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ABSTRACT. In this paper the ergodic Hilbert transform is investigated
at the operator theoretic level. Let 7 be an invertible positive operator on
L,=L,X,%, ) for some fixed p, | < p < %, such that sup{|| 7"|,: —
< n < o} < o, Itis proved that the limit

n

Hf(x) = lim > %T‘f(x)

L

exists almost everywhere and in the strong operator topology, where the
prime denotes that the term with zero denominator is omitted. Related
results are also proved.

1. Introduction and the ergodic Hilbert transform. In [7], Cotlar studied the
ergodic Hilbert transform for invertible measure-preserving point transformations on a
measure space (X, F, p). (See also Calderdn [3] and Petersen [12].) Recently, Camp-
bell [4] (see also [S]) gave a direct new proof of Cotlar’s results and then generalized
these to invertible positive isometries on L, by using ideas of A. lonescu-Tulcea [10].
In this paper, however, we shall apply ideas of de la Torre [13] and generalize
Campbell’s results to the power-bounded operator case. In the proof below we use a
known fact from the theory of classical discrete Hilbert transform.

The following theorem is basic.

THEOREM 1. Let T be an invertible positive operator on L,, 1 < p < %, such that

sup {| 7"|l,: = < n < =} = M < . Define the ergodic maximal Hilbert transform
H*, associated with T, as

n

P
H*f(x) = sup > T THf(x) |.
n= k=-n

Then there exists a constant C > 0, depending only on M, such that |H*f||, = C| f|,
forallfeL,.

PrOOF. For an integer K = 1, define the truncated maximal operator H} as
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n

DI
k=—n

H¥f(x) = max

I=n=K

If i = 1, then, since T' is positive, it follows that
n , ] » )

2 Z Tk+:f‘ < TI(

k=—n

and therefore H¥T'f(x) = T'H}f(x) a.e. on X; replacing f by T~'f we get

II’ 1 ,\
> LT

k=—n

) =TH}f,

Hif(x) = TH¥T 'f(x) a.e.onX.

This implies
1 < ,
[lnzrrap <1 3 [irHgrsl a
i=1

M < .
ST 2 j|H7§T fl7 dw.
i=1

On the other hand, by a known result about the classical discrete Hilbert transform (see
e.g. [9] or [6]) we have for almost all x € X

L

L n P
2 HIT W) = 2 [max 2 %T*’*'ﬂx) ]
i= j=1 Sl=nsK Loy
K
=A” 2 |Tfw],
i=-L-K

where A is an absolute constant depending only on p. It follows that

M’ X .
Il =" a3 17700l dp
L i=-L-K
+
< —2—(11——K)M3"A”|f||”;

L

letting L — o, we get||[H# f||, = 2M?A||f|,. This inequality establishes the theorem,
because limg_.. H} f(x) = H*f(x) a.e. on X. (This proof was inspired by a paper [13]
of de la Torre.)

THEOREM 2. Let T be an invertible positive operator on'L,, 1 < p < ®, such that
sup {| T"||,: =0 < n < o} < o. Then the limit

Hf(x) = lim 2/ % T (x)
=% f=—py

exists a.e. on X and in the strong operator topology.

PrROOF. If Hf(x) exists a.e. on X, then, by Theorem 1 together with Lebesgue’s
convergence theorem, 2’} _ _, (1/k)T*f converges strongly to Hf. And to prove the a.e.
existence of H f(x), we first remark that {h + (g — Tg): h = Th, g € L,} is a dense
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subspace of L,. This is due to a mean ergodic theorem (see e.g. [8], p. 662). By
Theorem 1 and a standard approximation argument, it then suffices to prove that
H(g — Tg)(x) exists a.e. on X. To do so, we use the equation

n, 1 l - n—1 l l ) »
X TN -Te) =g+ Tg—(I"'g+T"g)— X (—,— )(T'*'g+T 'g).

i, k Y AR A
Since

';: (% - il 1>|T”'g +Tg|= é (/|7 g + [T7'g))
and

S Tl 4T eh| = mll, 3 (/) <o,
i=1 P i=1

it follows that

S 1 l i+ 1 —i -
E, (?‘ i+ 1>IT gx) + T 'g)| <

for almost all x € X. Similarly, from the inequalities

it follows that

2/ glr + (TN | = Mgl X 1/nn) <
1 n=1

n=

Z (/") T" g () |7 + [T g (x)[7) < o

n=

for almost all x € X; consequently

linl i[T”*'g(x) + T7"gx)] =0
for almost all x € X. These observations establish the a.e. existence of H(g — Tg)(x),
completing the proof of Theorem 2.

As an immediate consequence of Theorem 2 we have the following corollary. We
note that much of the corollary is included in Campbell [4]; in particular, it follows from
[4] that the limit in the corollary exists in the strong operator topology without the
assumption of positivity of T.

COROLLARY. Let T be a positive operator on L, such that | T\, = 1. Then the limit

n

lim S %[T‘f(x)—T*‘f(X)]

%
iy S

exists a.e. on X and in the strong operator topology, where T* denotes the adjoint
operator of T.
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PrROOF. By a dilation theorem (see e.g. [1] or [2]) there is another measure space
(Y, B, N\) and an invertible positive isometry U from L,(Y) onto itself so that
DT" = PU"D forall n=0,
where D is a positive isometry from L,(X) into L,(Y) and P is a positive self-adjoint
projection from L,(Y) onto DL,(X) (C L,(Y)). It is directly seen that DT*" = PU™"D
for all n = 0. It follows that

D[i ;l(-(T" - T**’)] = P[i’ lU"]D.

k=1 k=—n k

Thus if we let, for any f € L,(X),

", l

HEDf)(y) = sup| 2 ;Uk(Df)(y)} (yEY)
n=1 k=—n

and

n

. PR
Hy(Df)(y) = lim 2, LUONG) (yEY),

%
= k=—n

then, by Theorems | and 2, we see that [|H*(Df)|, = C||Dfl, <  and that
Hy(Df)(y) exists for almost all y € Y. Therefore if we put

HDNH() — D %U"(Df)(y)‘,

k=i
then F;, = F, = -+ = 0 and lim,_.||F,|, = 0, so that PF, = PF, = +-- = 0 and
lim,_..||PF,|, = 0. Since

F,(y) = sup

iZzn

PH,Df — P[E’ % U"]Df| < PF,,

k=-n

it follows that
(T'f — T*kf)} =D ’PHUDf— P[ Z % Uk]Df’

k=—n

D 'PH,Df - 3 1
i1 k
=D 'PF,;
this completes the proof, because D 'PF, = D'PF, = - = 0 a.e. on X and
lim,_.|D'PF,|, = 0.
2. The continuous parameter case.

THEOREM 3. Let {T,: — < t < o} be a strongly continuous one-parameter group
of operators on L,, | < p < o, such that sup {|T,|,: = <t < ®} < ® and
T,=O0forallt =0. Then:

T.f
f — dt l
t

M if
e<|t|<G

Hf= sup

0<e<G

there is a constant C > 0 such that

”HNf”p = C”f”p for all fFE L,
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(2) the limit

T.f
lim — dt
. +0 Je<pl<g 1

exists a.e. on X and in the strong operator topology.

Proor. (1) follows from Theorem 1 by a standard approximation argument (see e.g.
[8], p- 691), and (2) follows from (1) as in Theorem 2. We omit the details.

In conclusion we note that the assumption of 7, = 0 for all = 0 does not necessarily
imply T, = 0 for all —o0 <t <. Infact, let L, = L,(dx) where dx denotes the Lebesgue
measure on the real line (—, «) and let, fort = 0and f € L,

Tfx)=f+x)+df(r+ 1+ )%

where 8 is any constant with 0 < & < 1. It is easily seen that T, = 0, |T[|, = | + 8,
TT, = T,,, for all t,s = 0, and that T, converges strongly to the identity operator
[ = Tyas t— +0. A simple computation shows that T, ' exists but it is not positive,
and that ||T, ', = (1 — 8)". Therefore, by setting 7_, = T, ' for 1 = 0, we have given
an example. (This example is a modification of Example 3.1 in Kan [11].)
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