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Abstract

The sharp bound for the third Hankel determinant for the coefficients of the inverse function of convex
functions is obtained, thus answering a recent conjecture concerning invariance of coefficient functionals
for convex functions.
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1. Introduction

Let A denote the class of normalised analytic functions f in the open unit disc
D :={z: |zl < 1, z € C} with Taylor expansion

f@=z+) a7, zeD (11)
n=2

and let S denote the subclass of functions in A which are univalent in D. The
classes S* of starlike functions and C of convex functions are subclasses of S and
are analytically defined respectively as

S = {feﬂ : Re(zf (Z)) > 0, zeID)},

f@)
2f"(2)
f'@)
For any univalent function £, there exists an inverse function f~! defined on some disc
[w| < ro(f), with Taylor series expansion

W) =w+ A + A’ + -+ (1.3)

C={f€ﬂ:Re(1+ )>o,zeD}. (1.2)
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The gth Hankel determinant for analytic functions f € A was introduced by
Pommerenke [11] and is given by

an Apyl oo+ Qpig-1

An+1 apy2 .. Qpyg
Hy(m)(f) = . : : ,

Anig-1 Aniq -+ Qni2g-2

where n > 1 and g > 1. Many authors have studied the Hankel determinants H>(2)(f) =
aays — ag and H,(3)(f) = azas — ai of order 2 (see, for example, [2, 3, 9, 12, 14, 15]),
whereas Hy(1)(f) = a% — a3 is classical. Sharp bounds for

IH3(1)(f)| = Raxazay — a3 — a5 + azas — alas| (1.4)

are more difficult to find, but some notable recent results have been found, for example,
[1, 4,5, 7, 8, 13]. In particular, Kowalczyk et al. [5] obtained the sharp bound for
|H3(1)(f)| for f € C by showing that

Hy(D(N)] < 755

In this paper, we find the sharp bound for |[H3(1)(f~!)| for the inverse function
when f € C. Our result demonstrates a noninvariance property for f € C between
corresponding functionals discussed in [5, 16], thus settling a conjecture made in [5].

Let # denote the class of analytic functions p defined for z € D by

PR =1+ 2" (15)
n=1

with positive real part in D. We will use the following lemma concerning the
coefficients of functions in P.

LEMMA 1.1 [6, 10]. Let p € P be given by (1.5) with ¢y > 0. Then,

200 =t +6(4-cD), (1.6)
dey = ¢ + 24— cDerd — (4 = ey + 24 — (1 = 161P)m, (1.7)
8¢y = ¢} + (4 — cDO(C(6% = 36 + 3) +45) — 4(4 — c))(1 = 161" (c1(6 — D)y

+81° = (1 = In*)p), (1.8)

for some 6, n and p such that 16| < 1, |n| < 1 and |p| < 1.

2. Main result

THEOREM 2.1. Let f € C be given by (1.1). Then,

IHy(D(f DI < %.
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The inequality is sharp for the function fy € C given by

124 1 5
" F)mzegde g @
o= f (- 3)2/3 o 1(3 33°) 76 Tes” @1
PROOF. Let f € C. Then from (1.2), there exists a function p € P such that
fN(Z)
= p(2). 2.2)
)
Since
1+ ZJ}:((? =1+ 2axz + (6a3 — 4a3)7* + (12a4 — 18aza3 + 8a3)7’
b4

+ (20as — 32aza4 — 183 + 48azd? — 16ad)z* +---,  (2.3)
we obtain by comparing coefficients from (1.5), (2.2) and (2.3),

1

a = 5Cy, 2.4)
__1 12

az = —gCy + gcy, (2.5)

ar = =3+ fejer + Lo (2.6)

4 = 2261 gltic2 1263 .
S U S I S 12,1

as = €1 + 35€201 + 15€163 + 3565 + 55C4. 2.7

Next note that since f(f~'(w)) = w, using (1.3), it follows that

A; = —ay, (2.8)
As = 2d} - as, (2.9)
Ay = Sazaz — 5a3 — ag, (2.10)
As = 14d5 — 2lasdl + 6azay + 35 — as. (2.11)

Substituting (2.4)—(2.7) into (2.8)—(2.11), respectively, we obtain

Ay = —1cy, (2.12)
Ay =1t -1y, (2.13)
Ay=-1+ Leior - 1‘—2C3, (2.14)
As = ;04 - %czcz + 1 6‘103 + 120C§ 2004. (2.15)

Using (2.12)=(2.15) in (1.4),
Hy(D)(f™") = 52e5(16¢5 — 96¢]cs + 48cics + 156¢ic; — 144ctey
+ 144cicacy — 176¢3 + 288cacs — 240c3),

which after simplification, noting that since both the class C and the functional
H3(1)(f~") are rotationally invariant (so that ¢ € [0,2]), and using (1.6)—(1.8) gives

Hy(D(f™") = 57365 (v1(c, 6) + va(c, 6)n + v3(c, S)p° + (e, 8, m)p),
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where 6, 1, p € D and
vi(c, 8) := 824 — (=166 + 10¢*S + 3¢ + 3¢%6%),

(e, 8) := —126(4 — ¢*)*(1 = 16]*)c(s + 1),
vi(c, 8) := =12(4 — (1 = |6)(5 + 6%),
Y(c,6,m) = 7264 — A*(1 = o)1 = Inl?).

Next, using |0 = x, [7| = y and the fact |p| < 1, we obtain
Hy(D(f™") < gme5(IVi(e, 0| + vale, 0ly + v3(e, Dy + (e, x, )I)
< G(c,x,y),
where
G(c,%,Y) = 375 (81(6, ) + ga(c, )y + g3(c, X)y” + galc, X)(1 = y7)),
with
gi(c,x) := (4 = A)?(16x + 10c%x + 3¢% + 3¢%%2),
g2(c,x) := 12x(4 — 3?1 = P)e(x + 1),
g3(c,x) := 12(4 — A2 (1 = x5 + x5,
ga(c,x) := T2x(4 — 2?1 — ¥2).

Thus, we need to maximise G(c, x, y) over the closed cuboid A : [0,2] x [0, 1] x [0, 1].
To do this, we find the maximum values in the interior of A, in the interior of the six
faces, at the vertices and on the 12 edges.

L. The interior of A. Let (c,x,y) € (0,2) X (0, 1) x (0, 1). We can write
34560 G(c,x,y) = g1(c, %) + 8a(c.x) + g2(c, )y + (83(¢.) = gale, 0.
Since g»(c,x) > 0 and
(83(c, x) = ga(c, ) = 12(4 = *)(1 = x%) > 0,
for c € (0,2),x € (0, 1),
Gle, x,y) < Ge,x, 1) 1= 572e5(81(c, ) + ga(c, %) + g3(c, x)

for c € (0,2),x € (0,1) and y < 1. Thus, G(c,x,y) does not have a maximum for
(c,x,¥) € (0,2) x(0,1)x [0, 1).

II. The interiors of the faces of A. We deal with each face in turn, noting that we do
not need to consider the face y = 0 after Step L.
On the face ¢ = 0, G(c, x, y) reduces to

3(1 = x2)(x = D(x = 5)y* = 2x(7x> = 9)
540 ’

ki(x,y) := G(0,x,y) = x,y €(0,1),
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and we see that k; has no critical points in (0, 1) X (0, 1) since
Ok _ =) = D(x = 5)y 2

oy 90

On the face ¢ = 2, G(c, x, y) reduces to
G2,x,y)=0, x,ye(,1).

0, x,ye(,1).

On the face x = 0, G(c, x, y) reduces to
(4-cHH?
576

and we see that k; has no critical point in (0, 2) X (0, 1) since

Oky  (4-c*)Py
— = %0, 0,2), 0,1).
Iy %8 # c€(0,2),y€(0,1)

On the face x = 1, G(c, x, y) reduces to
-7 +8c2+ 16
2160 ’

Solving dk3/dc = 0, we obtain a maximum value 25/2916 < 1/36 at ¢ := ¢y = V6/3.
Finally, on the face y = 1, G(c, x, y) reduces to

(4 - cH? (16x° + 1032 + 322 + 3x*c? + 124%¢
34560 \—12x*c + 12xc — 12x°c + 60 — 48x* — 12x*]"

Differentiating k4(c, x) with respect to ¢ and x, we obtain

Oky _ (4= ((Bc? = 12¢ - 12)x* + (10¢* - 12¢ + 16)x°
ox 34560 +(12¢ — 48 + 3¢?)x? + 12xc + 60

ky(c,y) = G(c,0,y) = c€(0,2),ye(0,1),

ks(c,y) := G(c, 1,y) = c€(0,2).

ki(c,x) = G(c,x,1) =

and

Oky  —4(4—c?)

— = —15x% e — 84x(1 — x? 1)c?
e 34560 Sx7(x +3)Bx+ 1)c® — 84x(1 —x7)(x + 1)c

x2(6x% +20x + 6)c + 12x(1 — xX2)(x + D)c*
+(336x% + 60 + 48x% + 84xH)c + 192x(1 — x*)(x + 1)

Now equating both partial derivatives to zero, a numerical calculation shows that the
only real roots are at (c,x) = (7.03237...,-5.85791...),(-0.95398,1.04715 .. .) and
(c,x) = (0,0). We see that ¢ = x = 0 gives a maximum value 1/36 and all other critical
points are saddle points so there does not exist a maximum inside (0, 2) x (0, 1).

II1. The vertices of A. We have

G(0,0,0)=0, G(0,0,1)= 5, G(0,1,0)= 5z, G(0,1,1) =
G(2,0,0)=G2,0,1)=G2,1,0) =G22,1,1) = 0.

L
135°

IV. The interiors of the edges of A. Finally, we find the points of the maxima of
G(c,x,y) on the 12 edges of A:
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G(c,0,0) = 0;
(4 - c?)? 1
G(c,0,1) = ———— < G(0,0,1) = —, 0,2);
(c,0,1) =76 ( ) 36 c€(0,2)
c®=7¢* +8c2+ 16 25 1
G(c,1,0) = <G(,1,0) = — < —, 0,2),
(e, 1,0) 2160 1, 1.0)= 7575 < 35 €€ 0.2
where
V6
CI:/11=?;
—x(7x? = 9) V21 V21 1
= < —_— = — —_— M
G(0, x,0) 70 _G(O, - ,0 5 < 3 x € (0,1);
Bt 4 - 1242+ 15 1
GOx =2 D 60,0, =—, xe0 1)

540 36
G2,x,00=0, xe€(0,1),

G2,x,1)=0, xe€(0,1),
G(0,0.y) = %" < 55, y€(0,1);
GO,1,y) =5z, ye©D;
G2,0,y)=0, ye(0,1);

G2,1,y)=0, ye(0,1).

Thus, there is only one maximum point at (0,0,1) where G(0,0,1) = 1/36. We
therefore conclude that

IHy(D(f DI < %.

The result is sharp for f; given in (2.1), which is equivalent to choosing a, = a3 = as =
Oanday = 1. From (2.8)=(2.11), we see that A, = A3 = As = O and A4 = {, which from
(1.4) gives |[H3(1)(f~)| = 1/36. This completes the proof. O
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