(φ).
Assume (1 − c2r)dx ≤ dµh̃ ≤ (1 + c2r)dx in the normal coordinate system. By the
Hölder inequality and (6.3), one gets the estimate of the second term of (6.4)

∫
M

φ2 dµh̃ ≤ (1 + 2c2ρ)∫
B(2ρ)

u2
є dx ≤ c3(∫B(2ρ)

up
є dx)

2
p ρ2

≤ c4ρ2 .

For the ûrst term, since

a∫
B(2ρ)

τ2/n
∥dφ∥2

h̃ dµh̃ ≤ (
1

C(M , F)
+ δ(ρ)) a∫

B(2ρ)
∥dφ∥2

h̃ dµh̃ ,

we need to estimate

∫
M
a∥dφ∥2

h̃ dµh̃ ≤ (1 + 2c2ρ)∫
B(2ρ)

a∣∂rφ∣2 dx

= (1 + 2c2ρ)[∫
B(ρ)

a∣∂ruє ∣
2 dx + ∫

B(2ρ)−B(ρ)
a∣∂r(ηρuє)∣

2 dx] .
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_e ûrst term is just (6.2). For the second term, we see from (6.1) that

∫
B(2ρ)−B(ρ)

∣∂r(ηρuє)∣
2 dx ≤ 8

ρ2 ∫B(2ρ)−B(ρ)
u2
є dx + 2∫

B(2ρ)−B(ρ)
∣∂ruє ∣

2 dx

≤ c5(∫
B(2ρ)−B(ρ)

up
є dx)

2
p
+ c5 ∫

B(2ρ)−B(ρ)
up
є dx

+ c5ρ2−nєn−2 .
Being aware of (6.3), we see that

(1 + 2c2ρ)a∫
B(2ρ)−B(ρ)

∣∂r(ηρuє)∣
2dx ≤ c6є

n−2

ρn−2 .

On the other hand, for any є < ρ < 1
2c2 ,

(6.5) (∫
M

φpdµF)
2
p
= (∫

M
φpdµh̃)

2
p
≥ (1 − c2ρ)

2
p (∫

B(ρ)
up
є dx)

2
p
≥ c7 .

Together with (6.2)–(6.5), we reach

SF(φ) ≤ (
1

C(M , F)
+ δ(ρ))[ (1 + 2c2ρ)

(1 − c2ρ)
2
p
Y(Sn

) +
c6єn−2

c7ρn−2 ] +
c1c4
c7

ρ2 .

By letting є → 0 and ρ → 0, we see Y(M , F) ≤ 1
C(M ,F)Y(Sn).

_eorem 6.1 For any C-convex Finsler metric F on a compact n-manifold M, we
have Y(M , F) ⋅ C(M , F) ≤ Y(Sn).

Based on Schoen’s result [11], it is natural to ask whether the strict inequality holds
for the manifolds that are non diòeomorphic to the spheres. Noting that Y(M , F)
and C(M , F) depend on the derivatives of F up to order six, it should be true if F is
close enough to a Riemannian metric in the sense of C6. However we have not found
a simple quantity to describe such an approximation.
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