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THE HIGHER DERIVATIVES OF FUNCTIONS
BOUNDED IN VARIOUS SENSES

SHINJI YAMASHITA

An extension (Theorem 1) of Schwarz and Pick's lemma motivates
us to study the analogues for functions which are bounded in

the sense of Bloch, normal, or Yoshida. A typical result is that, for a

function f holomorphic in D = {|z| < 1} and Bloch, that is,

o = sup(1 - |212) x |f'(z)| < o , with the expansion f(w) =
zeD
e, *+ cn(w -2 m 2 1) about 2z € D, we have
(1 - |z|2)n|f(n)(z)|/h! $ Ao, where A is an absclute constant;

the estimate is sharp.
1. Introduction.

The celebrated Schwarz-Pick lemma on functions f holomorphic

and bounded, |f| < 1, in the @isk D = {|z| < 1} , states that
(1.1) (1 - sl rr /1 - \fl?) g1,  zeD.

Our researches begin with the following extension.
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THEOREM 1. et f be a function holomorphic and bounded,

|fl <1, in D, and let =z € D. Suppose that
n+l -

cen

n
(1.2) flw) = e, * cn(w -z}l + cn_/_l(w - z)
in a neighbourhood of =z , where n 2 1 depends on =z and e, =0
ig possible. Then,

(1.3) (1 - 2|97 ()| ftntc1 - (1P £ 1.

The inequality (1.3) is sharp in the sense that equality holds for

the function
(1.4) flw) = eza{ﬁd - z2)/(1 - Eb)}n (a; a real constant)

of w . Theorem 1 extends the Schwarz-Pick lemma because (1.1) is the
case n =1 1in Theorem 1.
Are similar results true for functions meromorphic or holomorphic
in D or in ¢ = {Izl < @} if they are bounded in appropriate senses?
For positive answers we consider three kinds of boundedness, namely,

Bloch, normal, and Yosida, which are explained below.
THEOREM 2. Let f be a function holanorphic in D with

(1.5) 0 <a=aff) =supll - |z|2)|f'(z)| <w,
zeD

Suppose (1.2) also holds for this f. Then,

(1.8) (1 - ]zIZ)”lf(”) (z)|/n! < A,
where
An =1, if n=1,
n+ 1 2 ”5—1
= (1 + ) R if n>1.
on n-1

The inequality (1.6) is sharp in the sense that the equaltiy holds
for the f of (1.4). We call f Bloch if (1.5) is satisfied [3]. The
case n = 1 is trivial. The sequence {4,} is increasing and tends to

e/2 , so that An < e/2 = 1,359.... A calculation yields that for the

function ' of we D s An = l/h(wn)
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To deal with a meromorphic function f in D or in (€ , we write

for n 2 1 , and for a variable 2z ,

f:(z)

(n)

7™ ()| stz + |£e2120Y,  if flz) # e

(z/fvﬁ(n) , if flz) = w .

In particular, if (1.2) holds for this f at 2z where f(z) # » , then

e = e 1761+ |e)|?) | wnite if flz) == with

(1.7) 1/fw) = p - 2)" w- 2" L.

* pn+l

in a neighbourhood of 2z, then (l/fV:(z) = Ipnl 2 0.

The quantity f?(z) is known as the spherical derivative of f at
z ; this is a continuous function of 2 ¢ D .

THEGREM 3. Let f be a funetion meromorphic in D with

(1.8) 0<8=8(f) a1~ |z|Pfhe) <.

2eD
Suppose that (1.2) or (1.7) holds in a neighbourhood of 2 € D with
n 21 for this f . Then,

(1.9) (1 - 2|92 s B (8)
n n
where
(1.10) B (B) = inf (tan Bx)/(tanh )7 .
" O<x<n/(28)

We have no information on the sharpness of (1.9). We call f

normal if (1.8) is satisfied [2]. Computations yield that BZ(B) =8

(thus, the case 7n = 1 is trivial) and the infimum in (1.10) for =n > 1

is attained at the root x of the equation

(1.11) 8 sinh(2x) - n sin(2Bx) = 0
lying in 0 < x < n/(28) .

THEOREM 4. et f be a function meromorphic in € with

(1.12) 0 <y =x(f) = swp fﬁ(z) <
zel
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Suppose that (1.2) or (1.7) holds in a neighbourhood of 2z € D with
n =1 for this f . Then,

(1.13) fﬁ(z) scy',

where

(1.14) C =inf (tan x)/x" .
O<x<n/2

We have no information on the sharpness of the estimate (1.13). We
call f VYosida if (1.12) is satisfied; this is equivalent to saying that

f is of class (A) in K. Yosida's sense [6], The case » = 1 is trivial

because C} = 1 . The infimum in (1.14) for =n > I 1is attained at the
root X of the equation
(1.15) 2x - n sin(2x) = 0
in 0 <x <nw/2 . Computations yield
C2 = 1.54...3 C% = 1.46...; 04 = 1,23...3 Cs =0.,97...;
C% = 0.73...; 07 = 0.54...; 08 = 0.39...; and so on.

Hitherto we have been concerned with f at 2z under the
restriction (1.2) or (1.7). We shall later estimate the left-hand
sides of (1.3}, (1.6), (1.9) and (1.13) without the cited restriction,
The results are, however, not complete enough in the sense that we have

no information on the sharpness of the bounds.

2. Proof of Theorem 1.

We note first that if % is holomorphic and bounded, lhl <1, in

Ih(n)

D , then (0)[ £ n! . This follows from the Cauchy formula for

h(n)(O) expressed by the integral on the circle {|w| = r} . This gives

(n)

-n . .
(0)| snlr " , 0 <r <1, and letting »r > 1 we arrive at the

|n

inequality.

LEMMA 2.1. Let f be meromorphic in D and suppose that
f(z) # at a point z e D. Let

(2.1) glw) = flw + 2)/(1 + =), weD.

Then for n 21,
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n-1
2.2)  (1- |2|F M aame = 1 o
k=0

1 37 01 yn - w1

This lemma for meromorphic functions will also frequently be used
later. oO. Szasz [4, p. 307] obtained (2.2) for f pole-free in D .
His method of proof does not carry over to meromorphic f and must be
modified.

For small r, 0 < »r < 1 , the Cauchy formula reads:

(n) _n!_ f(c)
£ = 2ni J (c - )n+1 dg .

lt-z|/|1-z¢|=r

Consequently, on setting w = (¢ - 2)/(1 - 3z) , we have

2.3 £™(z) = n! = J g ™11 + )"
ani(1 - |z|%) |w]=r

Substituting the identities

g(w)w—n—l = ) L_k_io_) k—n—
k=0

n-1
(1+m)" =1 [ ;I)Ekwk
k=0
in (2.3) we have (2.2)
For the proof of Theorem 1 we consider g of (2.1) for the bounded

f of Theorem 1 , and further we define
(2.4) Fw) = {gw) - g(0)}Y/{1 - g(0)glw}} , we D.

On considering the n~-th derivatives of both sides of

(2.5) F(w) - g(0)g(w)F(w) = gw) - g(0)
at w = 0 we obtain
n
™) - T x [Z]g(k)(o)l"(n-k)(o) =™ ) .
k=0

(k)

Since g(0) = f(z), g " (0) =0 for 1 £k sn-1 for n 2z 2 , it follows

from (2.2) that g(n)(O) =(1- |z |2 " (n) (z) . Therefore ,
(n) g(n) (0) |Z|2 n (?1)( J
F(0) = 7 =
lgto)| 1- |f(z)|
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which, together with IF(n)(O)l sn! , yields (1.3)

For the function f of (1.4) we have g(w) = %" = Fw) . since

(n)

n! = |F'"7(0)| , we have equality in (1.3)

Remark. One might suspect that {(1.3) holds for each 7 2 2 and at
each 2z € D without the restriction (1.2). A counterexample is supplied

n+k (

by f(w) =w n 2 2) for sufficiently large %k . Since

FM ) —a, gz tmrktnt k- 10 (k+ 1) > K

it follows that, on the circle

I W
]wl— r, = (1 + Z ) R
we have
2 one (o) Q(%)” (on)"
(1 - |w| ) !f (w)l = on,k/8+n > on . k/8+n °
(1 + =) (1 +—)
k k
Therefore
(n)

lim inf {min(1 - lwlg)n[f W)}z (o) /" > nr .

-»00 =
k |w ry,
Accordingly, there exists k > 1 such that

) )| finr1 - |£w)|2)y > 1

(- [ol®)"s
on the circle |w| = r, . Since f'(w) # 0 at each point of |w| = Ty

this violates (1.3) if (1.2) is dropped.

3. Removal of condition (1.2) in Theorem 1.
If we do not assume the restriction (1.2) at 2 , then we have

THEOREM 5. ILet f be a function holomorphic and bounded, |f| < 1,
in D . Then, for each n 21, and at each 2 ¢ D , we have

(3.1) (1 - 227 5™ )l tnr = |02 |%0) s
(14 |zl + ™ < 51,
Again, Theorem 5 yields (1,1) in the case #n = 1 . As in the proof

of Theorem 1 we observe g and F in (2.,4). It then follows from (2.5)
that
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0 sk d P 0 e,
AL 71 gl Zrc K2
J=0
Since F(0) = 0 and ‘F(v)(o)/v!‘ £1,vz1, it follows that
(k) k-1 (7)
(3.2) |L#’— £1- |f‘(z)|2 + |fez)| z ‘Q_J_fol. s kz1.
! =1 !
Induction on (3.2) now shows that
(k) _
|9—k—,ﬂ’-)- < (1= |f B+ |r X, k21,
which, combined with (2.2), yields (3.1)
4. Proof of Theorem 2.
We begin with
LEMMA 4.1. If g <s Bloch, then
(4.1) g™ )| sntaatg)  mz1).
For the proof we may suppose that n > I . Then, for 0 <»r <1,
lg™ o) = g™ (0))

(n - 1)! g (re )
- [ f e | = niat@)ote)

0
where 1/6(pv) = (1 -r ) .

The function ¢ has the minimum An at r»={(n -~ 1)/(n + ])}1/2 ,

which completes the proof of (4.1).

For the proof of Theorem 2 we consider g

of (2.1) for our pole-free
f. since a = oaff) = alg) , and since

n)(o) - (1 | |2 n (n)

it follows from Lemma 4.1, applied to this g , that (1.6) holds.

For the sharpness of (1.6) we note that g(w) = " %" for the f
of (1.4). Then,

nt = g™ = (1 - 12157 2],
while off) = atw') = 1/A,.

These show that equality holds in (1.6) for the f of (1.4).

https://doi.org/10.1017/50004972700010224 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700010224

328 Shinji Yamashita

5. Removal of condition (1.2) in Theorem 2.
If we remove the restriction (1.2) at 2 , then we have
THEOREM 6. Let f be a function holomorphic in D satisfying
(1.5). Then, for each n > 1 and at each z ¢ D, we have

(5.1) (1 - Izlz)nlf(n)(z)l/n!_g_ az(l) {n- ] |z| Ay g < Al
_ngl |n-1
where A’; = kgl) ( X }An—k

For the proof of (5.1) we have only to combine (2.2) with Lemma 4.1.
6. Proofs of Theorems 3 and 4,

For the proof of Theorem 3 we may assume that f(z) # ® and f has the
expansion (1.2) near 3 . The case (1.7) is handled similarly by
considering 1/f instead of f with B(f) = B(1/f) .

Consider g of (2.1) for this f and set

F(w) = {gw) - g(0)}/{1 + g(0)glw)} , weD.

B(f) yields that

Then B(F) = B(g)
Al sez- 2|97 ae|, cep.

On integrating from (¢ to w along the radius of D , we have

(6.1) tan-llF(w)l s Btanh_zlwl <X (0 <K< u/2) ,

if |w| < tanh(K/B) = R . The left-most quantity in (6.1) is the length

of the arc on the great circle (the meridian) between (¢ and F(w) on

the Riemann sphere.
The function h(w) = F(Rw)/tan X of w € D is then bounded,

(n)

]hl < 1, so that Ih (0)' <n! , or,

(6.2) 1F™ (0)1 s ntcean )/A .

It now follows from

n
F(n) — (k) (n-k) (0) = g(n)

(0) + g(0) % ()g (0)F (0) ,
k=0
together with g(0) = f(z), g )(0) =0 for 1<sksn-1 for n22,
and ( )(0) l |2 n (n) resulting from (2.2), that
(1+ |f(z)|2)F(”) (0) = g( Y0) = (1 - |22 (3

Therefore, (1.9) follows from (6.2) on setting x = K/B and on taking the

infimum.
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The function &(x) = (tan Bx)/(tanh x)", 0 <z < 1/(28),
is increasing for n =1 . If n > 1 , then the sign of ¢! is the same
as that of
Y(x) = sinh(2x) - (n/B)sin(28x) = A(x) - u(z) .

The graph y = A(xz) has tangent y = 2r at the origin, is convex down-
wards, and increasing, while the graph y = p(x) has tangent ¥y = 2nx
at the origin and is convex upwards. Since Y¥(v/(28)) = sinh(w/B) > 0 ,
it follows that (1.11) holds only at one point & e (0,7/(28)) .

For the proof of Theorem 4 we set

gw) = flw + 2) and F(w) = {gtw) - g(0)}/{1 + g(0)g(w)} ,

we . Then, v(F) =+vy(g)=vy(f) , and, this time, (6.1) becomes

tan-1|F(w)|

HA

ylw] <k (0 <K <mn/2) ,
if |w] <K/y = R. Observing that
(1 + |£)|2F™ 0) = g™ 00) = £ (2
in the case (1.2) for this f , we deduce (1.13) from
|F(n)(0)| < n!f(tan K)/Bn = n!Yn(tan K)/Kn .
The case (1.7) is treated similarly by considering 1/f .

The sign of the derivative of the function (tan x)/&n is the same
as that of 38x - n sin(8x) for 0 < x < ©/2 , so that, the minimum in the
case n > 1 1is attained at the root of (1.15).

7. Meromorphic functions with neither condition (1.2) nor (1.7).

We begin with a counterpart of Theorem 3.

THEOREM 7. Let f be a function meromorphic in D satisfying
(1.8). Then, foreach n 21 and at each 2z € D we have

(7.1) (1 - |z|2)nfz(z) <

inf tan Bz _ |z|tanh x + |f(z)|tan Bx)n-l s
O<x<u/28) (tanh z)"
if flz) # = ;
(7.2) (1 |a|%fhz) < ing L BE (7 4 |2|tanh 2T,
O<x<n/(28) (tanh z)
if flz) = .
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on replacing f in (7.1) by 1/f , we obtain (7.2). For
x = n/(48) we also have, for the function in the right-hand side of
(7.1),

SR TR S B P e PP IP T T PIEI P91 P flz) # =,
where T = tanh{n/(48)} .

For the proof of Theorem 7 we let g and F be as in the proof of

Theorem 3; we may assume that f(z) # ® , It then follows from

Fw) + f(z)Fwlglw) = gw) - f(z)

that
(k) k-1 (J) (k-4) (k)
(0) (0) F (0) _g "(0)
(7.3) ————k, fzT x TS . k2l
J=0
because F(0) = 0 . By the same reasoning as in the proof of (6.2) we

have, for each £ 2z 1 ,

IF(Q)(O)/III < tan K /Rz for R = tanh(X/8), 0 < K < /2 .

It then follows from (7.3), together with g(0) = f(z) +that, for k 2 I

3

(k)
(7.4) lg———kgo)

k- ()
(1+ |f(z )IZ tan K |f(z)| Z tan Kl g9’ (0)|

K AP R T

Induction on (7.4) now gives

stk (1o 1760 1P) 1 + |5t ean A

(k)
(7.5) I (0)

Combining (2.2) with (7.5), and setting x = K/B , we obtain (7.1).

THEOREM 8. Let f be a function meromorphic in ¢ with (1.12).
Then, for each n z 1 and at each 2z € € we have

(7.6) ey sy ing EEE (1 4 |f(2) |tan =)™
n 0<x<nw/2 <
if f(z) # = ;
(7.7) fz(z) sy, if  flz) ==,

where Cn is the same as in (1.14) .
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On replacing f in (7.6) by 1/f, we obtain (7.7). We emphasize
that (1.13) in case f(z) = = is ameliorated:
If f(z) =0 or f(z) =« , then, for each v 2

v

(1.13)" f\)(Z) s va .

v
[y
-

In effect, the case f(z) = 0 follows from (7.6), while the case
flz) == is (7.7).
On substituting x = m/4 in the function in the right-hand side of

(7.6) we have
(7.6) " e s ot r ), iE fla) #e

For the proof of Theorem 8 we may assume that f(z) # » , Let g

and F be as in the proof of Theorem 4. Since
|F(w)| < tan K for |w| <K/y =R (0 <K < n/2)

(7.5) for this g and R 1is true. In this case,

|f(n)

n tan X K

(z)/nt] = Ig(n) (0)/n!|

A

(1 + |f2)12)(1 + |£02) |tan K

whence

A

e s 2K 1y pw) ean 1

K

On setting K = x and on taking the infimum we obtain (7.6)

8. Concluding remarks.

For f meromorphic and normal in D , with (1.8), the present author

proved that
2
AREACI M
is bounded in D (5, Theorem 1], and later, P. A. Lappan proved that the

continuous function
2nn—1
F(z) =(1-|2|°)" n (f
n k=0

is bounded in D for each n > 1 {1, Theorem 1].

(k) #

We shall find a concrete upper bound of Fn in terms of n > 1 and

I = tanh{n/(48)} for nonconstant f , namely,
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2n -n -1 ol k
(8.1) sup Fn(z) s nf2 (2 + 1) { + T [r/(2+T)1 /k!} .

zeD k=1

The situation is similar for f meromorphic and Yosida in ¢ ,

with (1.12). For each =»n > 1 , the continuous function

n-1
¢ ) = 1 (fF*)%
n
k:
is bounded in { , namely,
n, =1 n-1 k
(8.2) sup Gn(z) snl2(ay/n) {2 " + T [n/(8y)Y /kIY} .
2el k=1

We begin with

LEMMA 8.1. (7, Lemma 2]. For f meromorphic in D or in § ,
for each n > 1 , and for each z where f(z) # = , we have

- (%), # (k)

4 n-1
(8.3) n (f z) s nify(z)/ 1 max(2, | f
k=0 k=1

(z)|).

LEMMA 8.2. For f meromorphic in D or in & , for each n > 1 ,
and for each z where f(z) # 0 , =, we have

n-1

(8.4) n!ffl(z)/ I mar(2,|f(k)
k=1

(z)])

n-1
sttt )| ot e

Actually, applying the Leibniz rule to the identity f<(1/f) =

near =2 , we obtain

n-1
7™ z) = cpta) x ()f‘ Ytz)e1/p) MK gy
k=0
Therefore,
n-1
1F™ @ < 5Bl ap ™ )+ 15 s G e 101767 )
k=1

whence

ntfhia) s |/0™ 1/ + |1/820 ) +

(k) (n-k)

n-1
+ |1/7ca)] x (o 1F™ 20 asp) (2)]/01 + |1/5(201%) .
k=1
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On dividing both sides by

n-1
) max(2,|f(k)

=1

(z)|)

we obtain (8.4).
For the proof of (8.1) we begin with the case |f(z)]| s
Then, (7.1)' yields that

|28 z) s 772 4 0T
whence, together with (8.3), we obtain

n1gl g 2 1)L

1A

(8.5) Fn(z)

8

In the case I < |f(z)] < , it follows fram (7.1)' for 1/f and

n-%k(n>kz0) that

212"/t )

IA

2 n-k #
- |z|%) (1/f), (=)

s koo 4 pRl

which, together with (8.3) and (8.4), yields that

2- n-1 k
(2 + 1) #1222 1) z{r/(2+r)}/7<!.

k=1

F (2) s n12l "
n

Combining this with (8.5), and observing that Fn is continuous in D ,

we have (8.1).
For the proof of (8.2), we first consider the case |f(z)]
Then, (7.6)' yields that
1
f (z) s (ay/n)*257
which, together with (8.3), asserts that
(8.6) G (2) s ni(sy/n)"
In the case I < |f(z)| <=, (7.6)' for 1/f and for n - k reads that

(l/f’ﬁ_k(z) < (gy/m)V KR

which, together with (8.3) and (8.4), yields that
n n n-1 X
Gn(Z) s nl(dy/n)" + nl2(4y/n)" £ {n/(8y)Y /k! .
k=1

Combining this with (8.6), and observing that Gn is continuous in ¢ ,
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we have (8.2).
Finally, we cannot expect a similar estimate for Bloch functions,

Actually, for the Bloch function f(z) = - log(1 - z) (f(0) =0) in D ,

we have £ (z) = (k - 1)1¢1 - 2)¥ (k > 1) . Therefore, for 0 < x < 1

and for n > 1 ,

n
(1-22" 1% @ = 1 k- D114 )1 - T2
k=1 k=1

so that this tends to « as x > 1I-0 .

References

L7] Pp. A. Lappan, "The spherical derivative and normal functions",
Ann, Acad. Sci. Fenn. Ser. A.I. Math. 3 (1977), 301-310.

£2] 0. Lehto and K, I. Virtanen, "Boundary behaviour and normal
meromorphic functions", Aeta Math. 97 (1957), 47-65.

[3] C. Pommerenke, "On Bloch functions", J. London Math. Soe. (2),

2 (1970), 689-695.

[4] 0. Szasz, "Ungleichheitsbeziehungen fur die Ableitungen einer
Potenzreihe, die eine im Einheitskreise beschrankte Funktion
darstellt", Math. Z. 8 (1920), 303-309.

[5] S. Yamashita, "On normal meromorphic functions", Math. 2. 141
(1975), 139-145.

[6] K. Yosida, "On a class of meromorphic functions", Proc. Phys.-Math.
Soe. Jap. 16 (1934), 227-235; Corrigendum, ibid., 413,

Department of Mathematics
Tokyo Metropolitan University
Fukasawa, Setagaya

Tokyo 158, Japan

https://doi.org/10.1017/50004972700010224 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700010224

