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Characterization and uniqueness results are given for uniform approximation which extend to suns previously
known results for convex sets.
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1. Introduction

Let AT be a compact Hausdorff space, and let C(X) be the Banach space of
continuous real-valued functions defined on X with the uniform norm

H/ll = max |/(x)|.

Let G be a non-empty subset of C{X), and l e t / e C{X)\G. Then we are concerned here
with the problem of finding a best approximation g0 e G to / in the sense that

Such a g0 is called a best approximation to / from G, and the set of all best
approximations is denoted by PG(f)-

An important role in the characterization of best approximations is played by the
Kolmogorov Criterion. For any h e C(X), let

Xh = {x e X: \h(x)\ = \\h\\}.

Definition 1. The pair /6 C(X), g0 e G satisfy the Kolmogorov Criterion (KC) if

max (/ - g0) (x) (g0 - g) (x) > 0, for all g e G.
xeXf.n

If strict inequality holds for all g 6 G\{g0], then (/, g0) is said to satisfy the Strict
Kolmogorov Criterion (SKC).
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For brevity in what follows, we will use the expression "(J,g0) satisfies (KC)" to
mean that (/, g0) satisfies the Kolmogorov Criterion, and this convention will be used
in other (analogous) situations. For any G, a sufficient condition for g0 e PG(J), where
feC(X), is that (/, g0) satisfies (KC), and if G is convex, this condition is also
necessary and so a complete characterization is provided. In fact this extends beyond
convex sets through the concept of a sun.

Definition 2. A subset G of C{X) is a sun of C(X) if for each fe C{X), g0 e PG(J)
implies that g0 e PG(g0 + t(f - g0)) for all t > 0.

It may be shown that the following are equivalent

(1) G is a sun

(2) g0 e Pc(f), where fe C(X), if and only if (/, g0) satisfies (KC).

This characterization of suns was in fact established for general normed linear spaces
(with suitable generalization of the Kolmogorov Criterion) by Brosowski [3], who, with
co-workers, developed in the 60's a theory for such sets analogous to the linear or
convex theory (see Amir and Deutch [1] for some references, and also some further
properties). Related results are also due to Vlasov (for example [10]).

A sufficient condition for PG(J) = {go} is that (/, g0) satisfies (SKC). However even
for convex sets it is well known that this condition is not necessary. In [7] Nurnberger
proves that if G is a finite dimensional convex subset of C{X), then the following are
equivalent:

(1) G is a semi-Chebyshev subset of C(X) (that is, every/e C{X) has at most one
best approximation in G)

(2) for each/e C(X)\G, g0 eG,goe PG(f) if and only if (/, g0) satisfies (SKC).

This result was recently extended to a class of generalized constrained rationals in
[4], but it is clear that the techniques used in [4] or [7] do not extend to more general
subsets of C(X). Here, a different approach is used to permit extension to suns of
C(X). This is considered in Section 3, and the specific result is stated as Corollary
3.1.

Analogous conditions to those given in Definition 1 which can be used to
characterize best and unique best approximations are due to Papini [8].

Definition 3. The pa i r / e C(X), g0 e G satisfy the Papini Criterion (PC) if

max (f-g) (x) (g - g0) (x) < 0, for all g e G.

If strict inequality holds for all g e G\{g0), then (/, g0) is said to satisfy the Strict Papini
Criterion (SPC).
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For any G, a necessary condition for g0 e PG(f), where / e C(X), is that (J, g0)
satisfies (PC), and if G is convex, it is proved in Papini [8] that this condition is also
sufficient. A necessary condition for PG(f) = {go) is that (/, g0) satisfies (SPC), and it is
also shown in [8] that if G is convex this too is sufficient. It has been an open question
whether or not these characterizations extend to suns, and an affirmative answer is
given here. This is given in the following section as Theorem 2.1.

2. The Papini Criterion and characterization

A useful concept in what follows is that of the weak betweeness property (sometimes
called the closed sign property).

Definition 4. A subset G of C(X) has the weak betweeness property if for any two
distinct elements g0, gx of G, and a closed subset D of X with minx6D \gx{x) - go(x)\ > 0,
there exists a sequence {<?„} c G such that

min(fif, - g0)(x)(gn - go)(x) > 0 n = 2, 3 , . . .
xeD

This property is a sufficient property for best approximations to be characterized
by the extrema of their error function (see Dunham [5]). It includes the so-called
betweeness property, due to Dunham [6]. In fact it is shown by Braess [2] (note that
Braess refers to a sun as defined here as a strict sun) that the following are
equivalent:

(1) G is a sun,

(2) G has the weak betweeness property.

This equivalence can be used to prove the following lemma.

Lemma 2.1. Let G be a sun of C(X), and letfe C(X)\G, g0 e G. Then if

(J, g0) satisfies (PC)

it follows that

(f, g0) satisfies (KC).

Proof. Let the conditions hold, let if, g0) satisfy (PC) but suppose that (/, g0) does
not satisfy (KC). Then there exists g e G such that

max (J - g0) (x) (#„ - g) (x) < -5 < 0.
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Now it is well known that for any/, g e C(X)

( - •0+ I f

Further, it is shown in [9] that

Hm l l / + t g ' | - | l / l 1 = lim sup (sign/(xMx),
' - > 0 + t «-o+ x€XfJt)

where for e > 0,

XUA = {xeX: |/(x)| > ||/|| - e}.

Therefore it follows that

lim max ( / - g0) (x) (g0 - g) (x) < -5.

Thus there exists £o > 0 such that for any E e (0, e0]

max (J - g0) (x) (g0 - g) (x) < -5.

Let e, = min {e0, \\f - go\\/4], D = Xu_goJ:i). Then we have

sign(/ - g0) (x) = sign(gf - g0) (x) for all x e D, (2.1)

min \g(x) - go(x)\ > 0. (2.2)

Since G is a sun, it has the weak betweeness property, and so there exists a sequence
{#„} C G such that

110,,-0o 1 1 ^ 0 , (2.3)

min (g - g0) (x) fan - g0) (x) > 0, n = 2, 3 , . . . . (2.4)

Now let N be large enough that

\\9n~9oII < £ i A n> N.

Since for each n> N, and x e D ,

> ^ 11/ -Soil
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it follows that

(if - 0o) to) (/ " 9n) to = ((/ - ft) to)2 + (f-g0) (x) to0 - a,) (x) > 0.

Thus if n > N,

sign(J-go)(x) = sign(f-gn)(x) for all x € D. (2.5)

Now for each x e Xf_9n, and n > N,

I/to - ffotol > I/to - flr.tol - \gm(x) - ffo(x)|

It follows that X/_to C D for all « > JV.
Now using (2.1), (2.4), and (2.5) it follows that for all n > N

max (sign(/ - gn) (x)) (grn - g0) (x) > min (sign(/ - gn) (x)) (gn - g0) (x)

> mm (sign(/ - g0) (x)) (gn - g0) (x)

= min (signfa - g0) (x)) (gn - g0) (x)

>0.

This contradicts the fact that (/, g0) satisfies (PC), and completes the proof. •

Corollary 2.1. Let G be a subset of C(X). Then the following statements are
equivalent:

(1) G is a sun of C(X).

(2) for any f e C(X)\G, g0 e G, then (J,g0) satisfies (PC) implies (J,g0) satisfies
(KC).

Proof. The fact that (2) is implied by (1) is a direct consequence of Lemma 2.1,
so it remains to prove the reverse implication. Assume (2). For any fe C(X)\G,
go e Pc(f)> if' go) satisfies (PC), and so by (2), (/, g0) satisfies (KC). In other words
go 6 Pcif) if and only if (/, g0) satisfies (KC). The result follows. •

We are now in a position to prove the main result of this section.

https://doi.org/10.1017/S0013091500023956 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500023956


478 WENSHAN YANG, CHONG LI AND G. A. WATSON

Theorem 2.1. Let G be a sun ofC(X). Forfe C(X) \G, g0 e G, then

(0 0o e Pcif) if and only if(J, g0) satisfies (PC).

(») Poif) = {9o) if and only if(J, g0) satisfies (SPC).

Proof. The proof of (i) follows from Lemma 2.1, so consider (ii). Suppose that
(/, g0) satisfies (SPC). Then by (i), g0 e PGif). Let there exist another g, e PG(J). Then
(/, g,) satisfies (PC), and so if, gt) satisfies (KC), by Lemma 2.1. Thus

max (/-0,)(x)fo,-flfo)(x)>O.

which contradicts the assumption that if, g0) satisfies (SPC). The reverse implication
is immediate, and the proof is complete. •

Arguing as in [4, Corollary 1], the following corollary is obtained.

Corollary 2.2. Let the assumptions of Theorem 2.1 hold. Then

(1) g0ePG(f)ifandonlyif

max (f - g) (x) (gr - g0) (x) < max ( / - gf0) (x) ig0 - g) (x), for all g e G,

(2) Pcif) = {9o) if and only if

max if - g) (x) ig - g0) (x) < max ( / - g0) (x) (#„ - g) (x), for all g e G \{g0}.

3. The Strict Kolmogorov Criterion and uniqueness

An important role in what follows is played by the concept of a uniqueness
element.

Definition 5. Let G c C(X). Then g0 is said to be a uniqueness element of G if for
a n y / e C(JT), g0 e Poif) implies PGif) = {<?„}.

A useful consequence of g0 being a uniqueness element is given in the following
lemma.

Lemma 3.1. Let G C C(X), g0 e G be a uniqueness element of G. Then for any
h e G,h ^ g0, any closed subset Z of zeros of g0 — h, and any s e CiX) with \\s\\ < 1,
taking the values +1 or — 1 on Z, there exists p e G such that

sign(p - g0) (x) = six), for all x e Z.
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Proof. For any h^ go,he G, and any closed subset Z of zeros of h — g0, let
s € C(X), \\s\\ < 1, such that |s(x)| = 1 for x 6 Z. Define/ by

fix) = ffo(*) + <x) [||0O - h\\ - \go(x) - h(x)\], for all x e X.

It follows that

and

Zcxf_go.

For all xeX,

\(J ~ h) (x)| < \{f - g0) (x)| + \{g0 - h) (

< llffo " *ll

Thus 0O e PG(/) implies that h e PG(f)> which is a contradiction that g0 is a uniqueness
element. Thus 0O £ PG(J)- It follows that there exists p € G such that

which implies that

M-P) Ml < l ( / " - 0o) Wl. for all x G Z.

Thus

if - g0) (*) (P ~ 0o) (*) > 0. for all x e Z.

Obviously,

sign(/ - g0) (x) = s(x), for all x e Z,

and so

sign(p - 0O) (x) = s(x), for all z e Z,

and the proof is complete. •

We can now characterize a uniqueness element of a sun of C{X) in terms of the
Strict Kolmogorov Criterion.
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Theorem 3.2. Let G be a sun of C(X). Then the following statements are equivalent:

(1) g0 e G is a uniqueness element of G

(2) fe C(X)\G, a, 6 PcCD if and only if(f, g0) satisfies (SKC).

Proof. The proof that (2) implies (1) is direct, so we consider the proof that (1)
implies (2). Assume (1) holds. Sufficiency in (2) is immediate, so assume that for some
fe C(X)\G, g0 e PG(f) there exists g, e G, 0, ^ g0 such that

max ( / - g0) (x) (g0 - gx) (x) < 0. (3.1)

Since G is a sun of C(X), and g0 e PG(f), then (KC) is satisfied so that

max (J - g0) (x) (g0 - g)(x) > 0, for all g e G. (3.2)

From (3.1) and (3.2), it follows that

max ( / - g0) (x) (g0 - <?,) (x) = 0. (3.3)

Now define JV by

Clearly N is non-empty. Let s e C{X) satisfy ||s|| < 1 and

s{x) = sign(/(x) - 0o(x)), x e N.

Then with this function s, and taking h = glt it follows from Lemma 3.1 that for some
peG

(J ~ go) (x) (P ~ 0i) (x) > 0, for all xeN, (3.4)

using the fact that go(x) — g^x) on N. By the continuity of (J — go)(x)(p — go)(x) on
Xf-go> there exists a subset U' of X^^, open with respect to Xf_go, on which (3.4) holds.
Now there exists a subset U of U', open with respect to Xf_go, such that

JVC C/C frc U' cX,_m.

Since G has the weak betweeness property there exists a sequence {#„} c G converging
uniformly to gx, such that

(0i - 9n) (x) (0, - p) (x) > 0, for all x € U.

https://doi.org/10.1017/S0013091500023956 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500023956


CHARACTERIZATION OF NONLINEAR UNIFORM APPROXIMATION 481

Since (3.4) holds on U it follows that

if - 9o) (x) to. - ff,) (x) > 0, for all xeU. (3.5)

Further, V= Xj_n\U is closed and contains no points of N, and so by (3.1),

if ~ 9o) (x) to, - ft) (x) > 0, for all x e K

Because gn converges uniformly to gu for all n large enough

if ~ Go) (x) to. " 9o) (x) > 0, for all x e V. (3.6)

From (3.5) and (3.6), it follows that for n large enough

if ~ Go) (x) too - 9n) (x) < 0, for all x e *,_„„.

This contradicts (3.2), and the result is proved. •

The main result of this section is now an easy corollary of this theorem.

Corollary 3.1. Let G be a sun of C(X). Then the following statements are
equivalent:

(1) G is a semi-Chebyshev subset ofC{X)

(2) for anyfe C(X) \G, g0 eG,goe PG(J) if and only if(J, g0) satisfies (SKC).
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